CHAPTER 7

Applications of the Definite Integral in
Geometry, Science, and Engineering

EXERCISE SET 7.1

2 2
1. A:/ (x2—|—1—:v)dx:(x3/3+x—x2/2)] =9/2

-1

4

2. A:/4(\/§+x/4)d:v:(2x3/2/3+x2/8)} =22/3
0

0

2

3. A=/1(y—l/yQ)dy:(y2/2+1/y)] =1

1

2

4 A= - rna= -] =0
0 0

4 16
5. (a) A:/(4xf:c2)dx:32/3 (b) A:/ (Vy —y/4)dy = 32/3
0 0
y
(4, 16)
y=4x
y=x
5,
~_ X
1

6. Eliminate = to get y?> = 4(y +4)/2, y> —2y —8 =0,
(y —4)(y +2) =0; y = —2,4 with corresponding
values of x = 1,4.

1 4
@) A= [ pvE- (2t [ RVE- - o)

1 4
:/ 4ﬁdz+/ (2Vz — 2z + 4)dx = 8/3+19/3 =9 %—%
0 1

(b) A= / [/2+2) =52 /4dy =9

278
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1
7. A:/ (Vx — 2%)dr = 49/192
1/4

2 /2
8. A= / [0— (z* — 4x)]dz 9. A= / (0 — cos2z)dx
0 /4
2 / /2
:/ (4o — 2%)dr = 4 :—/ cos2xdr =1/2
0 /4
y y
l x 1 y=cos2x
2 X
2
L y=2x3—4x
3n/4
10. Equate sec? z and 2 to get sec?z = 2, 11. A= / sinydy = V2
/4
v /
\ 2 J Y
e%ﬂ)‘\l/(%ﬂ)
T v =sec?x
X
secr = £v2, x = +7/4
w/4
A= (2 —sec’ x)dr =7 — 2
—m/4
2
12. A:/ [(x +2) — 2%]dz = 9/2 y
-1
2,4
y=x

Loy k

/c=y—2




X

[ I R B A B
In2

! 2
1
=2 fo dx
| ()

:4tan_1x—x2} =11

3—ux,

17. y:2+|m—1|:{ L
x?

A:/;[(—;)x-l—?)—(?)—x)]dx
+/15[(_;z+7)—(1+x)}dx
:/15<gx+4>dx+/15(6—§x>dx

— 72/5+48/5 = 24

—

0.5

Chapter 7
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2/5
18. A= / (4x — x)dx
*
+/ (—x+2—x)dx
2/5

2/5 1
2/ 33:dx—|—/ (2 —2x)dx =3/5
0 2/5

y

(53

y=—-x+2

(1, 1)

20. Equate y = 23 — 222 and y = 222 — 32
to get 23 — 422 4+ 32 =0,
z(r—1)(zr—3)=0;2=0,1,3
with corresponding values of y = 0, —1.9.

—1x3—x2—x2—xx
A—/O[( 21%) — (22% — 3))d

+ / (2% — ) — (2 — 227)de

1 3
= / (2% — 42® + 32)dx + / (=23 + 42% — 3z
0 1
5,84
1203 12
21. From the symmetry of the region 22,

57 /4
A:2/ (sinz — cosz)dx = 4v/2
/4

1

281

1
19. A= / (2% — 42* + 32)dx
0

3
+ / [—(2® — 42? + 3x)]dx
1
= 5/12 + 32/12 = 37/12
4

/]

~

-1

)dx

The region is symmetric about the
origin so

2
A:Q/ |2® — 4x|de = 8
0

3.1

LA
| N

-3.1




25.

26.

27.

28.

29.

The curves meet when x = v/In 2, so

Vin2 5 1 Vin2
A:/ (2$—$6x)d$=<.%‘2—2€x>:|
0

0

The curves meet for x = e~2V2/3 2V2/3 thyg

2v/2/3
A= / B (AN S
e-2v2/3 \ * /1 — (Inx)2
e2V2/3

= (3lnz —sin"'(Inz))
e—2V2/3

=4v/2 — 2sin~ ! (

Chapter 7

1
A=/ [v* — 4> + 3y — (v* —y)] dy
0

4
+/ [v* —y — (v* —4y® + 3y)] dy
1

=7/12+45/4 = 71/6

=In2—

2v/2

3

N =

2.5

1.5

0.5

20

15

10

y

k
The area is given by / (1/v/1 =22 — z)dx = sin"' k — k*/2 = 1; solve for k to get
0

k = 0.997301.

The curves intersect at £ = a = 0 and z = b = 0.838422 so the area is

b
/ (sin 2z — sin™! z)dz =~ 0.174192.
a

Solve 3 — 2z = x%4-22° — 32* 4+ 22 to find the real roots = —3, 1; from a plot it is seen that the line

1
is above the polynomial when —3 < x < 1,80 A = / (3—2x— (% 422° —32* +-2?)) dz = 9152/105
-3
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30.

31.

33.

34.

35.

1
Solve z° — 22% — 3z = 23 to find the roots = 0, :I:i\/ 6 4+ 2v21. Thus, by symmetry,
/\/(6+2\/ﬁ)/2

2
A=2 (x3—(x5—2x3—3m))dx:£+£\/ﬁ
0
k 9 k 2
/Qﬁdy:/ 2/ydy 32. /xzdx:/ 22dx
0 k 0 k
k 9 1 3 1 3
/ yl/zdy:/ v/ 2dy §k —5(8—16)
0 k
3 _
g1<;3/2:3(27—1¢°>/2) W=
3 3 .
k=4
k3% = 27/2 ,
k= (27/2)2/3 =9/V4 i x=Ay
y L
\ /
\ [ :
y=k J ‘ X
I 2
x=k
X

2
(a) A:/O (22 — 2%)dr = 4/3

(b) y = maz intersects y = 2z — 2% where mz =2z — 22,22 + (m — 2)x = 0,z(x + m — 2) = 0 so
x =0 or x =2 —m. The area below the curve and above the line is

/0 _m(2x — 2% —mz)dr = /0 _m[(2 —m)x — 2?|dr = %(2 —m)z?® — éx3 = é(Q —m)?
0 (2= m)/6 = (1/2)(4/3) = 2/3,(2 — m)® = 4,m =2 — ¥

3
The line through (0,0) and (57/6,1/2) is y = =i
0

57/6
A:/ (sinx—?x)dx:\/g—g)ﬂ'—l—l
0

us 2 24

(a) It gives the area of the region that is between f and g when f(x) > g(x) minus the area of
the region between f and g when f(z) < g(z), for a < z <b.

(b) It gives the area of the region that is between f and g for a < z <b.
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36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

Chapter 7

1 271

1

(b) lim (V" — z)dz = lim I e T gy Do) = 1/2
n—-+oo 0 n——+oo 2 0 n—+oo \ n + 1 2

The curves intersect at x = 0 and, by Newton’s Method, at = ~ 2.595739080 = b, so
b

b
A~ / (sinw — 0.22)dz = — [cosx + 0.1x2] ~ 1.180898334
0 0

By Newton’s Method, the points of intersection are at x ~ +0.824132312, so with
b

b
b = 0.824132312 we have A ~ 2 / (cosz — 2%)dxr = 2(sinz — 2® /3)] ~ 1.094753609
0 0

By Newton’s Method the points of intersection are x = x1 =~ 0.4814008713 and
To 1
x = 19 ~ 2.363938870, and A ~ / (” —(z— 2)) da ~ 1.189708441.
x

x1

By Newton’s Method the points of intersection are x = +x; where x; & 0.6492556537, thus
Xy 2
A= 2/ (2 — 3+ 2cos a:) dxr ~ 0.826247888
0 1+z

distance = [ |v| dt, so
60

(a) distance = / (3t — t%/20) dt = 1800 ft.
0

T
1
(b) If T < 60 then distance = / (3t — 2/20) dt = gTQ - @TS ft.
0

T
Since a1(0) = a2(0) =0, A = / (a2(t)—a1(t)) dt = vo(T)—v1(T) is the difference in the velocities
0
of the two cars at time 7.

Solve z'/2 4+ y1/2 = q1/2 for y to get

y = (a1/2 _ x1/2)2 —a—2a25Y2 4

A:/ (a —2a'22Y? + 2)dx = a®/6
0

Solve for y to get y = (b/a)va? — x? for the upper half of the ellipse; make use of symmetry to

‘b 4b [ 4 1
getA:4/ f\/aQ—xde:—/ \/a27502d:c:—~17ra2:7rab.
0o @ a Jo

a

Let A be the area between the curve and the z-axis and Ag the area of the rectangle, then
b
kbm+1

b
_ m _ k m—+1 o my __ m—+1 _
A_/o kx dx—m+1x ]0 m+17AR—b(kb )=kb"",s0 AJAp =1/(m +1).
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EXERCISE SET 7.2

3
1. V:W/ (3 —x)dx =8~

—1

2

1

3. V=7r/ 1(?,—y)%zy:137r/6
0

2
5. V:w/ ridr = 327/5
0

/2
7. V:w/ coszdr = (1—+2/2)x

9. V:7r/4[(25—a:2)—9]dx

—4
4
= 271'/ (16 — 2%)dx = 2567/3
0
y

y=V25-x2

y=3

X

TN
NI

285

V= w/ol[(z — )2 — 2%da

1
= 7r/ (4 — 52® 4+ 2h)dx
0

= 387/15

2
(4—1/y*)dy = 9r/2
/2

/3
V:w/ sec?zdr = (V3 —1)
/4

1
= z2)? — (%)% dx
V= /O[( )2 (%))
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4 w/4
11. V= 71'/ [(42)? — (2?)?]dx 12. V= 71'/ (cos? z — sin? z)dx
0 0
4 w/4
= 7r/ (162% — 2*)dx = 20487 /15 = 7T/ cos2x dr = 7/2
0 0
y
161 (4, 16) |y =cosx

2 2
1 T -1 2
15. V = /;zﬂmdaf = §tan (17/2):| =T /4

-2

! b 7 6 Yon 6
— — xr —

1 1
17. V:w/ y2/3dy:37r/5 18. V:w/ (1 —y?)%dy
0 -1

y 1
/ = 7r/ (1—2y* + y*)dy = 167/15
—1

|
x=ylB =12
y=x
1 1 { X
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3 3
19. V=7r/ (14 y)dy = 8w 20. V=7r/[22—(y—|—1)]dy
—1 0
3
\ :w/ (3 —y)dy =97/2
0
x=y+1
\y y=x2-1
3+ (2,3)
i X
//
3m/4 1
21. V:TF/ csc?ydy = 2m 22. V:TF/ (y —yMdy = 37/10
/4 0
Y 2
AL
e x=cscy ‘ x‘:\/; X
-1 1
| | N | \x -1F
-2 -1 1 2

24. V= 7r/ [(2+y%)? — (1 —y*)?]dy

1
=7r/ (3 4 6y?)dy = 107
-1
Y x=2+y?
=1-y2
i
IN((1, -1) \ L X
JAVAN
—1 N
! 0 2 x
25. V= medy == (e2 -1 26. Vz/ — —dy=mtan"'2
| ey =3 (-1 T
27. V=m aﬁ(anxz)d:cfélﬂ'abZ/?)
. = ,QGQ = y
bl y=2Na? -2
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2
1
28. Vzﬂ'/ ﬁdm‘zﬂ'(l/b—l/Q);
b

m(l/b—1/2) =3,b=27n/(7 + 6)

0 4 6
29, V:n-/ (z + 1)dz 30. VZ?T/ a:da;—|—7r/(6—x)2dx
0 4

-1

=8r +8n/3 = 327/3

1
+7r/0 [(x 4+ 1) — 2z]dzx

=n/24+7/2="7
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1
35. A(x) = n(x?/4)* = max'/16, 36. V= 71'/ (z — 2*)dx = 37/10
0

20
V= / (mx?/16)dz = 40,0007 ft>
0

1
37. V z/ (x — 2%)?dx 38.
0
1
= / (2% — 223 + 2*)dx = 1/30
0
Square

39. On the upper half of the circle, y = v/1 — 22, so:

(a) A(z) is the area of a semicircle of radius y, so

1 1
Az) = my?/2 = (1 — 22)/2; V:g/il(lfxz)dx:w/o (1—2%) dr =27/3

Y

(b) A(xz) is the area of a square of side 2y, so

A(x)=4y2:4(1—x2);V:4/1(1—x2)dx=8/01(1—x2)dx=16/3

-1

2y

y:\ll—x2 x

(c¢) A(z) is the area of an equilateral triangle with sides 2y, so

Alw) = L 29)? = Vay? = V31— 0%

V:/1 \/§(1—xz)dx:2\/§/1(1—x2)dx:4\ﬁ/3

2y 2y

2y




290

40.

41.

42.

43.

44.

45.

46.

By similar triangles, R/r = y/h so

R =ry/h and A(y) = nriy*/h?. \
h R

V= (7rr2/h2)/ y?dy = mr’h/3
0

The two curves cross at x = b ~ 1.403288534, so

b /2
V= 7r/ ((2z/m)? — sin'® z) dx + w/ (sin'® z — (22/7)?) da ~ 0.710172176.
0 b

Chapter 7

Note that 72sinz cos® x = 422 for # = 7/4. From the graph it is apparent that this is the first

positive solution, thus the curves don’t cross on (0,7/4) and

V= 7r/7r/4[(7r2 sinz cos® x)? — (422)%] da = i7'r5 + iw6
0 48 2560

V = 71-/ (1-— (lny)z)dy:ﬂ'
1
tan 1 T
V= / mlz? — 2 tan! 2] dx = g[tan2 1 —In(1 4+ tan®1)]
0

(a) V= w/ih(TQ —y?)dy = n(rh* — h3/3) = %ﬂ'hQ(gT —h)

(b) By the Pythagorean Theorem, y

r2 = (r — h)? + p?, 2hr = h? + p?; from Part (a),

3 \2

V= %h(?)hr— h?) = Th <3(h2 ) - h2)) }6%{2”2”2

1
éﬂ'h(hz + 3p?)

Find the volume generated by revolving
the shaded region about the y-axis.

y

10 X

—10+h -
1% :w/ (100 — y*)dy = —h*(30 — h) 1
~10 3 h

-10
Find dh/dt when h =5 given that dV/dt = 1/2.
s av. = dh
= —(30n% — h3), — = —(60h — 3h%)—
V 3(30 ) 7 3(60 3 )dt’
7r dh dh
= =300 - 75)%2, &2 = 1/(1507) ft/mi
3(300 75) il /(1507) ft/min

X =

EW
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47. (b) Az = 130 =0.5; {yo,y1, -, y10} = {0,2.00,2.45,2.45,2.00,1.46,1.26, 1.25,1.25, 1.25,1.25};

9
2
left = 7'('2 (%) Ax ~ 11.157;
i=0

10
2
right = wz (%) Ax ~ 11.771; V =~ average = 11.464 cm3
i=1

48. If x = r/2 then from y? = r? — 22 we get y = £/3r/2 Y
as limits of integration; for —/3< y < \/§, 'z r=ATTy?
A(y) = w[(r? — y?) — r?/4] = w(3r?/4 — y?), thus x

N~

V3r/2
V= 7r/ (3r?/4 — y*)dy
—/31/2 _\3r

\/§T/2
:27r/ (3r2/4 — y*)dy = V3713 )2
0

49. (a) y (b)

0<h<2

If the cherry is partially submerged then 0 < h < 2 as shown in Figure (a); if it is totally sub-
merged then 2 < h < 4 as shown in Figure (b). The radius of the glass is 4 cm and that of the
cherry is 1 cm so points on the sections shown in the figures satisfy the equations x2 + 3% = 16
and 22 + (y + 3)? = 1. We will find the volumes of the solids that are generated when the shaded
regions are revolved about the y-axis.

For 0 < h < 2,

h—4 h—4
Ver [ 1060 = (0= 3ldy = 6m [ G+ ddy = 30

for 2 < h <4,

-2 h—4
ver [ 06— - - 3Ny +r [ (16— gy

—4 -2

-2 h—4 1
= 67r/ (y +4)dy + 7r/ (16 — y*)dy = 127 + §7r(12h‘2 — b3 —40)
—4 —2

= éw(l2h2 —h® —4)

SO
3mh? if0<h<?2
V= 1
gw(12h27h374) if2<h<4
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50. z=hx\/r2—1y2, y

P o
= 4mh » \/mdy u__‘\___\_&/

1
= 4mh <2ﬂ'r2> = 2m2r2h

51. tanf = h/x so h = ztanb,

1 1 1
Ay) = ihx = 5:02 tan @ = 5(1"2 —y?)tan6 Y
because 22 = r2 — 32,

T

1
V= 3 tanf [ (r* —y?)dy

" 2
= tan@/ (r? —y*)dy = §T3 tan @
0

52. A(z) = (xtanf)(2vr? — 2?) 53. Each cross section perpendicular to the
_ 9(tan O)xm y-axis is a square so

Aly)=a® =07 2,

1 r
V= =iy
0

2
= g7’ tand V =8(2r%/3) = 16r%/3

V = 2tan9/ V12 — x2dx
0

54. The regular cylinder of radius r and height h has the same circular cross sections as do those of
the oblique clinder, so by Cavalieri’s Principle, they have the same volume: 7r2h.

EXERCISE SET 7.3

2 2
1. V= / orx(z?)dr = 27r/ 3dr = 1572
1 1

V2 V2
2. V:/O 22ﬁ$(ﬂl’)d$27‘(/0 2(17\/@71;2)(&:81(27\[2)

3

1 1
3. V= / 2my(2y — 2% )dy = 47r/ (y* —y>)dy = 7/3
0 0



Exercise Set 7.3

293

2 2
4. V= / 2myly — (y* — 2)]dy = 27T/ (v* —y° + 2y)dy = 167/3
0 0
1

5. V:/O 2 (x)(x%)dx

1
= 271'/ xidr = 27/5
0

3 3
7. V= / 2rx(1/x)dx = 27r/ dx = 47
1 1

9. V= /2 2rz[(2z — 1) — (—2z + 3)|dz
=8r /2(302 —z)dx = 20m/3

Yo

a,n
X
/

\

@.-D

1
11. V:27r/ S~

1
=7Tln(332 +1)}0 =7ln2

9
6. V:/4 2rx(y/x)dx

9
= 271'/ 2%/ dx = 844r /5
4

V)2
8. V= / omx cos(z?)dr = w/V/2
0

y
Yy =cos )

(i)

2
10. V :/ o2z (2x — x?)dx
0

A

S

2
= 271'/ (22° — 2%)der = -7
0

y
y=2x-x>
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\/g 2 2 \/5
12. V= / 2nxe” dr = we” L= m(e® —e) y
1

3 3
13. 14. V:/ 27ry(2y)dy:47r/ yidy = 767/3
2 2
y
3
SEe———7=2
X
4
15. 16. V:/ 2ry(5b —y — 4/y)dy
1
4
:2#/ (5y — y* — 4)dy = 9
1
by (1, 4)
- x=5-y
@1
| | | | x\:ﬁ./y\ ‘)C
T /2
17. V=2n / zsinzdr = 272 18. V:27r/ zcosxdr = w2 — 27
0 0

1
19. (a) V= / 2mz (2 — 32% + 2x)dx = T7/30
0

(b) much easier; the method of slicing would require that x be expressed in terms of y.
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20. V=/227r(x+1)(1/x3)dx

| y
| x+1
2 I
= 27r/1 (272 + 23 de = Tr/4 A I /\<_ 1
| | N\ x
I —1: l)lc 2
1
21. V= /0 om(1 —y)y'dy Ay
1
= 27r/ (y1/3 — y4/3)dy =97/14 N
0 1
— e = 13
b d
22. (a) / 2l (z) — g(a))de ) [ 2mlf() — 9(w)ldy

V= / 2y {h(r — y)} dy (h,0)
0 T

_2mh

h A
23. z = —(r —y) is an equation of the line , r) g
r
through (0,7) and (h,0) so \
X

(ry — yQ)dy = 7T’I“2h/3

T Jo
k/4
24. V= / 27(k/2 — z)2Vkadx y
0 ki2—-x
k/4 y =i [
= 271'\/E/ (kx'/? — 22%/%)dx = Tk /60 N | D\
0 ! N
|
WV
S I
x=k/4
25. V z/ 2ra(2v/r? — 22)dx = 471'/ z(r? — 22)2dx
0 0 Yy

a

- _4I(T2 _ 12)3/2] - 4?” [sz - a2)3/2]
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26.

27.

28.

V= /“ 27(b — x)(2v a? — x?)dx

= 47rb/ Va2 — x2dx — 47?/ v a? — 2%dx
—a —a

— 47(0) —~a2 - x2

= 4xb - (area of a semicircle of radius a)

=21%a2b

b b
Ve 7r/ —dr=m(2-1/b), V,, =27
127

1/2

Vo

b

b
x
V=2 —dzr =nmtan (a?
(a) 7r/1 [ 0% =mtan (x)}1

. B T 7w\ 1,
(b) bl”foovfﬂ(ifﬁ’ T

EXERCISE SET 7.4

2
(a) Z—y:Q,L:/ V1+ddz =5
€T 1

b Z_L [ AT = 2v5/2
) F=gp= [ ViFiady=2v5

dr_y d 7_5 L= / V12 +52dt =

fl@) = 52+ (@R =1+

37271
81
/\/ +8lz/4dx = 243(+4)

JW) =y + 2V 1+ g W) =1+

L= / V@ T 1)2dy = / (v + 1)dy = 4/3
0 0

V,if2—-1/b=2b—1, 20> —3b+1=0,

=7 {tan_l(bQ) - f]

Chapter 7

<
S

|
=

r\a
o1
O

S

=
S

dx =7(2b—1);
solve to get b = 1/2 (reject) or b= 1.

m
4

~ V5

(85V/85 — 8)/243

0

+2) =yt + 22 + 1= (y?+ 1),

2/3
dy _2 i 1+<dy) T O YR it

9r2/3 7

de 3 dx 9
V9x2/3 + 1 40
v dr = — ul/Qdu, uw=9z%3+4
.’El/d 18 13

1 40
= ——u¥? 40
7] o

V40 — 13V13) = (80\/>0 —13V13)
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10.

11.

12.

13.

14.

15.

or (alternate solution)

r=g(y) = ﬁy +2y7, ' (y) =

3/2 dx § 1/2

r=1y ,@ZQy
1 4
1
1
71‘3_1‘ 37 l( )] _1+

2
1
,1+(dx)=1+9 4+ %
y

1% 1
= 7/ u/?du = — (8010 — 13v/13)

Lo Lo ey Lo b e (Ls -
16x2 T S U

/ \/ :c3+ac dx*/ —x +x3> dx = 595/144

1,
8ZU

2

1+[g’(y)]2=1+<614y —1+4y )

4
1
L= / <8y2 + 2y_2> dy =17/6
2

g'(y) =

1

1
3 -3 ! 2
—y° — = 1+ =1+
229 29 ) l9'(y)]

! 1
L= / (y3 + y—3> dy = 2055/64
L\ 2 2

(dz/dt)? + (dy/dt)? = (t*)? + (1)2 =t2(t2 + 1), L = /1 t(t2+ 1) 2%dt = (2v2-1)/3
0

-2

_2y )

2
1 1 1
4 — 72 2—2
64y +2+y (8y+y )»

(dx/dt)? + (dy/dt)? = 2(1 + )] + [3(1 + 1)%)2 = (1 +)?[4 + 9(1 + t)?],

L= /1(1 + )[4+ 9(1 4 t)2]*/2dt = (80v/10 — 13v/13) /27
0

w/2
(dx/dt)? + (dy/dt)? = (—2sin2t)? + (2cos2t)? =4, L = / 2dt =
0

(dx/dt)? + (dy/dt)* = (—sint +sint +

L:/ tdt = /2
0

(dx/dt)? + (dy/dt)? = [e!(cost — sint)]?

w/2
L= / Vaetdt = v/3(e™/? — 1)
0

tcost)? + (cost — cost + tsint)? = t2,

+ [et(cost + sint)]? = 2e%,

4
(dx/dt)? + (dy/dt)* = (2¢! cost)? + (—2¢e'sint)? = 4e?| L = / 2¢etdt = 2(e* — e)
1

secx tanx

dy/dx = ———— =tanz, \/1+(

L

secx

w/4
/ seczdr = In(1+ V/2)
0

2—\/l—l—taun x =secx when 0 < z < 7/4, so

297
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16.

17.

18.

19.

20.

21.

23.

24.

25.

Chapter 7

cos T
= = cotz, \/1+ (¥')2 = V1 +cot?z = cscx when 7/4 < z < 7/2, s0
T

/2 _
L:/ cscxde = —In(vZ — 1) :_1n<£+1(\/§+ 1)) — In(1+v/2)

(a) (dz/df)* + (dy/dh)? = (a(l — cosh))? + (asinf)? = a%(2 — 2cos ), so

L= " V(dx/df)? + (dy/dB)? db = a/% V2(1 — cos 8) df

0 0

(a) Use the interval 0 < ¢ < 2.
(b) (dz/dp)* + (dy/d¢)? = (—3acos® ¢psin ¢)? + (3asin? ¢ cos ¢)?
= 94 cos? psin® ¢(cos? ¢ + sin” ¢) = (9a%/4) sin® 2¢, so

/2 /2

2m
L =(3a/2) /0 | sin 2¢| dgp = 6a/0 sin 2¢ d¢p = —3a cos 2¢ = 6a

0

(a) by (b) dy/dx does not exist at x = 0.
B (8,4)
m(-1,1)
-
N L X
(© @=g) =y gy =2 g2,

1
:/ vV149y/4dy (portion for —1 <z <0)
0

4
+ / 1+9y/4dy (portion for 0 < x < 8)

287 <13\/ﬁ— 1) N %(10\@— 1) = (13V13 + 80v/10 — 16) /27

For (4), express the curve y = f(z) in the parametric form z = ¢,y = f(¢) so dx/dt = 1 and

dy/dt = f'(t) = f'(z) = dy/dx. For (5), express x = g(y) as x = g(t),y =t so
dx/dt = ¢'(t) = ¢'(y) = dz/dy and dy/dt = 1.

2 ™
L= / V14422 dr ~ 4.645975301 22. L= / v/ 14 cos?ydy ~ 3.820197789
0 0

Numerical integration yields: in Exercise 21, L ~ 4.646783762; in Exercise 22, L ~ 3.820197788.

0<m< fl(x) <M,so m? <[f'(z)]? < M? and 1+m? <1+ [f'(x)]> <1+ M? thus
VI+m?2 < /1+][f'(2)]? < V1+ M2,

b b b
/\/1+m2d;v§/ \/1+[f’(x)]2dx§/ V1+ M?dz, and
b—a)V1+m?2<L<(b—a)V1+ M?

f'(z) = cosz, vV2/2 < cosx <1 for 0 <z <7/4s0

(/4)\/1+1/2 < L < (n/4V1+1, ﬁ<L< \f
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26. (dx/dt)? + (dy/dt)> = (—asint)? + (bcost)? = a®sin®t + b cos? t
=a%(1 —cos?t) + b%cos®t = a® — (a® — b%) cos?t

2 2

1t

5 cos? t} = a?[1 — k? cos? t],
a

2m /2
L:/ a\/l—k20082tdt:4a/ 1—k2cos?tdt
0 0
27. (a) (dz/dt)? + (dy/dt)? = 4sin®t + cos®t = 4sin?t 4 (1 —sin®t) = 1 + 3sin? ¢,

2m /2
L= \/1+3sin2tdt:4/ 1+ 3sin?¢dt
0

0
(b) 9.69

4.8
(c) distance traveled = V14 3sin?tdt ~ 5.16 cm
15

4.6
28. The distance is V14 (2.09 — 0.822)2 dx ~ 6.65 m
0
29. L= /0 vV 1+ (kcosz)?dx P ) 5 L 183 | 1832

L 3.8202 | 5.2704 | 5.0135 | 4.9977 | 5.0008

Experimentation yields the values in the table, which by the Intermediate-Value Theorem show
that the true solution k to L = 5 lies between k = 1.83 and k = 1.832, so k = 1.83 to two decimal
places.

EXERCISE SET 7.5

1 1
1. S= / 27(Tx)V1 + 49dx = 7071'\/5/ x dr = 35mV/2
0 0

1

2V
4 4

S:/ o2m\/x 1+£dm:27r/ Vi +1/4dz = 7(17V17 — 5V5) /6
1 1

AHP@P =1 o

2. f(2) = =

2
3. @) = —aVI- P 1+ @ =1+ o =
1 1
S:/127r\/4—x2(2/\/4—$2)dx:47r/ dr = 8

- -1

4. y=f(x)=a3for 1 <z <2, f'(z) = 322,
2
1

2
S = / 2n23\/1 + 9zddr = 217(1 + 91;4)3/2} = 5m(29V/145 — 2v/10) /27
1

2 2
5. S = / 2m(9y + 1)V82dy = 2m/83/ (9y + 1)dy = 407/82
0 0
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13.

14.

15.

16.

17.
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1
9'(y) =3y* S = / 21y /1 + 9ytdy = w(10V/10 — 1) /27
0

2
’ _ 2 / 2_ —
Y =—y/vVI—y3 1+gd(y)) =——=,5= /27T 9—y2 dy—67r/ dy = 247
)= v/ 0 = 5 Vi 3
_ 2—
g =-0-y 1+ )P = T,
Y
” [.v
S = /27r2 1—y dy = 4w 2 —ydy = 8m(3v3 —2v2)/3
)\/— 2)/3
1 1 11 1 1 ,,Y
) = =2~ V/2 = 2412 1 2_q 2t 2t (l-2 Lo
f(x) 3% % + [f'(z)] —|—43: 2—|—4x <2a: +2x ),
23/2 1—1/2 11/2 T [° 2
S = 27r —x + -z de = - [ (3+2z—2°)dzr =167/9
2 2 3/,
fl(x) =2 — lm_z L+ [f (@) =1+ (2* - E + ix“l =(2*+ 1$—2 ]
4 ’ 2 16 4 ’
2 1 1 1 271 1 1
S:/l 2m (3x3+4x1> <x2+4x2> dx:27r/1 <3x5+3x+16x 3) dx = 5157/64
Ly, 1 o I 3

r=g(y) = ARy

1 1 1 .Y
1+[g’(y)}21+(y —3+ 1Y 6) = <y3+4y3),

2 2
1 1 1
S = / o (4y4 + Sy_2> (y3 + y_3) dy = 1/ (8y" + 6y + 3y~ °)dy = 16,9117/1024
1 1

/ .3 _ =
9 (y) =y LA

4

1 N2 — 65 — 4y
z=9g(y) =VvI6—y; g'(y) = 7’1+[9(y)] 16—y

15 15
/ 4
/ 2m4/16 — 6?6 Y y*w/ /65 — 4y dy = (65v65 5\[)

f'(z) =cosz, 1+ [f'(2)]> =1+ cos’z, S = /7r 21 sinz\/1 + cos? x dx = 27(vV/2 + In(v/2 + 1))
0

x =g(y) = tany, ¢'(y) =sec’y, 1+ [¢'(y)]* = 1 +secty;

4
S = 2mtanyy/1 + sect y dy ~ 3.84

(=)

1
fl(x)=¢€", 14+[f'(x))?=14+¢>, 5= / 2me™\/ 1+ e2* dx ~ 22.94
0

v=g(y) =Iny, ¢'(y) = 1y, 1+ [g(u)2 =1+ 1/y% S = / o/ T+ 1/ Iny dy ~ 7.05

1

Revolve the line segment joining the points (0,0) and (h,r) about the x-axis. An equation of the
line segment is y = (r/h)x for 0 <z < h so

h 9 h
Sz/o 27T(r/h)a:\/1—|—r2/h2dx=%\/7‘24—}12/0 xdx = wry/r? + h?
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18. f(x) = mv f/((E) = _ﬁ/m, 1+ [f/(x)]Q = 7’2/(7.2 - £C2),
S = /T 21\ — 22(r/\/1? — 22)dx = 27r7'/r dx = 4mr?

-Tr

19. g(y) =2 —y% d'(y) = —y/Vr2 =2, 1+ g r2/(r? —y?),

(a) S= 277\/7"2—y2\/r2/ y—27rr/ dy = 2wrh
r—h r—h

(b) From Part (a), the surface area common to two polar caps of height hy > hs is
2nrhy — 27rhe = 2mr(hy — ha).

20. For (4), express the curve y = f(x) in the parametric form = = ¢,y = f(t) so dx/dt = 1 and
dy/dt = f'(t) = f'(z) = dy/dx. For (5), express z = g(y) as © = g(t),y = ¢ so
dx/dt = ¢'(t) = ¢'(y) = dx/dy and dy/dt = 1.

21. o' =2,y =2,(2)? + (v) = 4t* + 4

4
5:277/ (2t)\/4t2+4dt:87r/ V12 + 1dt = 17\ﬁ—1)
0

0

22. 2’ = —2costsint,y’ = 5cost, (/)% + (y')? = 4cos? tsin® t 4 25 cos? t,

/2
S = 271'/ 5sinty/4cos? tsin® ¢ + 25 cos? ¢ dt = %(145@ — 625)
0

23. 2/ =1,¢y =4t, (') + () =1+ 16t%, S = 271'/ tV 141612 dt = 17\/ —1)
0

24. 1’ = —2sintcost,y’ = 2sintcost, (z')* + (y')* = 8sin® t cos? t

w/2 /2
S = 27r/ cos? tV/8sin? tcos2 t dt = 4\/§7r/ cos® tsintdt = V2r
0 0

25. 2’ = —rsint, y' = rcost, (2')? + (y)? = r?,

S:QW/ rsint\/ﬁdt:27rr2/ sintdt = 4mr?
0 0

26. dv _ a(l — cos @), = asin ¢, <dx>2 + (dy)2 = 2a%(1 — cos ¢)
¢ ¢ de dé
2m

27
S = 27r/ a(l — cos ¢)\/2a?(1 — cos ¢) dp = 2\/571’@2/ (1 — cos ¢)>/%dg,
0 0

but 1 — cos ¢ = 2sin? g so (1 — cos ¢)3/2 = 2v/2sin® ? for 0 < ¢ < 7 and, taking advantage of the

symmetry of the cycloid, S = 167a? / sin® ?d(b = 64ma’/3.

0

27. (a) length of arc of sector = circumference of base of cone,

00 = 27tr,0 = 2mr /0; S = area of sector = %52(27”"/6) = mrl
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(b) S = 7T7’2€2 — 7T7’1€1 = 7T7’2(€1 +£) — 7T7"1€1 = W[(’I’Q — 7’1)61 + 7’26];
Using similar triangles lo/ro = 1 /11,7102 = 19l1, 71 (b1 + £) = roly, (re — 1)l = 114
so S=m(ril +rel) =m(ry +12)dL.

b
28. 5:/ 2 f () + K]V/I+ [ (@)Pdz

29. 27wk/1+[f'(2)]? <27 f(x)\/1+ [f'(2)]? < 2nK+/1+ [f(2)]?, so
/ 2k /T4 [ (@)]Pdz < / 27 f(2) /1 1 [ () Pda g/ 2nK/TF [/ (2)2da,

a a a

b b
mc/ VIF @ Pde < S < 2771(/ I+ [P @) Pde, 27kl < S < 27KL

30. (a) 1< V1+[f(2)]?s02nf(x) <2nf(x)y/1+[f'(2)]?

b b b
/ 21 f (z)dx < / 2rf(x)y/1 4 [f'(x)]?dz, 27?/ fx)de < 5,2rA<S
(b) 2;A =S if f'(x) - 0 for all z in [a,b] so f(x) is aconstant on [a,b].

EXERCISE SET 7.6

1. (a) W=F-d=30(7) =210 ftb
6

(b) W:/lﬁF(m)dx:/lﬁx_de:—ﬂ =5/6 ft-Ib

1

5 2 5
40
2. W:/ F(:z:)d:c:/ 4de7/ g(zf5)d:€:80+60:140J
0 0 2

5 5
4t 2 515
3. distance traveled = / v(t)dt = / 5 dt = th]o = 10 ft. The force is a constant 10 lb, so the
0 0
work done is 10 - 10 = 100 ft-1b.

4. (a) F(z) = kx, F(0.05) = 0.05k = 45,k = 900 N/m
0.10

0.03
(b) W= / 900z dx = 0.405 ] (c) W= 900z dz = 3.375J
0 0.05

0.8
5. F(x)=kx, F(0.2) =0.2k = 100, k = 500 N/m, W = / 500zdzr = 160J
0

2
6. F(z) =k, F(1/2):k/2:6,k:12N/m,W:/ 122de =247
0
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1
7. W:/ ka do = k/2 = 10, k = 201b/ft
0

8. W= /6(9 — 2)62.4(257)dx
0

6
= 15607 / (9 — x)dz = 56,1607 ft-1b
0

6
9. W= / (9 — 2)p(25m)dx = 9007p ft-1b
0

10. r/10 = x/15, r = 22/3,
10
W= / (15 — 1)62.4(472*/9)dx
0

83.2

10
= —7?/ (1522 — 23)dx
3 Jo

= 208,0007/3 ft-1b

11. w/4==z/3,w=4z/3,
2
W= / (3 — 2)(9810) (42 /3)(6)dzx
0

2
= 78480 / (3 — 2?)dx
0

— 261,600J
12, w=2v/4—22

2
W = / (3 —x)(50)(2v4 — 22)(10)dx
-2

2 2
= 3000/ V4 — x2dx — 1000/ V4 — 22dx
) 2

= 3000[(2)?/2] — 0 = 60007 ft-1b

9
13. (a) W:/O (10 — 2)62.4(300)da

9
= 18,720/ (10 — z)da
0

= 926,640 ft-1b

(b) to empty the pool in one hour would require
926,640/3600 = 257.4 ft-1b of work per second
so hp of motor = 257.4/550 = 0.468
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9 9
14. W= / 2(62.4)(300) dz = 18,720 / xdz = (81/2)18,720 = 758,160 ft-1b
0 0

100
15. W = / 15(100 — 1’)d$ Pulley
0

——100
= 75,000 ft-1b

100 — x

16. The total time of winding the rope is (20 ft)/(2 ft/s) = 10 s. During the time interval from time ¢
to time t + At the work done is AW = F(t) - Az.
The distance Az = 2At, and the force F(t) is given by the weight w(t) of the bucket, rope and
water at time ¢. The bucket and its remaining water together weigh (3 +20) —¢/2 lb, and the rope
is 20 — 2¢ ft long and weighs 4(20 — 2t) oz or 5 —t/2 1b. Thus at time ¢ the bucket, water and rope
together weigh w(t) =23 —¢/2+5—t/2 =28 —t 1b.
The amount of work done in the time interval from time ¢ to time t + At is thus
AW = (28 — t)2At, and the total work done is

10 0
W= lim > (28—1t)2At= / (28 — t)2dt = 2(28t — t2/2)‘ = 460 ft-1b.

1
n—-+4oo 0 0
17. When the rocket is x ft above the ground
total weight = weight of rocket + weight of fuel ~ 3000
= 3+ [40 — 2(x/1000)]
= 43 — /500 tons,
3000 Rocket
W = / (43 — 2/500)dx = 120,000 ft-tons
0

~0
18. Let F(z) be the force needed to hold
charge A at position z, then s 5
c c L o I o>
F(Z):m, F(*Q):@:k, -a x 0 a
so ¢ = 4a’k.
0
W = 4a*k(a — x)"2dx = 2ak J

—a

19. (a) 150 = k/(4000)2, k = 2.4 x 10°, w(z) = k/22 = 2,400,000,000/22 1b

(b) 6000 = k/(4000)2, k = 9.6 x 10'°, w(z) = (9.6 x 10'°) /(z 4 4000)* Ib
5000
(c) W= 9.6(10'°)z~2dz = 4,800,000 mi-Ib = 2.5344 x 10'° ft.Ib

4000

20. (a) 20 =k/(1080)2, k = 2.3328 x 107, weight = w(x + 1080) = 2.3328 - 107/(x + 1080) 1b

10.8
(b) W= / [2.3328 - 107 /(z + 1080)?] d: = 213.86 mi-lb = 1,129,188 ft-1b
0
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21. W =F-d=(6.40 x 10°)(3.00 x 10%) = 1.92 x 10° J; from the Work-Energy Relationship (5),
v} = 2W/m + v} = 2(1.92-10%)/(4 - 10°) + 20* = 10,000, vy = 100 m/s

22. W =F-d=(2.00 x 10°)(2.00 x 10°) = 4 x 10'° J; from the Work-Energy Relationship (5),
v; =2W/m+ v} =8-10'/(2-10%) + 10% ~ 11.832 m/s.

1 1
23. (a) The kinetic energy would have decreased by imv2 = 54 -105(15000)% = 4.5 x 10** J

1
(b) (4.5 x 10M)/(4.2 x 10'%) ~ 0.107 (c) ?—030(0.107) ~ 8.24 bombs
EXERCISE SET 7.7
1. (a) F = phA=62.4(5)(100) = 31,200 Ib (b) F = phA = 9810(10)(25) = 2,452,500 N
P = ph = 62.4(5) = 312 Ib/ft* P = ph = 9810(10) = 98.1 kPa
2. (a) F=PA=6-105(160) = 9.6 x 107 N (b) F = PA=100(60) = 6000 Ib
2 3
3. F= / 62.4z(4)dx 4. F= / 9810x(4)dx
0 1
2 3
= 249.6/ rdr =499.21b = 39,240/ rdr
0 1
0| 4 = 156,960 N
X ()|
1 4
2
X
3
5
5. F :/ 9810x(2+/25 — 22)dx 6. By similar triangles
0
5 w(r) 2V3 -z 2
= 19,620/ (25 — %)% d L = 23 ; w(z) = 5(2\/3—%),
0
_ 5 2v3 2
= 8175 < 10°N F= / 62.4x [(2\/3— x)] dzx
0 V3

5Y

0 1248 (23 Vo a?

\ = — 2V 3x — dr = 499.21b
x y=1V25-x2 \/§ /0 ( v ) v
5

2V25 — x2
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10.

11.

12.

Chapter 7
By similar triangles 8. w(x) =16+ 2u(z), but
w(z) _ 10—z 12 - 1
6 :BT @: 8xsou(x):§(12—x),
w(r) = 1(10_33)’ w(z) =164 (12 — z) = 28 — x,
10 3 12
F= / 9810z {4(10 — x)} dx F= / 62.42(28 — x)dx
2 4
10 12
= 7357.5/ (10z — 2®)dx = 1,098,720 N = 62.4/ (287 — x*)dx = 77,209.6 1b.
2 4
0 0|
)
6 A4 04
2 - M :
w(x)
x =
w(x) 12—
3 16

b b
Yes: if pa = 2p; then Fh = / pah(x)w(x) de = / 2p1h(x)w(x) dx = 2/ prh(z)w(x) de = 2F;.
a a

2
F:/ 50x(2v4 — 22)dx 0 2y
0
2 —\4 — 2
:100/ x4 — 2 dx \iyg‘ o
0 24— x2
= 800/31b x

Find the forces on the upper and lower halves and add them:

wy (x) x
= y =2
V2a V2a/2 (@) =2
\/5(1/2 \/50,/2
F = / px(2z)dr = 2p/ 22z = V/2pa® /6,
0 0
wo(z) V24 -z
= s =2 20 —
V2a V2a/2 wa() (V2a-2)
V2a V2a
F, = / pz[2(V2a — x))dx = 2p/ (V2ax — 2%)dx = V2pa®/3,
V2a/2 V2a/2

F =F + F, =V2pa®/6 + V2pa®/3 = pa®/v/2 1b

If a constant vertical force is applied to a flat plate which is horizontal and the magnitude of the
force is F', then, if the plate is tilted so as to form an angle # with the vertical, the magnitude of
the force on the plate decreases to F'cos®f.
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13.

14.

15.

16.

Suppose that a flat surface is immersed, at an angle 6 with the vertical, in a fluid of weight density
p, and that the submerged portion of the surface extends from x = a to x = b along an z-axis
whose positive diretion is not necessarily down, but is slanted.

Following the derivation of equation (8), we divide the interval [a, b] into n subintervals

a=20<x] <...<Tp_1<xp,=">0. Then the magnitude F} of the force on the plate satisfies the

inequalities ph(xg—1)Ag cos < Fy, < ph(xy)Ay cosf, or equivalently that

Fj. secf
pAk

F = /b ph(x)w(z)secl dx.

h(zg—1) <

< h(zy). Following the argument in the text we arrive at the desired equation

V162 + 42 = /272 = 4+/17 is the
other dimension of the bottom.
(h(z) —4)/4 = 2/(4V/T7)

h(z) = 2/V1T + 4,

sec = 4y/17/16 = /17/4

417
F = / 62.4(z/V17 + 4)10(v/17/4) dx
0

417
= 156\/ﬁ/ (z/V17 + 4)dz
0
= 63,6481b

If we lower the water level by y ft then the force Fj is computed as in Exercise 13, but with h(z)
replaced by hi(z) = 2/+/17+ 4 — y, and we obtain

417
P =F- y/ 62.4(10)V17/4dx = F — 624(17)y = 63,648 — 10,608y.
0

If Iy = F/2 then 63,648/2 = 63,648 — 10,608y, y = 63,648/(2 - 10,608) = 3,
so the water level should be reduced by 3 ft.

h(z) = zsin60° = /3z/2, 200
0 = 30°, sec = 2/v/3,

F/01009810(\/§z/2)(200)(2/\/§)d:c N‘é h(x)

100 100
=200 - 9810/ rdx
0
=9810-100% = 9.81 x 10° N
h+2
F :/ pox(2)dx 0]
h 1
h+2 h
= 2p0/ xdx nle— J
h
=4po(h +1) i 2
h+2-—
2
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17. (a) From Exercise 16, F' = 4po(h + 1) so (assuming that po is constant) dF/dt = 4po(dh/dt)
which is a positive constant if dh/dt is a positive constant.
(b) If dh/dt = 20 then dF/dt = 80py 1b/min from Part (a).
18. (a) Let hy and hs be the maximum and minimum depths of the disk D,.. The pressure P(r) on
one side of the disk satisfies inequality (5):
ph1 < P(r) < phy. But
lim h; = lim hg = h, and hence
r—0t r—0t
ph= lim phy < lim P(r) < lim phy = ph, so lim P(r) = ph.
(b) The disks D, in Part (a) have no particular direction (the axes of the disks have arbitrary
direction). Thus P, the limiting value of P(r), is independent of direction.
EXERCISE SET 7.8
1. (a) sinh3~10.0179 2. (a) csch(—1) =~ —0.8509
(b) cosh(—2) ~ 3.7622 (b) sech(ln2) =0.8
(c) tanh(ln4) =15/17 ~ 0.8824 (c) cothl=1.3130
(d) sinh™"(—2) ~ —1.4436 (d) sech™'= ~1.3170
(e) cosh™'3~ 1.7627 2
.3 (e) coth™' 3=~ 0.3466
1 1 1 4
3. (a) smh(ln3) = 5(61113 — eflnS) = 5 <3 - 3) = g
1 1/1 )
h(=1n?2) = = —In2 In2y _ = = 2) =2
(b) cosh(—1n2) 2(6 +em?) 5 2—|— 1
2n5 _ =25 95 1/95 312
tanh(21n5) = = — 22
() tanh(In5) = Grs s = 354 1/25 313
. _ 1 —3In2 3ln2y __ 1 1 — 63
(d) sinh( 31112)—2(6 e )—2 3 8) = 16
1 Inz —Ilnz _]' 1 _(E2+1
1 Inz —Ilnzx 71 1 7‘%2_1
(b) 5(6 e )Q(x x) o , x>0
2lnz _ ,—2lnz 2_1 2 4_1
©) e ei oz /x oz >0
e2lnz +e 2lnx 2 + 1/1.2 $4+1
1 —Inz Inxz\ __ 1 1 . 1 + 3’22
(d) 5(6 +e )2(x+x) o , x>0
5. sinhx, | coshx, | tanhx, | cothxy | sechx; | cschux,
@ | 2 N5 2ns | sz | Ias | e
(b) 3/4 5/4 3/5 5/3 4/5 4/3
(c) 4/3 5/3 4/5 5/4 3/5 3/4
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12.

15.

17.

18.

20.

22,

24.

(a) cosh®zg=1+sinh®zy =14 (2)? =5, coshzy =5

25 9 3
(b) sinh®zg = cosh®’zg — 1 = 6 1= 6 sinh zy = 1 (because o > 0)
4\? 16 3
(c) sech®zy=1—tanh®zy =1 — (5) =1- % = 55" sech xg = 5
1 5 inh 5 4 4
coshxg = soch 70 =3 from :;hzz = tanh zg we get sinhzy = <3) (5> =3
d d 1 coshz
e cschx = e snha Tl a = —cothx csch x for x # 0
d 1 inh
—sech v = — — 2x = —tanhxsech x for all =
dx dx coshx cosh” z
d d coshz  sinh®z — cosh?z 9
7 cothe = — = 2. csch®x for « #
dy d d
(a) y=sinh~ 'z if and only if 2 = sinhy; 1 = d—gycd—;j = % coshy; so
d,.. 3 dy 1 1
—[sinh™ " z] = = = = = for all z.
x| 1= coshy  \/1+sinh®y V1+a?
dy d d
(b) Let > 1. Then y = cosh™ 'z if and only if = coshy; 1 = war _ 4 sinh y, so
de dy dx
d 1 dy 1 1 1
ot T = o= JeoshZy—1 22-1 "7
(¢) Let —1 <z < 1. Then y = tanh™ ' if and only if 2 = tanhy; thus
dyde dy o dy 2 2 d -1 dy 1
=——=—"sech’y=—(1—tanhy)=1— — [tanh === .
dedy dx ety dx( anh” y) T80 dx[ o ] dv 1— 22
1
4 cosh(4z — 8) 10. 4x3sinh(z?) 11. —=csch?(Inx)
x
h?2 1
— 13. 5 esch(l/a)coth(l/a) 14, —2¢* sech(e*”) tanh(e)
2 h inh
+ 5 cosh(5a) sinh(5z) 16. 6sinh?(2x) cosh(2z)
42 4 cosh? (5z)

2%/2 tanh(y/z) sech? (/) + 322 tanh®(\/z)

1 1
—3 cosh(cos 3x) sin 3z 19. — () =1/vV9+ a2

1+22/9 \3
;(—1/@"2) S S 21. 1/ [(cosh71 z)Va? —1]
V14+1/22 |z|va? +1
1/ { (sinh ™' z)2 — 11+ xz} 23. —(tanh™'z)7%/(1 — 2?)
sinh inh
2(coth~' 2)/(1 — 22) 0. sinh _ sinhz { 1, >0
Veosh®z — 1 |sinhz] -1, <0

309
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x

26. (sech?z)/v/1+ tanh?®x 27. 723:\/€T7x + e®sech 'z
x
28. 10(1 4 zcsch™'z)? (— + csch_1x>
( ) PN
L. .7 L. 2 3/2
31. = sinh’ z + C 32. 3 sinh(2z — 3) + C 33. g(tanh x)* 4+ C
1 1 3
34. —3 coth(3z) + C 35. In(coshz) +C 36. —3 coth’z +C
1 In3 In3
37. —3 sech%] = 37/375 38. In(coshz)| =1In5—1In3
In2 0
1 1 1.
39. u=3x,- | ———=du= —sinh” "3z +C
3 / V14 u? 3
V2 1 .
40. xzﬂu,/iduz/idu:cosh z/V2) +C
V2u? —2 Vu? —1 @/v2)
1
41. u=¢€* | ————du= —sech }(e®) +C
/u\/l — u? (")
1
42. u = cosb, —/7du = —sinh™(cos8) + C
Niwar: (eoe)
43 2x / du esch ™ u| + C csch™ |2z + C
U= , _ = u = —
uv 1+ u?
5/3 1 / 1 1 1
44. z=5u/3, | ———=du=—- | ——=du = -~ cosh™ (3z/5) + C
/ 25u? — 25 3J Vuz-1 3 (82/5)

e - _ 1, 1+1/2 1
1 1 !

. = - D) - 71
45. tanh x}o tanh™"(1/2) — tanh™(0) 21n1_1/2 p 3

V3
46. sinh™* t] . = sinh ™' v/3 —sinh ™' 0 = In(v/3 + 2)

In3

In3
1
49. A= / sinh 2z dz = 3 cosh Qx] = i[cosh(Q In3) — 1],
0 0

1 1 1
but cosh(21n3) = cosh(In9) = 5(61“9 +e %) = 5(9—!— 1/9) =41/9s0 A = 5[41/9 —1]=16/9.

In2

In2
50. V = 7r/ sech®z dz = 7 tanh x] = rtanh(In2) = 37/5
0 0

5 5
51. V = 77/ (cosh? 2z — sinh? 2z)dx = 77/ dx =57
0 0

1 1
1 1

52. / coshaxdx = 2, — Sinhax] = 2, —sinha = 2,sinh a = 2aq;
0 a 0 a

sinh a,, — 2a,,

1 — sinha — 2a, then ap 1 = a, — o~ 200 — 99 . a4 = ag = 2.177318985.
et f(a) =sinha — 2a, then a,+1 = a cosha. 2 ay a4 = as
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53.

54.

55.

56.

57.

58.

y =sinhz, 1+ (/)2 = 1+ sinh® z = cosh? z

In2 In2 1 1 1 3
Lz/ coshxdmzsinhx} :sinh(ln2)2(61n2—6_1“2):(2—) =-
0 0 2 2

y' =sinh(z/a), 14 (/)2 = 1 + sinh?(z/a) = cosh?(z/a)
= Zloh:cadxzainh:z:a 161:ainhxla
L/Ocs(/) S(/)}0 sinh(z1/a)

1

1 . . . @
sinh(—z) = 5(6_3L —e%) = _5(61 —e *) = —sinhz
1 —X x 1 x —x
cosh(—z) = 5(6 +e¥) = 5(6 +e™®) =coshx
. 1 _ 1 _
(a) coshz + sinhz = i(ew +e )+ 5(630 —e ) =¢"
. 1 _ 1 _ _
(b) coshz —sinhxz = 5(6“" +e ) — i(em —e ) =e"

1 1
(¢) sinhzcoshy+ coshzsinhy = E(em —e ) (e +e7Y) + Z(ex +e ") (e¥ —eY)

1

= Z[(ew*‘y — eIV 4 Ty e—a:—y) + (eac-i-y +e Y ey e_w_y)]
1 (z+y) —(z+y) .

:5[6 Y — e y]:slnh(x_i'_y)

(d) Let y =« in Part (c).

(e) The proof is similar to Part (c), or: treat x as variable and y as constant, and differentiate
the result in Part (c) with respect to .

(f) Let y =« in Part (e).

(g) Use cosh® z = 1 + sinh® z together with Part (f).

(h) Use sinh? z = cosh? z — 1 together with Part (f).

(a) Divide cosh? z — sinh® z = 1 by cosh? z.

sinhxz  sinhy
sinhx coshy + coshzsinhy  coshz = coshy  tanhxz +tanhy

coshz coshy + sinhzsinhy 1 sinhxsinhy 1+ tanhxztanhy
cosh x cosh y

(b) tanh(z +y) =

(¢) Let y ==z in Part (b).

1
(a) Let y = cosh™' z; then z = coshy = i(ey +e V), e¥ —2r+eV=0,e%—2ze’+1=0,

2r + 4x? — 4
eV = % = z 4+ /22 — 1. To determine which sign to take, note that y > 0

soe ¥ <e¥,x=(e+eY)/2<(e¥+¢eY)/2 =c¢Y, hence ¥ > x thus e¥ = x + V22 — 1,
y=cosh 'z =In(z + V22 —1).
Y _ e Y 2y 1
(b) Let y = tanh ' z; then & = tanhy = ; +2_y = ;y ey ze® + 1 =e% -1,
14+ 1. 1+

1 =e2(1 - 2 =(1 1- 2y =1 =1 .
tr=e(l—a), = (142)/(1-a), 2y =In g y= I
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59.

60.

61.

62.

63.

64.

65.

66.

67.

Chapter 7

(a) %(coshfl z) = % fo__ll YN

1

(In(1+ ) — In(1 — m))} = ( 1 1

1+ 1—x

1
2

(b) i(tanh-l ) a [

I - % )= 1a-a

Let y = sech™ 'z then x = sech y = 1/ coshy, coshy = 1/x, y = cosh™*(1/z); the proofs for the
remaining two are similar.

5 = tanh ™t u + C.
—u

d
If |u| < 1 then, by Theorem 7.8.6, / T 4

d
For |u| > 1,/17u2 = coth ' u + C = tanh ™ (1/u) + C.
—u

1 1
(sech™'V22) = i _

d 1 d
(a) ——(sech \x|):d _\/Ijm\/ﬁ: V22

dx dx
(b) Similar to solution of Part (a)

1
(a) lim sinhz = lim i(em —e ) =400—-0=+40c0

T—+00 r—+00
1
(b) lim sinhz= lim —(e"—e %) =0—00=—00
T— —00 T——00 2
r _ ,—x
(¢) lim tanhz = lim SR |
T—+00 z—+oo ¥ + e~
T _ ,—x
(d) lim tanhz = lim |
T——00 z——oc0 T 4 e~ %

(e) hrf sinh ™'z = hrf In(z + Va2 +1) =+

(f) lim tanh™ 'z = lim %[M(l + ) —In(l - 2)] = +oo

r—1- r—1—

(a) lim (cosh™'z —Inz)= hrll ln(x + V22— 1) — Ina]

r——+00
VoI -1
— lim m YT gy In(1++/1—1/22)=1n2
x

T—+00 T—+00
. coshuw . e’ +e " . 1 o
(b) xgr-ir-loo er xgr-ir-loo C2er xgr-il-loo 5(1 te ) N 1/2

For |z| < 1, y = tanh ™' z is defined and dy/dz = 1/(1 — 22) > 0; ¢ = 2z/(1 — 22)? changes sign
at x = 0, so there is a point of inflection there.

Let x = —u/a, = —cosh™' 2+ C = —cosh™*(—u/a) + C.

1 a
e du=— | L
/\/uQ—a2 /a\/x2—1

_ a u 4+ vVu2 — a?
—cosh Y (=u/a)= —In(—u/a + Vu2/a2 — 1) = In
(~u/a)= — In(—ufa+ v/u2fa? 1) LHWL&H%LM

zln‘u—i— \/u2—a2‘—lnazln\u+ VuZ —a?|+ Cy
du:ln‘u—&— \/uQ—aQ‘—i—CQ.

1
so | ———
/ Vvu? —a?

Using sinh 2 + coshz = ¢* (Exercise 56a), (sinhz + coshz)™ = (e*)™ = ¢"* = sinh nx + coshnx.
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2sinh at

¢ tx 1 tx ‘ 1 at —at
68. e dmz;e :¥(e —e ) = for t # 0.

—a

69. (a) y =sinh(z/a),1+ (y/)? =1+ sinh?®(z/a) = cosh?(z/a)
b b
L= 2/ cosh(z/a) dr = 2asinh(z/a)| = 2asinh(b/a)
0 0
(b) The highest point is at = b, the lowest at x = 0,
s0 S = acosh(b/a) — acosh(0) = acosh(b/a) — a.

313

70. From Part (a) of Exercise 69, L = 2asinh(b/a) so 120 = 2asinh(50/a), asinh(50/a) = 60. Let
u = 50/a, then a = 50/u so (50/u)sinhu = 60,sinhu = 1.2u. If f(u) = sinhu — 1.2u, then

sinh u,, — 1.2u,,
Upy] = Uy — ———————;
n " coshu, — 1.2

From Part (b), S = acosh(b/a) — a =~ 46.95415231[cosh(1.064868548) — 1] ~ 29.2 ft.

sup = 1,00, u5 = ug = 1.064868548 ~ 50/a so a ~ 46.95415231.

71. From Part (b) of Exercise 69, S = acosh(b/a) — a so 30 = acosh(200/a) — a. Let u = 200/a,
then a = 200/u so 30 = (200/u)[coshu — 1],coshu — 1 = 0.15u. If f(u) = coshu — 0.15u — 1,

coshu, —0.15u,, — 1
sinh u,, — 0.15

then up411 = uy —

sup = 0.3, ..., ug = us = 0.297792782 =~ 200/a so

a ~ 671.6079505. From Part (a), L = 2asinh(b/a) ~ 2(671.6079505) sinh(0.297792782) ~ 405.9 ft.

72. (a) When the bow of the boat is at the point (z,y) and the person has walked a distance D,
then the person is located at the point (0, D), the line segment connecting (0, D) and (z,y)

has length a; thus a® = 22 + (D — 9)?, D = y 4+ Va2 — 22 = asech™*(z/a).

1++/5/9
(b) Find D when a = 15, z = 10: D = 15sech™*(10/15) = 151n <+/> ~ 14.44 m.

2/3
a® x 1 2
© dy/dw:_m\/aQ—:vQ Ve 2 Ve [_SEJFJJ} =TV
1—|—[y’]2=1—|—a2_2zz:az;witha=15andx=5,L=/152225dx=—225 =30m
x x 5 X
CHAPTER 7 SUPPLEMENTARY EXERCISES
6. @ 4= [ (etr-r)d ®) 4= [ i+ [ (i w=2)]a
(c) V:W/O[(2+x)2—x4]dx
2 4
@ V=2 [ yvmdsron [ulvi-w-2ld
2 2 4
(e) V:27r/0 z(2+z—2%)dx ) V:ﬂ/o ydy—|—/2 m(y—(y—2)%)dy
b c d
7@ A= [ (@) - g@)dat [ (o)~ ) do+ [ (@) = gla)) da
0 ! 2 1 1. 9 11
(b) A:/_l(x3—x)dx+/(J (x—x?’)dx—i—/l (mS—x)dm:Z—i—Z—&—Z: 1
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10.

11.

12.

13.

14.

15.

16.

Chapter 7

8/27 2 3
(a) S:/ 2z 1+ z=43dx (b) S:/ 277%\/1+y4/81dy
0 0
2
(©) sz/ 2m(y + 2)v/T+ y1/81 dy
0

d 1/3 d 2 2/3 2/3 2/3 2/3
By implicit differentiation 2% — — (%) ,so 1+ <dz> =1+ (%) == xj/f =55

A 1/3 o/ 1/3
L:/ mdwz_a /;a x d$:9a/8

—a

The base of the dome is a hexagon of side r. An equation of the circle of radius r that lies in a
2

vertical z-y plane and passes through two opposite vertices of the base hexagon is z2 + y? = r2.
A horizontal, hexagonal cross section at height y above the base has area
3v3 3v3 "3V3
= T\[:ﬂz = ;—f(rz — %), hence the volume is V = / T\[(r2 — %) dy = V3r.
0

A(y)

Let the sphere have radius R, the hole radius r. By the Pythagorean Theorem, r* + (L/2)? = R?.
Use cylindrical shells to calculate the volume of the solid obtained by rotating about the y-axis
the region r <z < R, —vVR? — 22 <y < VR? — 2%

R

R
4 - 4 .
V= / (27x)2V R? — 22 dx = fgﬂ(RQ - :c2)‘3/2} = §7T(L/2)3,
so the volume is independent of R.
Lz 16R? 4
V=2 *—L?/4)> = —LR?
| e - =
(a) y (b) The maximum deflection occurs at
L L5 x = 96 inches (the midpoint
100 200
B of the beam) and is about 1.42 in.
—04 L
- (c) The length of the centerline is
-0.8 - 192
L / V1+ (dy/dz)? dz = 192.026 in.
-12 0
—1.6

b
y =0 at x = b = 30.585; distance = / V1 + (12.54 — 0.82x)2 dx = 196.306 yd
0
x' = e'(cost —sint),y’ = e'(cost +sint), (z')? + () = 2¢*
/2 w/2
S = 277/ (e’'sint)V2e2tdt = 2\/571'/ et sint dt
0 0

/2
1 2v2
=2V2r |:5€2t(2 sint — cos t)} = ;—fw(%” +1)
0

1 w/2
(a) / (sin~! 2)2%dz = 1.468384. (b) 21 / y(1 — siny)dy = 1.468384.
0 0
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17.

18.

19.

20.

21.

22,

1 1 1/4
(a) F:kx,izkz,k=2,W:/ krdr=1/161J
0

L
(b) 25:/ krdr =kL*/2, L=5m
0

150
F = 30z + 2000, W = / (302 + 2000) dz = 15 - 150% 4 2000 - 150 = 637,500 Ib-ft
0

1
(a) F:/ pr3dr N
0

(b) By similar triangles wim) = g, w(zx) = 2z, so O,h(x)z b
4
F= / p(1+ x)2z dx 1b/ft2. . A
1
2r 4
A

0

12

(¢) A formula for the parabola is y = %:ﬁ —10,s0 F = / 9810|y|2 ?5@ +10) dy N.
~10

y' = acoshax,y” = a’®sinhax = a’y

(a) cosh3z = cosh(2z 4+ x) = cosh 2z cosh : 4 sinh 2z sinh z
= (2cosh? z — 1) cosh z + (2sinh z cosh z) sinh z
= 2cosh® z — cosh z 4 2sinh? z cosh

= 2cosh® z — cosh x + 2(cosh® z — 1) coshz = 4 cosh® z — 3cosh

b) from Theorem 7.8.2 with x replaced by E: cosh z = 2 cosh? r_ 1,
( 2 2

1
2 cosh? g = coshz + 1, cosh? g = §(coshx +1),

1
COShg = i(coshx + 1) (because coshg > 0)
(¢) from Theorem 7.8.2 with z replaced by g: cosh z = 2sinh? g +1,

1 1
2sinh? g = coshx — 1, sinh? g = i(coshx - 1), sinhg =+ i(coshx -1)

(a) #r (b) r =1 when ¢ ~ 0.673080 s.
oL (c) dr/dt =4.48 m/s.
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23. Set a =68.7672, b = 0.0100333, ¢ = 693.8597, d = 299.2239.

d
(a) (b) L=2 / V1 + a2b?sinh? bz dx
0
= 1480.2798 ft
—300 \&
(c) =z =283.6249 ft (d) 82°

24. The z-coordinates of the points of intersection are a ~ —0.423028 and b ~ 1.725171; the area is
b
/ (2sinz — 22 + 1)dz ~ 2.542696.

25. Let (a,k), where 7/2 < a < m, be the coordinates of the point of intersection of y = k with
y =sinz. Thus k = sina and if the shaded areas are equal,

/ (k—sinz)dz = / (sina —sinz) de = asina+cosa—1=0
0 0
Solve for a to get a ~ 2.331122, so k = sina ~ 0.724611.

E
26. The volume is given by 27r/ xsinz dr = 2n(sink — kcos k) = 8; solve for k to get
0
k = 1.736796.



