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Preface

For many years I have been lucky enough to have students ask for more: more challenging problems, more illuminating
proofs to different theorems, a deeper look at various topics, etc. To those students I normally recommend the books in
the bibliography. Some of the same students have complained of not finding the books or wanting to buy them, but being
impecunious, not being able to afford to buy them. Hence I have decided to make this compilation.

Here we take a semi-rigorous tour through Calculus. We don't construct the real numbers, but we examine closer the
real number axioms and some of the basic theorems of Calculus. We also consider some Olympiad-level problems whose
solution can be obtained through Calculus.

The reader is assumed to be familiar with proofs using mathematical induction, proofs by contradiction, and the me-
chanics of differentiation and integration.

David A. SANTOS

dsantos@ccp.edu


mailto:dsantos@ccp.edu

Chapter 1

Preliminaries

Why bother? We will use the language of set theory throughout these notes. There are various elementary
results that pop up in later proofs, among them, the De Morgan Laws and the Monotonicity Reversing of Com-
plementation Rule.

The concept of a function lies at the core of mathematics. We will give a brief overview here of some basic
properties of functions.

1.1 Sets

This section contains some of the set notation to be used throughout these notes. The one-directional arrow — reads
“implies” and the two-directional arrow <= reads “if and only if.”

1 Definition We will accept the notion of set as a primitive notion, that is, a notion that cannot be defined in terms of more
elementary notions. By a set we will understand a well-defined collection of objects, which we will call the elements of the
set. If the element x belongs to the set § we will write x € S, and in the contrary case we will write x ¢ S." The cardinality of
a set is the number of elements the set has. It can either be finite or infinite. We will denote the cardinality of the set S by
card(S).

D Some sets are used so often that merit special notation. We will denote by

N=1{0,1,2,3,..}
the set of natural numbers, by
Z=1{.,-3,-2,-1,0,1,2,3,..4>
by Q the set of rational numbersS, byR the real numbers, and by C the set of complex numbers. We will occasionally also use Z = {..., -3, -2a,-a,0, a,2a,3a,..}, etc.
We will also denote the empty set, that is, the set having no elements by & .
A B A B A B
Figure 1.1: AUB Figure 1.2: AnB Figure 1.3: A\B

1 Georg Cantor(1845-1918), the creator of set theory, said “A set is any collection into a whole of definite, distinguishable objects, called elements, of our
intuition or thought.”

27 for the German word Ziihlen meaning “integer.”

3 Q for “quotients.”



Sets

2 Definition The union of two sets A and B is the set
AUB={x:(x€ A) or (x€ B)}.
This is read “A union B.” See figure 1.1. The intersection of two sets A and B is
ANnB={x:(x€ A) and (x € B)}.
This is read “A intersection B.” See figure 1.2. The set difference of two sets A and B is
A\B ={x:(x€ A) and(x ¢ B)}.

This is read “A set minus B.” See figure 1.3.
3 Definition Two sets A and B are disjointif AN B = &.
4 Example Write AU B as the disjoint union of three sets.

Solution: Observe that
AUuB=(A\B)U(ANnB)uU (B\ A),

and that the sets on the dextral side are disjoint.

5 Definition A subset B of a set A is a subcollection of A, and we denote this by B € A. 4 This means that x€e B = x€ A.

D & and A are always subsets of any set A.

Observe that
A=B < (AcB) and (BcA).

We use this observation on the next theorem.

6 THEOREM (De Morgan Laws) Let A, B, C be sets. Then

A\(BNnC)=(A\B)u(A\QO), A\(BUCQ)=(A\B)n(A\(O).

Proof: We have

xe A\(BuC) xeA and x¢(B or O)

(xeA) and ((x¢gB) and (x¢C))

(xeA and x¢B) and (x€A and x¢C)
(xeA\B) and (x€ A\C)

xe€(A\B)n(A\ Q).

pgoot

Also,
xe A\(BNnC) xeA and x¢(B and Q)
(xeA) and ((x¢B) or (x¢(C))
(xeA and x¢B) or (x€eA and x¢C)
(xe A\B) or (x€ A\Q)

x€(A\B)U(A\Q)

pgoot

O

7 THEOREM (Monotonicity Reversing of Complementation) Let A, B, X be sets. Then

ACB < X\BCX\A.

“There seems not to be an agreement here by authors. Some use the notation c or € instead of C. Some see in the notation < the exclusion of equality.
In these notes, we will always use the notation S, and if we wished to exclude equality we will write <.
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Proof: We have
ACB (x€ A) = (x€B)
(x¢B) = (x¢ A)
(xeX and x¢B) = (x€X and x¢A)

X\BC X\ A

1o

O

8 Definition Let Ay, A2,..., Ay, be sets. The Cartesian Product of these n sets is defined and denoted by
Al X Ag X eee X An = {(al,az,...,an) tap € Ak},

that is, the set of all ordered n-tuples whose elements belong to the given sets.

D In the particular case when all the Ak are equal to a set A, we write
Ay x Ag x--x Ap = AT,

fa€ Aandbe A wewrite (a,b) € A%.

9 Example The Cartesian product is not necessarily commutative. For example, (\/E, 1) e R x Z but (\/E, 1) ¢ Z x R. Since
R x Z has an element that Z x R does not, Rx Z # Z x R.

10 Example Provethatif X x X =Y xY then X=Y.

Solution: Letxe€ X. Then (x,x) € X x X, which gives (x,x) €Y xY,soy€Y. HenceX<Y.
Similarly, ify € Y then (y,y) €Y x Y, which gives (y,y) € X x X, soy € X. HenceY < X.
ThusX <Y andY c X givesX =Y.

Homework

11 Problem  Forafixed n € Nput Ap = {nk:keN}. 17 Problem  Prove that

= c
1. Find Ap N Ag. AUB=A < BcA.

o
2. Find ﬂl An. 18 Problem  Prove that
n=
AcB = AnC<BnC.

o
3. Find U An.
n=1
19 Problem  Prove that
AcB and C<B = AuUCcB.

12 Problem  Prove the following properties of the empty set:

ANG =0, Aud =A. 20 Problem  Prove the following distributive laws:

ANn(BuC)=(AnB)U(ANCQO), AU(BNC)=(AUuB)N(AUC).

13 Problem  Prove the following commutative laws:

ANnB=BnA, AUB=BUA.
21 Problem Is there any difference between the sets &, {&'} and {{2'}}? Explain.

14 Problem  Prove by means of set inclusion the following distributive law:

22 Problem Is the Cartesian product associative? Explain.

(AuB)NC=(AnC)u(BNO).

15 Problem  Prove the following associative laws: 23 Problem  Let A, B, and C be sets. Shew that

AN(BNC)=(AnB)NC, AU(BUC)=(AUB)UC. Ax(B\C)=(Ax B)\ (A% C).

16 Problem  Prove that

ANnB=A < AcB. 24 Problem  Prove that a set with N € N elements has exactly 2N qubsets.




Numerical Functions

1.2 Numerical Functions

25 Definition By a (numerical) function f : Dom (f) — Target(f) we mean the collection of the following ingredients:
O a namefor the function. Usually we use the letter f.
O asetof real number inputs called the domain of the function. The domain of f is denoted by Dom (f) C R.

O an input parameter, also called independent variable or dummy variable. We usually denote a typical input by the
letter x.

O aset of possible real number outputs of the function, called the target set of the function. The target set of f is denoted

by Target (f) C R.

U an assignment rule or formula, assigning to every input a unique output. This assignment rule for f is usually de-
noted by x — f(x). The output of x under f is also referred to as the image of x under f, and is denoted by f(x).

The notation®

_ Dom(f) — Target(f)
Uk x — fx)

read “the function f, with domain Dom (f), target set Target(f), and assignment rule f mapping x to f(x)” conveys all
the above ingredients.

D Oftentimes we will only need to mention the assignment rule of a function, without mentioning its domain or target set. In such instances we will sloppily say “the function f” or more commonly, “the function

x— f(x)’ eg., the square function X — xz‘
26 Definiton The imageIm (f) of a function f is its set of actual outputs. In other words,
Im(f)={f(a): ac Dom(f)}.
Observe that we always have Im ( f) < Target (f). For a set A, we also define
fA)={f(a):ac Al

27 THEOREM Let f: X — Y be a function and let AC X, A’ € X. Then
1. ACA = f(A)C f(A)
2. f(AuA)=f(AuUfA)
3. f(AnA) C f(ANf(A)
4. f(A)\fA)C fA\A)

Proof:

1. xe A= xe A and hence f(x) € f(A) = f(x)e f(A) = f(A) C f(A)

2. SinceAS AUA and A C Au A, we have f(A) € f(Au A) and f(A") € f(Au A), by part (1) and thus
) C f(A)C fFAu A). Moreover, ify € f(AUA'), thendx € AU A’ such thaty = f(x). Then eitherx € A
and so f(x) € f(A) orxe A and so fx € f(A). Either way, f(x) € f(A)u f(A") and

yef(AUA) = ye f(AUF(A) = F(AUA)C FA U F(A).
Hence
fAuA) = f(AufA).
3. Letye f(AnA'). Then3x € An A’ such that f(x) = y. Thus we have bothx € A = f(x) € f(A) and
xe A = f(x) € f(A). Therefore f(x) € f(A) N f(A) and we conclude that f(AnA') C f(A) N f(A).

4. Letye f(A)\ f(A). Thenye€ f(A) andy ¢ f(A"). Thus3Ix € A such that f(x) = y. Sincey ¢ f(A'), then
x¢ A'. Thereforexe A\ A’ and finally, y € f(A\ A'). This means that f(A)\ f(A) € f(A\ A) as claimed.

O

5Notice the difference in the arrows. The straight arrow — is used to mean that a certain set is associated with another set, whereas the arrow — (read
“maps to”) is used to denote that an input becomes a certain output.
6This corresponds to the even sloppier American usage “the function f(x) = x2

®
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1.2.1 Injective and Surjective Functions

28 Definition A function is injective or one-to-onewhenever two different values of its domain generate two different values
in its image. A function is surjective or onto if every element of its target set is hit, that is, the target set is the same as the
image of the function. A function is bijectiveif it is both injective and surjective.

29 Example The function

is neither injective nor surjective.

The function

is surjective but not injective.

The function

is injective but not surjective.

The function
[0;+oo[ — [0;+oo[

X — xz

d:
is a bijection.

A bijection between two sets essentially tells us that the two sets have the same size. We will make this statement more
precise now for finite sets.

30 THEOREM Let f: A— B beafunction, and let A and B be finite. If f is injective, then card (A) < card (B). If f is surjective
then card (B) < card (A). If f is bijective, then card (A) = card (B).

Proof: Putn=card(A), A={x1,%2,...,X,} and m=card(B), B={y1,¥2,+++,Ym}-
If f wereinjective then f(x1), f (x2),..., f(x,) are all distinct, and among the yy. Hence n < m.

If f were surjective then each yy. is hit, and for each, there is an x; with f(x;) = yi. Thus there are at least m
different images, and son=m. []

1.2.2 Algebra of Functions

31 Definition  Let f : Dom (f) — Target(f) and g : Dom(g) — Target(g). Then Dom (f + g) = Dom (f) nDom (g) and the
sum (respectively, difference) function f + g (respectively, f — g) is given by

. Dom(f)nDom(g) — Target(f+g)
rre: x - g

In other words, if x belongs both to the domain of f and g, then

(f£)x) =f(x)+gx).
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32 Definition Let f : Dom (f) — Target(f) and g : Dom(g) — Target(g). Then Dom(fg) = Dom(f) nDom(g) and the
product function fg is given by

Dom(f)nDom(g) — Target(fg)

r8: x —  f(x)-gx)

In other words, if x belongs both to the domain of f and g, then

(fg)(x) = f(x)-gx).

33 Definition Let g : Dom (g) — Target(g) be a function. The support of g, denoted by supp(g) is the set of elements in
Dom (g) where g does not vanish, that is

supp (g) = {x€ Dom(g): g(x) #0}.

34 Definition Let f : Dom (f) — Target(f) and g : Dom (g) — Target(f). Then Dom(g) = Dom (f) nsupp(g) and the

quotient function f is given by
g

f Dom(f)nsupp(g) — Target(f/g)
E: &

g(x)
f )

In other words, if x belongs both to the domain of f and g and g(x) # 0, then E (x) = @

X

35 Definition  Let f : Dom (f) — Target(f), g : Dom (g) — Target(g) and let U = {x € Dom (g) : g(x) € Dom f)}. We define
the composition function of f and g as

U — Target(fog)

fog: . Flg(e) (1.1)

Weread fog as “f composed with g.”

1.2.3 Inverse Image

36 Definition Let X and Y be subsets of R and let f: X — Y be a function. Let B € Y. The inverse image of B by f is the set
f B ={xeX:f(x)eB.

If B = {b} consists of only one element, we write, abusing notation, f _1({b}) =f _l(b). It is clear that f _l(Y) = X and

flo=2.

37 Example Let

{—2,—1,0,1,3} - {0y1!4!5y9}
f: 2 .

X — X
Then f~1({0,1}) = {0,-1,1}, £ '(1) = {-1,1}, f1(5) =@, £ 1(4) =2, f71(0) = 0, etc. Notice that we have abused notation
in all but the first example.
38 THEOREM Let f: X — Y bea function andlet BC Y, B’ C Y. Then
1. BEB = B C (B
2. fYBuUB)=f'BUFB)
3. fY\BnB)=Ff1B)nf 1B

4. FYB\fB)=f1(B\B)
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Proof:

1. Assume x € f~Y(B). Then thereisy € B C B such that f(x) = y. Buty isalso in B' so x € f Y(B'). Thus
i@esrie.

2. SinceBC BUB' and B'C BUB', we have f 1(B) C f Y(BUB') and f'(B") C f Y (BUB'), by part (1).
Thus fYB)uf 1(B") € f Y (BUB'). Now, letx € f Y (BUB'). Thereisy € BUB' such that f(x) = y. Either
yeBandsoye B = xe f '(B)orye B andsoye B = xe¢ fY(B'). Eitherway,x€ f 1 (B)uf1(B).
Thus f"Y(BuB") C f 1 (B)u f1(B). We conclude that f Y (BuB') = f Y(B)u f1(B).

3. Letxe f"Y(BNB'). Then3y € BN B’ such that f(x) = y. Thus we havebothy € B = x¢€ f '(B) and y €
B' = xe fY(B'). Thereforex € f~(B)n f1(B") and we conclude that f *(BnB") C f 1 (B)n f1(B).
Now, letx € f Y (B)n f 1 (B"). Then x € f '(B) and x € f1(B'). Then f(x) € B and f(x) € B'. Thus
f(x)e BNB' andsoxe fY(BnB'). Hence f 1 (B)n f 1 (B") C f1(Bn B) also, and we conclude that
'BnfB)=f(BnB).

4. Letxe f B\ f 1 (B). Thenxe f(B) and x ¢ f ' (B'). Thus f(x) € B and f(x) ¢ B'. Thus f(x) €
B\ B’ and therefore x € f 1 (B\ B'), giving f *(B)\ f1(B) € f 1 (B\B'). Now, let x € f"\(B\ B'). Then
f(x) € B\ B', which means that f(x) € B but f(x) ¢ B'. Thus x € f"1(B) but x ¢ f1(B), which gives
xe fAB\ Y (B') andso f1(B\B) C f1(B)\ f 1(B). This establishes the desired equality.

O

39 THEOREM Let f: X — Y be a function. Let Ax BC X x Y. Then
1L AC(f o)A
2. (fof " H(B)CB

Proof: We have

1. Letxe A. Then3y €Y such thaty = f(x). Thusy € f(A). Thereforexef_l(f(A)).

2. ye (fOf_l)(B). Then 3x Ef_l(B) such that f(x) =y. Thus x Ef_l(y). Hence f(x) € B. Thereforey € B.
O

1.2.4 Inverse Function

40 Definition Let A x B C R2. A function F : A — B is said to be invertibleif there exists a function F~! (called the inverse of
F)suchthat FoF ' =1d g and FloF=1d a. Here Id g is the identity on the set S function with rule Id g(x) = x.

The central question is now: given a function F: A — B, when is F! : B — A a function? The answer is given in the next
theorem.

41 THEOREM Let Ax B C R?. A function f: A — Bisinvertible if and only if it is a bijection. That s, f ! : B — Ais a function
if and only if f is bijective.

Proof: Assume first that f is invertible. Then there is a function f ' : B — A such that
fofl=1dp and flof=1d 4. (1.2)

Let us prove that f is injective and surjective. Let s, t be in the domain of f and such that f(s) = f(t). Applying
f! to both sides of this equality we get (f ' o £)(s) = (f Y o f)(£). By the definition of inverse function, (f "' o
fI(s)=sand (f_l o f)(t) =t. Thus s =t. Hence f(s) = f(t) = s =t implying that f is injective. To prove that
f is surjective we must shew that for every b € f(A) 3a € A such that f(a) = b. We take a = f 1 (b) (observe that
f_l(b) € A). Then f(a) = f(f_l(b)) = (fOf_l)(b) = b by definition of inverse function. This shews that f is
surjective. We conclude that if f is invertible then it is also a bijection.

Assume now that f is a bijection. For every b € B there exists a unique a such that f(a) = b. This makes the rule
g: B — Agiven by g(b) = a a function. It is clear that g o f =1d 4 and f o g = Id g. We may thus take f ! = g.
This concludes the proof. [1

®



Countability

Homework

42 Problem  Find all functions with domain {a, b} and target set {c, d}.

43Problem  Let A, B be finite sets with card (A) = n and card (B) = m. Prove that
« The number of functions from A to B is m'®.
« If n < m, the number of injective functions from Ato Bism(m—-1)(m-2)---(m-n+1).1fn>m

there are no injective functions from A to B.

44 Problem  Let A and B be two finite sets with card (A) = r and card (B) = m. If n < m prove that there are no
surjections from A to B. If n = m prove that the number of surjective functions from A to B is

m m m —1[ m
m [ " m-0"+ [T -2 - | " | m-3)" + 4 )L m™.

1 2 3 m-1

45 Problem  Let h: R — R be given by k(1 — x) = 2x. Find h(3x).

46 Problem  Consider the polynomial

(1—x2+x4)2003:uo+a1x+u2x2+---+a8012x8012.
Find
o ap

O ag+ay +ap+---+agpi2
0 ag-ay+az-—ag+--—agoy +agoi2
0 ag+az+ayg+--+aggyo +ago12

0 ay+ag+---+agoog + ago11

47 Problem  Let f : R — R, be a function such that Y x €]0; +00],

Fed+1Vx =5,

27
¥V

find the value of

27+y3)
f( »

for y €]0; +ool.

agProblem  Let f satisfy f(n+1) = (1)L n—2f(m), n = 111 £(1) = £(1001) find

FQ)+f@) + f(3)+---+ £(1000).

49 problem  If f(a@) f(b) = f(a+b) V a,beRand f(x) >0V x€R, find £(0). Also, find f(—a) and f(2a) in
terms of f(a).

1.3 Countability

R\{-1} —  R\{1}
50 Problem  Prove that f : x . *-1 isabijectionand ﬂndfil.
x+1

sipolem Let fI () = £ =x+1, FH = po p10 1y > 1 Find a closed formula for £72)

2 1
52Problem  Let f,8 ¢ [0 ;1} — R be functions. Demonstrate that there exist (@, b) € [0 ;1} such that Z =
|f(a) + g(b) - ab|.

53 Problem  Demonstrate that there is no function f : R\ {1/2} — R such that
eR\{1/2} = f( )(f( x-1 ]) 24 x+1
x X —||=x"+x
2x-1
54 Problem  Find all functions f : R\ {—1,0} — R such that
xeR\{-1,0} = f( )+f[ -1 ) 3x+2
- X —— |=3x+2.
! x+1
55 Problem Le!f[l] x)=f(x)= Zx,f['hLl] = fof["] 1= 1.Find a closed formula forf[n]
56 Problem  Find all functions g : R — R that satisfy g(x + y) + g(x —y) = 232 + 2y2.
57 Problem  Find all the functions f : R — R that satisfy f(xy) = yf(x).
58 Problem  Find all functions f : R\ {0} — R for which
f(x)+2f( ! ) =X
2=
59 Problem  Find all functions f : R\ {—1} — R such that

1 —
FEN2-f (ﬁ) =64x.

1
60 Problem Lelf[ll = f begivenby f(x) = 1= Find

7x-
o fB @ =(fo .
i B @) = (fo fo H(x), and

@ 8= (fofofo) .
- -
69 compositions with itself
61Problem Let f: A— Band g: B — C be functions. Shew that (i) if g o f is injective, then f is injective. (ii) if

go fis surjective, then g is surjective.

62 Definition A set X is countable if either it is finite or if there is a bijection f : X — N, that is, the set X has as many

elements as N.

Any countable set can be thus enumerated a sequence

X19X2yX3ye0ee

Thus the strictly positive integers can be enumerated as customarily:

L,2,3,....

Another possible enumeration’is the following

3,5,7,9,..., ,2-3,2-5,2-7,2-9,...

“Which is relevant in chaos theory, for Sarkovkii’s Theorem.

,22.3,22.52%2.7,22.9,...

,...242% 22 91,
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that is, we start with the odd integers in increasing order, then 2 times the odd integers, 22 times the odd integers, etc., and
at the end we put the powers of 2 in decreasing order.

63 Any subset X € N is countable.

Proof: If X is finite, then there is nothing to prove. If X is infinite, we can arrange the elements of X increasing
order, say,

X1 <X2<X3<:‘ .
We then map the smallest element x; € S to 1, the next smallest x3 to 2, etc. U

D Hence, even though 2N S N, the sets 2N and N have the same number of elements. This can also be seen by noticing that f :N — 2N given by Xp = 21 is a bijection.

64 A set X is countable if and only if there is an injection f: X — N.

Proof: The assertion is evident if X is finite. Hence assume X is infinite. If f : X — N is an injection then f(X) is

an infinite subset of N. Hence there is a bijection g : f(X) — N by virtue of Lemma 63. Thus (go f): X —Nisa
bijection. []

. X oyl - R, ! .
D An obvious consequence of the above lemmais that if X' is countable and there is an injection f : X — X then X is countable.

65 THEOREM Z is countable.

Proof: One can take, as a bijection between the two sets, for example, f:Z — N,

)= 2x+1 ifx=0
| -2x ifx<o0.
g

66 THEOREM Q@ is countable.

Proof: Consider f:Q — N given
a ;
f (E) — 2|a|3b51+s1gnum(a)’

a. . , , . , , L
where B is in least terms, and b > 0. By the uniqueness of the prime factorisation of an integer, f is an injection.
O

D The above theorem means that there as many rational numbers as natural numbers. Thus the rationals can be enumerated as

492,435+

67 THEOREM (Cantor’s Diagonal Argument) R is uncountable.

Proof: AssumeR were countable so that its complete set of elements may be enumerated, say, as in the list
r = nl.dlldlgdlg cee
rg = nz.dgl dgzdlg ees
r3 = n3.dzdzzdss...,

where we have used decimal notation. Define the new real r = 0.dydzds... byd; =0 ifd;; #0 and d; = 1 if

d;; = 0. This is real number (as it is a decimal), but it differs from r; in the i™ decimal place. It follows that the
list is incomplete and the reals are uncountable. [

68 THEOREM The interval ] -1;1 [ is uncountable.

Proof: Observe that the map f : ] -1;1 [ — R given by f(x) = tan % is a bijection. [1




Groups and Fields

Homework

69 Problem  Prove that there as many numbers in [0; 1] as in any interval [@; b] with @ < b. 70 Problem  Prove that there as many numbers in ] —003; +oo[ asin ]0 ;+00 [

1.4 Groups and Fields

Here we observe the rules of the game for the operations of addition and multiplication in R.

71 Definition Let S, T be sets. A binary operation is a function

Sx§ — T
(ayb) = ®(ayb) ’

We usually use the “infix” notation a ® b rather than the “prefix” notation ®(a,b). If S = T then we say that the binary
operation is internal or closed and if § # T then we say that it is external.

72 Example Ordinary addition is a closed binary operation on the setsN, Z, Q, R. Ordinary subtraction is a binary operation
on these sets. It is not closed on N, since for example 1 -2 = -1 ¢N, but it is closed in the remaining sets.

73 Example The operation ® : R xR — R given by a® b =1+ a - b, where - is the ordinary multiplication of real numbers is
commutative but not associative. To see commutativity we have
a®b=1+ab=1+ba=>bga.
Now,
18(1©2)=19(1+1:2)=1©(3)=1+1-3=4, but (1e1)®2=(1+1:1)®2=282=1+2-2=5,
so the operation is not associative.

74 Definition Let G be a non-empty set and ® be a binary operation on G x G. Then (G, ®) is called a group if the following
axioms hold:

G1: ®isclosed, that s,
V(a,b) € G?, a®begG,

G2: ® is associative, that is,
Y(a,b,c) €G3, a®(bec)=(a®b)ec,

G3: G has an identity element, that is

Jee GsuchthatVae G, eea=a®e=a,

G4: Every element of G is invertible, that is

1

VYaceG, Ja'eGsuchthatasa '=a'ea=e.

D From now on, we drop the sign ® and rather use jux ition for the underlying binary op ion in a given group. Thus we will say a “group G” rather than the more precise ‘a group (G, ®).”

75 Definition A group G is abelian if its binary operation is commutative, that is, V(a, b) € GZ, a’db=boa.

76 Example (Z,+), (Q,+), (R,+), (C,+) are all abelian groups under addition. The identity element is 0 and the inverse of
ais—a.

77 Example (Q\{0},-), (R\ {0},-), (C\ {0},-) are all abelian groups under multiplication. The identity element is 1 and the

. .1
inverse of a is —.
a
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78 Example (Z\ {0},-) is not a group. For example the element 2 does not have a multiplicative inverse.

79 Example Let V4 = {e, a, b, ¢} and define ® by the table below.

ST XN (| ®
ST
Q[T

SO |||

NEESEESIESRES]

It is an easy exercise to check that Vj is an abelian group, called the Klein Viergruppe.

80 THEOREM Let G be a group. Then
1. There is only one identity element, the identity element is unique.
2. The inverse of each element is unique.

3. V(a,b) € G? we have

(ab)y '=b"lal.

Proof:

1. Let e and e’ be identity elements. Since e is an identity, e = ee'. Since €' is an identity, ¢ = ee'. This gives

e=ee' =¢.

2. Letb and b’ be inverses of a. Then e = ab and b’ a = e. This gives

b=eb=WBa)b=b'(ab)=b'e=0'.

3. We have

(ab)y (b laHY=ambb Ha'=ae)a'=aa ' =e.

Thus bYa™! works as a right inverse for ab. A similar calculation shews also that it works as a left inverse.

Since inverses are unique, we must have

(ab)_1 =b'lal.

This completes the proof. [

81 Definition Let n € Z and let G be a group. If a € G, we define

a®=e,

a'=a-a--a,
——
|n| a's
and

am=gl.gl. g1

D If(m,n) € ZZ, then by associativity

(@™ (@™ = (@™)(a") = ™",

82 Definition Let F be a set having at least two elements O and 1f (Or # 1F) together with two binary operations - (field
multiplication) and + (field addition). A field (F,-,+) is a triplet such that (F,+) is an abelian group with identity Of ,

(F\{0F},-) is an abelian group with identity 1r and the operations - and + satisfy

a-(b+c)=(a-b)+(a-c),

that is, field multiplication distributes over field addition.




Addition and Multiplication in R

D We will continue our practice of denoting multiplication by juxtaposition, hence the - sign will be dropped.

83 Example (Q,-,+), (R,:,+), and (C,-,+) are all fields. The multiplicative identity in each case is 1 and the additive identity

is 0.

Homework

84 Problem  Is the set of real irrational numbers closed under addition? Under multiplication?

85 Problem  Let
S={xeZ:3(a,b) EZz,x:a3 +b3 +L‘3—3ubc}.

Prove that 8 is closed under multiplication, that is, if X € Sand y € S then xy € S.

86 Problem (Putnam, 1971)  Let 8 be a set and let © be a binary operation on § satisfying the two laws

(Vx€S)(xox=2x),

and

(V(x,,2) € 3)(xoy) oz = (yoz) o).

Shew that o is commutative.

87 Problem (Putnam, 1972)  Let .5 be a setand let * be a binary operation of . satisfying the laws ¥ (x, ) € .52

x*(x*xy) =y, (1.3)

(y*rx)*xx=y. (1.4)

Shew that * is commutative, but not necessarily associative.

88 Problem  On QN] — 1; 1[ define the binary operation ® by
a+b
a®b=
1+ab’

where juxtaposition means ordinary multiplication and + is the ordinary addition of real numbers. Prove that

(QN] - 1;1[, ®) is an abelian group by following these steps.

1.5 Addition and Multiplication in R

1. Prove that ® is a closed binary operation on Q] — 1;1[.
2. Prove that ® is both commutative and associative.
3. Findanelemente € QN] —1;1[suchthat (Va € Qn]-1;1]) (e® a = a).

4. Given e as above and an arbitrary element @ € QN] — 1;1[, solve the equation @ ® b = e for b.

89 Problem  Let G be a group satisfying (Va € G)

Prove that G is an abelian group.

90 Problem  Let G be a group where (V(a, b) € GZ)
(ab)® =a®b%) and ((ab)® = a®b").

Shew that G is abelian.

91 Problem  Suppose that in a group G there exists a pair (&, b) € G2 satisfying
(ub)k = uk bk

for three consecutive integers k = i, i + 1, i + 2. Prove that ab = ba.

Since R is a field, it satisfies the following list of axioms, which we list for future reference.

92 Axiom (Arithmetical Axioms of

R) (R,-,+)—that is, the set of real numbers endowed with multiplication - and addition

+—is afield. This entails that + and - verify the following properties.

R1: + and - are closed binary operations, that is,

V(a,h)eR? a+beR,

R2: + and - are associative binary operations, that is,

V(a,b,c) € R,
R3: + and - are commutative binary operations, that is,
V(a,b) € R?,

R4:

VaeR, 0+a=a+0=a,

R5:
VacR,
Vb eR\ {0},

a+((b+c)=(a+b)+c,

a+b=b+a,

a-beR,

a-(b-c)=(a-b)-c

a-b=>b-a,

R has an additive identity element 0, and a multiplicative identity element 1, with 0 # 1, such that

lra=a-1=a,

Every element of R has an additive inverse, and every element of R\ {0} has a multiplicative inverse, that is,
J(—a)eRsuchthata+ (—a)=(—a)+a=0,

Ib'eR\{0}suchthatb-b'=b"1-b=1,
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R6: + and - satisfy the following distributive law:

Y(a,b,c,) E[R?’, a-(b+c)=a-b+a-c.

Since + and - are associative in R, we may write a sum a; + a2 +--- + a, or a product a; az - - - @, of real numbers without
risking ambiguity. We often use the following shortcut notation.

93 Definition For real numbers a; we define
n n
ataz+-+ap=)Y ar and ayaz---ap= || ak.
k=1 k=1

D By convention Z aj. =0and H ap=1.

ke ke

94 THEOREM (Lagrange’s Identity) Let ay, by be real numbers. Then

n 2 n n
(,;1 akbk) = (’;1 ai) (’;1 bi) - Z (axbj — ajbk)z.

1<k<j<n

Proof: Forj=k, apbj— ajb; =0, so we may relax the inequality in the last sum. We have

2 2732 272
z: (axbj—ajbr)” = z: (akbj——Zakbkajbj4—ujhk)
1<sk<j<n 1<ks<j<n
— 212 . 212
= Y agb; -2 Y akbrajbj+ ) a;by
1<sks<j<n 1<sks<j<n 1<sks<j<n
n n 92 n 2
= ZZukb,-— > akby|
k=1j=1 k=1

proving the theorem. [
Recall that the factorial symbol ! is defined by
0l=1; k'=k(k-1)! if k=1.

— . . - n n
95 Definition (Binomial Coefficients) Let n € N We define (0) =1= ( ) andforl<k<n,
n

n\| n!
k| Kl(n-K

If k > n we take (:) =0.

96 (Pascal's Identity) Form=1landl<k<n,
ARl
k k k-1)
Proof: We have
(n—l)+(n—1) _ (m-D! @1
k k-1 kKi(n-1-k)! (k-1DYn-k)!
_ (n—1)! (l+ 1 )
(k-D(n-1-k)\k n-k
B (n—1)! n
B (k—l)!(n—l—k)(k(n—k)
n! n

K-l k|
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Using Pascal’s Identity we obtain Pascal’s Triangle.

When the numerical values are substituted, the triangle then looks like this.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

We see from Pascal’s Triangle that binomial coefficients are symmetric. This symmetry is easily justified by the identity
n n
( k) = ( k)' We also notice that the binomial coefficients tend to increase until they reach the middle, and that then they
n—
decrease symmetrically.

97 THEOREM (Binomial Theorem) FormneN,

(x+y)n — Z (n)xkyn—k.
k=0 k

Proof: The theorem is obvious for n = 0 (defining (x+y)° =1), n=1 (as (x+y)' = x+y), and n = 2 (as
n
(x+y)? = x> + 2xy + y*). Assume n = 3. The induction hypothesis is that (x + y)" = Z " xky"_k. Then we

k=0 k
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have
x+p"t = @+pE+"
= () kon—k
= x+y|> ey
k=0
— i (")xk+1yn—k+ i n)xkyn—kﬂ
k=o\k k=o\k
n-1 n n (n
— xn+1+ xk+1yn—k+ Z xkyn—k+l+yn+l
k=o\k =1 \k
n+1 < h k_ n—-k+1 = [ n k_ n—-k+1 n+1
= x"+ ) x“y + ) | |y +y
=1 \k-1 =1 \k
n
_ n+1 n n k_ n—k+1 n+1
= x +k§1 (k—l)+(k) x*y +y

proving the theorem. [

98 IfaeR, a#1andneN\{0}, then

l+a+a’+---a =

Proof: For,putS=1+a+a’+---+a" ‘. ThenaS=a+a*+---+a" ' +a". Thus

S—-aS=(1+a+a*+--+a" YHV-(a+a®+ --+a" '+am=1-a",

and from (1 - a)S =S —aS =1-a" we obtain the result. O

99 THEOREM Let n be a strictly positive integer. Then

yn —x" = (y_x)(yn—l +yn—2x+ +yxn—2 +xn—1)
Proof: By making the substitution a = ; in Lemma 98 we see that
n
x x)z (x)n—l 1-(%)
1+—+|—| + - = <
y \y y 1-3
we obtain
x x 2 x n-1 x\"
o33
y y \y y y
or equivalently,
x x2 xn—l x"
(1—— (1+—+—2+ + n—1)=1__n'
y y Uy y y
Multiplying by y™ both sides,
x _ 2 xn—l x"
y(l—;)y”l 1+;+—2+ +yn_l)=y"( _F)’

which is

yielding the result. [




Addition and Multiplication in R

B nn+1)
T2

100 THEOREM 1+2+---+n

First Proof: Observe that
K- (k-1)2?=2k-1.

From this
12-0? = 2-1-1
2212 = 2.2-1
3222 = 2.3-1
n-n-1% = 2.n-1
Adding both columns,

n?-0°=2(1+2+3+---+n)—n.

Solving for the sum,
nn+1)
>

14243+ -+n=n?2+n/2=

g
Second Proof: We may utilise Gauss’ trick: If
Ap=1+2+43+---+n

then
n=n+m-1)+---+1.

Adding these two quantities,

Ap = 1 + 2 + .-+ n
Ay, = n + (n—-1) + + 1
2A, = (n+1) + (n+1) + + (n+1)
= n(n+1),
nn+1
since there are n summands. This gives A, = %, that is,
nn+1)
1+2+---+n=T.

Applying Gauss’s trick to the general arithmetic sum
(a)+(a+d)+(@+2d)+---+(a+(n-1)d)

we obtain

(a)+(a+d)+(a+2d)+---+(a+(n—l)d)=w (1.5)

O

B nn+1)2n+1)
DS

101 THEOREM 12422 +3%+... + n?

Proof: Observe that
k3 - (k-1)2=3k*>-3k+1.
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Hence
13-02 = 3-12-3-1+1
2813 = 3.22-3.2+1
3328 = 3.32-3.3+1
n3—(n—1)3 = 3.n°-3-n+1
Adding both columns,

n2-03=301%+22+3%+..+n?)-3(1+2+3+--+n)+n.

nn+1
From the preceding example1 +2+3+---+n=-n*/2+n/2 = nnt+l) NY)

3
n3—03=3(12+22+32+-~-+n2)—E~n(n+l)+n.

Solving for the sum,
3

n n
12+22+32+---+n2=?+ nn+1)- 2.

N =

After simplifying we obtain
12422182 4.4 g2 = T DERAL)

6
g
Homework
102 Problem  Prove that for 2 > 1, 108 Problem  Prove that
&) K n-k
Y K P a-p"E =np.
n_ w0 a k|n n-1 n n k=1
2=y el 0=3 (-1 el 2= > k= > &l
k=0 k=0 0<k=n 1<ksn

keven kodd
109 Problem  Prove that

n n —
Y kk- 1)(k pEa-p" k= nm-np?.
103 Problem  Given that 1002004008016032has a prime factor p > 250000, find it. k=2

110 Problem  Demonstrate that

2

104 Problem  Prove that (@ + b+ c)z = u2 + h2 +c¢“ +2ab+2bc+2ca.
L n —
Y (k- np)z(k P a-p" k= npa-p.
105 Problem  Let @, b, ¢ be real numbers. Prove that k=0
u3 + b3 + 03 —3abc=(a+b+ (:)(u2 + h2 + cz —ab-bc - ca). 111 Problem  Let X € R\ {1} and let 2 € N\ {0}. Prove that
n ok 1 on+1
106 Problem  Prove that =7 .
k=0 xzk 41 ¥l 2"
n| n(n-1
(k) Tk (k - 1)'
112 Problem  Consider the nk k-tuples (@, @p,..., ay) which can be formed by taking @; € {1,2,..., n}, repeti-
tions allowed. Demonstrate that
107 Problem  Prove that
n|_n n-1 (n-2) Y min(ul,az,...,uk)=1k+2k+<~+nk.
k k -1 (k-2 a;€{1,2,...,n}

1.6 Order Axioms
We assume R endowed with a relation > which satisfies the following axioms.

113 Axiom (Trichotomy Law)  V(x, y) € R? exactly one of the following holds:

x>y, X=y), Oor y>Jx.




Order Axioms

114 Axiom (Transitivity of Order)  V(x,),z) € R3,

if x>y and y>z then x>z

115 Axiom (Preservation of Inequalities by Addition) V(x,y,2) € R3,

if x>y then x+z>y+z.

116 Axiom (Preservation of Inequalities by Positive Factor s) V(x,y,z) € RS,

if x>y and z>0 then xz>yz.

|:| X <Y meansthaty > X. X < ¥ means that either y > X ory = X, efc.
. e . 2 . 2
117 THEOREM The square of any real number is positive, that is, Va € R, a” = 0. In fact, if a # 0 then a“ > 0.

Proof: Ifa =0, then0? = 0 and there is nothing to prove. Assume now that a # 0. By trichotomy, either a > 0 or
a < 0. Assume first that a > 0. Applying Axiom 116 with x = z = a and y = 0 we have

aa> a0 = a®>0,

so the theorem is proved if a > 0.

Ifa <0 then —a > 0 and we apply the result just obtained:
-a>0 = (—a)2>0 = 1-a*°>0 = a2>0,
so the result is true regardless the sign of a. []

Theorem 117 will prove to be extremely powerful and will be the basis for many of the classical inequalities that follow.

118 THEOREM If(x,y)e[Rz,
x>y < x-y>0.

Proof: This is a direct consequence of Axiom 115 upon takingz = —y. U

119 THEOREM If (x,y, a, b) € RY,
x>y and a=b = x+a>y+bh.

Proof: We have
x>y = x+a>y+a, y+az=y+bh,

by Axiom 115 and so by Axiom 114 x+a>y+b.

120 THEOREM If (x,y, a, b) R4,
x>y>0 and a=b>0 = xa>yb.

Proof: Indeed
x>y = xa>ya, ya=yb,

by Axiom 116 and so by Axiom 114 xa > yb. []

121 THEOREM 1>0.

Proof: By definition of R being a field 0 # 1. Assume that 1 < 0 then 12 > 0 by Theorem 117. But1% = 1 and so
1 > 0, a contradiction to our original assumption. []




Chapter 1

122 THEOREM x>0 = —x<0 and x !>0.

Proof: Indeed, —1 < 0 since —1 # 0 and assuming —1 > 0 would give 0 = -1 + 1 > 1, which contradicts Theorem
121. Thus
-x=-1-x<0.

Similarly, assuming x™* < 0 would givel =x'x <0. 0
123 THEOREM x>1 = x 1 < 1.
Proof: Sincex™ ! #1, assuming x™ ' > 1 would give1 = xx™ ' > 1-1 =1, a contradiction. 0

1.6.1 Absolute Value

-1 if x<o0,
124 Definition (The Signum (Sign) Function) Let x be a real number. We define signum (x) = 0 ifx=0,
+1 if x>0.

125 The signum function is multiplicative, that is, if (x, y) € R? then signum (x - y) = signum (x) signum (y).
Proof: Immediate from the definition of signum. U

126 Definition (Absolute Value) Let x € R. The absolute value of x is defined and denoted by

|x| = signum (x) x.

127 THEOREM Let x € R. Then

-x ifx<o,
L. |x|= .
X ifx=0.

2. |x|=0,

3. |x| = max(x,—x),
4. |-x|= x|,

5. —|x|=x<|x|.
6. \/;=|x|

7. % = |x%| = %*

8. x =signum (x)|x|
Proof: These are immediate from the definition of |x|. [

128 THEOREM (V(x,y) € R?),
|xy| = Ixl|y|.

Proof: We have
|xy| = signum (xy) xy = (signum (x) x) (signum (y) y) = |x||y|,

where we have used Lemma 125. [

129 THEOREM Let £ = 0. Then
x| <t <= —-t<x<t.
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Proof: Either|x| = x or|x| = —x. If|x| = x,
Xx|<t<—= x<t << —-t<0<x<t.

Iflx| = -x,

x| <t <= —x<t < —-t<x=<0<t.

d
x+y+|x—y]| x+y—|x—y|

130 THEOREM If (x,y) € R?, max(x,y) = >

and min(x,y) =

Proof: Observe that max(x,y) + min(x,y) = x + y, since one of these quantities must be the maximum and the
other the minimum, or else, they are both equal.

Nouw, either |x—y| = x—y, and so x = y, meaning that max(x, y) -min(x,y) = x—y, or|[x—y| = - (x-y) = y-=x,
which means thaty = x and somax(x, y) —min(x, y) = y—x. In either case we get max(x, y) —min(x, y) = |x - y|.
Solving now the system of equations

max(x,y) +min(x,y) = x+y
max(x,y) -min(x,y) = |x-y|,
for max(x, y) and min(x, y) gives the result. []
Homework
131 Problem  Let X, ¥ be real numbers. Then 134 Problem  Let X, ¥, Z be real numbers. Prove that

0sx<y < <2 <y2- max(x, ,z) = X + y + z—min(x, y) — min(y, z) - min(z, x) + min(x, y, z).

132 Problem  Let £ = 0. Prove that

x|zt < (x=1f) or (x<-1). 135 Problem  Let @ < b. Demonstrate that
a+b
133 Problem  Let (X, y) € RZ. Prove that max(x, y) = — min(-x, - y). lx-al<lx-b| = x<——.
1.7 Classical Inequalities
1.7.1 Triangle Inequality
136 THEOREM (Triangle Inequality)  Let (a, b) € R%. Then
la+b| <|al+|b|. (1.6)

Proof: From 5 in Theorem 127, by addition,
—lal<a<|a|

to
—|bl<b<|b|

we obtain
—(lal+ b)) <a+b < (lal+ b)),

whence the theorem follows by applying Theorem 129. U

By induction, we obtain the following generalisation to n terms.
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137 COROLLARY Let x1,x2,...,Xx, be real numbers. Then

[x1 + X2 + - + X < 21|+ [22] + - + |xp].

Proof: We apply Theorem 136 n—1 times

[X1+X2+-+Xp < |x1]+]x2+ - Xp-1+ Xnl
< xl+ x| +]xg + -0 X1 + Xl
< xl+ x|+ +]xp-1 + Xpl
< lxl+ x|+ + (X1 ]+ [l
O
138 COROLLARY Let (a,b) € R2. Then
llal-|bll<la-bl| | 1.7

Proof: We have
la|=|a—b+b|<|a-b|+|b|,

giving
la|—|b| < |a—bl.
Similarly,
|b|=|b—a+al<|b—al+|al=|a—b|+|al,
gives
|bl-lal <|a—-bl = —|a— Dbl <|al-|bl.
Thus

—la-bl=lal-1|bl <|a-bl,
and we now apply Theorem 129. U

139 THEOREM Let b; >0for1<i < n. Then

. ay ap an ayt+az+---+ay ay az a,
min = <

b_lrb_z,-.-,b—n _m_ ax b—l,b—z,...,b—n .

Proof: Foreveryk, l<k<n,

min(al 2 a")<ak<max(a1 a2 a") = b min(a1 a2 a")<a <b max(al 2 a")
blybzy---ybn —bk— blrbzr---rbn k bl’bg’“.’bn =0k =Y bl’bg’“.’bn .
Adding all these inequalities for1 < k < n,
a, az an a, az an
bi+by+---+b inf—,—,...,—|sai+az+--+a,<(by1+b2+---+b — e —|»
(b1 + b2 n)mm(b1 bs bn) a +az an < (by + bz n)maX(b1 bs bn)
from where the result is obtained.l]
1.7.2 Bernoulli’s Inequality
140 THEOREM If0<a<b, n=1€N
b"*—a"
na" < <nb" !,

b—a
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Proof: By Theorem 99,
b"—a"
b-a

P b 2a+b" 3a?+---+b*a" 3+ ba" 2+ a"!
< b lapm e 4p" ot

n—1
= nb",

from where the dextral inequality follows. The sinistral inequality can be established similarly. U

141 THEOREM (Bernoulli’'s Inequality) If x> —1,x #0, and if n € N\ {0} then

1+x)">1+nx.

Proof: Setb=1+x,a=1 in Theorem 140 and use the sinistral inequality. ]

D Ifx > 0 then Bernoulli’s lity is an easy of the Bi ial Theorem, as

n n n| o n
1+x)" =1+ 1 X+ Zx +oe>14 1 x=1+nx.

1.7.3 Rearrangement Inequality

142 Definition Given a set of real numbers {x1, xp,...,x,} denote by

<

v
)

v
%

<

&<

1

the decreasing rearrangement of the x; and denote by

o>
IN
>
N
IN
IA
>

1

the increasing rearrangement of the x;.

143 Definition Given two sequences of real numbers {x;, x,...,Xx,} and {y1,y2,...,ys} of the same length n, we say that
they are similarly sorted if they are both increasing or both decreasing, and differently sorted if one is increasing and the
other decreasing..

2 l>l2...zi

are similarly sorted, and the sequences 2292 2

144 Example Thesequencesl<2<---<pand1®?<2%<...<n

and 13 < 23 < ... < n? are differently sorted.

145 THEOREM (Rearrangement Inequality)  Given sets of real numbers {a,, ay, ..., a,} and {by, bs,...,b,} we have
Z Zlki;k < Z aiby < Z ﬁkék.
1<k<n 1<k<n 1<k<n

Thus the sum Z ai by is minimised when the sequences are differently sorted, and maximised when the sequences are
1<ksn

similarly sorted.
D Observe that Loa Ly oa Ly
Y, dgbp= Y agbp and Y apbp= ) dgby.
1<k<n 1<k<n 1<k=<n 1<k<n

Proof: Let{o(1),0(2),...,0(n)} be a reordering of {1,2,...,n}. If there are two sub-indices i, j, such that the
sequences pull in opposite directions, say, a; > aj and bg iy < bg(j), then consider the sums

S
S, = ulb,,(l) + azbg(z) + e+ aib,,(j) +---+ ajh,,(,-) + -+ anb,,(,,)

ulb,,(l) + azbg(z) + -0+ a,-b,,(i) +---+ ajb,,(j) + -+ anb,,(,,)

Then
§' - 8 = (a; - aj)(bg(j) — be(i)) > 0.

This last inequality shews that the closer the a’s and the b’s are to pulling in the same direction the larger the sum
becomes. This proves the result. [1

@
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1.7.4 Arithmetic Mean-Geometric Mean Inequality

146 THEOREM (Arithmetic Mean-Geometric Mean Inequality) Let ay,...,a, be positive real numbers. Then their geometric
mean is at most their arithmetic mean, that is,
a+---+ay

”al...ansi’
n

with equality if and only if a; = --- = a,,.

We will provide multiple proofs of this important inequality. Some other proofs will be found in latter chapters.

First Proof: Our first proof uses the Rearrangement Inequality (Theorem 145) in a rather clever way. We may
assume that the ay, are strictly positive. Put

X = a Xo = a) az ayaz---ap
1= 3/.? 2= = o .y
(alazn-an)”” (a1a2“'an)y”

xn = —-—
(@az---a)"'n

and
R B U B
X1 X2 Xn
Observethat for2<k<mn,
N amaz--ap (araz--- a,)k-Dn _ ax .
(araz--- ap)k" ayaz---ap_1 (araz--- ap)''"

The x;. and yy. are differently sorted, so by virtue of the Rearrangement Inequality we gather

T+1+---+1

X1)Y1 +X2y2+- -+ Xp¥n

X1YntXeY1t -+ XnYn-1
a az an

IA

+...+ _—
(maz---a))''™  (ayaz---a,)'" (amraz--- a,)V'"
or
ayt+azx+---+ay
n= 1/n’
(araz--- ay)

from where we obtain the result.

Second Proof: This second proofis a clever induction argument due to Cauchy. It proves the inequality first for
powers of 2 and then interpolates for numbers between consecutive powers of 2.

Since the square of a real number is always positive, we have, for positive real numbers a, b

a+b

2 ’
proving the inequality for k = 2. Observe that equality happens if and only if a = b. Assume now that the in-
equality is valid for k = 2"~Y > 2. This means that for any positive real numbers Xy, Xz,... »Xon-1 We have

Va-vh?=0 = Vab<

1/2n-1 < X1+ X2+ -+ Xon-1

= (1.8)

(xlxg . "xzn—l)

Let us prove the inequality for 2k = 2". Consider any any positive real numbers yy, ¥2,..., yan. Notice that there
are2"™ — 2" 1 = 2" (2 _1) = 2" integers in the interval [2”_1 +1 ;2"]. We have

n

n-1 n-1
\/(ylyz"'J’Z"‘l)llz (3’2"-1+1 "'J’Z")”Z
1/2n71 1/27-1
(J’U’Z"'J’zn*l) +(J’2n—l+l"'y2n)

(J’lJ’Z : "J’zn)”z

2
YityattYomr TYnrpgteo+yon
2n—l zn—l

IA

Vit tyon
2n

’
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where the first inequality follows by the Case n = 2 and the second by the induction hypothesis (1.8). The theorem
is thus proved for powers of 2.

Assume now that 2! < k < 2", and consider the k positive real numbers ay, az,...,ay. The trick is to pad this
collection of real numbers up to the next highest power of 2, the added real numbers being the average of the
existing ones. Hence consider the 2" real numbers

A1y A2yeeey Qfcy Afc 19000y A21

ayt+az+---+ag

with @y =...=an = . Since we have already proved the theorem for 2" we have

k
ayt+az+---+a
gty bt a2l 2" a1+a2+---+ak+(2"—k)(Tk)
alag--'uk(—) < ,
k 2n
whence
ka1+u2+---+ak on_ i a+az+---+ag
Lzn (A1 + G2+ + ag 1-k/2" k +(2" - )( k )
(g a1 ) . ,

which implies
Lon (G + Azt ap\1K2Y g+ ap+ -+ ay
" ak) ( k ) S( k )’

ay+azx+---+

Solving for P il gives the desired inequality. [

Third Proof: As in the second proof, the Case k = 2 is easily established. Put

a+az+---+ag

1/k
P ) ).

Ag Gr=(maz--a

Observe that
apy1 = (k+1)Ag — kA
The inductive hypothesis is that Ay = Gy and we must shew that A1 = Gg+1. Put

_ager + (k-1 Ay
= - ,

)llk

A G= (akHA’,g;}

By the inductive hypothesis A = G. Now,

(k+1)Agy1 —kAg +(k—1)Agyy + A
A+ A, 2 k
2 2

= Ag+1-

Hence
A+ Ag

A1

\Y

2
(AAk)IIZ
(GGk)llz-

k+1 k-1
(Gk+1Ak+l

%

)I/Zk

We have established that

1/2k
) = Ag+1 2 Gry1y

k+1 2k—1
Ag+12 (Gk+1Ak+1

completing the induction. U
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Fourth Proof: We will make a series of substitutions that preserve the sum
ay+azx+---+ay

while strictly increasing the product
ayaz---ap.
At the end, the a; will all be equal and the arithmetic mean A of the numbers will be equal to their geometric

ayt+az+---+a nA
mean G. If the a; where all > A then ATt T, 2o g impossible. Similarly, the a; cannot be all
n n

< A. Hence there must exist two indices say i, j, such that a; < A < aj. Put a;. =A, u} = a; + aj— A. Observe

that a; + aj = a; + a}, so replacing the original a’s with the primed a’s does not alter the arithmetic mean. On
the other hand,
;- ; = A(a,- +aj —A) =a;aj+ (aj —A) (A-a;) > a;a;

sinceaj—A>0and A—a; > 0.

This change has replaced one of the a’s by a quantity equal to the arithmetic mean, has not changed the arith-
metic mean, and made the geometric mean larger. Since there at most n a’s to be replaced, the procedure must
eventually terminate when all the a’s are equal (to their arithmetic mean). Strict inequality then holds when at
least two of the a’s are unequal. []

1.7.5 Cauchy-Bunyakovsky-Schwarz Inequality

147 THEOREM (Cauchy-Bunyakovsky-Schwarz Inequality) Let xg, yr be real numbers, 1 < k < n. Then

n vz, . 1/2
2 2
k=1 k=1

n
2 XkYk
k=1
with equality if and only if
(a1, ay,...,ay) = t(by, b,...,by)

for some real constant £.

First Proof: The inequality follows at once from Lagrange’s Identity

n 2 n n
(Z xk}’k) =(Z xi)(z yi)— Y yj-xjy)?
k=1 k=1 k=1

1<k<j<n

(Theorem 94), since Z (xkyj—xjyk)ZZO.D

1sk<j<n

n n n
Second Proof: Puta= kz xi, b= kz XYk, and ¢ = kz yi. Consider the quadratic polynomial
-1 =1 =1

n n n n
att +bt+c=12) x2-2t) xpye+ Y ya=Y (txx—yp)? =0,
k=1 k=1 k=1 k=1

where the inequality follows because a sum of squares of real numbers is being summed. Thus this quadratic
polynomial is positive for all real t, so it must have complex roots. Its discriminant b* —4ac must be non-positive,
from where we gather

(S () 54)

which gives the inequality U]

For our third proof of the CBS Inequality we need the following lemma.
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148 For (a, b, x,y) € R* with x > 0 and y > 0 the following inequality holds:

a? b® (a+b)?
—_—

X y  x+y

b
Equality holds if and only if ; = ;

Proof: Since the square of a real number is always positive, we have

(ay-bx)’=0 = a’y*-2abxy+b’x*=0
= azy(x+ y)+ bzx(x+y) >(a+ b)zxy
a? b* (a+b)?
= @ —t—=—
x y x+y

Equality holds if and only if the first inequality is 0.0

D Iterating the result on Lemma 148,

2 2
a9 e rapran?
by b bn =~ by+by+-+bp '
a a a
with equality ifmuimllyifb—i = b—z == ﬁ

Third Proof: By the preceding remark, we have

2.2 2.2 2.2
2 _ MW %Y, XpYa
n - 2 2 2
N Y2 Yn )
(1)1 +X2y2+ -+ XnYn)
2, .2 2
YitYot o+ Vn

2, .2
X[ +X5+ X

’
and upon rearranging, CBS is once again obtained.U

1.7.6 Minkowski’s Inequality
149 THEOREM (Minkowski's Inequality)  Let xi, yx be any real numbers. Then

1/2

n 1/2 n 1/2 n
oo™ (5
k=1 k=1 k=1

Proof: We have

n

I
M=
=
=t
+
)
M=
R
<

~

+
™
e

2
(X + yi)
k=1 k=1

Il I\
—_—
— M:
M= "

H +

=
~————— (]
Z—
M=
a-%m
N —
-
Y
—_——
M=
v
N ——
-
N
+
M=
~
=1

where the inequality follows from the CBS Inequality.l]

Homework

150 Problem  Let (a, b, c,d) € [Re4. Prove that Prove that X € {0, 1}.

lla—cl-|b-cll<la-bl<|la-c|+|b-c|.

152 Problem  Let 71> 2 an integer. Let (%] , ¥, -+, Xn) € R™ be such that

151 Problem  Let (X],X2,...,Xn) € R be such that

2 3..3 3 4, .4 4

x%+x%+m+xn=xl +x2+~<+xn=x1 +x2+~<+xn. Provethat Xy =Xp == Xp.

xf+x%+---+x?,:x1x2+x2x3+---+xn_1xn+xnx1.




Chapter 1

153 Problem  If b > 0 and B > 0 prove that
a A a a+A A
—<— = —-< < —.
b B b b+B B
Further, if p and ¢ are positive integers such that
7 11
7 p 1
10 g 15

what is the least value of g?

154 Problem  Prove thatif r = § = £ then
r2—52+t2 > (r—s+t)2.
155 Problem  Assume that @, b, €., k = 1,..., n, are positive real numbers. Shew that
4 2
n n n n
4 4 2
( Y “kbkck) s( Y ak)( Y bk)( Y ck) .
k=1 k=1 k=1 k=1
156 Problem  Prove that for integer > 1,
1\
nl< ( — ) .

2

157 Problem  Prove that for integer 1 > 2,
w2 <,
158 Problem  Prove that for all integers 72 = 0 the inequality n(n—1) < 2"+1 is verified.
159 Problem  Prove that V(a, b, €) € [RS.
a®+b?+c% = ab+be + ca.
160 Problem  Prove that V(a, b, €) € r3 ,with @ =0, b =0, ¢ = 0, the following inequalities hold:
u3 +b3 +cs > max(a2b+bzc+czu,uzc+ b2u+czb),

a®+ b8+ B >3abc,

u3+b3 +03 > % (az(b+c)+b2(c+u)+cz(u+b)].

161 Problem (Chebyshev's Inequality) Given sets of real numbers {@) , @2, ..., @n} and {by, by, ..., bp} prove that

1
n ls%sn

R 1
akbks(zl Y

1 1 .
“k)(; )y ”k) =— ) by
<ksn 1<ks<n 1<ks<n

162 Problem  If x > 0, from
1
Vi+l-vx=
Varl+yx
prove that
<\/x+ f<—
2Vx+1 2Vx

Use this to prove that if 7 > 1 is a positive integer, then

1 1 1
2VR+1-2<1+4+ —+ — +--
V2 V3
163 Problem  If 0 < @ < b, shew that
—a)2 _ 22
1 b-a” a+b o 1 (b-a)”
8 b 2 8 a
164 Problem  Shew that
1 35 9999 < 1
2 4 6 10000 100"
165 Problem  Prove that for all x > 0,

1 (x+k)2

166 Problem  Letx; € Rsuchthat . |xj|=1and ) x; = 0. Prove that

i=1 i=1

167 Problem  Let 72 be a strictly positive integer. Let ¥; = 0. Prove that

n n
Q+x)=1+ X1..
k k

k=1 k=1

‘When does equality hold?

168 Problem (Nesbitt's Inequality) ~ Let &, b, ¢ be strictly positive real numbers. Then

169 Problem  Let @ > 0. Use mathematical induction to prove that

1+vaa+1
+Va< —

where the left member contains an arbitrary number of radicals.

170 Problem  Let @, b, € be positive real numbers. Prove that

(a+b)(b+c)(c+a) =8abc.

171 Problem (IMO, 1978)  Let @y, be a sequence of pairwise distinct positive integers. Prove that

-

7[\’13

._.

T
v

=~

i M=

-

172 Problem (Harmonic Mean-Geometric Mean Inequality) Letx; >0for 1 <i < n. Then

n
s(xlxz---xn)”n,

with equality iff X] = xp =-

173 Problem (Arithmetic Mean-Quadratic Mean Inequality) Letx; = Ofor 1 <i < n. Then

1/2
L B Rt x%+x§+---+x%

n n

with equality iff X] =X =--- = Xp.

174 Problem  Given a set of real numbers {@} , @2, ..., @n} prove that there is an index m € {0, 1,..., 1} such that

Y ag- Y ag|s g

1<sksm m<ksn

1<k<

1f m = 0 the first sum is to be taken as 0 and if m = 1 the second one will be taken as 0.

175 Problem
RZ. then

Give a purely geometric proof of Minkowski’s Inequality for 72 = 2. That s, prove that if (a, b), (¢, d) €

\/(u+c)2+(b+d)25\/ +b2+\/02+d2.

Equality occurs if and only if ad = bc.

176 Problem  Let Xp, € ’0 ; 1] for 1 < k < n. Demonstrate that
n 1
min H Xjer ]_[ A-xp)| = on
k=1 k=1
177 Problem  1f 72> O is an integer and if @y, > 0, 1 < k < n are real numbers, demonstrate that

n uﬂk

2
o1 k) sk

M=
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178 Problem  Let 12 be a strictly positive integer, let @f. = 0, 1 < k < 1 be real numbers such that @ = ap > -+ = 180 Problem (AIME 1991)  Let P = {@], @y, ..., @n} be a collection of points with
ap,andlet by, 1 < k < nbe real numbers. Assume that for all indices k € {1,2,..., 1},

§a~<§h- O0<ay<ap<--<an<17.
i= i
i=1 i=1

Prove that .
n Consider

179 Problem  Let 1 = 2 an integer and let aje 1 < k < n be real numbers such that aj < ap <--- < ap.Prove that
there is an index k € {1,2,..., 0} such that

12

2 where the minimum runs over all such partitions P. Shew that exactly one of S2, 83, +++,Sp, ... is an integer, and find
)
nn2-1)

(u%-*—u%-*"'an . which one it is.

(@1 - ap)? =

1.8 Completeness Axiom

Why bother?We saw that both @ and R are fields, and hence they both satisfy the same arithmetical axioms.
Why the need then for R? In this section we will study a property of R that is not shared with @, that of com-
pleteness. It essentially means that there are no ‘holes’ on the real line.

181 Definition A number u is an upper bound for a set of numbers A € R if for all @ € A we have a < u. The smallest such
upper bound is called the supremum or least upper bound of the set A, and is denoted by sup A. If sup A € A then we say
that A has a maximum and we denote it by max A(= sup A). Similarly, a number [ is a lower bound for a set of numbers
B cRiffor all b e Bwehave I <b. The largest such lower bound is called the infimum or greatest lower bound of the set B,
and is denoted by inf B. If sup B € B then we say that B has a minimum and we denote it by inf B(= inf B).

|:| We define inf(R) = —co, sup(R) = +oo, inf(2) = +00 and sup(&) = —co.

182 Definition A set of numbers A is said to be complete if every non-empty subset of A which is bounded above has a
supremum lying in A.

183 Axiom (Completeness of R) Any non-empty set of real numbers which is bounded above has a supremum. Any non-
empty set of real numbers which is bounded below has a infimum.

184 THEOREM (Approximation Property of the Supremum and Infimum) Let A # & be a set of real numbers possessing a
supremum sup A. Then
Ve>0 dJac A suchthat supA—-e<a.
Let B # & be a set of real numbers possessing an infimum inf B. Then
Ve>0 3IbeB suchthat infA+e=bh.

Proof: IfVaec A, supA-— &> athensupA— & would be an upper bound smaller than the least upper bound,
a contradiction to the definition of sup A. Hence there must be a rogue a € A such thatsupA—&€ < a.

IfVbe A, infB+¢€ < b theninfB + € would be a lower bound greater than the greatest lower bound, a contra-
diction to the definition ofinf B. Hence there must be a rogue b € B such thatinf B+ € = b.

O

D The above result should be intuitively clear. Sup A sits on the fence, just to the right of A, so that going just a bit to the left should putsup A — € within A, etc.

185 THEOREM (Monotonicity Property of the Supremum and Infimum) Let @ ¢ A< B C R and suppose that both A and B
have a supremum and an infimum. Then sup A < sup B and infB <inf A.

Proof: Assume B is bounded above with supremum sup B. Suppose x € A. Then x € B and so x < sup B. Thus
sup B is an upper bound for the elements of A, and so A and so by definition, sup A < sup B.
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Assume B is bounded below with infimum inf B. Suppose x € A. Then x € B and so x = infB. ThusinfB is a
lower bound for the elements of A and so by definition, inf A = infB. [

186 Let a, b be real numbers and assume that for all numbers € > 0 the following inequality holds:

a<b+e.

Then a < b.

.. a
Proof: Assume contrariwise that a > b. Hence

> 0. Since the inequality a < b+ € holds for every € > 0 in

-b
particular it holds for € = aT. This implies that

-b
a<b+a

or a<bhb.

Thus starting with the assumption that a > b we reach the incompatible conclusion that a < b. The original
assumption must be wrong. We therefore conclude that a < b. []

187 THEOREM (Additive Property of the Supremum) Let g AcR,and B CR. Put

A+B={x+y:(x,y) € Ax B}

and suppose that both A and B have a supremum. Then A+ B has also a supremum and

sup(A+ B) =sup A+sup B.

Proof: Iftc A+Bthent=x+y with(x,y)€ AxB. Thent=x+y<supA+supB, and sosupA+supB isan
upper bound for A+ B. By the Completeness Axiom, A+ B is bounded. Thus sup(A+ B) < sup A+ sup B.

We now prove that sup A+ sup B < sup(A + B). By the approximation property, Ve >0 3a € A and b € B such
thatsup A — g <aandsupB - > < b. Observethata+be A+ B and so a+ b <sup(A+ B). Then

supA+supB—-€e<a+b<sup(A+B),

and by Lemma 186 we must have
sup A+supB < sup(A+ B).
This completes the proof.l]

188 THEOREM (Archimedean Property of the Real Numbers)

If (x,y) € R? with x > 0, then there exists a natural number n
such that nx > y.

Proof: Consider the set
A={nx:neN}.

Sincel-x € A, A is non-empty. IfVneN we had nx < y, then A would be bounded above by y. By the Complete-

ness Axiom, A would have a supremum supA. ThusVneN, nx <supA. Since (n+1)x € A, we would also
have

(n+1)x<supA =— nx<supA-x.
This means that sup A — x is an upper bound for A which is smaller than its supremum, a contradiction Thus
there must be an n for which nx > y. [

189 CoroLLARY N isunbounded above.

Proof: This follows by taking x = 1 in Theorem 188. [1




Completeness Axiom

The Completeness Axioms tells us, essentially, that there are no “holes” in the real numbers. We will see that this prop-
erty distinguishes the reals from the rational numbers.

190 [Hipassos of Metapontum] V2 is irrational.

m
Proof: Assume there is s € Q such that s*> = 2. We can find integers m,n # 0 such that s = —. The crucial part

of the argument is that we can choose m, n such that this fraction be in least terms, and helzlce, m, n must have
opposite parity. Now, m?s® = n?, that is 2m? = n®. This means that n® is even. But then n itself must be even,
since the product of two odd numbers is odd. Thus n = 2a for some non-zero integer a (since n # 0). This means
thar2m? = (Za)2 =4a? =— m? = 2a®. This means once again that m is even. But then we have a contradiction,

since m and n were of opposite parity. [1

191 THEOREM Q@ is not complete.

Proof: We must shew that there is a non-empty set of rational numbers which is bounded above but that does
not have a supremum in Q. Consider the set A={reQ: r’< 2} of rational numbers. This set is bounded above
by u = 2. For assume that there were a rogue element of A, say ro such that ro > 2. Then rg >4 and so ro would
not belong to A, a contradiction. Thus r < 2 for everyr € A and so A is bounded above. Suppose that A had a
supremum s, which must satisfy s < 2. Now, by Lemma 190 we cannot have s* = 2 and thus s* < 2. By Theorem

188 there is an integer n such that 2 —s* > Ton Putt=s+ a rational number and observe that since s < 2

1071 ’

one has 2 1 2 1 1
s s

2 <s? 2 <s?+—<2.

*=s + + <§ T+ ——
107-1 1071 1071 10"

+ lon—l + 102n—2

Thuste Aandt > s, that is t is an element of A larger than its least upper bound, a contradiction. Hence A does
not have a least upper bound. U]

1.8.1 Greatest Integer Function

192 THEOREM Given y € R there exists a unique integer n such that

n<y<n+l.

Proof: By Theorem 188, the set{n € Z: n <y} is non-empty and bounded above. We put

|ly]|=sup{ineZ:n<yi.
0

|:| VxeR, |x]sx<|x]+1.
193 Definition The unique integer in Theorem 192 is called the floor of x and is denoted by || x||.

The greatest integer function enjoys the following properties:

194 THEOREM Leta,feR,ac Z,neN. Then
1. [@+al=|al+a

2 12)=112d)

3. la]|+[[Bll=|la+p] <[eal+[B]+1
Proof:

1. Letm=|a+al. Thenm<a+a<m+1.Hencem—-a<a<m-—a+ 1. This means thatm—a = || ||,
which is what we wanted.
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2. Writealn as aln= | a/n| +6,0 < 0 < 1. Since n|| a/n|| is an integer, we deduce by (1) that

lall =||n||a/n|+nb| =n|a/n| +||nd].

Now,0< | nB||<nb <n,andso0< | nb|/n<l.Ifwelet® =| nb|/n, we obtain

el

n

This yields the required result.

—=|iEJJ+®, 0=0<1.
n

3. Fromtheinequalitiesa-1< ||a| < a,f-1< | B]| < pwegeta+p-2<|a|+|B] < a+B. Since| al+|B]
is an integer less than or equal to e+ B, it must be less than or equal to the integral partof a + B, i.e. | a+p||.
We obtain thus ||| + || B]| < | @+ B]|. Also, @ + B is less than the integer | @ || + || B]| + 2, so its integer part
|l + B must be less than |||+ || B]| + 2, but || @+ B < || || + || B]] +2 yields ||« + B] < || a]| + | B] +1. This

proves the inequalities.

O

195 Definition The ceiling of a real number x is the unique integer [[x]| satisfying the inequalities

[x]-1<x<[x].

196 Definition The fractional part of a real number x is defined and denoted by

x=x—|x|.

Observe that 0 < {x} < 1.

Homework

197 Problem  Let A and B be non-empty sets of real numbers. Put
—A={-x:x€ A}, A-B={a-b:(a,b)e Ax B}.
Prove that
1. If Aisbounded above, then — A is bounded below and sup A = — inf(—A).
2. If Aand B are bounded above then AU B is also bounded above and sup (AU B) = max(sup A, sup B).
3. If A is bounded above and B is bounded below, then A — B is bounded above and sup(A — B) =

supA—infB.

198 Problem  Assume that A is a subset of the strictly positive real numbers. Prove that if A is bounded above, then the

- 1
set A 1_ {— :x € A} is bounded below and that SUpA = ———.
x infA~1

199 Problem  Let 1 = 2 be an integer. Prove that

2
b} (x,-—x,->)= LD

max
0=xy=xg9=-<xp=<1 1<i<j<n

200 Problem  Find a non-zero polynomial P (X, y) such that
P(|L2¢]|,[3t]h=0

for all real £.

201 Problem  Prove that the integers

L(r+v2)")

with 72 a positive integer, are alternately even or odd.

202 Problem  Let X € R and let 12 be a strictly positive integer. Prove that

n-1 k
Inx]l= Y [Lx+=].
k=1 "

203 Problem (Putnam 1948)  If 12 is a positive integer, demonstrate that

vVa+vVn+1] =|van+2].

204 Problem  Find a formula for the #-th non-square.

205 Problem  Prove that if @, b are strictly positive integers then

Prove, moreover, that

(a+2b)2
(a+b)?

This means that

206 Problem  Shew that V. > 0, X is farther from /5 than 2
X

207 Problem (Existence of R-th Roots)
b =a.

a? PO (a+2b)2 B
b2 (a+b)2

(a+2b)2 a?
-2<
(a+b)? b2

a
is closer to 2 than —- is.

b2

2x+5
1s.

Let @ > 0andlet n € R, n = 2. Prove that there is a unique b € R such that

€
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Topology of R

2.1 Intervals

Why bother? In this section we give a more precise definition of what an interval is, and establish the interesting
property that between any two real numbers there is always a rational number.

208 Definition An interval I is a subset of the real numbers with the following property: if se I and te€ I, andif s<x < ¢,
then x € I. In other words, intervals are those subsets of real numbers with the property that every number between two
elements is also contained in the set. Since there are infinitely many decimals between two different real numbers, intervals
with distinct endpoints contain infinitely many members.

D The empty set & is trivially an interval.

We will now establish that there are nine types of intervals.

Interval Notation Set Notation Graphical Representation
[a; b] {(xeR:a<x<b}! ® °
a b
la; bl {xeR:a<x<bl o °
a b
[a; bl {xeR:a<x<b o °
a b
la; b] {xeR:a<x<hl o °
a b
la; +ool {xeR:x>a} o
a +00
[a; +o00] {xeR:x=a} ®
a +00
] —oo; bl {xeR:x< b} o
— b
] —oo; b] {xeR:x=< b} °
—o0 b
] — o005 +00] R
—00 +00

Table 2.1: Types of Intervals. Observe that we indicate that the endpoints are included by means of shad-
ing the dots at the endpoints and that the endpoints are excluded by not shading the dots at
the endpoints.

|:| Ifx €R, then {x} = [x;x].

32
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209 THEOREM The only kinds of intervals are those sets shewn in Table 2.1, and conversely, all sets shewn in this table are
intervals.

Proof: The converse is easily established, so assume that I C R possesses the property thatV (a, b) € IZ, [a ; b] -
1. Since @ is an interval one may assume that I # &. Let a € I be a fixed element of I and put My ={xe€l:x<
al = ] —oo;a] NIandNg={xel:x>=a}= [a;+oo[r11.

If N, is not bounded above, then Vb € [a ;+oo[, dc € N, such that b < ¢. Since a < b < c, this entails that

be N,. Thus N, = [a;+oo[.

If N, is bounded above, then it has supremum s = sup(N,) and N, € [a ;s]. By Theorem 184, Vb € [a ;s[, cE
N, such that b < ¢, and since a < b < c, this entails that b € N,. Thus

[a;S[gNaE[a;s],

and so Ng =

a;s[ orNg = [a;s].

Thus N, is one among three possible forms: [a ;+00 [, [a ;s] , or [a ;S [ Applying a similar reasoning, one obtains
gathers that M is of one of the forms ] —00 ;a] s ] l ;a] , OF [l ;a] , wherel =inf(M,). Since I = M, U Ng, there are
3 choices for M, and 3 for Ng, hence there are3-3 =9 choices for I. The result is established. U

.0 X 1 1
210 Example Determine | ) [1 -—;1+ —].
k=1 2k k

Solution: Observe that the intervals are, in sequence,

2 (33l [55)

2 4’2 18’3
. x 1 1
We claim thatﬂ [1——;1+—] = 1. For we see that
k=1 2k k
k> 1< 1 1<
Vk=1, 5_1—§<1<1+E_2,

1
so 1 is in every interval. Could this intersection contain a number smaller than 1?2 No, for if > <a<\1, then we
can take k large enough so that
1
a<l- z—k,
for example

1
a<l—§ = k> -log,(1-a),

so taking k = || —log,(1 — @) || + 1 will work. Could the intersection contain a number b larger than 1? No, for if
1 < b < 2, then we can take k large enough so that

1
1+—<b,
k

for example

1 1
l1+—<b = k>——,
k b-1

1
so taking k = uﬁﬂ + 1 will work. Hence the only number in the intersection is 1.




Dense Sets

2.2 Dense Sets

211 Definiton A set BC Ris densein ACSRif V(ay,ap) € A2, a) < ap, 3be Bsuchthat a; <b < ay, that is, between any
two different elements of A one can always find an element of B.

212 THEOREM Qis dense in R.

Proof: Let x,y be real numbers with x < y. Since there are infinitely many positive integers, there must be a
m

positive integer n such that n > —— by the Archimedean Property of R. Consider the rational number r = —,
y-x n

where m is the least natural number with m > nx. This means that
m>nx=m-—1.

m m
We claim that x < — < y. The first inequality is clear, since by choice x < —. For the second inequality observe
n n
that, again
1 m 1 1 m 1 1 m
nxzm-landy-x>— = x> —-—andy>x+— = y>——-——+—=—.
n n n n n n n n

m
Thus — is a rational number between x and y. U
n

213 THEOREM R\ Qis dense in R.

a b
Proof: Let a < b be two real numbers. By Theorem 212, there is a rational number r with —2 <r< E But

then a < V2r < b, and the number V/2r is an irrational number.J

214 THEOREM (Dirichlet) For any real number 8 and any integer Q = 1, there exist integers a and ¢, 1 < g < Q, such that

‘H—E'Si.
ql” qQ

Proof: Forl<n<Q, let
n—l' n

Q’Q

Thus these Q intervals partition the interval [0;1[. The Q + 1 numbers

I =

{06},{16},{26},...,{Q6}

lie in [0;1[. Hence by the pigeonhole principle there is an n such that I,, contains at least two of these numbers,
say

{0tely, {q20tel,, 0=q1<q2=Q.
Putq=q2—q1, a=1q201—[q10]. Since {q:10} € I,,,{q20} € I, we must have

1
l{g20} - (g1 0}] < 3

But
{g20} — {q10} = 420 — [q20] — 410 + [q:10] = q0 — a,

whence the result. O

a
215 CoRoOLLARY If @ is irrational prove that there exist infinitely many rational numbers ;, gcd(a, q) =1, such that 0 lies

1 a 1

. . a
in the open intervals | — - —;—+—|.
q9° 9 q
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ayr 1 . . ayr
Proof: Suppose that |0 — —| < —; for1<r < R. Since the differences @ — — are non-zero, we may choose Q so
r T qr
, . , . a 1 . , .
large in Theorem 214 that none of these rational numbers is a solution of |0 — — | < —. Since this latter inequal-
q
. . . . N . al 1
ity does have a solution, the R given rational approximations do not exhaust the set of solutions of |0 — —| < —.
1 q
d
Homework
216 Problem  Determine [ [k $1001 - k] 222 Problem  Let I = [u;b] Land I’ = [a’ ;b’] be closed intervalsin R. Prove that I  I' if and onlyif@’ < @ and
1<k<500 b<b
et 1
217 Problem  Determine U [l 1+ E] 223 Problem  Let
k=1 Q+V20Q=1{a+v2b:(a,b) € %}
and define addition on this set as
[o¢]
218 Problem  Determine U [7 k;k].
k=1 (a+V2b) +(c+V2d) = (a+c) +V2(b+d),
and multiplication as
219 Problem  Determine 8 [1 1+ % ] (a+V2b)(c+V2d) = (ac +2bd) + V2(ad + be).
k=1
Then (Q + \/EO, -, +) is a field.
o0
220 Problem  Determine ﬂ [k B +ool.
k=1 224 Problem  PutD={x:x= qz or x= —qz, q € Q}. Prove that D is dense in R.
221 Prolem  Determine 8 ] L1+ 1 ] 225 Problem A dyadic rationalis a rational number of the form zﬂ" ,where m € Z, n € N. Prove that the set of dyadic
k=1 k rationals is dense in R.
2.3 Open and Closed Sets

Why bother? Many of the properties that we will study in these notes generalise to sets other than R. To better
understand what is it from the features of R that is essential for a generalisation, the language of topology is
used.

226 Definition The open ball By, (r) centred at x = xo and radius € > 0 is the set

By (€) = |x0—€3%0 +£|.

227 Definition A set A%, S R is an open neighbourhood of a point xg if 3¢ > 0 such that By, (r) € Ay,, that is, there is a
sufficiently small open ball containing xy completely contained in . 4%, .

228 Definition A set U € R is said to be open in R if V x € U there is an open neighbourhood .44, such that .45, € U. A set

FcR

is said to be closed in R if its complement U = R\ F is open in R.

229 THEOREM Every open ball is open.

Proof: Let By, (r) withr >0 be an open ball and let x € By, (r). We must shew that there is a sufficiently small
neighbourhood of x completely within Py, (r) . That is, we search for € > 0 such thaty € By (€) = y € By, ().
Now,

VERBx(€) = YEByy (1) <= |y—xl<e = |y—xol<r.

By the Triangle Inequality
|y —xol <1y —x|+[x —xo| <&+|x— Xl

So, as long as
E+|x—x9|<T,
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we will be within By, (r). One can take
_r—|x—Xxo
£= — .
2
O

230 Example The open intervals ]a;b[, ]u;+oo[, ] —oo;b[, ] —oo;+oo[, are open in R.

The closed intervals {a}, [a ;b], [a ;+oo[, ] — 00 ;b], ] — 00 ;+oo[ =R, are closed in R.
The sets @ and R are simultaneously open and closed in R.

The intervals ] a ;b] and [a ;b[ are neither open nor closed in R.

231 THEOREM The union of any (finite or infinite) number of open sets in R is open in R. The union of a finite number of
closed in R sets is closed in R.

The intersection of a finite number of open sets in R is open in R. The intersection of any (finite or infinite) number of
closed sets in R is closed in R.

[.]
Proof: Let Uy, Us,..., be a sequence of open sets in R (some may be empty) and consider x € | ] Uy. There is an
n=1

index N such that x € Uy. Since Uy is open in R, there is an open neighbourhood of x ]x —€3x+ 8[ C Uy, for
€ > 0 small enough. But then

oo
]x—s;x+£[gUNg U Un,
n=1

and so given an arbitrary point of the union, there is a small enough open neighbourhood enclosing the point
and within the union, meaning that the union is open.

oo
If () Fn is an arbitrary intersection of closed sets, then there are open sets U, = R\ Fy. By the De Morgan Laws,
n=1

o0 (e 9) [e9)
(N Fn=[)R\U,) =R\ | Uy,
n=1 n=1

n=1

(o] oo
and since |_J Uy, is open by the above paragraph, (| Fy is the complement of an open set, that is, it is closed.
n=1 n=1

L
Let Uy, Us,..., Uy, be a sequence of open sets in R and consider x € ﬂ U,. Then x belongs to each of the Uy, and
n=1

so there are €. > 0 such that x € ]x —Ep X+ ek[ C Uy. Lete= mkinLek be the smallest one of such. But then for
1<k=
all k,

L
]x—s;x+£[c]x—£k;x+£k[gUk, = ]x—s;x+£[g () Un,
n=1

and so given an arbitrary point of the intersection, there is a small enough open neighbourhood enclosing the
point and within the intersection, meaning that the intersection is open.

Using the De Morgan Laws and the preceding paragraph, the remaining statement can be proved. []

232 Example The intersection of an infinite number of open sets may not be open. For example

0 1 1
N]1-——=s2-—[=[152],
k=1 n+l1 n+l1

which is neither open nor closed.

233 THEOREM (Characterisation of the Open Sets of R) A set A € R is open if an only if it is the countable union of open

sets of R.




Chapter 2

2.4 Interior, Boundary, and Closure of a Set

234 Definition  Let A € R. The interior of A is defined and denoted by

that is, the largest open set inside A. The points of A are called the interior points of A.

235 Definition Let A £ R. The closure of A is defined and denoted by

A= U 9
Q24
Q closed

that is, the smallest closed set containing A. The points of A are called the adherence points of A.

D One always has A g A g A AsetUis open ifand only ifU = U. Aset F is closed ifand only if F = F.

236 Definition Let A S R. The boundary of A is defined and denoted by
Bdy(A) = A- A.

The elements of Bdy (A) are called the boundary points of A.
237 Example We have
o) <Josa|. Jost]=[os]. may(josn])-rw

2. 0,1}=2, ©0,1]=(0,1), Bdy(0,1})= (0,1}

3. =2, Q=R, Bdy(@Q)=R

238 THEOREM Let AS R. Then

R\A=R\A, R\A=R\A.

Proof: The theorem follows from the De Morgan Laws, as

RVA=R\ J @= | ®R\®)= [ ®R\Q= [\ F=R\A,

QA QA R\ASR\Q R\ACF
Q open Q open Q open F closed
and
R\A=R\ [ F= U ®\PH= U ®R\H= [) Q=R\A
F24A F24A R\A2DR\F R\A2Q
F closed F closed F closed Q open

O

239 THEOREM X€ A < V.#;, N3N A#@. Thatis, x is an adherent point if and only if every neighbourhood of x has a
nonempty intersection with A.

Proof: Assumex € Aandletr > 0. If]x—r ;x+r[r1A= , then]x—r;x+r[ CR\A. Since]x—r ;x+r[ is open,

we have—in particular— ] X—r;x+r [ C R\ A =R\ A by Theorem 238. This means that x ¢ A, a contradiction.

GD
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Conversely, assume that for all neighbourhoods Ny of x we have NN A# &. Ifx¢ A thenx e R\ A =R\ A.

SinceR\ A is open thereis anr’ > 0 such that |x—r' ;x+1r'| SR\VACS R\ A. Butthen |x—1r';x+r'|nA=0,a
contradiction. []

240 THEOREM Let @ g A C Rbe bounded above. Then sup A € ‘A. If, moreover, A is closed then sup(A) € A.

Proof: Letr > 0. By Theorem 184, there exists a € A such that sup(A) — r < a, which gives |sup(A) - a| <r.
This shews that] supA—r;sup A+ r| N A# @ regardless of how small r > 0 might be and, hence, sup(A) € A by
Theorem 239. If A is closed, then A= A. 0

241 Definition Let A S R. A point x € A is called an isolated point of A if there exists an r > 0 such that %y, (r) N A = {x}. The
set of isolated points of A is denoted by A*.

A point y € Ris called an accumulation point of A in R if
YAy, (Mx\{xDNA#D,

that is, if any neighbourhood of x meets A at a point different than x. The set of accumulation points of A is called the
derived set of A and is denoted by Acc (4).

242 Example We have
1. Ois an isolated point of the set A= {0} U [1 ;2] .

1

1
2. Every point of the set A = {1, ) e } is isolated. This is because we may take r = —— in the definition of isolated
2 on+2

. 1 1 1 1 1 1 1 1 1
point, andthen]———;—+ = an —-—= a
n 2nt2°p  2n+2 n+l nn+l) n-1 n nmn-1

W -

nd

1 1
NA= {—} Observe that — —
n n

that 2”2 > max(n(n+ 1), n(n - 1)).

11
3. 0is an accumulation point of A = {1,5,5,...}.

243 THEOREM x is an accumulation point of A if and only if every neighbourhood of x in R has an infinite number of points
of A.

Proof: Suppose x € A'. Suppose a neighbourhood of x had only finitely many elements of A, say {y1,¥2y+«»¥n}.
Take2r = n}cin |y,C - x|. Then (] X—r;x+r [ \ {x}) N A = & contradicting the fact that every neighbourhood of x
1<k<n

meets A at a point different from x.

Conversely if every neighbourhood of x in R has an infinite number of points of A, then a fortiori, any intersection
of such a neighbourhood with A will contain a point different from x, and so x € Acc (A). [

244 THEOREM A set is closed if and only if it contains all its accumulation points.

Proof: If A is closed then R\ A is open. If c € R\ A then there exists r > 0 such that ] c-ric+r|SR\A a
neighbourhood that clearly does not contain any points of A, which means ¢ ¢ Acc (A).

Conversely, suppose a set Acc(A) S A. We will prove that R\ A is open. If x € R\ A, then a fortiori, x ¢ Acc(A).
This means that thereisanr > 0 such that |x—r ;x+r|NA=0. Hence |[x—r ;x+ r[ CR\A, andsoR\ A is
open. [

D One has

A* C A, A-ACAcc(4), A*nAcc(d) =2, A* UAcc(4)=A.
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2.5 Connected Sets

245 Definition A set X € R is connected if, given open sets U,V of Rwith UuV =X, UNV =&, either U=Zor V=2.
246 THEOREM If X € Ris connected, and if (a,c) € X2 beR,aresuch thata<b< cthen b e X.

247 CoroLLARY The only connected sets of R are the intervals. In particular, R is connected.

2.6 Compact Sets

o0
248 Definition A sequence of open sets Uy, Us, ... is said to be an open coverfor AS Rif AC U U,. Uy, U>,... has a subcover
n=1

(e )
Ui, Uk,,... of Aif AC | ] Uy,.

n=1

249 Definition A set of real numbers is said to be compact in R if every open cover of the set has a finite subcover.?

250 Example SinceR = U ] n—1;n+1|, the sequence of intervals ]n -1;n+1 [, n e Z is a cover for R.
nezZ

251 THEOREM Let a, b be real numbers with a < b. The closed interval [a ;b] is compact in R.

Proof: Let Uy, Us,... be an open cover for [a ;b] . Let E be the collection of all x € [a ;b] such that [a ;x] has a
finite subcover from the U;. We will shew thatb € E.

o0

Since a € U U;, there exists U, such that a € U,. Thus {a} = [a ;a] C U, and so E # &. Clearly, b is an upper
i=1

bound for E. By the Completeness Axiom, sup E exists. We will shew that b = sup E.

(e )
By Theorem 240, sup E € [a ;b] C | Uy, hence there exists Us such thatsup E € Us. Since Uy is open, there exists
i=1

€>0such that] supE —¢;supE + e[ C Us. By Theorem 184 there is x € E such thatsupE — € < x < sup E. Thus

n
there is a finite subcover from the U;, say, Up, Uy,, ..., Up, such that [a ;x] € YU
i=1

We thus have
[a ;supE] c [a;x] U] supE—s;supE+£[ c (CJ Uki) u Us,
i=1

a finite subcover. This means thatsupE € E.
. 1 .
Suppose now thatsup E < b, and consider y = sup E + > min(b—-sup E, ). Then

supE <y, [a;y]:[a;supE]u[supE;y]g(LnJ Uki)uUs,
i=1

whence y € E, contradicting the definition of sup E. This proves that sup E = b and finishes the proof of the
theorem. [

252 THEOREM (Heine-Borel) A set A of Ris closed and bounded if and only if it is compact.

2This definition is appropriate for R but it is not valid in general. However, it very handy for one-variable calculus, hence we will retain it.
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Proof: Let A be closed and bounded inR, and let Uy, Us, ..., be an open cover for A. There exist (a,b) € R% a<b,
such that AC [a ;b]. Since

(o)
lasb| S @ )L U,
i=1
by Theorem 251 there is a finite subcover of the U;, say, Uy, such that

|a;b)| c@\aul) U,
i=1
Therefore
[e.0]
A=An [a;h] - [a;h] C YUy,
i=1

and so A admits an open subcover.

Conversely, suppose that every open cover of A admits a finite subcover. The open cover] -n;n [, neR of A must

admit a finite subcover by our assumption, hence there is N € N such that A € ] -N;N [, meaning that A is
bounded. Let us shew now thatR\ A is open.

Letx e R\ A. We have

=R\ [x—%;x+%]=R\{x}2A,

n=1

U (R\ [x—% ;x+%]

n=1

since x € A. By hypothesis thereis N € N and ny, ny,...,ny such that

N
1 1 1 1
AC (R\[x——;x+— )gR\[x——;x+— ,
k=1 ng ny nm B,
. 1 1 . . .
where m = max(ny, ny,...,ny). This gives [x - —x+ —] C R\ A, meaning that R\ A is open, whence A is
R R
closed.
O

253 COROLLARY (Cantor’s Intersection Theorem)  Let
[al ;bl] 2 [az;bz] 2 [as;bs] 2...

be a sequence of non-empty, bounded, nested closed intervals. Then
ﬂ [uj ;bj] # .
j=1
Proof: Assume that [al ;bl] N ﬂ [aj ;bj] =d. Then
j=2
(e 9) (e )
[al ;bl] CR\ n [aj ;bj] = U (IR\ [aj ;bj]).
j=2 j=2
TheR\ [aj ;bj] for an open cover for [al H 4 ] , which is closed and bounded. By Theorem 7 we have

[“j ;“j] < [“i ;b,-] = R\ [ai;bi] C R\ [aj;bj]-

By the Heine-Borel Theorem 252 there is a finite subcover, say

[al ;bl] C]CJI (R\ [anj ;bnj]) CR\ [anN ;bnN]-

But then [anN ;b,,N] CR\ [al ;bl], which contradicts [anN ;bnN] - [al ;bl], and the proofis complete.[]
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254 THEOREM (Bolzano-Weierstrass)  Ever bounded infinite set of R has at least one accumulation point.

Proof: Let A be a bounded set of R with Acc(A) = @. Then A* = A= A. Notice that then every element of A is an
isolated point of A, and hence,

Va€ A, 3ry >0, such that ]a—ra;a+ra[mA={a}.

Observe that
AC U ]a—ra;a+ra[,

acA

andsothe |a—rg;a+71, [ form an open cover for A. Since A = A, A is closed. By the Heine-Borel Theorem 252 A

has a finite subcover from among the ] A—rg;a+rg [ and so there exists an integer N > 0 and a; such that

N
AC U]ai—rui;ai+rui
i=1

Since
N N
A=An{J ]ai —Tg; ;@i +Tq; [ = J{ai},
iZ1 i=1

A has only N elements and thus it is finite. []

255 THEOREM Let X € R. Then the following are equivalent.

1. X is compact.
2. X is closed and bounded.
3. every infinite set of X has an accumulation point.
4. every infinite sequence of X has a converging subsequence in X.
Homework
256 Problem  Give an example shewing that the union of an infinite number of closed sets is not necessarily closed. 261 Problem  Prove that the closed additive subgroups of the real numbers are (i) just zero; or (ii) all integral multiples
of a fixed non-zero number (which may be assumed positive); or (iii) or all reals.
257 Problem  Prove thataset A C Ris dense if and onlyif A=R.
262 Problem  Let A € R. Prove the following
258 Problem  For anyset A S R prove that Bdy (4) = Bdy (R\ A). L A-7 s AUB-AuB
. A-i 6. AnNBCANB
259 Problem  Let A # & be a subset of R. Assume that A is bounded above. Prove that sup(A4) = sup(Z).
3. ACB=A4CB 7. AUBCAUB
260 Problem  Demonstrate that the only subsets of R which are simultaneously open and closed in Rare & and R. One o
codifies this by saying that R is connected. 4. ACB= ACB 8. AnB=ANB
27 R

Why bother? The algebraic rules introduced here will simplify some computations and statements in subse-
quent chapters.

Geometrically, each real number can be viewed as a point on a straight line. We make the convention that we orient the real
line with 0 as the origin, the positive numbers increasing towards the right from 0 and the negative numbers decreasing
towards the left of 0, as in figure 2.1.




Lebesgue Measure

Figure 2.1: The Real Line.

We append the object +co, which is larger than any real number, and the object —oo, which is smaller than any real
number. Letting x € R, we make the following conventions.

(+00) + (+00) = +oo 2.1)
(—00) + (—00) = —00 2.2)
X+ (+00) = +oo (2.3)
X+ (—00) = —0co (2.4)
xX(+00) =400 ifx>0 (2.5)
X(+o0) = —oc0 ifx<0 (2.6)
xX(—oc0) =—oc0 ifx>0 2.7)
x(—00) =+00 ifx<0 (2.8)
X

= -0 (2.9)

+oo

Observe that we leave the following undefined:

o0
—, (4+00) +(-00), 0(£c0).
+00

263 Definition We denote by R= [ — 00 ;+oo] the set of real numbers such with the two symbols —oco and +oo appended,

obeying the algebraic rules above. Observe that then every set in R has a supremum (it may as well be +oco if the set is
unbounded by finite numbers) and an infimum (which may be —oc0).

2.8 Lebesgue Measure

264 Definition Let (a, b) € R%. The measure of the open interval ]a ;b[ is b — a. We denote this by p(] a ;b[) =b-a. lIf

o0 (o]
G= U ] ay. ; by [ is a union of disjoint, bounded, open intervals, then u (G) = Z (by. — ay).
k=1 k=1

265 Definition Let E € R be a bounded set. The outer measure of E is defined and denoted by
E(E)= inf p(0).
ECO

(0] ;Jen

266 Definition A set E € R is said to be Lebesgue measurable if Ve > 0, 3G 2 E open such that g(G\ E) < €. In this case
1 (E) = [ (B).
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2.9 The Cantor Set

267 Definition (The Cantor Set) The Cantor set C is the canonical example of an uncountable set of measure zero. We
construct C as follows.

1 2
Begin with the unit interval Cp = [0 H 1 ], and remove the middle third open segment Ry := ] 3 ; 3 [ Define C; as

C1:=C0\R1=[0;%]U[§;1] 2.10)

Iterate this process on each remaining segment, removing the open set

R2:=]%;§[U]g;g[ 2.11)
to form the four-interval set
C2:=C1\R2=[0;%]U[§;%]U[§;51U[§;1] (2.12)

Continue the process, forming Cs, Cy,... Note that Cy has 2k pieces.
At each step, the endpoints of each closed segment will remain in the set. See figure 2.2.
The Cantor set is defined as

(e 9) (e 9]
C:=()Ck=Co\ | JRn (2.13)
k=1 n=1

Co [ |
0 1
C I | I i
0 1 2 1
3 3
C — — — —
0 1 2 1 2 7 8 1
9 9 3 3 9 9

Figure 2.2: Construction of the Cantor Set.

268 THEOREM (Cardinality of the Cantor Set)  The Cantor Set is uncountable.

Proof: Starting with the two pieces of C1, we mark the sinistral segment “0” and the dextral segment “1”. We then
continue to Cz, and consider only the leftmost pair. Again, mark the segments “0” and “1’, and do the same for
the rightmost pair. Successively then, mark the 2k-1 leftmost segments of Cy, “0” and the 2k-1 rightmost segments
“1.” The elements of the Cantor Set are those with infinite binary expansions. Since there uncountable many such
expansions, the Cantor Set in uncountable.l]

269 THEOREM (Measure of the Cantor Set) The Cantor Set has (Lebesgue) measure 0.
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Proof: Using the notation of Definition 267, observe that

(R)—E—l—1 (2.14)
HR=37373 '
(R)—(E—1)+ §_Z)_E (2.15)
H =197 9) (97 9) 9 '
(2.16)
k 2"—1
pR) =) 2.17)
n=1 3

Since the R’s are disjoint, the measure of their union is the sum of their measures. Taking the limit as k — oo,

) o0 zn—l
R, = =1. 2.18
# ( U ") PAET @18
Since clearly u(Co) = 1, we then have
oo o0 l
ﬂ@ﬁﬂ%%\URJzMQﬂ ZE—_- =0. (2.19)
n=1 =1

O

270 THEOREM The Cantor set is closed and its interior is empty.

Proof: Each of Cy, Ci1,Cy,..., is closed, being the union of a finite number of closed intervals. Thus the Cantor Set
is closed, as it is the intersection of closed sets.

m
Nouw, let I be an open interval. Since the numbers of the form — 3’ (m,n) € Z are dense in the reals, there is exists

a rational number — € I. Expressed in ternary, this rational number has a finite expansion. If this expansion

contains the digit “1’, then this number does not belong to Cantor Set, and we are done. If not, since I is open,
m 1

there must exist a number k > n such that — 3n + 3r € 1. By construction, the last digit of the ternary expansion of

this number is also “1’, and hence this number does not belong to the Cantor Set either.l]
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Sequences

3.1 Limit of a Sequence

Why bother? The limit concept is at the centre of calculus. We deal with discrete quantities first, that is, with
limits of sequences.

271 Definition A (numerical) sequenceis a function a:N — R. We usually denote a(n) by a,,.!

D We will use the nomtion{an}L:k to denote the sequence Apes Aoy -+ AJ- For example
tan)10 ) = tag, a1, a; ayo}
n=0 = 140,41, 42,---, 4105
6 _
{bn};,_4 = by, b5, bg},

{(H‘]"}m—«z”“ )
n) fp=1 4’27777

etc.

272 Example The Harmonic sequenceis

1 1
lr E; gr ey

1
ora,=—forn=>1.
n

273 Definition A sequence {an};‘fl is bounded if there exists a constant K > 0 such that Vn,|a,| < K. It is increasing if for
alln>0, a, < a,1 and decreasingifforalln =0, a, = a,+1.

3.2 Convergence of Sequences
274 Definition A sequence {an};ﬁol is said to convergeif
JLeR,Ve>0, AN >0 suchthat VmneN, n>=N — |a,-L|<e.

In other words, eventually2 the differences

|ay—Ll,|ap1—Ll,l@p2—L

yoee

remain smaller that an arbitrarily prescribed small quantity. We denote the fact that the sequence {a,},;>] converges to L
as n — +oo by

lim a,=L, orby a,—L as n— +oo.
n—+oo

Utis customary to start at n = 1 rather than n = 0. We won't be too fuzzy about such complications, but we will be careful to write sense.
2A good word to use in informal speech “eventually” will mean “for large enough values” or in the case at hand Vrn = N for some strictly positive integer
N.

45
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A sequence that does not converge is said to diverge. Thus a sequence diverges if

VLeR,3e>0,YNeN,dneN suchthat n>N and |a,—L|=¢.

D Given a sequence sequence {@p, );Zol and LER,
ap — L as n— +oo ifandonlyif liminfay =limsupap =limap = L.

275 Definition A sequence {by} ;> diverges to plus infinity if VM >0, 3N >0 such that Vrn= N, b, > M. A sequence
{cn} 13 diverges to minus infinity if YM >0, 3N >0 such that Vr > N, ¢, < —M. A sequence that diverges to plus or
minus infinity is said to properly diverge. Otherwise it is said to oscillate.

+00
=1

276 Definition  Given a sequence {ay},

we say that lirp a, exists it is either convergent or properly divergent.
n—+oo

277 Example The constant sequence
1,1,1,1,...

converges to 1. Similarly, if a sequence is eventually stationary, that is, constant, it converges to that constant.

278 Example Consider the sequence

11 1
1, E, 5,...,;,...,

. 1 1
We claim that — — 0 as n — +00. Suppose we wanted terms that get closer to 0 by at least .00001 = 105" We only need
n

1
100000 ~ 105" Since the terms of the sequence get smaller and smaller, any
term after this one will be within .00001 of 0. We had to wait a long time—till after the 100000-th term—but the sequence

eventually did get closer than .00001 to 0. The same argument works for any distance, no matter how small, so we can
eventually get arbitrarily close to 0. A rigorous proof is as follows. If € > 0 is no matter how small, we need only to look at

to look at the 100000-term of the sequence:

the terms after N = || — + 1] to see that, indeed, if n > N, then
€

Here we have used the inequality
t-1<|t]|<t VteR.

279 Example The sequence
0,1,4,9,16,...,71%,...

diverges to +oo, as the sequence gets arbitrarily large. A rigorous proof is as follows. If M > 0 is no matter how large, then
the terms after N = || VM| + 1 satisfy (n> N)

t,=n?>N?=(|VM|+1)?>> M.

280 Example The sequence
1,-1,1,-1,1,-1,...,(-D",...
has no limit (diverges), as it bounces back and forth from —1 to +1 infinitely many times.
281 Example The sequence
0,-1,2,-3,4,-5,...,(-1)"n,...,

has no limit (diverges), as it is unbounded and alternates back and forth positive and negative values..

We will now see some properties of limits of sequences.
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282 THEOREM (Uniqueness of Limits) Ifa, — Land a, — L' asn — +ocothen L=L'.

L !/
Proof: The statement only makes sense if both L and L' are finite, so assume so. If L# L', take € = | |
the definition of convergence. Now

lim a,=L — 3IN;>0, Vrn=Nila,—-Ll<eg,
n—+oo

lim a,=L' = 3IN;>0, Ynz=Nz|a,-L'|<e.
n—+oo
Ifn > max(Ny, N2) then by the Triangle Inequality (Theorem 136) then
|L-L'|<|L-anl+|an—-L'|<2e=|L-L|,

a contradiction,soL=L'. [
283 THEOREM Every convergent sequence is bounded.
Proof: Let{ay,};> converge to L. Using € = 1 in the definition of convergence, AN > 0 such that

n>=N = |la,-Ll<1 = L-1<a,<L+1,

hence, eventually, a, does not exceed L+ 1. []

Figure 3.1: Theorem 22.

When is it guaranteed that a sequence of real numbers has a limit? We have the following result.

>0in

284 THEOREM Every bounded increasing sequence {a,}, 2} of real numbers converges to its supremum. Similarly, every

bounded decreasing sequence of real numbers converges to its infimum.

Proof: The idea of the proof is sketched in figure 3.1. By virtue of Axiom 183, the sequence has a supremum s.
Every term of the sequence satisfies a, < s. We claim that eventually all the terms of the sequence are closer to
s than a preassigned small distance € > 0. Since s — € is not an upper bound for the sequence, there must be a
term of the sequence, say an, With s — & < ay, by virtue of the Approximation Property Theorem 184. Since the

sequence is increasing, we then have

S§—E=< ano < an0+1 < an0+2 < an0+2 S e = S,

which means that after the ny-th term, we get to within € of s.

To obtain the second half of the theorem, we simply apply the first half to the sequence {—ay,}>%. U

285 THEOREM (Order Properties of Sequences)  Let {an} 1> be a sequence of real numbers converging to the real number

L. Then
1. If a < L then eventually a < a,,.
2. If L < b then eventually a,, < b.
3. If a < L < b then eventually a < a,, < b.

4. Ifeventually a,, = athen L = a.
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5. Ifeventually @, < bthen L< b.

6. Ifeventuallya<a, <bthena<L<b.

Proof: We apply the definition of convergence repeatedly.
1. Taking € = L— a in the definition of convergence, AN > 0 such that
Vn=N;, l|lay—-L<L-a— Vn=N;,, a-L<a,-L<L-a— Vn=N;, a<ay,,

that is, eventually a < ay.

2. Taking € = b— L in the definition of convergence, AN > 0 such that
Vn=N,, l|la,-Ll<b-L—Vn=N;, L-b<a,-L<b-L—Vn=N,;, a,<b,

that is, eventually a, < b.
3. It suffices to take N = max(Ny, N2) above.
4. If, to the contrary, L > a, then by part (1) we will eventually have a, > a, a contradiction.
5. If, to the contrary, L < b, then by part (2) we will eventually have a,, < b, a contradiction.
6

. Ifeither L < a or b < L we would obtain a contradiction to parts (4) or (5).

O

286 THEOREM (Sandwich Theorem) Let {@,};,2, {Un} 2], {Vn} 2y be sequences of real numbers such that eventually

Uy < a, < vy

Iffor LeR, u;, — L and v,, — L then a;,, — L.

Proof: Forall € > 0 there are Ny > 0, N2 > 0 such that
Vn=max(Ny,N»2), |u,-Ll <& |vya—Ll<e—= —-€e<u,—L<e, —-e<v,—L<e.
Thus for such n,
—&e<up,—-L<a,-L<v,-L<ée, — —-€e<ay,-L<e = |la,-L|<eg,

from where {a,,};;‘fl convergesto L. [

287 THEOREM Let {an};‘fl be a sequence of real numbers such that a,, — L. Then |a,| — |L|.

Proof: From Corollary 137, we have the inequality ||ay| — |L|| < |a, — L| from where the result follows. [1

288 THEOREM Let {an};‘fl be a sequence of real numbers such that a,, — 0, and let {b,,};;:’l be a bounded sequence. Then
a,b, — 0.

Proof: Eventually|a,| < €. Assume that eventually |b,| < U. Then
lanbyl = Ulay,l < Ue,
from where the result follows. [

1 1
289 THEOREM If by, — I # 0 then b, is eventually different from 0 and b — T
n
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l
Proof: By Theorem 288, |b,| — |1|. Using e = % > 0 in the definition of convergence, we have that eventually

l l l l
||bn|—|l||<% - |l|—%<|bn|<|l|+% - %<|bn|,

1 1 2
That is, eventually |by| is strictly positive and so — makes sense. Also, eventually, — < — Nouw, for sufficiently

b, (bl
largen,
1 _1‘_ l-b, _Ib,,—ll< 2¢
b, 1 |bylll] Ibull2l 10011

from where the result follows.[]

290 THEOREM (Algebraic Properties of Sequences)  Let k € R. If {a,},,% converges to L and {b,},,2] converges to L’ then

lim (ka,+b,)=kL+1L, lim (a,b,)=LL.
n—+o0o n—+oo

Moreover, if L' # 0 then

lim (@) = £

n—+oco\ by,

Proof: The trick in all these proofs is the following observation: If one multiplies a bounded quantity by an
arbitrarily small quantity, one gets an arbitrarily small quantity. Hence once considers the absolute value of the
desired terms of the sequence from the expected limit.

Given € > 0 there are Ny > 0 and N» > 0 such that|a, —L| < € and|bn —L'| < €. Then
|(kan+by) — (kL+L")| = |(kan— kL) + (by — L')| < |k||an — L| + |bp — L'| < €(k + 1),

and so the sinistral side is arbitrarily close to 0, establishing the first assertion.

For the product, observe that by Theorem 283 there exists a constant K > 0 such that |b,| < K. Hence
|anby, — LL'| = |(an— L)by + L(by — L')| < |ay — Ll |by| + |L| |b, - L'| < €K + |Ll € = (K +|L)),

and again, the sinistral side is made arbitrarily close t0 0.

1 1
Finally, if L' # 0 then by Theorem 289, by, is eventually # 0 and — — —. We now simply apply the result we

by, L’
obtained for products, giving
1 L
an bn — L (F = F .
O
Homework
201 Problem  If¥n>0, ap >0and {an};’g’l converges to L must it be the case that L> 0? 296 Problem  Prove that if @y — +00 and zr{bn;;’g’l is bounded, then ap, + by — +oo.

292 Problem

293 Problem

294 Problem

295 Problem

Prove that if @y — +00 and l[{hn);;c:xi is bounded, then @ap + bp — +oo. 1
297 Problem  Prove that if @ — +o0o0then — — 0.
an

Prove that if @y — +00 and by — +00is bounded, then @y + by — +00.

1
298 Problem  Prove that if @ — 0 and if eventually @p > 0, then — — +00.
Prove that if @y — +00 and if there exists K > 0 such that eventually by = K, then apbp — +00. an

Prove that if @y — +00 and by, — +00is bounded, then ap by — +oo.
n

n
299 Problem  Prove that ) —lasn— +oo.

= ]
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300 Problem  Prove that ———— —
mnl/n

on
301 Problem  Prove that o —0.
n

302 Problem  Let Xy, X9, ... be a bounded sequence of real numbers, and put Spp = X1 + X + -+ Xp. Suppose that
S,2 s
n
22 _. 0. Prove that — — 0.
n? n

303 Problem  Prove rigorously that the sequence {sin 7} ;Zo(] is divergent.

)lln

304 Problem  Prove that (r! — 400 as B — +00.

305 Problem A sequence of real numbers @y , @9, ... satisfies, for all m, 1, the inequality

1
lam +an — am+nl <
m

Prove that this sequence is an arithmetic progression.

306 Problem  Prove rigorously that Vi +1 — vVn— 0asn— +oo.
1 1 1
307 Problem  Prove that the sequence Hp = 1 + 2 + 3 + -+ — diverges to +00.
n
308 Problem  Find
lim f V=Dt
K—+oop=1 1+ VDL +V2)(1+V3)---(1+vn)
309 Problem  What reasonable meaning can be given to
?
310 Problem  Prove that
1+2+-+n 1
——F—— — -, asn—+oo.
n2 2
311 Problem  Calculate the following limits:
li 12+22 + +(n—1)2
im | —5+—5++—5—|
n—+oo|\ p2 p2 n2
. ( 1 1 1
2. lim |[—+—+-+—|
n—+oo\1-2 2-3 nn+1)
. ( 1 1 )
3. lim [—+—+ it ———— |,
n—+oo\1-2-3 2-3-4 nn+1)(n+2)
312 Problem  What reasonable meaning can be given to
! ?
1+ !
1+ !
1
1+ -

3.3 Classical Limits of Sequences

313 Problem  Let K € N\ {0},and let @1 ,..., a4k, A1 ..., A g bestrictly positive real numbers. Prove that

max ay,

1<k<K

K 1/n
lim ( Aka") =
n—-+oo g k

K -1/n
lim Apa; " = min_ay.
"ﬁmo(k:l ke ) 15k2K "*

+0o

is a monotonic

+o00o
a aj +ag+-+an
314 Problem  Prove that if { on } 17%2 }
bn ) n=1

, then the
tente{bl-ﬁ—bz-ﬁ---ﬁ—bn

is also
n=1
monotonic in the same sense.

315 Problem  Let @, b, € be real numbers such that b% — 4ac < 0. Let (Xp1},

numbers such that

-1 {Yn);= 1 be sequences of real
2 2
aXy +bXpYp+cYy —0, asn— +oo.

Prove that Xz — 0 and Yy — 0as n — +o0.

316 Problem (Gram's Product)  Prove that

nop3_1 2

lim =_.
”_’+°°k:2k3+1 3

317 Problem  Prove that the sequence {xn}:—lgci with xpp = 1+ +

11
22 32 n2

1
satisfies xp < 2— — for
n

n = 1. Hence deduce that it converges.

LS|
318 Problem  Prove the convergence of the sequence Xp = Z

k=1

319 Problem  Prove the convergence of the sequence, X] = @, Xp = b, Xptl =

Xn+Xp_
%,nzZand(u,b)e

R2, a # b. Also, find its limit.

b
320 Problem  Prove the convergence of the sequence, X] = @, Xp 41 = [Xn +— | n=1and(a,b) € [RZ,
Xn

1
2
a>0,b > 0. Also, find its limit.

1 b
321 Problem  Prove the convergence of the sequence, X] = @, Xp 41 = 2 (Xn + —), n=1land(a,b) € [RZ,
Xn

a <0,b > 0. Also, find its limit.

a+b
322 Problem  Let (a, b) E[Rz,a> b>0.setay = T’bl =Vab.Ifforn>1,

an +bn
M+l = 5

bn =V anbn,

Prove that
1. {an} ;Zol is monotonically decreasing,
2. (bn):—lgci is monotonically inreasing,
3. both sequences converge,

4. their limits are equal.

obtain a few interesting results about it.

Why bother? In this section we will obtain various classical limits. In particular, we define the constant e and

323 THEOREM Let r € R be fixed. If || < 1 then r™ — 0 as n — +o0. If [r| > 1 then r™ — +co as n — +oo.




Chapter 3

1
Proof: Takingx= '—‘ —1 in Bernoulli’s Inequality (Theorem 141), we find
r

vl

[r|
<———0,
n(l-|r))

n
>1+n

Therefore

n
Ir|
. 1
asn — +oo, since — — 0 as n — +oo.
n

If|r| > 1, again by Bernoulli’s Inequality
Ir"=@+Ir|-D">1+n(rl-1),

and the dextral side can be made arbitrarily large.[]

324 THEOREM Let |r| < 1. Then
1
1+r+r2+---+r”—>l—, as n— +oo.

n+1

Proof: IfS,=1+r+r’+--+r"thenrS,=r+r’>+r3++---+r"" and
l_rn+1
Sp—rSp=1-r""! = Sn=——"7"

-r

Then apply Theorem 323. U

D An estimating trick that we will use often is the following. If0 < r < 1 then the truncated sum is smaller than the infinite sum and so, for all positive integers k:

1
1+r+r2+---+rk<1+r+r2+---+---:1—.
-r

325 THEOREM Let a € R, a > 0, be fixed. Then a'’" - 1lasn— +oo.

Proof: Ifa>1 then a''" > 1 and by Bernoulli'’s Inequality,

a—1
a=01+@"-1)">1+n@'"-1) = 0<a'"-1<——,
n
whence aV’™ -1 — 0 as n — +oo.
1 .
If0 < a <1 then b= — > 1 and so by what we just proved,
a
1/n 1 1/n
b —-1—= —F——-1=a"-1,

al/n
proving the theorem.[]

an

326 THEOREM Leta€eR, a>1, ke N\ {0}, be fixed. Then —; — tooasn— +oo.

n

Proof: Observe that a''* > 1. We have, using the Binomial Theorem,
1/k\" 1/k n_&nl ok i
(a ) =(1+(a —1)) =Y (M @* -1,
i=o\?
Since each term of the above expansion is = 0, we gather that
n nn-1 allk)" n-1 allk)" a”
(a”k) = ¥(a”k—l)2 = u = u(a”k—l)2 = (— — +00 = — — 400,
2 n 2 n nk

as desired. [1
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D 2”
In particular — — +00 as B — +00.
n

an
327 THEOREM Let a € R, , be fixed. Then — 0 as n — +oo.
n!

Proof: PutN = |||al]|+1 and letn= N. Then

(L L) e
n! 1 2 NJ\N+1 N+2
asn — +oo. [
328 THEOREM The sequence
n
en=(1+—
n

|al

n

N

la|N
N

yn=1,2,...

)(1.1...1

is a bounded increasing sequence, and hence it converges to a limit, which we call e. Also, for all strictly positive integers n,

n
1+—) <e.
n

Proof: By Theorem 140

bn+1 _ ah+l

b—a

<m+1)b" = b*[(n+1)a-nbl<a™*L

. 1 1 ;
Puttinga=1+ ——, b=1+ — we obtain
n+1 n

n
<

( 1
e,=|1+—
n

1
1+ —
n+1

n+1
) =€n+ly

1
whence the sequence ey, n = 1,2,... increases. Again, by puttinga=1,b=1+ 2 we obtain
n

1 n 1 2n
(1+—) <2:(1+—) <4 = ex, <4.
2n 2n

Since ey, < e2p, < 4 for all n, the sequence is bounded above. In view of Theorem 284 the sequence converges to
a limit. We call this limit e. It follows also from this proof and from Theorem 285 that for all strictly positive

n

integers n, <e. U

1
1+=
n

1

1\ n+1 1
D Another way ofobmining(l + 7] < (l + ?] is as follows. Using the AM-GM Inequality withXy = 1,Xp = -+ = Xp 41 = 1 + — we have
n n n

1
1\ (n+1) l+n(l+;] 1
(l+—] <—= :(l+—
n n+1

from where the desired inequality is obtained.

1)1 +oo
329 THEOREM The sequence {(1+— }
n

1 n+1
1+—) >e.
n

n=1

gers n,

Proof: By Theorem 140

)nl(n+1)

n+2

n+1

>(nm+1a”.

( 1
=1+ ——
n+1

nd+4n?+4n+1

bn+1_ n+1
b—a
. 1 1 .
Puttinga=1+ ——, b=1+ — we obtain
n+1 n
1 n+1 1
(1+— >(1+
n n+1

n+2 (

n(n+2)2

n+1
is strictly decreasing and (1 + —) — e. Also, for all strictly positive inte-
n
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3 2
n°+4n“+4n+1
The result will follow as long as | ————=——| > 1. But
n(n+2)2

nd+4n?+4n+1

n(n+2)2=n(n2+4n+4)=n3+4n2+4n<n3+4n2+4n+1 =
n(n+2)2

1
Thus the sequence is a sequence of strictly decreasing sequence of real numbers. Puttinga =1, b=1+ — in
n

( 1
1+—

n
so the sequence is bounded below. In view of Theorem 284 the sequence converges to a limit L. To see that L = e

observe that
1 1\*
1+— 1+ =
n n

It follows also from this proof and from Theorem 285 that for all strictly positive integers n,

bn+1 _ n+l

> (n+1)a" weget
b—a

n+1

>1+nn+1)>2,

n+1

1
1+—]—el=e.
n

n+1
1+—) >e. [
n

|:| 1 \nt2 1\n+1 1
The inequality (1 + il ) < (1 + = ) can be obtained by the Harmonic Mean-Geometric Mean Inequality by puttingXy = 1,Xp =Xp ==Xy =1+ —
n n n

n+2 n+2

1\(+D)(n+2)
<Gy xp a2 — ]

<[1+=
L, L 1 ( n

Ittt T,

1+(n+1)(m)

330 THEOREM 2< e<3.

Proof: By the Binomial Theorem

1\* & (m| 1
1+—| =Y |, | =
( n k:o(k) nk
Now, for2<k <n,
n| 1 1 n(n-1)(n-2)---(n-k+1) 1 1 2 k-1 1 1
—_—= =—-@-[1-=|1-=]-[1- < < .
k| nk k! nk k! n n n 2.3k 2k-1
Thus
n " p 1 1 1 1 1 1
1+— =Z c—=<14+1l+—-+—+-t——=<1+1l+—=—+—=+---+ +---<1+2=3,
n) izo\k| nk 2 4 2n-1 2 4 2n-1

1
by Theorem 324 (with r = > ), and so the dextral inequality is proved. The sinistral inequality follows from Theo-
rem 328. U

D e =2.718281828459045235360287471352....

331 THEOREM e= lim
n—+oo

1 1 1 1
Proof: Putyp=14+_—-+_—-+_—-+---+ T Clearly yx+1 > Y So that {yk};g is an increasing sequence. We will

1121 31 !
prove that it is bounded above with supremum e. By the Binomial Theorem

( 1\* & (n| 1 n|1 n| 1 n| 1 nl|1 n| 1
L+—| =Y | |- =S=1+4| =4+, |=++| |==z1+|, |=++|, | =
joo\j) n 1|n k| nk n|n" 1|n k| nk

n
for0 < k <n. Now let j be fixed, 0 < j < n. Taking limits as n — +oo,

1_3).(1_1;1) — lim ("

AT ni

n

j it "




Classical Limits of Sequences

332

333

Hence, taking limits as n — +oo,

1+1)">1+n1+ +n1 >1+1+1+1+ +1

—_ > —_ — = e> J— J— J— — =

n 17 k| ¥ TTRETRET IR
or renaming,

1
e21+_+_+_+...+_:yn. (3].)

1 1 1
Moreovei‘,since(:)-m=E'(l)~(1—;)(l——)( ) 23 k k' we have
(1+l t s 1
n B k n|n"
< 1+—+ +—+
1! k!
= Yn- (3.2)
In conclusion, from 3.1 and 3.2 we get
n
1+; <yn<e,

and by taking limits and using the Sandwich Theorem, we get that y,, — e as n — +oo. [1

1 1 1 1
Let n, m be strictly positive integers and let 1 + M toytg Tt ==V Then ymsn —yYn <
! n!

2! 3! n-n!

Proof: We have

1 1 1 1
_ = + + toot /=
Ym+n = Yn (m+1)! (n+2)! (n+3)! (n+m)!
1 1 1 1 )
< 1+ + oot
m+D!' n+2 (n+2)? (n+2)m-1
1 1 1 )
< 1+ + +...+...
(n+1)! n+2 (n+2)?
 (n+1)! -2
n+2
1 n+2

(n+1)! n+1’

Here the second inequality follows by using the estimating trick deduced from Theorem 324. Observe that this
bound is independent of m. U

Let1 1 1 1 l_ Then 0 1
et +E+E+§+“'+ yn enU<e-— yn<m
Proof: From Lemma 332,
1 n+2

0< Yy — T2
Ymin=Yn <070 el

Taking the limit as m — +oo we deduce

1 n+2

0<e-— <— " —,
In (n+1)! n+1

(The first inequality is strict by Theorem 331.) We only need to shew that for integer n =1

1 n+2 1

m+1)! n+1 nn’
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But working backwards (which we are allowed to do, as all quantities are strictly positive),

1 n+2 1
— ——<— < pnnh+2)<m+DI(n+1)
(n+1)! n+1 n'n

< nn+2)<m+)(n+1)
< n?+2n<n*+2n+1
< 0<1,

and the theorem is proved. U

334 THEOREM e is irrational.

Proof: Assume e is rational, with e = B, where p and q are positive integers and the fraction is in lowest terms.

Since qe = p, an integer, qle must also be an integer. Also q'yq must be an integer, since

1 1

1 1
ly, = q! 4y
q.y,,—q.1+1!+2!+3!+ +q!.

But by Lemma 333,
1 1
O<e-ys;<— = 0<qlle-yg)<—=<1.
" q\q T q

That is, the integer q)(e — yq) is strictly between 0 and 1, a contradiction. [

+oo 1/n

335 THEOREM The sequence {n”"} . is decreasing for n = 3. Also, n
n=

— lasn— +oo.

Proof: Consider the ratio

(n+1)" ( 1)" 1 e
— =1+ =<2
n"+1 n/] n n
Thus forn =3,
n+1)"
(n+ D7 n+1) <1 = (n+ VD cplin,
n

Hence we have
3B, 44 g5

Clearly, if n > 1 then nV" > 1" = 1. Also, by the Binomial Theorem, again, ifn > 1,

T

We then conclude that
2
1<n'™<1+,/5,
n

Un _,q follows from the Sandwich Theorem. [

and that n

|:| Q112 _ 4174

Homework
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336 Problem  What's wrong with the following? Since the product of the limits is the limit of the product,

1\" 1 1 1
e=_lim (1+—) =( lim 1+—)»( lim 1+—]~<( lim 1+—)=1»1»~1=1.
n—+oo n n—+oo n n—+oo n n—+oo n —_—

N ntimes
ntimes

337 Problem  Demonstrate that for all strictly positive integers 1:

T 1
coszn—H:E\ 2+\/2+\/2+-+ V2,

[ —
nradicands

T 1
Sinzn_-H =3 2-\2+\/2+-+ V2.

[ —
nradicands

Hence deduce Viete’s Formula for 7t :

n=nliT 2™\[2—\/2+\/2+---+V2.
—+00

—_—
nradicands

2

=

1
k

+00
} converges to log 2.

338 Problem  Prove that the sequence {
n=1

k=n

3.4 Averages of Limits

339 Problem

340 Problem

1 1 }+OQ

+ -
2n-1 2n

converges to log 2.

DN | -
Wl
ISES

Prove that the sequence { 1-
n=

Let 1 be a strictly positive integer and let Xp denote the unique real solution of the equation x"rx+1.

Prove that Xp — 1 as B — +o0.

341 Problem

Let

anzdm%n—lw (n-2)+---+\2+V1,

1
for n=> 1. Prove that ap — V1 — 3

342 Problem

343 Problem

344 Problem

Prove that e is not a quadratic irrational.

n k
Find _Hm H(1+—).
n‘*‘#OQk:l n

A quadratic integer is any number X that satisfies an equation

x2+mx+n:0, (m,n)EZZ.

Prove that the real quadratic integers are dense in the reals.

Why bother? In this section we will examine some classical results that allow us to compute more complicated
limits. Had we the language of matrices, most results here could be deduced from a classical result of Toeplitz.
Since we don't, we will develop ad hoc methods which are interesting by themselves.

We start with the following discrete analogues of LHopital’s Rule.

345 THEOREM Let {xn};’l‘fl, { y,,}:lzol, be two sequences of real numbers such that x,, — 0, y, — 0. Suppose, moreover, that

the x, are eventually strictly decreasing. Then

lim

n—+oo yn — J’n—l

provided the sinistral limit exists (be it finite or +o0).

Xn —Xn-1

= lim

n—+oo yn

Xp_1—X Xp— Xp—
Proof: Assume first thar —2—1— =" — ~n—~n-1
Yn-1—Yn Yn—Yn-1
such that forn> N,
Xn-1—Xn
L-e<———
Yn-1—"Yn

<L+eg,

Xn

’

— L, a finite real number. Then, given € > 0 we can find N >0

Yn<Yn-1-

Thus (L—€)(¥n-1—Yn) < Xpn—1 — Xn < (L+ €)(¥n-1 — ¥n), and repeating this inequality forn+1,n+2,...,n+m,

(L-&)(¥Yn—Yn+1) < Xpn—Xnp+1

(L-&)(Yn+1— Yn+2)

(L-€)(Ym+n-1—Ym+n)

Adding columnuwise,

< Xp+l — Xp+2

< Xm+n-1~Xm+n

< (L+&Yn—Yn+1)

< (L+&)(yn+1—Yn+2),

< (L+&Ym+n-1—Ym+n)-

(L-&)(Yn—Ym+n) <Xn—Xmsn < (L+E)(Yn—Ym+n)-

Letting m — +oo, and since the y, are strictly positive,

Xn Xn
(L-&)yn<xp<(L+€y, = L-e<—<L+e = ——1L

Yn Yn
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asn — +oo.
Xp-1—X

Ifu diverges to +oo then for all M > 0 we can find N' > 0 such that foralln = N,
Yn-1—"Yn

Xn-1—Xn
———>M = xp-1— X > M(Yu-1—Yn)-
Yn-1—"Yn

Reasoning as above, for positive integers m =0,
Xn = Xm+n > M(Yn — Ym+n)-

Taking the limit as m — +oo,

Xn Xn
Xp=My, = — =M — — — +oo.
Yn Yn

O

increasing for sufficiently large » and that b,, — +o00 as n — +co. Then

lim 22”91 iy 22
n—+oco b, —b,_y n—+oob,’

provided the sinistral side exists (be it finite or infinite).

anp— ay_
Proof: Assume first that bnibnl — L, finite. Then for every € > 0 there is N > 0 such that (V)n= N,

n n—1

Ap+1 — ap
L-e<—————<L+g, bui1 > by,
bn+1_bn

This means that
(L—¢€)(bp+1—bp) < api1—an < (L+€)(bps1 — by)

By iterating the above relation for N+1,N +2,...,m+ N we obtain

(L-¢€)(bn+1—bn) < ans1—an < (L+¢&)(by+1—bn),

(L—-¢€)(bn+2—bni1) < ani2-—an+1 < (L+¢€)(by+2—bni1),

(L-&)(bmsN—bmin-1) < a@amiNn—@Gmin-1 < (L+EBmiN—bmin-1).

Adding columnuwise,

(L— &) (bysn — bN) < @iy — Ay < (L+ &) (bysn —by) = | NN _pl g,
byuiN—bn

Now,

am+N_L_aN—LbN+(1 by )(am+N—aN_L)
)

biN " bmsn " bmsn) \ By — by

so by the Triangle Inequality

346 THEOREM (Stolz's Theorem)  Let {a,} %], (b}, be two sequences of real numbers. Suppose that {b,};> is strictly

AN —L' < aN_LbN‘+' _ by ||@min—an —L'.
bniN bun buinN || bmsn— by
. . ay— Lby o L .
Since N is fixed, ———  — 0 and — 0 as m — +oo Thus the dextral side is arbitrarily small, proving
a bm+N m+N
that =" — L as m — +oo.
m

G&D
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a,— a,_
Assume now that bn n-1 _, too. For sufficiently large n thus ap—an—1 > by—by—1. Thus the a,, are eventually
n— Yn-1

b
increasing and a,, — +oo as n — +oo. Applying the results above to the — we obtain

an

b by, — by,
lim == lim =" _9

n—+co @, R—+00 @, — Ap_1

a
and so lim b—" = 400 too. J

n—+oo n

347 THEOREM (Cesaro) If a sequence of real numbers converges to a number, then its sequence of arithmetic means con-
.. X1+X2+--+ X,
verges to the same number, that is, if x, - athen —————— — a
n

First Proof: Leta, = x; + X2 +--- + x,, and b, = n in Stolz’s Theorem. [

Second Proof: It is instructive to give an ad hoc proof of this result. Given € > 0 there exists N > 0 such that if
n= N then|x, — al|. Then

XL+ X2+ + X _a‘: r-a)te-a)+-+@xp—a)| _ | -a)l+|(x-a)l+- - +|x - a)l

n n n

Now we run into a slight problem. We can control the differences |xy — a| after a certain point, but the early
differences need to be taken care of. To this end we consider the differences x — a with k < ||vn|| or k> || n||
where n is so large that || v'n|| = N. We have

(61— @) + (X2 — @)+ + | (6 — @) 1 = @)l + 12 = @)+ + |G~ )|
n n
|(xu\/ﬁﬂ+1 —a)| +(z - @)+ +(xp — a)|
+

n
Lvr]max, i /z| Xk - al , = llvmle
—

n

These two last quantities tend to 0 as n — +oo, from where the result follows. [

1+21/2+31/3+”,+n1/n

348 Example Since n'/" — 1, - —1.
1 1 1

1 1+E+§+"'+—
349 Example Since — — 0, n_o.

n n

n (1+I + 1+§) +(1+§ +~~+(1+—
350 Example Since (l+— — e, n —e.
n n

351 Example The converse of Césaro’s Theorem is false. For, the sequence a, = (—1)" oscillates and does not converge. But
) . 1-1+1-1+4---+(-1" ) L.
its sequence of averages is by, = — 0 as n — +oo since the numerator is either 0 or —1.

n

352 THEOREM If a sequence of positive real numbers converges to a number, then its sequence of geometric means con-
verges to the same number, that is, if VY >0, x,=0and x, — athen (x;x; - -x,,)”" - a.

Proof: The proof mimics Cesaro’s Theorem 347. Since x, — a, for all € > 0 there is N > 0 such that foralln = N,

|xp—al<e = a-e<x,<a+e.
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Then

lvrlin \n Lvnlin 1/n
(mﬁ?ﬁ%ﬂ x") (Spygon-exm) = Gouxese ) ) oo < (1sl§2ﬁl§ﬁﬂ x") [ mpeam)
This gives, for || v/n| = N,

Lvrliin lvrlin
(lsl?slf\_r\l/ﬁﬂ xk) (@-&) " VDM < (x2S (lsgmﬂ xk) (a+g)lLvabin,

lLvnlin ILvrllin
Now, both ( min xk) and ( max xk) converge to 1 as n — +oo by virtue of Theorem 325,
1<k<| vn|| 1<k<| vn||

and again by the same theorem,

(a_e)(n—u_\/ﬁﬂ)/n =(a-¢€) (a_e))u_\/ﬁﬂ/n —a-g¢,

as n — +oo. This gives the result. [

+1

(a+e)("_u‘/ﬁﬂ)’" =(a+e) (a+£))LL‘/Eﬂ/” —a+e

n n
353 Example Since e, = (—) — e, then by the Theorem 352
n

(elez...e )lln:((g)l(ﬁ)z(é
" 1) \2) 3

n n+1

.. n
This gives = . —1l-e=e.
(mhVn7 n+1 (mHhl/n
Homework
354 Problem 1 {@}-%9 is a sequence of strictly positive real numbers such that ——— — @ > 0. Prove that
n-1

Yay.

lim = lim
n—+oo an, 1 n—+oo

X1yn+%yp-1+ H¥ny1
n

ab.

355 Problem  Let Xp — @ and yp — b. Prove that

1/n
. 2n
356 Problem  Prove that  lim =4
n—+oo n

3.5 Orders of Infinity

. "_“)") -

1/n (n+ l)n)lln
- - — e

n!

n

1
357Problem  Provethat lim  — (n(n+1)-+-(n+m) /" = ge.
n—+oon

I § _pln_2
358 Problem  Provethat lim (1-3:5---(2n-1)) =—.
n—+oon e

1 ((Sn)!]”" _2

359 Problem  Prove that _ lim =-.
n— n! e

M

+o00.

Why bother? Itis clear that the sequences {1}, and {n?}, > both tend to +oo as 7 — +oco. We would like now
to refine this statement and compare one with the other. In other words, we will examine their speed towards

360 Definition We write a, = O(by) if 3C > 0, 3N > 0 such that Vn = N we have |a,| < C|b,|. We then say that a,, is Big Oh

a
of by, or that a, is of order at most b, as n — +oo. Observe that this means that ‘b—"‘ is bounded for sufficiently large n.

n

The notation a,, << by, due to Vinogradov, is often used as a synonym of a,, = O(by,).

D Asequence (un};iol is bounded if and only ifap << 1.

An easy criterion to identify Big Oh relations is the following.

a
361 THEOREM If lim -2 = c€R, then a,, << b,.
n—+co by,
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a +00
Proof: By Theorem 283, a convergent sequence is bounded, hence the sequence {—"} is bounded: so for

nJ)p=+1
an

sufficiently large n, b

< C for some constant C > 0. This proves the theorem. U]
n

2
n n
D The = in the relation ap = O (bn) is not a true equal sign. For example n? = O(n3] since lim  — =0andson® << n® by Theorem 361. On the other hand, lim — = +00 so that for sufficiently
n—+00 13 n—+oco p2
3

large n, and forall M >0, n” > an, meaning that s # O[nz). Thus the Big Oh relation is not symmem’c.3

+oo

362 THEOREM (Lexicographic Order of Powers)  Let (&, 8) € R and consider the sequences {n“}:;:’l and {nﬁ} . Then

n®<<nf = a<§p.

a
Proof: Ifa < then nliIP n_ﬁ is either 1 (when a = B) or 0 (when a < ), hence n* << nf by Theorem 361.
—+0o 71

Ifn® << nf then for sufficiently large n, n® < cnf for some constant C > 0. If & > B then this would mean that

for all large n we would have n® P < C, which is absurd, since for a strictly positive exponent a — p, n*f - 100
asn — +oo.[]

363 Example As n — +o0,
10 << B << n<< n'®® << n?,

for example.

364 THEOREM If ¢ € R\ {0} then O(cay) = O(a,), that is, the set of sequences of order at most ca,, is the same set at those
of order at most a,,.

Proof: We provethatb, = O(ca,) < b, = O(ay). Ifb, = O(cay) the there are constants C > 0 and N > 0 such
that |b,| < Clcay,| whenever n = N. Therefore, |by| < C' |a,| whenever n = N, where C' = C|c|, meaning that
b, = O(ay). Similarly, if b, = O(ay) the there are constants Cy > 0 and Ny > 0 such that |b,| < C; |a,| whenever

C C

n = Nj. Sincec # 0 this is equivalent to | by,| < L (clay)) = C" (c|a,|) whenevern = Ny, whereC" = =%, meaning
c c

that b, = O(cay). Therefore, O(ay) = O(cay). U

365 Example As n — +oo,
3
o(nd) = o("?) _ o(4n?).

366 THEOREM (Sum Rule) Let a, = O(x,) and by = O(yn). Then ay, + by, = O(max(|xyxl,|yn|)).

Proof: There exist strictly positive constants Cy, N1, Cz, N2 such that
n=N;, = |ay| < Ci|x,] and  n= Nz, = |byl < Ca|yn|.
Let N' = max(Ny, Np). Then for n = N, by the Triangle inequality

|@p + byl < |an| + byl < C1 1] + C2 | yn|.

Let C' = max(Cy, Cz). Then
|@n + byl < C'(1xn] +|yn]) < 2C"max(1xul, | yu),
whence the theorem follows. U]

367 COROLLARY Let ay, = kon™ + kyn™ ' + kon™ 2 + .- + ky,_1 n + ky, be a polynomial of degree m in n with real number
coefficients. The a,, = O(nm), that is, ay is of order at most its leading term.

30ne should more properly write a, € O(by), as O(by) is the set of sequences growing to infinity no faster than by, but one keeps the = sign for

historical reasons.
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Proof: By the Sum Rule Theorem 366 the leading term dominates.l]
368 THEOREM (Transitivity Rule)  If a,, = O(by,) and by, = O(cy,), then a,, = O(cy).

Proof: There are strictly positive constants Cy, Ca, N1, N2 such that
n=N;, = |ay| < C;|byl and n= N, = |by| < Calcyl.

Ifn=max(Ny, No), then |ay,| < Cy |by| < C1Czlcyl = Cleyl, with C = CyCy. This gives a, = O(cy). O
369 Example By Corollary 367, 51* —2n* +100n — 8 = O(5n*). By Theorem 364, O(51*) = O(n*). Hence
5n* - 2n* +100n -8 = O(n*).

370 THEOREM (Multiplication Rule)  If @, = O(x,) and by, = O(y»), then a, by, = O(Xnyn).

Proof: There are strictly positive constants Cy, Cz, N1, No such that
nzNy, = |as|<Cilx,] and n=Nz, = |bul < Ca|ynl.

Ifn=max(Ny, Ny), then |ayby| < C1Cz | Xnyn| = C|%nyn|, with C = Cy Cy. This gives anby, = O(Xnyn). O

371 THEOREM (Lexicographic Order of Exponentials) Let (a,b) €R, a>1, b > 1, and consider the sequences {a"};cfl and
{p"} ' . Then a" << b" <> a<b.

a
Proof: Putr= B’ and use Theorems 323 and 361. [J

1
372 Example o <<l<<2"<<e << 3"

373 LetacR, a>1, keN\{0}. Then n* << a™.

k
n
Proof: By Theorem 326, lim — =0. Now apply Theorem 361. U
n—-+oo g

374 THEOREM (“Exponentials are faster than powers”) Leta€R, a>1, a €R. Then n* << a”.

Proof: Put k = max(l,| | +1). Then by Theorem 362, n® << nk. By Lemma 373, n* << a”, and by the
Transitivity of Big Oh (Theorem 368), n® << n* << a™. [

375 Example

n'% << e,

376 THEOREM (“Logarithms are slower than powers”) Let (a,B) € R2, a > 0. Then (logn)ﬁ << n®%.

Proof: Iff <0, then (log n)P << 1 and the assertion is evident, so assume p>0. Forx >0, thenlogx < x. Putting
x=n%P, we ger
na/ﬁ p n®
= (logn)ﬁ < p ,
ab

logn®# < n®* — logn <

whence (logn)ﬁ <<n®. 0

By the Multiplication Rule (Theorem 370) and Theorems 362, 374, 376, in order to compare two expressions of the type
a™n®(log)® and u"n”(log)" we simply look at the lexicographic order of the exponents, keeping in mind that logarithms
are slower than powers, which are slower than exponentials.
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377 Example Inincreasing order of growth we have

1 1 1 1 1o n n
— << — << — =——<<1<< (loglogn)"" << /logn << —— << n<<nlogn <<e".
e" 2n n2 logn logn

logn

378 Example Decide which one grows faster as n — +oo: 1 or (logn)™.

2
logn _ e(log n) enloglogn

Solution: Sincen
nlog” << (logn)™.

and (logn)" = , and since (log n)2 << nloglogn, we conclude that

We now define two more fairly common symbols in asymptotic analysis.

a
379 Definition We write a;, = o(by,) if b—" — 0 as n — +oo, and say that a,, is small oh of by, or that a,, grows slower than b,

n
as n — +oo.

380 Definition A sequence {an};ﬁol is said to be infinitesimal if a,, = 0(1), that is, if a,, — 0 as n — +o0.

a
n
|:| We know from above that fora >1 _lim _— =0, andson® = o(a™). Also, fory >0, lim =0,andso (logn)ﬁ =o(nY).
n—+oo a n—+oo

(log n)ﬁ
n - n

a
381 Definition We write a,, ~ by, if b—" — 1 as n— +oo, and say that a,, is asymptoticto by,.
n

Asymptotic sequences are thus those that grow at the same rate as the index increases.

Figure 3.2: Diagram of O relations.

+o0o

382 Example The sequences {n? — nsinn}, >y, {n? + n—1} > are asymptotic since

sinn
n? —nsinn B .
n+n-1 1 1 ’
1+———
n n

as n — +oo.

383 THEOREM Let {an};‘fl and {bn};‘f’l be two properly diverging sequences. Then a,, ~ b, < a, = b,(1+0(1)).
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Proof: Since the limit is 1 > 0, either both diverge to +oo or both to —co. Assume the former, and so, eventually,
by, will be strictly positive. Now,

. an an
Iim —=1 «<— Ve>0,AN>0,1-e<—<1+¢
n—+oo by, n
<~ by,—bye<a,<b,+bye
— |ay— byl < bye
— ay—-by,=o0(by).

O

The relationship between the three symbols is displayed in figure 3.2.

Homework

384 Problem  Prove that e << nl. 389 Problem  True or false: ap = O(n) = an = o(n).

385 Problem  Prove that O(O(an)) = O(an).

390 Problem  True or false: @ = 0(n) = ap = O(n).
386 Problem  Let k € R be a constant. Prove that k + O(an) = O(k+ an) = O(an).

k

= 2) _
387 Problem  Let k € R, k > 0, be a constant. Prove that (an + bk)k <<ap+ b’,ﬁ. 391 Problem  True or false: ap = o[n = an=0(n).

388 Problem  For a sequence of real numbers {an};gol it is known that ap = O(nZ] and ap = o[nz). Which of

the two statements conveys more information? 392 Problem  True or false: ap = 0(n) = ap = O[nz).

3.6 Cauchy Sequences
393 Definition A sequence of real numbers {an};‘f’l is called a Cauchy Sequence if

Ve>0, IN>0, suchthat Vr,m=N |a,- a;y|<Ee.
394 THEOREM Cauchy sequences are bounded.

Proof: Let{an};‘f’l be Cauchy. Take N > 0 such that foralln = N, |a,, — anx| <1 . Then a, is bounded by

max (|a;|,|az an|) +1.

yoeey

395 If a Cauchy sequence of real numbers has a convergent subsequence, then the parent sequence converges, and
it does so to the same limit as the subsequence.

Proof: Let {a,},> be a Cauchy sequence of real numbers, and suppose that its subsequence {ank}zzol converges
to the real number a. Given € > 0, take N > 0 sufficiently large such that

Ym,n,ng =N, |an—aml<e, and |an, —a|<e.

By the Triangle Inequality,
la, —al < |an—ank| + |ank—a| <e+&E=2¢,

whence a,, — a.ll

396 THEOREM (General Principle of Convergence) A sequence of real numbers converges if and only if it is Cauchy.
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Proof:

(=) Ifa, — a, given € >0, choose N > 0 such that |a, — a| < € foralln = N.
Thenifm,n= N,
lap—am| <\a,—al+|a,;,—al<e+e=2¢.

Since 2€ > 0 can be made arbitrarily small, a,, is Cauchy.

(<) Suppose ay, is Cauchy. By virtue of Theorem 394 it is bounded, say that for alln >0, a, € [a ;ﬁ] . Put
< ={s: ay = s for infinitely many n}.

Asae.”,. S #3..7 isbounded above by B. By the Completeness Axiom, . has a supremum, a = sup.? .
Givene >0, a—€ < a and so there is s € ¥ such that a— € < s. By definition of 7, there are infinitely many
nuwitha,=s>a—¢. a+€> a, sothat a+e ¢ .7 and so there are only finitely many n for which a, = a+€.
Thus there are infinitely many n with a, € (a—&€,a+ €).

Choose N > 0 such that |a, — a,,| < € for all m,n = N. We can find m = N with a,, € (a—¢€,a+¢€) ie
|lam —al<e. Thenifn=N,
lap,—al<|a,—am|+\a,—al<e+e=2¢

As 2¢& can be made arbitrarily small this shews a,, — a.

O

Homework

3.7 Topology of sequences

397 THEOREM A set X € R is dense in R is and only if for every x € R there is a sequence {xn};‘:’l of elements of X that
converge to x.

398 THEOREM Let X € R. A point x € R is an accumulation point of X if and only if there exists a sequence of elements of
X \ {x} converging to x.

Homework
2 a b(b+1)
399 Problem  Identify the set of accumulation points of the set Wa- Vb: (a,b) e N“}. Clearly, the fraction ; in this enumeration occupies the @ + T -th place. For each integer k = 1, cover the k-th
e -k a V2 . .
fraction - by an interval of length 2 cenired at . Shew that the point 5= does not belong 10 any interval i the
400 Problem  Consider the following enumeration of the proper fractions cover.

TrTr 5150503733 3

1’1'2"2°2’3°3’3’3""
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Series

4.1 Convergence and Divergence of Series

401 Definition A seriesis the sum of a sequence. We write

n
Sp=ayt+az+---+ay= Z aj.
k=1
Here s, is the n-th partial sum. Observe in particular that

a, =Sy — Sp—1-

402 Definition If the sequence {sn};’l‘fl has a limit, we say that the series converges and write

+00
Y ai= lim s,.
k=1 n—+oo
o0
403 THEOREM (n-th Term Test for Divergence)  If Z a, converges, then a, — 0 as n — +oo.
n=1

n
Proof: Puts, = Z ay. Then

k=1
lim s,=s = a,=s,—-Sp_-1—s—s=0.
n—+00
O
+00 n n
. 2 . . . 2 2
404 Example The series Z 1+ —| diverges, sinceits n-thterm (1+ —| — e°.
n=1 h n

1 +00
405 Example Even though the harmonic sequence — — 0, the harmonic series Z — diverges, by comparison with the
n n

n=1
+00o dx
integral [ —.
1 x

4.1.1 Geometric Series

A geometric series with common ratio r and first term a is one of the form

+o00
at+ar+ar*+ar®+.. = Y ar”".
n=0

65
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If |[r| < 1 then the series converges and we have

+00 a
atar+ar®+ar®+-..=) ar"=
n=0 1-r
406 Example We have
23
i 2n 28 . 24 . i 8
entl gt g5 1— % et — 263

4.1.2 Telescoping Series

A telescoping series is one where adjacent terms cancel out.

+00
1
407 Example To find the sum of the series Z yPOREE we find through partial fractions that
n=24n

11 1
an2-1 22n-1) 2@2n+1)’

Hence

o1 1 1 1 1 1 1 1 1
R AN NS e o
4n--1 2(1) 2(3) 2(3) 2(5) 2(5) 2(7) 2(1) 2

n=2

4.2 Convergence and Divergence of Series of Positive Terms

We have several tools to establish convergence and divergence of series of positive terms. We first mention
408 THEOREM (Cauchy Condensation Test)

409 THEOREM ( Test) If the sequence {an};‘:’l is such that eventually (for n = a, say) there is a positive decreasing continu-

+00 +00
ous function f such that x,, = a,, then Z a, and f(x)dx converge or diverge together.
n=a a
+00
410 COROLLARY (p-series test) If p>1then {(p) = Z — converges, but diverges when p < 1.
n=1M

411 COROLLARY (De Morgan’'s Logarithmic Scale)  If p > 1 then all of

+00 1 +00 1 +00 1
nglﬁ; r;e n(logn)l’; n;e n(logn)(loglogn)l’;

converge, but diverge when p < 1.

4.2.1 Comparison Tests

These tests mimic those for improper integrals. Call a divergent series of positive terms a “giant” and a converging series of
positive terms a “midget.” The comparison tests say that if a series is bigger than a giant it must be a giant, and if a series is
smaller than a midget, it must be a midget. In symbols

+00 +00

ay,<<bpand ) b,<+co = ) ap<+oo, (convergence)
n=1 n=1
+00 +00
ay>>byand ) b, =+00 = ) a,=+oco (divergence).
n=1 n=1
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+00 1 1 +00
412 Example nz_:l pr converges. For n = 2 we have P < s and the series converges by direct comparison with nz_:l —-
+0  (log )00
413 Example Determine whether Z ?E/ZL converges.
n—a °'<loglogn
logn)!'%0 logn)!'%0 logn)'%0 1
Solution: Since (logn)wo << n'’4 eventually( gl/l << 1. We have ;lzg ) (logr) .
n n32loglogn nl/4  pd4loglogn
+00 1 +00 logn 100
and since Z — i < +oo, we have Z _(ogm) 7 < 400, that is, the series converges.
=y n%'*loglogn =y n32loglogn

4.2.2 Ratio and Root Test

The following two test arise by comparing to a geometric series.

+00

a a

414 THEOREM (Ratio Test) If Z a, is a series with positive terms then it converges if 2l r<land diverges if Lad

n=1 an a,

.. . .. a
r > 1. The test is inconclusive if —"X — r = 1.
an

+00
415 THEOREM (Root Test) If Z a, is a series with positive terms then it converges if(an)”” — r < 1and diverges if(a,,)”" —

n=1
r > 1. The test is inconclusive if (un)”" —r=1.

416 Example Since

(n+1)!
(nrpnil 1 1
n! = 1\" -<l1
L) e
n (l + —
n
+00 n!
the series Z —, converges.
n

n=1

417 Example Since

nn

+00
the series ) | —- converges.
n=1 n"

4.3 Summation by Parts
4.4 Alternating Series

+00
A series of the form Z (-1)"a,, where the all the a, = 0 is called an alternating series.

n=1
+00
418 THEOREM (Leibniz’s Alternating Series Test)  The alternating series Z (-1)"a,, converges if all the following condi-
n=1

tions are met
¢ the a, eventually decrease, thatis, a,+) < a, foralln= N.

e a,—0




Absolute Convergence

+00
1

419 Example The series Z (-1)"*! = converges by Leibniz’s Test. In fact, one can prove that it equals log2.
n=1 n

4.5 Absolute Convergence

+00 +00
If Z |a,| converges then Z a, converges. The converse is not true.

n=1 n=1

. sinn 1 = sinn . too
420 Example Since ‘ = | < prt ngl | 7‘ converges by the comparison test. Thus n;l 2 converges absolutely and so
it converges.
. . e : S (-1)"sin(3n) S (-D"n
421 Example Determine whether the following two infinite series converge: (I) Z — s @ 5.5
n=2 n n=1 1

Solution: We have .
1" sin3n 1

T
n2 n2

x n

so () converges absolutely. As for number (ID), f(x) = 212 is decreasing (take the first derivative) P 0,
x n

so it converges by Leibniz’s Test.
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Real Functions of One Real Variable

5.1 Limits of Functions

422 DEFINITION-PROPOSITION (Cauchy-Heine, Sinistral Limit)  Let f: ]a;b[ — Randletxg € ]a;b[. The following are equiv-
alent.

1. Ve >0, 36 > 0 such that
X-0<x<x = |f(x)-L|<e.

2. For each sequence {x,,};;:’l of points in the interval ]a ;b[ with x, < xp, X, — X0 = f(x,) — L.
If either condition is fulfilled we say that f has a sinistral limit f (xo—) as x increases towards xo and we write

fx-)= lim f(x)=lim f(x).
X—Xo x,/ X

Proof:

1= 2 Suppose thatVe > 0,38 >0 such that
X-0<x<x = |f(x)-L|<e.

Let x, < x9, X5, — Xo. Then
[ X — X0l <0 = x9—0<x,<Xx9+0

for sufficiently large n. But we are assuming that x, < xg, so in fact we have xy — 6 < x, < x9. By our
assumption then |f(x,,) - L| <g andsol—= 2.

2= 1 Suppose that for each sequence {xn};;‘fl of points in the interval ] a;b| withx, <xp, Xp — x0 = f(x,) —

L. If it were not true that f(x) — L as x — xy, then there exists some €9 > 0 such that for all § > 0 we can
find x such that
0<|x—x0| <6 = |f(x)—L| = €.

In particular, for each strictly positive integer n we can find x,, satisfying
1
0<|x,— Xl < — = | f(xn) — L| = €0,

a contradiction to the fact that f (x,) — L.

O

In an analogous manner, we have the following.

423 DEFINITION-PROPOSITION (Cauchy-Heine, Dextral Limit) Let f: ] a ;b[ — Randlet xg € ]a ;b[. The following are equiv-
alent.
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1. For each sequence {xn};’liol of points in the interval ]a ;b[ with x, > xp, X, — X0 = f(x,) — L.

2. Ve > 0,36 >0 such that
X<x<x+8 = |f(x)-L|<e.

If either condition is fulfilled we say that f has a dextral limit f (xo+) as x decreases towards xp and we write

+)= 1l =i .
fxo+)= lim f(x) Jim fx)
Upon combining Propositions 422 and 423 we obtain the following.

424 DEFINITION-PROPOSITION (Cauchy-Heine) Let f: ] a ;b[ — Rand let xg € ] a ;b[. The following are equivalent.
1. f(xo-) = f(x0+)
2. For each sequence {xn};‘:’l of points in the interval ]a ;b[ different from xp, x, — X0 = f(x,) — L.

3. V&> 0,36 >0 such that
0<|x-xl<d = |f(x)-L|<e.

If either condition is fulfilled we say that f has a (two-sided) limit L as x decreases towards xp and we write

L= lim f(x).

X—X0
We now prove analogues of the theorems that the proved for limits of sequences.

425 THEOREM (Uniqueness of Limits) Let X CR,a€R,and f: X —R. If}lcinzllf(x) =Land }:in}zf(x) =L'thenL=1L".

Proof: IfL # L' then take2¢ = |L— L'| in the definition of limit. There is & > 0 such that

[L-L]| o =L
O<|x—al<d = |f(x)—L|<T, |f(x)—L|<T.

By the Triangle Inequality
|L—L’|s|L—f(x)|+|f(x)—L'|<|L_—2L|+|L_2L|=|L—L'|,

but |L - L’| < |L - L’| is a contradiction. O

426 THEOREM (Local Boundedness) Let XC R, a€R,and f:X —R. If chin;f(x) = L exists and is finite, then f is bounded

in a neighbourhood of a.

Proof: Takee =1 in the definition of limit. Then there is a 6 > 0 such that
0<|x-al<éd = |fx)-L| <1 = |f(x)|<1+]Ll,

and so f is bounded on this neighbourhood. U]

427 THEOREM (Order Properties of Limits) Let X CR, a€ R, and f: X — R. Let }:in}zf(x) = L exist and be finite. Then

1. If s < L then there exists a neighbourhood .4, of a contained in X such that Vx € 15, s < f(x).
2. If L < t then there exists a neighbourhood .4 of a contained in X such that Vx € 4, f(x) <t.
3. If s < L < t then there exists a neighbourhood .4, of a contained in X such that Vx e 4,, s< f(x) < t.

4. Ifthere exists a neighbourhood .#; € X such that Vx € 4, s < f(x), then s< L.
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5. If there exists a neighbourhood .#; € X such that Vx € A, f(x) <t then L<t.

6. If there exists a neighbourhood .#; € X such that Vx € A, s< f(x) < t, then s<L<t.

Proof: We have
1. Takee = L— s> 0 in the definition of limit. There is 8 > 0 such that
0<|x-al<é = |f(x)—L|<L-s = s—-L+L< f(x) <2L-s = s< f(x),

as claimed.
2. Take e = t— L > 0 in the definition of limit. There is 6 > 0 such that

0<|x-al<d = |f(x)-L|<t-L = L-t+L<f(x)<t-L+L = f(x)<t,

as claimed.
3. This follows by (1) and (2).

4. Ifonthesaid neighbourhood 44 we had, on the contrary, L > s then (1) asserts that there is a neighbourhood
ole/,l' C g such that f(x) > s, a contradiction to the assumption thatVx € g, s < f(x).

5. Ifon the said neighbourhood ¥, we had, on the contrary, L < t then (2) asserts that there is a neighbourhood
0f</Va’ C g such that f(x) < t, a contradiction to the assumption thatVx € Ng, t = f(x).

6. This follows by (4) and (5).
O

Analogous to the Sandwich Theorem for sequences we have

428 THEOREM (Sandwich Theorem) Assume that a, b, ¢ are functions defined on a neighbourhood . 4%, of a point xy except
possibly at xp itself. Assume moreover that in .44, they satisfy the inequalities a(x) < b(x) < c¢(x). Then

lim a(x) = L= lim ¢(x) = lim b(x) = L.
xX— X0 X—Xp X—X0

Proof: Forall e >0 thereis 6 > 0 such that
0<|x—x9|<d = |la(x)—L<e and |c(x)-Ll<e = L-e<a(x)<L+e and L-e<c(x)<L+e.
If we now consider x € Ny, N{x:0<|x— x| < 6} then
L-e<ax)<bx)<cx)<L+e —= L-e<bx)<L+e& = |b(x)-L|<eg,

whence lim b(x) = L. U
xX— X0

429 THEOREM Let X CR, a€R, and f,g: X — R. Let (L,L’,A) € R%. Then
L lim f(x) =L = lim | f(x)| = |LI.
2. lim f(x) =0 < lim [f(x)| =0.
3. lim f(x) = L, lim g(x) = LI = Lim (f (x) + Ag(x)) = L+ AL.
4. lim f(x) = L, lim g(x) = L' = lim (f(x)g(x)) = LL"

5. If chin;f(x) =0 and if g is bounded on a neighbourhood .4; of a, then chirr:lf(x)g(x) =0.

. . ; . f(x)) L
6. 1 =L1 =L'#0 lim | ——=|==.
fim 709 = 1, im0 = ' £0 = lim 55 =
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Proof:

1. This follows from the inequality ‘ ‘f(x)| - |L|| < ‘f(x) - L|.

2. This follows from the inequalities — |f(x)| =fx) = |f(x)| andmin(-f(x), f (x)) < |f(x)| < max(— f (x), f (x))
and the Sandwich Theorem.

3. Foralle >0 therearedy >0 and 62 > 0 such that
O<|x—al<b = |f(x)—L|<£, and O0<|x—al<d; = |g(x)—L'|<£.
Take 6 = min(61,02). Then
0<|x-al<d = |f(x)+Ag(x)— (L+AL)| < |f(x)-L|+|Al|gx) - L'| <1 +|A]e.

Since the dextral side can be made arbitrarily small, the assertion follows.

4. Foralle >0 therearedy >0 and b2 > 0 such that
0<|x-al<dé; = |f(x)-L|<¢ and O0<|x-al<d, = |gx)-L|<e.
Also, by Theorem 426, g is locally bounded and so there exists B > 0, and 63 > 0 such that
0<|x—al<d3 = |g(x)| <B.
Take 6 = min(61,62,03). Then
|fx)gx)-LL'|=|(f(x)-L)g(x) + L(g(x) - L)| = |f(x) - L| |g(x)| + |LI |g(x) - L'| < (B+ |L'e.

As the dextral side can be made arbitrarily small, the result follows.

5. Foralle >0 therearedy >0, B> 0, and 62 > 0 such that
O0<|x—al<é = |f(x)|<£, and O0<|x—a|<d, = |g(x)|<B.

Take 6 = min(61,02). Then
|f(x)g(x)| <|B||f(x)| < Be.

As the dextral side can be made arbitrarily small, the result follows.
!/

> 0 there is a sufficiently small 8 > 0 such that

Iz

=
2 2

6. First‘g(x)| — |L" as x — a by part (1). Hence, for € =

L]

2

ool - )< 2] — |-

3|L|
<|lg@|<——,

<Jgt| <|L|+ =

that is, | g(x)| is bounded away from 0 x sufficiently close to a. Now, for all € > 0 there ared; >0 and 62 >0
such that
0<|x-al<é; = |f(x)-L|<¢ and O0<|x-al<d, = |gx)-L|<e.

For & =min(81,62,6"),

L]

2

3L’
0<|x—al<é = L-e< f(x)<L+e, <‘g(x)‘<%, and L'-e<gx)<L +e.

Hence

fx) L _‘L'f(x)—Lg(x)
gx)L'

glx) L'|

L'(f®)-L)-LEgw)-L)| _ |L'||f(x)—L|+|LI|g(x)-L| 3 2(|L'| +ILhe
gL - |g(x)|IL] IL'| L]

’

which gives the result.
d

In the manner of proof of Proposition 422, we may prove the following two propositions.
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430 DEFINITION-PROPOSITION (Cauchy-Heine, Limitat +oco) Let f: ] a ;+oo[ — R The following are equivalent.
1. For each sequence {xn};’,‘fl of points in the interval ] a;+oo [,
X — +o0 = f(x,) — L.

2. Ve >0,3M, M > max(0, a), such that
x=M = |f(x)-L|<e.

If either condition is fulfilled we say that f has a limit L as x tends towards +oo and we write

L= Jlim /.

431 DEFINITION-PROPOSITION (Cauchy-Heine, Limit at —o0) Letf:] -0 ;a[ — R The following are equivalent.

1. For each sequence {xn};‘:’l of points in the interval ] —00 ;a[,
Xp — —00 = f(x,) — L.

2. Ve>0,3IM, M <min(0, a), such that
x<M = |f(x)-L|<e.

If either condition is fulfilled we say that f has a limit L as x tends towards —oo and we write
L= xl—l>l—noo fx).
432 Definition We write xlir;1+f(x) = +o00 Or li{n f(x) = +o00if YM >0, 36 > 0 such that
- x\a

xe]a;a+6[ = f(x)> M.

Similarly, we write xlir'rll f(x)=+oc0o0r li/rvn f(x) =+o0if YM >0, 36 > 0 such that
—a— xX/a

xe]a—b‘;a[ = f(x)> M.

Finally, we write chln‘ll f(x) =+o0if YM >0, 36 > 0 such that
xe]a—6;a+6[ = f(x)> M.
433 Definition We write xlil}ll+f(x) = —oo or li{n f(x) =—0c0if YM <0, 36 > 0 such that
- x\a

xe]a;u+6[ = f(x) <M.

Similarly, we write xlil}ll f(x) =—ocoor li}n f(x) =—00if YM <0, 36 > 0 such that
—a— x/a

xe]a—b‘;a[ = f(x) <M.

Finally, we write lln‘ll fx) =—-00if YM < 0,36 > 0 such that

xe]a—b‘;a+6[ = f(x) <M.

434 THEOREM Let X, Y be subsets of R,ae X and be Y, f: X — R, g: Y — Rsuch that f(X) S Y, and let L€ R. Then

;mf(x)za and igt}ag(x):L 5 }%(gof)(x)zL.

Proof:
O

Homework




Continuity

R |
435 Problem  Prove that lim_sin — does not exist.
— X

n

. x" -1 n

436 Problem  Let M2, 1t be strictly positive integers. Prove that lim 7 =—.
x—1xM—-1 m

437 Problem  Let X S R, @€ R, and f, g : X — R. If f(x) — +0o and there exists a neighbourhood A S X of
awhere f(x) < g(x), prove that g(x) — +oo.

438 Problem  Let X & R, @ € R, and f, g : X — R. Suppose that xlimaf(x) = +00. Demonstrate that

5.2 Continuity

1. If)}Enug(x) = +00, then xli—l»na(fm +8(x)) = +oo.
2. Ifxlyyug(x) = LeR, then xli—l»na(f(X) +g(x)) = +oo.
3. If)}Enug(x) = +00, then Jclgxla(f(x)g(x)) = +00.

4, Ifxliinag(x) =L>0,then xliina(f(x)g(x)) = +o00.

439 Problem (Cauchy Criterion for Functional Limits) Let X g R, a€ X, and f: X — R. Prove that f has a limit at

a (finite or infinite) if and only if for all £ > O there is a & > 0 such that ‘x' - x”‘ < & implies ‘f(x’) -] <e

440 Definition A function f : ]a ;b[ — R is said to be continuous at the point xo € ]a ;b[, if we can exchange limiting

operations, as in

Jim s = (fims] = s

In other words, a function is continuous at the point xg if

VYe>0,36 >0, suchthat |x—xp/<d = |f(x)—f(x0)|<£.

441 Definition A function f: [a ;b] — R is said to be right continuous at a, if

f(a) = f(a+).

It is said to be left continuous at b, if

fb) = f(b-).

In view of the above definitions and Proposition 424, we have the following

442 THeEoREM The following are equivalent.

1. The function f: ] a ;b[ — Ris continuous at the point xp € ] a ;b[.

2. f(x0-) = f(x0) = f(x0+).

3. If{x,} 7=

n=1’

and for all n, xne]a;b[,thenxnﬁxo = f(xn) — f(xp).

443 Example What are the points of discontinuity of the function

oo -

x — p+

ifxe@Qn [0 ;+oo[,x= B, in lowest terms ¢
q

R

2

0 ifxe[o;+oo[\@

Solution:

Let a € Q. Since [0 ;+oo[ \ Q is dense in [0 ;+oo[, there exists a sequence {an} ;> of points in

[0 ;+oo[ \ Q such that a,, — a as n — +oo. Observe that f(ay,) =0 but f(a) # 0. Hence a, — a does not imply

f(ay) — f(a) and f is not continuous at a. On the other hand, let n € [0;+oo[ \Q. Then f(b) =0. Let{bn};’,?l be

n

a sequence in [0 ;+oo[ N Q convergingtob, b, = Pn in lowest terms. By Dirichlet’s Approximation Theorem we

qn

must have p,, — +oo and q, — +oo. Hence
Pntqn

— 0. So f is continuous at b. In conclusion, f is continuous

at every irrational in [0 ;+oo[ and discontinuous at every rational in [0 3 +00 [




Chapter 5

444 DEFINITION-PROPOSITION (Oscillation of a function at a point) Let f be bounded. The function w : Dom (f) — [0; +ool,
called the oscillation of f at x and given by

w(f,x) =6111(1)1+sup{|f(a)—f(b)| tla—x|<6,lb-x| <8}

is well-defined. Moreover, f is continuous at x if and only if w(f, x) = 0.

Proof: Observe that in fact
o(f,x) =6li:{)1+sup{|f(a)—f(b)|:Ia—xl <d,b-x| <6}=§1>1£sup{|f(u)—f(b)|:Ia—xl <0d,lb-x|<d6}=< |f(a)—f(b)| 52|f| < +0

This says that w(f, x) is well-defined.
O

445 Definition We say that a function f is continuous on the closed interval [a ;b] if it is continuous everywhere on ] a;b [,

continuous on the right at @ and continuous on the left at b. If X S R, then f: X — R is said to be continuous on X (or
continuous) if it is continuous at every element of X.

446 THEOREM Let X S R. A function f: X — R is continuous if and only if the the inverse image of an open set is open in X.

Proof:

= Let AC R be an open set. We must shew than‘f_1 (A) isopeninX. Letac f_l(A). Since f(a)e Aand A is
open inR, there exists anr > 0 such that]f(a) —-r;f(a)+ r[ C A. Since f is continuous at a, there exists a
8 > 0 such that

Ix-al<é = |f(x) - f(@)|<r, thatis, xe]a+5;a—6 :f(x)e]f(a)—r;f(a)+r[,
that is, xe]a+6;a—6[:xef_l(]f(u)—r;f(a)+r[),
thatis, ]a+6;a—6[gf—l(]f(a)—r;f(a)+r[)
Since f~! (] fl@-r;f@+r D C £1(4), we have shewn that] a+é ;a—a[ C F1(A), which means that

or any a, a neighbourhood of a lies entirely in f~(A), that is, f~ (A) is open.
ighbourhood of a li irely in f~1(A), that is, f 1 (A) i

< Givene >0, wemustfindad >0 such that forallae X,
lx—al<d = |f(x)—f(a)|<£.

Now

|f(x)—f(a)|<£ = f(x)E]f(a)—s;f(a)+£[ = .xef"1 (]f(a)—e;f(a)+£[).

Now, ]f(a) -&;f(a) +£[ C R is open in R, and so, by assumption, so is f‘1 (]f(a) -€;f(a) +£D. This
means that if t € f‘1 (]f(u) —-&;f(a)+ ED then there is ar > 0 such that

]t—r;t+r[ gf_l(]f(a)—s;f(a)+eD.
Butclearlyaef_l (]f(a) —-&;f(a) +£D, and hence there is a é > 0 such that

]a—6;a+6[gf_l(]f(a)—s;f(a)+s[).

Thus
xe]a—6;a+6[ = .xef"1 (]f(a)—e;f(a)+£[),




Continuity

or equivalently,
lx—al<é = f(x)E]f(a)—E;f(a)+€[»

that is,
Ix—al<é = |fx) - f(a)| <¢,

as we needed to shew.

O

447 THEOREM Let X € R. A function f: X — R is continuous if and only if the the inverse image of a closed set is closed in
X.

Proof: LetF C R bea closed set. Then R\ F is open. By Theorem 446 f 1 (R\ F) is open in X, and so X\ f "1 (R\ F)
isclosedin X. ButX\f_l([R \F) = f_l(F), proving the theorem. [

448 THEOREM If two continuous functions agree on a dense set of the reals, then they are identical. That is, if X € Ris dense
inRandif f:R— Rand g:R — R satisty f(x) = g(x) for all x € X, then f(x) = g(x) forall x e R.

Proof: LetacR\X. Since X is dense in R, there is a sequence {xn};‘:’l C X such that x, — a as n — +oo. Notice
that since x, € X, we have f(x,) = g(xy,). By continuity

o= ) = i)~ Jim_ st = 1,550

proving the theorem. [

449 THEOREM (Cauchy’s Functional Equation)  Let f be a continuous function defined over the real numbers that satisfies
the Cauchy functional equation:
Vx5, eR?, fx+y) =f@)+fQ).

Then f is linear, that is, there is a constant ¢ such that f(x) = cx.

Proof: Our method of proof is as follows. We first prove the assertion for positive integers n using induction. We
then extend our result to negative integers. Thence we extend the result to reciprocals of integers and after that to
rational numbers. Finally we extend the result to all real numbers by means of Theorem 448.
We prove by induction that for integer n = 0, f(nx) = nf (x). Using the functional equation,
fO-x)=fO0-x+0-x)=f(0-x)+ f(0-x) = f(0-x)=0f(x),
and the assertion follows for n = 0. Assume n = 1 is an integer and that f (n—1)x) = (n—1) f(x). Then
f(nx) = f(n-1Dx+x) = f((n—-1)x)+ f(x) = (n—1) f(x) + f(x) = nf(x),
proving the assertion for all strictly positive integers.
Let m < 0 be an integer. Then —m > 0 is a strictly positive integer, for which the result proved in the above
paragraph holds, and thus and by the above paragraph, f(—mx) = —mf(x). Now,
0=f(0) = 0= f(mx+(-mx)) = f(mx) + f(-mx) = f(mx) =—f(—mx) = —-(-mf(x)) = mf(x),

and the assertion follows for negative integers. We have thus proved the theorem for all integers.

Assume now that x = %, withaeZ andbe Z\{0}. Then f(a) = f(a-1) = af(1) and f(a) =f(b%) = bf(%) by

the result we proved for integers and hence
a a a
afm=bf () ==£()=rm(3)-
We have established that for all rational numbersx € Q, f(x) = xf(1).

We have not used the fact that the function is continuous so far. Since the rationals are dense in the reals the
extension of the result now follows from Theorem 448.01




Chapter 5

Homework
450 Problem  Find all functions f : R — R, continuous at X = O such that VX € R, f(x) = f(3x). R - R
455 Problem  What are the points of discontinuity of the function f: 0 ifxeQ ?
x -
x 1 ifxeR\Q
451 Problem  Find all functions f : R — R, continuous at X = O such that VX € R, f(x) = f —=
1+x
R - R
452 Problem  Determine the set of points of discontinuity of the function f:R— R, f:x— || x]| +/x— [ x].
456 Problem  What are the points of discontinuity of the function f: cosx ifxeQ ?
x -
sinx ifxeR\Q
R - R
453 Problem  What are the points of discontinuity of the function f : x ifxeQ ?
x = " 457 Problem  Find all functions f : R — R, continuous at X = 1 such that VX € R, f(x) = jf(xz).
0 ifxeR\Q
458 Problem  Let @ € R be fixed. Find all functions f : R — R, continuous everywhere such that Y (x,y) € [RZ,
R - R fE=-y=f@)-f) +axy.
454 Problem  What are the points of discontinuity of the function f : { 0 ifxeQ ?
x -
x  ifxeR\ /
e 459 Problem  Let f: IO ; +oo[ — I0;+oo[. x— \/x+\/x+Vx+--Is f right-continuous at 0?

5.3 Algebraic Operations with Continuous Functions

460 THEOREM (Algebra of Continuous Functions) Let f,g: ] a ;b[ — R be continuous a the point xp € ]a H b[. Then

1. f+ gis continuous at xp.

2. fgiscontinuous at xyp.

3. if g(xp) #0, I is continuous at xp.
g

Proof: This follows directly from Theorem 429. U

461 THEOREM Let X, Y be subsets of R, ae X and be Y, f: X — R, g: Y — Rsuch that f(X) S Y. If f is continuous at a
and g is continuous at f(a), then go f is continuous at a.

Proof: This follows at once from Theorem 434. [1

462 THEOREM Let f: I — R be a monotone function, where I € R is a non-empty interval. Then the set of points of discon-
tinuity of f is either finite or countable.

With Theorems 460 and 461 we can now demonstrate the

5.4 Monotonicity and Inverse Image

463 Definition Let X and Y be subsets of R. Let f: X — Y, and assume that X has at least two elements. Then f is said to
be

e increasingifV(a,b) € Xz, a<b = f(a) < f(b). Equivalently, if the ratio w =>0.
e strictly increasingif V(a, b) € Xz, a<b = f(a) < f(b). Equivalently, if the ratio W > 0.
e decreasingif V(a,b) € X2 a<b = f(a) = f(b). Equivalently, if the ratio f(b)%{;(a) <0.
e strictly decreasingif V(a, b) € X2 a<b = f(a) > f(b). Equivalently, if the ratio f(b)%::(a) <0.




Monotonicity and Inverse Image

f is said to be monotonic if it is either increasing or decreasing, and strictly monotonic if it is either strictly increasing or
strictly decreasing.

D Observe that if f s i ing, then — f is de ing, and rsely. Similarly for strictly monotonic functions.
464 THEOREM Let X S Rand let f: X — R be strictly monotone. Then f is injective.

Proof: Recall that f is injectiveif x # y = f(x) # f(y). If f is strictly increasing thenx <y = f(x) < f(y)
and if f is strictly decreasing then x <y = f(x) > f(y). In either case, the condition for injectivity is fulfilled.
d

465 THEOREM Let I C R be an interval and let f: I — f(I) be strictly monotone. Then f~! is strictly monotone in the same
sense as f.

Proof: Assume first that f is strictly increasing and put x = f (a), y = f 1 (b) and that a < b. Ifx > y, then,
since f is strictly increasing, f(x) = f(y). But then, f(f_l(a)) > f(f‘l(b)) — a = b, a contradiction.

A similar argument finishes the theorem for f strictly decreasing.
O

The following theorem is remarkable, since it does not allude to any possible continuity of the function in question.
466 THEOREM Let I C R be an interval and let f: I — f(I) be strictly monotone. Then f~! is continuous.

Proof: Letbe f(I), b= f(a), and € > 0. We must shew that there is 8 > 0 such that
ly-b| <6 = |f () -b|<e.

If a is not an endpoint of I, there is an « > 0 such that] a-a;a+ a[ C I. Put & = min(g, a). Since both f and

£ are both strictly monotone
If’l(y)—b| < = b-e<fly<b+e = fb-Y<f(F '@ <fb+e) = fb-)<y<f(b+e).

Since f is strictly increasing and a-¢ <a, f(a—e') < f(a) = b. Thus there must beann > 0 such thatf(u—f:') =
b-n < b. Similarly, there is an ' such thatb< b+n' = f(a+¢'). Puttingn” = min(n,n), we have that for all
yefu,

ly-bl<n" = b-1"<y<b+q"
= b-n<y<b+7n
= a-d<fly<a+e

= |f'm-rlm|<e,
finishing the proof for when a is not an endpoint. If a were an endpoint, the above proof carries by suppressing
oneofnory’. 0

467 THEOREM A continuous function f': [a ;b] - f ([a ;b]) is invertible if and only if it is strictly monotone.

Proof:

= Assume f is continuous and invertible. Since f is injective, f(a) # f(b). Assume that f(a) < f(b), if
f(a) > f(b) the argument is similar. We would like to shew that ifa’' <b' = f(a') < f(b'). Consider the

continuous function g: |0 ;1] - R,

g =f(A-Da+ta)-f(Q1-0b+1tb).
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We have
g0 =f(@)-f(b)<0 and g)=f(a)-fb.

If g(1) = 0, then we must have a' = b', contradictinga’ < b'. If g(1) > 0, then by the Intermediate Value
Theorem there mustbean s € ]0 ;1 [ such that g(s) = 0. This entails

(A-s)a+sa' =1Q-s)b+sb' = 0>1-s)(a-b)=sb' -a’)>0,

absurd. This entails that g(1) <0 = f(a') < f(b'), as wanted.

< Trivially, f is surjective. If f is strictly monotone, then f is injective by Theorem 464, and thus f is invertible,
by Theorem 41.

5.5 Convex Functions

468 Definition Let Ax BC R2. A function f:A— Bisconvexin AifV(a,b,A) € A% x [0;1],
fQAa+1Q-A)b) < f(a)A+1-A)f(b).

It is strictly convex if the inequality above is strict. Similarly, a function g: A — B is concavein AifV(a,b,A) € A% x [0;1],
gla+(1-A)b)=g(aA+(1-A)g(b).

It is strictly concaveif the inequality above is strict.

5.5.1 Graphs of Functions

469 Definition Given a function f, its graph is the set on the plane

Ip={(x)) eR:y=fx)}

470 Example Figures ?? through ?? shew the graphs of a few standard functions, with which we presume the reader to be
familiar.

5.6 Classical Functions

5.6.1 Affine Functions

471 Definition  An affine function is one with assignment rule of the form x — ax+ b, where a, b are real constants.

472 THEoREM The graph of an affine function is a line on the plane. Conversely, any non-vertical straight line on the plane
is the graph on an affine function.

5.6.2 Quadratic Functions

5.6.3 Polynomial Functions

5.6.4 Exponential Functions

X\ too
473 DEFINITION-PROPOSITION Let x € R be fixed. The sequence {(1 + —) } is bounded and strictly increasing. Thus it
n n>-x

converges and we define the natural exponential function by

3 x n
exp:R—R, exp(x) := nl_lgl@(l+;) .




Continuity of Some Standard Functions.

X X
Proof: Observe that1+ — > 0 for n > —x. Using the AM-GM Inequality withx; = 1,x2 =+ =Xp41 =1+ —
n n
X
x\nl/(n+1) l+n(]‘+;) X x\n x \n+l
(1+—) < =1+ :(1+—) <(1+—) ,
n n+1 n+1 n n+1

whence the sequence is increasing.

x\n 1\"
F0r0<xslthen(l+—) < 1+—) < e, by Theorem 328.
n n

Ifx > 1 then by the already proved monotonicity,

n n n(x]+1)
(1+f) s(l+m) <(1+M) <elxl+1,
n n n(|x]+1)

X x\n
Ifstthenl+—slandso(l+—) <1.0

n n
|:| By Theorem 328, exp(1) = e. We will later prove, in 22?2, that for all X € R, exp(x) = e¥.

5.6.5 Logarithmic Functions
5.6.6 Trigonometric Functions

T
474 THEOREM Letx € ]O;E [ Then sinx < x < tan x.

Proof:
O

Homework

475 Problem  How many solutions does the equation 478 Problem  How many solutions does the equation

. x
sinx= —
100 X
sin(sin(sin(sin(sin(x))))) = =
have? ’

476 Problem  Prove that have?
2 . .4
—x<sin(x)<x,Vxe [0; —].
T 2

. . 479 Problem (Chebyshev Polynomials)
477 Problem  How many solutions does the equation

sinx =logx

have? 480 Problem (Cardano’s Formula)

5.6.7 Inverse Trigonometric Functions
5.7 Continuity of Some Standard Functions.

5.7.1 Continuity Polynomial Functions

481 Let K € R be a constant. The constant function f:R— R, f(x) = K is everywhere continuous.

Proof: GivenacR ande >0, taked = €. Then clearly
Ix-al<8d = |fx) - fla)| <¢,

since f(x) = f (a) = K and the quantity after the implication is 0 < € and we obtain a tautology. [1
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482

483

The identity function f:R — R, f(x) = x is everywhere continuous.

Proof: GivenacR ande >0, taked = €. Then clearly
Ix-al<8 = |fx) - fa)| <,

since the quantity after the implication is |x — a| <  and we obtain a tautology. U

Given a strictly positive integer n, the power function f:R — R, f(x) = x" is everywhere continuous.

Proof: By Lemma 482, the function x — x is continuous. Applying this Lemma and the product rule from
Theorem 460 n times, we obtain the result. []

484 THEOREM (Continuity of Polynomial Functions) Let n be a fixed positive integer. Let a; € R, 0 < k < n be constants.
Then the polynomial function f:R — R, f(x) = ao + a1 x + azx* + --- + a,x" is everywhere continuous.

Proof: This follows from Lemma 483 and the sum rule from Theorem 460 applied n+ 1 times. [

5.7.2 Continuity of the Exponential and Logarithmic Functions

485

Let a > 1. The exponential function R — R, x — a” is continuous at x = 0.

Proof: For integral n >0 we know thatnlirp a''™ = 1 by virtue of Theorem 325. We wish to shew that a* — 1 as
—+00

1
x — 0. Observe first that lim a V"= lim —— =1 also. Thus given € >0, and since a > 1, there is N > 0 such
n—+oo n—+oo glin
that
l-e<a™W<a’N<ci+e.
1 1
I xe]——'—[ then,
f N’'N
a VN < a* < al'VN,

By the above, this implies that
l-e<a*<l+e = |a*-1|<e = |a*-a’|<¢,

finishing the proof. [

486 THEOREM (Continuity of the Exponential Function) Let a>0, a # 1. The exponential function f:R — ]0 ;+oo[, x—a®
is everywhere continuous.

487

Proof: Assume first that a > 1. Let us shew that it is continuous at an arbitraryu e R. If x — u thenx—u — 0.
Thus

lima* = a*lima* *=a" lim a* "=a"lima'=a"-1=a",
X—u X—u x—u—0 t—0

by Lemma 485, and so the continuity is established for a > 1.

1 1
If0 < a <1 then — > 1 and by what we have proved, x — — is continuous. Then
a a

1
lima® = lim — = — =a%,
x—u x—u 1 1

a* at

proving continuity in the case0 < a < 1.0

Leta>0,a#1. Then ]0 ;+oo[ — R, x— log, x is everywhere continuous.
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Proof: Its inverse function R — ]0 ;+oo[, x — a®, is everywhere continuous and strictly monotone. The result
then follows from Theorem 466. [

5.7.3 Continuity of the Power Functions

488 THEOREM Let p € R. Then ]0 ;+oo[ — ]0 ;+oo[, x— xP is everywhere continuous.

Proof: This follows by the continuity of compositions: x” = eP1°8* ]

489 Problem  Prove the continuity of the function R — [ -1; 1] , X — sinx. 492 Problem  Prove the continuity of the function [ -1; 1] — ’0 H n] , X — arccosx.
- . FA 4 . .
490 Problem  Prove the continuity of the function ’ -1 ;1] - [ - E H E ] , X — arcsin x. 493 Problem  Prove the continuity of the function R\ (2Z + 1) E — R, x— tanx.
491 Probl Prove th tinuity of the functi R—»[—l'l],chosx. T
roblem - Prove the continuity of the function ’ 494 Problem  Prove the continuity of the function R — ] - 2 H 2 ’ X — arctanx.

5.8 Inequalities Obtained by Continuity Arguments

The technique used Theorem 449, of proving results in a dense set of the real numbers and extending the result by continuity
can be exploited in a variety of situations. We now use it to give a generalisation of Bernoulli’s Inequality.

495 THEOREM (Generalisation of Bernoulli's Inequality) Let (@, x) € R? with x = —1. If 0 < @ < 1 then
A+x)%*<1+ax.

Ifae]—oo;o[u]l;+oo[then
Q1+x)%=1+ax.

Equality holds in either case if and only if x = 0.

m

Proof: LetacQ,0<a<1. Then @« = — for integers m,n with1 < m < n. Since x +1 = 0, we may use the
n

AM-GM Inequality to obtain

1+x)% = @Q+x)™mn

= (@+x)m.anm)ln

ml+x)+(n—m)-1

n
n+mx

n

m
= 1+—x

n
= l+ax.

Equality holds when are the factors are the same, that is, whenl+x=1 = x=0.

Assume now that & € R\ Q with 0 < a < 1. We can find a sequence of rational numbers {a,};,> < Q such that
a, — a asn— +oo. Then

A+x)*™ <1+a,x,
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whence by the continuity of the power functions (Theorem 488),
1+x)%= lim A1+x)* < lim (1+a,x)=1+ax,
n—+oo n—+oo

giving the result for all real numbers « with 0 < & < 1, except that we need to prove that equality holds only for
x =0. Take a rational number r with0 < a <r <1, and recall that we are assuming that « is irrational. Then

A+0%=1+x%7) < (1 + Ex)r.
r

r
Since the exponent on the right is rational, by what we have proved above (1 + E.x) < 1+ x with equality if and

r
only if x = 0. Hence the full result has been proved for the case « e R with0 < a < 1.

Leta>1. If1+ax <0, then obviously (1+x)% > 0 > 1+ ax, and there is nothing to prove. Hence we will assume

that ax = —1. By the first part of the theorem, since0 < — <1,
«a
la 1 a
1+ax) <l+—ax=1+x = 1l+ax<(1+x)",
«a
with equality only if x = 0. The theorem has been proved for a > 1.

Finally, let a < 0. Again, if 1+ ax <0, then obviously (1+x)* > 0> 1+ ax, and there is nothing to prove. Assume
thus ax = —1. Choose a strictly positive integer n satisfying 0 < —a < n. Now,

a? , «a «a «a
121- 5 = (1-=x) (14 25) = —— =1+ =x,
n n n 1- %% n
n
and so by the first pat of the theorem
«a
l+x) ¥ <1-—x = @@A+x)%">
n 1-—x
n

«
= (1+x0Y"=1+—x
n
(14 n
— (1+x)“2(1+—x) ,
n
. , o a \n a « .
and since n is a positive integer, (1+;x) 21+n-;x=l+axandso(l+x) >1+ ax also when a < 0. This

finishes the proof of the theorem. [

496 THEOREM (Monotonicity of Power Means)  Let ay, ag,..., a, be strictly positive real numbers and let (a, ) € R? be such
that @- B # 0 and @ < B. Then

1
(ala+ag+-~-+ag ”“< af+a£+~-+a5 g
n a n ’
with equality ifand onlyis ay = az =--- = a,.
a%+a%+--+af\'® ai\®
Proof: Assume firstthat0< a < f. Putcq = anddy =|— . Observe that
n Ca
1
(ﬂ)ﬁ+(ﬂ)ﬁ+ +(@)ﬁ ’ Bla | Pl Bla\1/P
C_ﬁz Ca Ca Ca _ dl +d2 +"'+dn
Ca n n ’
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and that
a\l/a

di+dy+--+d,\V* 1 (aff+af+---+af

n

=1 = d1+d2+---+dn=n.

Cq n

Putdy =1+ xy. Then xy + x2 + -+ + X, = 0. By Theorem 495,

B

dP = 1+ )P 21+ E 5.1)
«a
Letting k run from 1 through n and adding,
dlﬁ/“+df/“+-~+dfla >n+ E(xl + X+ Xy) = M.
«
Hence

pla ple pla
d " +d, " +---+d, 21:}_;;21,

n Cq

proving the theorem when 0 < a < f.

d{i/a_{_df/a_{__“_{_d'[:/a

Ifa<pB <0, then0< E < 1. The inequality in (5.1) is reversed, giving
117

p<o,

< 1, and since

n

1
Cq n

pla pla pla /g
c_p: dy " +d, "+ +dy VB _q

proving the theorem when a < f < 0.

Finally, we tackle the case & < 0 < p. By the AM-GM Inequality, putting G = (ayaz - - a,) '™

(14 (4 . a
af+ay +---+ajy

U
G*=(ajay---a;)'" <

n

Raising the quantities at the extreme of the inequalities to the power —1/ @ and remembering that —1/a > 0, we

gather that
a®*+al+---+a®\ '
( 12 ") <G
n
In a similar manner,
Ji] b P Bi1/n “f+“£+"'+“g
G'=(aja, -ay)""<s————,
n
and

1/
Gs(af+af+---+a5) ﬁ,
n

since p > 0. This finishes the proof. U

497 Let a, a, x be real numbers with &« > 1, @ >0, and x = 0. Then
a\al/(a-1)
x“—axz(l—a)(—) .
a

Proof: By Theorem 495, since @ > 1,
1+2)%=21+az, z=-1,

with equality only isz = 0. Puttingz =1+,
yezl+a(y-1) = y*—ay=1-a, y=0,
with equality only if y = 1. Let ¢ > 0 be a constant. Multiplying the above inequality by ¢* we obtain

(en®—ac® (cy) =1 -a)c?, for y=0.
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Puttingx=cy anda= ac® !, we get
al/(a-1)
x*—ax=Q1- a)( ) ,
a

a\al/(a-1)
with equality if and only ifx = ¢ = (—) .
a

O
) 1 1 2
498 THEOREM (Young's Inequality) Let p >1 and put — + — = 1. Then for (x, y) € ([0; +oo[)“ we have
P 4q

q
xy<—+y—
p 4q

Proof: Puta = p, a= py in Lemma 497, obtaining

pl/(p-1)
x’ —(py)x=Q10-p) (F;y) — (1= p)y?! P,

p

P —. Hence

1 p-1
Now, — = —— — q=
9 p p-

dp-1=
L anap

X~ (pyxzA-py? T = a-py?r V2 _s ¥,

and rearranging gives the result sought. [

We now derive a generalisation of the Cauchy-Bunyakovsky-Schwarz Inequality.

1 1
499 THEOREM (Holder Inequality) Let xj, yx, 1 < j, k < n, be real numbers. Let p > 1 and put — + — =1. Then
p q

Proof: If either Z |x|P =0 or Z |yk|? = 0 there is nothing to prove, so assume otherwise. From Young's
k=1
Inequality we have
| x| VK| - | |P |yel?
1 g = q
(S 1el?) (S Lyl 1) (il P)p - (S5, el ) a

Adding, we deduce

n

n
Z |xk| |J’k| < Z xk|p Z kal

kzl( Z:l'ka)”p (Zﬁ:1|yk|")”q ( lxk'” k=1 Zk 1| kl q k=1

_ Zk 1 Xkl? (Zk 1|-Vk|
(Zk 1|xk|p) (Zk 1‘)’1:‘
1 1

= — 4+ —
P 4q

= 1

This gives

1/q

ké eyl < (kfl kalp)”p (kfl !ykl")
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The result follows by observing that

k=1

n n 1/p n 1l/q
< ) XYkl < (Z |xk|p) (Z |J’k|q) .
k=1 k=1

n
Y XKV
k=1

g
Finally, we derive a generalisation of Minkowski’s Inequality.

500 THEOREM (Generalised Minkowski Inequality) Let p €]1;+o0l. Let xj,yk, 1 < j,k < n, be real numbers. Then the fol-
lowing inequality holds

k=1

Proof: From the triangle inequality for real numbers

-1 -1
1%k + Vil = 1%k + Vil Xk + YielP ™ < (1xk ]+ |yiel) 1% + yael P

Adding
n n 1 n 1
Yolxk+yil? < ) xllxe + yelP TN+ Y Iyl + yelP (5.2)
k=1 k=1 k=1
By the Hélder Inequality
n n Up,, 1/q
-1 -1
Y lxllx +ylPt < (Z lxl?| [ X Ixe+ yil @09
k=1 k=1 k=1
n Up,, 1/q (5.3)
= (Z kalp) ( |xk+J’k|p)
k=1 k=1
In the same manner we deduce
n n 1/p n 1l/q
-1
> vkl xe + yiel? S(Z |J’k‘p) (Z ‘xk+yk‘p) . (5.4)
k=1 k=1 k=1
Hence (5.2) gives
n n 1/p n 1l/q n 1/q n 1/q
S ks yel? = ( » |xk|p) (z |xk+yk|") ; ( 3 w) 3 |xk+yk|")
k=1 k=1 k=1 k=1 k=1
n n p n p 1 q
S I DINE g B D7 2 |+ yie
k=1 k=1 k=1
’
from where we deduce the result. [
Homework
501 Problem  Prove that if @ > 0 and 1 > 0 an integer then Deduce that
plte_ g _pl+a ey (m+plta_yl+a nEToomzjl# - l-ia

1+a l1+a
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5.9 Intermediate Value Property

502 THEOREM (Intermediate Value Theorem) Let I € R and let (a,b) € I?. Let f: I — Rbe a continuous function such that
f(a) < f(b). Then f attains every intermediate value between f(a) and f(b), that is,

Vte [f(a);f(b)],ElcEI, such that flo) =t

Proof: Suppose on the contrary that thereisat € [f(a) ;f(b)] such that forallce I, f(c) # t. Hence f(a) <t <
f(b). Assume, without loss of generality, that a < b. Consider the sets

0= -cosalsfee ast]s 00} =] oo | -osd oo,

V= ]b;+oo[u{x€ [a;h] f(x) > t} =]b;+oo[uf_1 (]t;+oo[n]a;b[).
Then U,V are open sets of R by virtue of Theorem 446. But thenR=UUV andUNV =2, U # &, V # O,
contradicting the fact that R is connected. Thus there must exist a ¢ such that f(c)=t. [

503 CoROLLARY A continuous function defined on an interval maps that interval into an interval.
Proof: This follows at once from the Intermediate Value Theorem and the definition of an interval. [

504 THEOREM (Bolzano’s Theorem) If f: [u H v] — R is continuous and f(u) f(v) <0, then thereisa w € ]u ; v[ such that

fw) =

Proof:  This follows at once from the Intermediate Value Theorem by putting a = min(f(u), f(v)) < 0 and
b =max(f (u), f(v))>0.0

505 CoRrROLLARY Every polynomial p(x) € R[x] with real coefficients and odd degree has at least one real root.

Proof: Let p(x) = ap+ajx+ a2x2 + -+ anx", with a, # 0 and n odd. Since p has odd degree, xﬁglwp(x) =
(—o0) signum (a,) and xlirpmp(x) = (+o0) signum (a;,), which are of opposite sign. The polynomial must then
attain positive and negative values and between values of opposite sign, it will have a real root. U

506 CorOLLARY If fis continuous at the point a and f (a) # 0, then there is a neighbourhood of @ where f(x) has the same
sign as f(a).

|f(@)]

Proof: Takee = 5 > 0 in the definition of continuity. Thereis a é > 0 such that

If( a)l If( )| If( )|

lx—al<é = |f(x)-f(a)| < = f(a)- <f@)<fla)+——

from where the result follows. [

507 THEOREM A continuous function defined on a compact set maps that compact set into a compact set.

Proof: Let f: X — R be continuous and X € R compact. Let {yn};;iol C f(X) be an infinite sequence of f(X).
There are x, € X such that x, = f(yn). Since {x,};,2 € X is an infinite sequence of X and X is compact, it has a

convergent subsequence in X, say, {xnk};g with xu, — x € X, by virtue of Theorem 255. Since f is continuous
Xy = X = f(xn,) = f(x).

Clearly f(x) € f(X). Thus the arbitrary sequence {yn},> < f(X) has the convergent subsequence {yn, } > in
f(X), and one more appeal to Theorem 255 proves compactness. []




Intermediate Value Property

508 THEOREM (Weierstrass Theorem) A continuous function f: [a ;b] — R attains a maximum and a minimum on [a ; b] .

Proof: By Theorem 507, f ([a ;b]) is compact, and so, by the Heine-Borel Theorem, it is closed and bounded.
inf f(x) and M =

x€|a;b

Thus there exists (m, M) € R? such that m = sup f(x). We must prove that these are

e[an]

attained in [a ;b], i.e., that there exist pp € [a ;b] and ' € [a ;b] such that f(u) = m and f(u') = M. By
the Approximation Property of the Infimum and the Supremum, we may find sequences {mp} ;%) S [a ;b] , and
{Mn};‘fl c [a ;b] such that m < m, and m,, — m, and also, M, < M, and M, — M as n — +oco. By the In-

termediate Value Theorem, there exist U, € [a ;b] and p), € [a ;b] such that my, = f(,) and My, = f(u),). By

the compactness of[a ;b] the sequences {pn} > [a ;b] and {p,} ' C

n=1 =

{Mnk}zzol c a;b] and{y;k};: c [a;b] such that pp, — pe [a;b

the uniqueness of limits,

Bn— B = mp, = f(py) — m=f(p),

and so f attains both extrema in [a ;b] .0

and

el = [a ;b] have convergent subsequences

and p,, — p' € [a;b]. By continuity and

B = B = My, = f(p,,) — M= f(),

509 THEOREM (Fixed Point Theorem) Let f: [a ;b] — [a ;b] be continuous. Then f has a fixed point, that is, there is

ce [a;b] such that f(c) =c.

Proof: Ifeither f(a) = a or f(b) = b we are done. Assume then that f(a) > a and f(b) < b. Put g(x) = f(x) —x.
Then g is continuous, g(a) > 0 and g(b) < 0. By Bolzano’s Theorem, there mustbea c € ] a ;b[ such thatg(c) =0,

thatis, f (¢) — ¢ = 0, finishing the proof. U

Homework

510 Problem  Let p(x), g(x) be polynomials with real coefficients such that

p(x2 +x+1) = p(x)q(x).

Prove that p must have even degree.

511 Problem A function f defined over all real numbers is continuous and for all real X satisfies

(f@)-((FeH)=1.

Given that f(1000) = 999, find f(500).

512 Problem  Let f : R — R be a continuous function such that _ lim x)=0=_lim X). If f is strict]
f xﬂfoof( ) x—v+oof( )1 f Y

negative somewhere on R then f attains a finite absolute minimum on R. If f is strictly positive somewhere on R then
[ attains a finite absolute maximum on R.

513 Problem  Let f ¢ ’0 ;1} — [0 ;l] be continuous. Prove that there is no € € ’0 ;1} such lhalf_l ({c}) has
exactly two elements.

514 Problem Lelf,g be continuous functions from [0 H ll to [0 H ll such that
vre[0;1]  fige) = g(fe.
Prove that f and g have a common fixed point in IO H 1] .

515 Problem A continuous function f : R — R satisfies

VxeR f(x+f(x)=f(x).

Prove that f is constant.

516 Problem  Let I be a closed and bounded interval on the line and let f be continuous on I. Suppose that for each
x €I, there existsa y € I such that

1
Ifi= E\f(x)l-

Prove the existence of a £ € I such that f(£) = 0.

517 Problem  Find all continuous functions that satisfy the functional equation

f(x)+f(y)=f( £y ]

1-xy

forall -1 <x,y<1.

518 Problem (Putnam 1947) A real valued continuous function satisfies for all real X, y the functional equation

FO/x2+y2) = FRF ).

2
Prove that f(x) = (f(x))* .

519 Problem  Suppose that f IO ;ll — [0 ;1] is continuous. Prove that there is a number ¢ in [0 H 1] such that
flo=1-c

520 Problem (Universal Chord Theorem) ~ Suppose that f is a continuous function of ’0 H 1] and that £(0) = f(1).

Let 1 be a strictly positive integer. Prove that there is some number X € [0 H l] such that f(x) = f(x+1/n).

521 Problem
l,a#1l/n.

Under the same conditions of problems 520 prove that there are no universal chords of length @,0 < @ <
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5.10 Variation of a Function and Uniform Continuity

522 Definition A partition & of the interval [a ;b] is any finite set of points x, x1,..., X, such that
a=xp<x1<:-+-<xp=>b.

A partition &' of [a ;b] is said to be finer than the partition & if 22 C &',

523 Definition The mesh or norm of &2 is

HQZH = max |xy — X_1/.
1<ksn

D A ' then clearly ‘ | ez | | < ‘ | ez ‘ | since the finer partition has probably more points which will make the corresponding subintervals smaller:

524 Definition Let f be a bounded function on an interval [a ;b] and let I £ [a ;b] be a subinterval. The oscillation of f
on I is defined and denoted by

o(f,I) = su?f(x) —Jicrel}’f(x).

525 THEOREM Let f: [a ; b] — Rbe a continuous function. Given € > 0 there exists a partition of [a ;b] into a finite number
of subintervals of equal length such that the oscillation of f on each of these subintervals is at most &.

Proof: Let P, mean the following: there is an € > 0 such that for all partitions of [a ;b] into a finite number
of intervals of equal length, the oscillation of f is = €. By bisecting [a ;b], at least one of the halves must have
property P, say [al H ] If[a ;b] we to have property P, then by bisecting [al H ], at least one of the halves

must have property Pg, say [ag ;bg]. Continuing in this way we have constructed a sequence of imbricated
intervals

[a;b] 2 [al;bl] 2 [az;bz] D...D [an;bn] D...

b-a
where the length of [a,, ;bn] isb,—a, = —n — 0 as n — +oo. By the Cantor Intersection Theorem, there is a

oo
pointce ﬂ [an ;bn]. Moreover, we have w(f, [an ;bn]) > €. Sincece [a ;b],f is continuous at c. Hence there
n=1

isad >0 such that
xe]c—a;c+6[ = |f(x)—f(c)|<§

2
. Taking (x',x") € ]c—é‘;c+6[ we have

|[F&) - fFED| = |FE) - F@]+|fl0-fx")]|<e,

whence
w(f,[u;b] n]c—6;c+6[)<£.

Nouw, if there was an € > 0 such that for all partitions of[a ;b] into a finite number of intervals of equal length,

the oscillation of f is = €, then by taking n large enough above we could find one of the [an ;bn] completely
inside one of the subintervals of the partition. By the above, the oscillation there would be < €, a contradiction. []

526 THEOREM Let f: [a ;b] — R be a continuous function. Given € > 0 there exists a 6 > 0 such that on any subinterval

1< [a ;b] having length < é the oscillation of f on I is < &.
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bh-
Proof: Leté = Ta. By Theorem 525 we may choose n so large that the oscillation of f on each of
[a;a+6], [a+6;a+26], cee [a+(n—l)6;b, (5.5)

£
is< 2" LetIC [a H b] be any subinterval of length < & and let x' € I be the point where f achieves its largest value
and x" € I be the point where f achieves its smallest value. Then x' and x" either belong to the same interval in

5.5—in which case | f (x) - f (x' ')| < g—or since I has length smaller than 8, to two consecutive subintervals
[a+(j—1)6;a+j6], [u+j6 sa+(j+18).
In this case
€
2

=E&.

FE) = f&") = (f(&) - fla+jo)) + (f(a+jo) - f(x") < g +

The theorem now follows.[]

527 Definition A function f is said to be uniformly continuous on [a ;b] if Ve > 0 there exists § > 0 depending only on &

such that for any (u,v) € [a ;b]z,
lu-vi<é = |f(w)-f)|<e.

528 THEOREM If f: [a ;b] — Ris continuous, then f is uniformly continuous.

Proof: This follows from Theorem 526. [

529 THEOREM (Heine's Theorem) If f : X — R is continuous and X is compact, then f is uniformly continuous.
Proof: This follows from Theorem 528. []

530 THEOREM Let f be an increasing function on an open interval ] a ;b[. Then, for any x satisfying a < x < b,

sup f(OD=fx-)<f(x)< iInf f(O)=Ff(x+).

te]a;x[ te|x ;b

Moreover, if a < x <y < b, then f(x+) < f(y-).

Proof: The set {f(t): a < u < x} is bounded above by f(x) and hence it has a supremum sup f(t) = A and
o]

clearly A< f(x) as f is increasing. Let us shew that A = f(x—). By the Approximation Property of the Supremum,

thereisd >0 suchthata<x—-6 <x and A—€ < f(x—98) < A. But as f is increasing,

x-0<t<x = fx-8)<f(O<A= |f(x)-4],
whence f(x-) = A.
A similar reasoning gives inf f () = f(x+).
te|x;b
Now, if a < x <y < b, then by what has already been proved we obtain
S = L S0= L, 10
again, remembering that f is increasing. Similarly,

f(y=)= sup f(1)= xi'tlfyf(t)’

a<t<y

from where f(x+) < f(y-). O
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531 THEOREM Let f be an increasing function defined on the interval [a ;b] and let
aAa=x0<Xx1<Xx2<--<x,=b

be n + 1 points partitioning the interval. Then

n-1
Y (fxxt) - f(xx-) < £(b) - f(a).
k=1

.Forl<k<mn-1, by Theorem?2,

Proof: Letyy e ]xk $ Xkt 1

Fxe)=<fyr)  and flyr-1) < fx—) = fxr+H) - Fxe-) < fFr) — Fr-1)-
Adding,
n-1 n—-1
Y (Faxt) = fxe)) < Y (F@R) = FWr-1)) = F Yn-1) — £ (o).
k=1 k=1

The proofis completed upon noticing that f (yn-1) — f (yo) < f(b) — f(a). O

532 THEOREM Let f: [a ;b] — R be a monotone function, Then the set of points of discontinuity of f is either finite or
countable.

Proof: Assume f is increasing, for if f were decreasing, we may apply the same argument to —f. Let m > 0 be
an integer, and let

sz{xe]a;b[:f(xﬂ—f(x—)z%}.

Ifx) <xp <--- < xy arein Sy, then by Theorem 531,

n
= < fb) - f(a),

[e9)
which implies that .%y, is a finite set. The set of discontinuities of f in [a ;b] is |J #m, the countable union of
m=1
finite sets, and hence it is countable. [

533 Definition Let f be a function defined on the interval [a ;b] and let
A=Xx)<X1<X<--<Xp=b

be n + 1 points partitioning the interval. If there exists V > 0 such that
n
21w = )| sV
k=1

for all partitions of [a ;b] , the we say that f is of bounded variation on [a ;b] .

534 THEOREM If f is monotonic on [a ;b], then f is bounded variation on [a ;b].

Proof: Let
Aa=x)<X1<X<--<Xp,=hb

be any partition of[a ;b] . Then

Y | F(xk) = f xk—1)| = max(f (b) - f (a), f(a) - f (b)),
n=1

the first choice occurring when f is increasing and the second when f is decreasing. Then V = | fb)-f (a)|
satisfies the definition of bounded variation for an arbitrary partition. U




Classical Limits

535 THeoREM If f is of bounded variation on [a ;b] then f is bounded on [a ;b].

Proof: Letxce ]a ;b[ and consider the partition a < x < b of [a ;b]. Since f is of bounded variation there is a
V > 0 such that
[f(@ - f@)|+|f@)-fB)]<V.
But then
|[f@)]<|f@) - f@|+|f@|<V+|fla).

and so f is bounded by the constant quantity V + | f(a)|. O

Homework

536 Problem  Shew that lO;+oo[ — IO;+00[, xX— xz.is not uniformly continuous.

5.11 Classical Limits

537 If0<x<1then
exp(x) -1
l<s— <1+x(e—-2).
1
If_E < x<0then

- exp(x) -1 X

1+x <1+-.
4

Proof:

x\n
Since (1 + —) < exp(x) for n > —x by Proposition 473, we have 1 + x < exp(x) for all x > —1. Now, for n =2 and
n

n\x [(n\x® [n|x® n\| x"
1+ |=+[ 1S+ 1S ++] | —

1/n \2|n2 \3|nd nl|nn
1 1 1/(1 1 2 1
—1-=|+=(=][r-=|[1-Z|x++=
n n 3!'\n n n n!

2(1 1 1)
1+x+x" ([ =+—+-+—
2! 3! n!

0<x<l1,

(1+%)"

1
1+x+x2(—
2!

IA

< 1 +x+x2(e—2),
upon using Theorem 331. This proves the first set of inequalities.

2

X X\2 1
Forx>-2,1+x+ vy = (1 + E) < exp(x) by Proposition 473. Now we assume that -3 < x<0. As before,
x\n 2(1(1 1 1(1 1 2 1/(1 1 2 n-1\ , -
(l+—) = 1+x+x°|=|—-|[1-——]+=|— |11 -——||0——|x+--+—|—|(1——|[1——)-- |1 ——|x .
n 21\ n n 3'\n n n n!'\n n n n

1
Sincex* <0 for odd k and xk < oF for even k we may delete the odd terms from the dextral side and so

3 -2 -2

1 1
< 1+x+x2(§+—+~-

—
(=
+
| =
~——
=

A

n!

1 1
1-—|[+0+--+—
n

A

22

1+x+x2.

IA
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1
On taking limits exp(x) < 1+ x + x? for -3 < x <0. Thus we have

2

1 X 2 exp(x) -1 X
——=<x<0 = 1+x+—<exp(x)<1+x+x" = l4+x<———=<1+-—,
2 4 X 4
since division by negative x reverses the sense of the inequalities. []
exp(x)—1
538 THEOREM lim expx) ~1 =1
x—0 X
exp(x) —1 exp(x) —1
Proof: We prove that lil(l)l expx) ~1 =1 and that lil(l)l expl) —1 = 1. Let us start with the first assertion. For
x—0+ X x—0—- X
0 < x < 1 we have, by the Sandwich Theorem, and Lemma 537,
exp(x) —1 exp(x) —1
lsL <l+x(e-2) = lim L=l,
x—0+ X
proving the first assertion.
1 .
For — > < x <0 we have, by the Sandwich Theorem and Lemma 537,
2
X X exp(x)-—-1 exp(x) —1
1+.7c+—Sexp(x)sl+.7c+.x2 = 1+—SL <1l+x = lim L =1,
4 4 X x—0— X

proving the second assertion. U

539 ForO0<x<1,
l_x(e—2) - log(1 + x) <1

1+x X

1
andfor—é <=x<0,
ISlog(l+x) <1- X .
X 1+x

Proof: Since x — log(1 + x) is strictly increasing, we have by Lemma 537 for0 < x <1,
l+x<expx) <1 +x+x2(e—2) = log(1 +x) < x <log(1 +x+x2(e—2)).

Notice that we have established thatlog(l + x) < x for 0 < x < 1. Now

> x2(e-2) x2(e-2)
log(l1+x+x“(e—2))=log(1+x)|1+ — | =log(1 +x) + |1+ e
. X . x*(e-2) e-2
Sinceforx >0, x — Tox is strictly increasing, T < > <1 for0<x<1. Thus we may uselog(1+y) <y,
x

O<y<luwithy= b obtaining
1+x

xz(e—Z)) - x2(e-2)
1+x /)~ 1+x

log(l +

Hence
2 x2(e-2)
x<log(l+x+x“(e—2)) <log(l +x)+ ——.
1+x
In conclusion,

20, _
x“(e—2) :l_x(e 2)<log(l+x)sl.

0<x<1 = log(l1+x)<x<log(l+x)+ <
8( ) 8( ) 1+x 1+x X
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1
Similarly, for ~3 <x<0, by Lemma 537,

2

2
x
l+x+Tsexp(x)sl+x+x2 = log

X 2
l+x+7 < x <log(1l + x+ x°).

Since x — log(1 + x) is increasing, plainly

2

log(1 + x) slog(l+x+ xT <x.

2

1 X 1
Now observethat—— <x<0 = 0< —— < — <1 and so
2 1+x 2

2 x? x? x?
log(1+x+ =log(1 +x) +1 1+ —|<logl+x)+ — — x<log(1+x)+——.
og(l+x+x°) =log(1 +x) og( l+x) og(1l +x) Tt x <log(1l +x) Tt

In conclusion,

1 x?
——=<x<0=log(l+x)<x<log(l+x)+ — =
2 8( ) 8( ) 1+x

lS10g(1+.7c) <1- X

X 1+x
since division by negative x reverses the sense of the inequalities. []
log(1+x)—x
540 THEOREM lim log(1+x) — x =0
x—0 X
Proof: By Lemma 539, for0<x<1,
x(e—2) log(l+x log(1+x
oMot _logl+n) gy, logUtD)

1+x X x—0+ x

by the Sandwich Theorem. Again, by Lemma 539 and the Sandwich Theorem,

log(1 + x) <1- X — lim log(1 + x) _1

1
——<x<0=>1=<
2 X 1+x x—0— X

Combining both results, the theorem follows.[]

Figure 5.1: Theorem 542.

1+x)%-1
541 THEOREM Ifa € R, then lin(l)i( ) =a
x— X
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Proof: This is evident for a=0. Assume now a # 0. Since x — exp(x) is continuous and since alog(1 + x) — 0 as
x — 0, by Theorems 538 and 540,

a - —_—
lim A0 -1 explalogl+x) -1 . log(l+x)

a-l-1=a.
x—0 X x—0 alog(1l + x) x—0 X

O

. sinf
542 THEOREM lim —— =1.
0—0 0

sin@ sin@ sin@
Proof: Wefirst prove thatelir(r)l o 1. Since8 — ) is an even function it will also follow thatelim —=
—0+ —(0-
1.

0
Assume0 < @ < — and consider AOAB right-angled at A, with OA =1 and ZBOA = 0. C is the point where line

OB meets the unit circle with centre at O and D is its perpendicular projection. The area of AOAC is smaller
than the area of the circular sector OAC, which is smaller than the area of AOAB. Hence

. 0 1 1 sin@ . sinf
—sinf < — < -—tanf — < <1 = lim =1
2 2 2 cos@ 0 0—0+ 0

by the Sandwich Theorem, proving the theorem.l
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Differentiable Functions

6.1 Derivative at a Point

543 Definition Let I be an interval, a € I, and f:I— R. Wesay that f is differentiable at a if the limit

lmf(x)—f(a) :limf(a+h)—f(a)
x—a xX—a h—0 h

d
exists and is finite. In such a case we denote this limit by f "(a), D f(a), or d—f (a) and we call this quantity the derivative of
X
fata.

544 Definition Let I be an interval, a € I°, and f:I—R.If
lim f®-fla) _ lim fla+h)-f(a)

x—a+ x-—a h—0+ h
exists and is finite we say that f is differentiable at a on the right and write f7 (a) for this limit. If

lim fx)-fla) _ - lim fla+h) - f(a)

x—a— x—a h—0- h

exists and is finite we say that f is differentiable at a on the left and write f’ (a) for this limit.

545 THEOREM Let I be an interval, a € i ,and f: I — R. Then f is differentiable at a if and only if both f, (a) and f- (a) exist
and are equal. In this case f(a) = f'(a) = f-(a).

Proof: Obvious. [
546 THEOREM Let I be an interval, a € i ,and f: I — R.If f is differentiable at a then it is continuous at a.

Proof: We have

. _ _ f(a+h)—f(a)) ( fla+h)- f(a))( )
}ll_lgf(a+h) f(a)—llil(l) — h= h—’o—h h_’ f(a)O 0.

Thus }lin(l)f(a+ h)-f(a)=0 = }lin(l)f(a+ h) = f(a) and so f is continuous. [

547 THEOREM Let I € Rbe an interval. If f: I — Ris identically constant, then f'(I) =

f(x)—f(C) . K

-K
Proof: Assume that f(I) = K, a constant. Let ¢ € 1. Then f (c) = }cm} =0.Ifcisan
—c x—¢

endpoint of I, then the argument is modified to be either the left or rzght derwatwe d

Homework

96
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548 Problem  Let f:R— R, 549 Problem  Let f : R — R, x — |x|. Prove that f is not differentiable at x = 0 and that for x # 0, f’(x) =
. signum (x).
x+1 ifxe@Q
fx
2-x ifxeR\Q

Prove that f is nowhere differentiable. 550 Problem  Let f : R — R, X — x|x|. Determine whether f’ 7 (0) exists.

6.2 Differentiation Rules

551 THEOREM Let I be an interval, a € I, A € R a constant, and frthen,g:I— R.If f and g are differentiable at a then
1. (Linearity Rule) f + Ag is differentiable at @ and (f + Ag) (a) = f'(a) + Ag'(a)
2. (ProductRule) f g is differentiable at a and (fg)'(a) = f'(a)g(a) + f(a)g'(a)

_ gl(a)
(g(@))?

1 1Y
3. if g(a) #0, E is differentiable at @ and (E) (a) =

4. (QuotientRule) if g(a) #0, I is differentiable at @ and (I) (a) = f@g@ —f;a)g (@)
g g (g(a)
Proof:
1. This follows by the linearity of limits.
2. We have
h) —
ol - tim U@ UB@
~ lim gla+h)(f(a+h) - f(a)+ f(a)(gla+h)-g(a)
h—0 h
= limg(a+ h)lim —(f(a - fla) +1lim f(a) lim —(g(a +h-g@)
h—0 h—0 h h—0 h—0 h
= g@af(a+fag'(a),
as desired.
3. We have
LI
(l) @ = lim8@WW g@
h—0 h
g(a)—gla+h)
~ lim gla+h)g(a)
h—0 h
~ lim gla)—gla+h) im 1
h—0 h h—0gla+h)g(a)
= (g (g(a)g(a))
_ g
g@?’
as desired.
4. Using (2) and (3),
g = sl (&)
= (@ = (@|—|@+fla)|—| (a)
(g ! 4 f g
_ [ f@g'@
gla) g(a)?
_ fl@ga)-fla)g'(a
(8(@)? '

as desired.




Differentiation Rules

O

552 THEOREM (Chain Rule) Let I, J be intervals of R, with a € I. Let f:I — Rand g: J — R be such that f(I) € J. If f is
differentiable at a and g is differentiable at f(a), then go f is differentiable at @ and (g o f)’ = g'( fla)f "(a).

Proof: Putb = f(a), and
g(y)—gb) .
b ify#b

g'(b) ify=hb

Py =

Since g is differentiable at b, ¢ is continuous at y = b. Now, for x # a,

8(f(x)-g(f(a) _ f&x)-f(a)
—a

=@(f(x)

x—a x
(If f (x) # f (@) this follows directly from the definition of @. If f (x) = f(a), both sides of the equality are0.)
By the continuity of f at a and of @ at b,

lim o (f(x) = p(f(@) = g'(f(a),

whence
gof)(@ = lim g§(f(x) - g(f(a)
x—a xX—a
= chlg,lltp(f(x)) ——a
= g'(fa)f(a),
as desired.
O

553 THEOREM (Inverse Function Rule) Let I be an interval of R, with @ € I. Let f: I — R be strictly monotonic and contin-
uous over I. If f is differentiable at @ and f (@) # 0, then the inverse f -1, f(I) — Ris differentiable at f(a) and

—1y/ _ 1
@)=z,

Proof: Putb = f(a). Observe that lin;’ Y = a, and by the composition rule for limits,
y—v

“1(y_ £l “L(y
lim f -5 =lim f »-a = ! R
y—b y-a y—=bf(f 'O -a f(a)

proving the theorem. [

D Once it is known that (f_ 1 )’ exists, we may proceed as follows. Sim:ef_ 1 (f (%)) = x, differentiating on both sides, using the Chain Rule on the sinistral side,

Y e w=1,

from where the result follows.

554 Definition Let I be an interval of R. Let f : I — R be differentiable at every point of I. The function f': I — R, x — f’(x)
is called the derivative function or derivative of the function f.

555 THEOREM Let n = 0 be an integer. Let f:R — R, x — x". Then f is everywhere differentiable and f’ :R — R is given by

x— nx" L
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Proof: Assume first n is strictly positive. By Theorem 99,

. o x"—a" L x-a) " rax"2+a?x" 34+ a" 2x+a™ )
lim = lim
r—a x—a x—a x—a
= lim@x" '+ax" %2 +a®x" 3+ +a"%x+a™hH
X—a
= na"".
Observe that this is true for all a € R.
Ifn =0 then f is constant, say f(x) = K for all x and so
x)—f(a K-K
limf( )= J (@) = lim =0.

X—a XxX—a X—a xX—a

O

1
556 THEOREM Let n > 0 be an integer and f : ]0 ;+oo[ - ]0 ;+oo[, x— —. Then f' exists everywhere in ]0 ;+oo[ and
x

f’=]0;+oo[—>]0;+oo[isgivenbyf’(x):—

xn+l’

Proof: We use the result above, part (3) of Theorem 551, and the Chain Rule, to get

d 1 _  nx' n
dxxn (xm2  xntl
and the theorem follows.l
557 Let g€ Z, g >0be aninteger, and f: ]0 ;+oo[ - ]0 ;+oo[, x— x4 Then f’ exists everywhere in ]0 ;+oo[ and
1/q-1

f’=]0;+00[—>]0;+oo[isgivenbyf’(x)= Y

Proof: We have (f(x))? = x. Using the Chain Rule q f' (x)(f (x))7~! = 1. Since f(x) #0,

! _ 1 _ 1 _l 1/q-1
@ = et~ qeinat g%

O

558 THEOREM Let r € Q and let f: ]0;+oo[ — ]0;+oo[, x— x". Then f’ exists everywhere in ]0;+oo[ andf':]0;+oo[ -

r-1

]0 ;+oo[ isgivenby f'(x) =rx

a
Proof: Letr = B’ where a, b are integers, with b > 0. We use the Chain Rule, Lemma 557, and Theorem 556.

Then

d d 4 1 ., a _ -
_xa/h — d_(xllb)a — u(xllb)a 1, _xl/h 1_ _xalb 1_ r-1
X

dx b b e
proving the theorem.

O

559 THEOREM (Derivative of the Exponential Function) Letexp:R — R, x — e*. Then exp is everywhere differentiable and

exp’ :R — R is given by x — e*.




Differentiation Rules

Proof: Using Theorem 538, we have, with h=x — a,

X a X—a
e —e . e -1
lim = e%lim
X—a x—a xX—a XxX—a
h
e"-1
= e%lim
h—0
= e%1
= e%

560 THEOREM (Derivative of the Logarithmic Function) Let f: ]0;+oo[ — ] —oo;+oo[, x— logx. Then f' exists everywhere

in ]0;+oo[ andf':]0;+oo[ — R\ {0} is given by f'(x) = i

x
Proof: Leta>0. Then, with h= — —1, and using Theorem 540,
a

logx—loga
lim 28X —08a _
xX—a XxX—a X—a x—a

Ql
= .
|
3
&

a
lim log(1+ h)
h—0

-1

Q==

O

561 THEOREM (Power Rule) Let £ e R and let f: ]0 ;+oo[ — ]0 ;+oo[, x— x'. Then f’ exists everywhere in ]0 ;+oo[ and

f’:]O ;+oo[ - ]0;+oo[ is given by f'(x) = tx' 1.
Proof: Using the Chain Rule,

ixt d (exp(tlogx)) =

- -1
dx dx

- (exp(tlogx)) = — - x* = tx

& |~
& |~

562 THEOREM (Derivative of sin) . Let sin: R — R, x — sinx. Then sin is everywhere differentiable and sin’ : R — R is given

by x — cosx.
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Proof: We make a change of variables, and use Theorem 542,

. sinx-sina . sin(x—a+a)-sina
lim——— = lim
i—a x-a x—a xX—a
. sin(x—a)cosa+cos(x—a)sina—sina
= lim
x—a xX—a
sin(x—a cos(x—a)—-1
= (cosa)lim # + (sina) lim #
x—a — x—a xXxX—a
. sinh . . cosh-1
= (cosa)lim — + (sina) lim ————
h—0 h h—0 h
= (cosa)-1+(sina)lim cos’h-1
B h—0 h(cosh+1)
(cos @)- 1+ (sin @) lim — S
= (cosa)- sina) lim ———
h—0 h(cosh+1)
. . sin —sinh
= (cosa)+ (sina)lim -lim
h—0 h h—-ocosh+1
= cosa,
and the theorem follows. U
563 THEOREM (Derivatives of the Goniometric Functions)
1. —sinx = cosx xeR
dx
2. —cosx = sinx xeR
dx
d 2 b 4
3. —tanx = sec‘x xeR\(2Z+1)—
dx 2
d T
4. d—secx = secxtanx xeR\(2Z+1)—
X
d
5. —cscx = -—cscxcotx xeR\Zrx
dx
—cotx = -—csc?x xeR\Zx
dx
Proof: (1) is Theorem 562. To prove (2), observe that
; - sin(5 —x) = —cos(5 —x) = i
—cosx=—sin|— - x| =—-cos|— — x| =-sinx.
dx dx 2 2
To prove (3), we use the Quotient Rule,
d d sinx (cosx)(cosx)— (—sinx)(sinx) 1 2
—tanx= — = = =sec” x.
dx dx cosx cos? x cos? x
To prove (4), we use once again the Quotient Rule,
d 1 (0)(cosx) — (—sinx)(1) sinx
—secx=— = = =secxtanx.
dx dx cosx cos2 x cos?x

To prove (5), observe that

—CSCX = i sec(z - x) = —sec(z —x) tan(E - x) = —cscxcotx.
dx dx 2 2 2
To prove (6), observe that

d b 4 2 (TT 2
—cotxz—tan(——x)z—sec (——x)z—csc X.
dx dx 2 2




Rolle’s Theorem and the Mean Value Theorem

564 Definition (Higher Order Derivatives)  Let I be an interval of R and let f : I — R. For a € I we define the successive
derivatives of f at a, inductively. Put f(a) = f (O)(a). Ifn=1,

F™a) = f(F*V(ay),

provided f is differentiable at f (”_l)(a).

D We usually wr'imf” instead fo(z)‘

565 THEOREM (Leibniz’s Rule) Let n be a positive integer.

n

F®=3 (Z)f(k)g(n—k)

k=0

Proof: This is a generalisation of the Product Rule. The proofis by induction on n. Forn=0 and n =1 the

L (n
assertion is obvious. Assume that (f g§)™ = Z ( k) f (k) g("_k). Observe that
k=0

F" = ((fFg™y
- (1) e (n—k),
P

n

- Ll

(f(k+l)g(n—k) + f(k)g(n—k+l))

n
( f(k)g(n—k+1)
k)

k=0 k

5[ ckey -l L
= 2| e +kZ

k=0 0
© D) | 3o [ (7 n (k) o (n+1-K) | (n+1) ,(0)
= U8 W end]|T 8 +f" Vg
=0 +1
1
_ 'i nt1) 1k
= k A 4 ’
k=0
proving the statement.
d
Homework
566 Problem  Prove that 569 Problem  Demonstrate that if for all X € R there holds the identity

n n
S apx-ak =Y bx-nk,
k=0 k=0
and use this result to find the 100th derivative of f(x) =

X

N
R
-

n s
then age = ). (;f)hj(afh)lfk.

j=k
567 Problem  Find the 100-th derivative of X — X2 sin x.

570 Problem  Let p be a polynomial of degree I and consider the polynomial F with

568 Problem  Demonstrate that the polynomial p(x) € R[x] has a zero at X = @ of multiplicity k if and only if
F@=p@+p @+p" @) ++p" ().
@) == =D () =
) = == =0.
p@=pi@ P @ Prove that
d(F(x) exp(—x))

i = —exp(-1)p(x).

6.3 Rolle’s Theorem and the Mean Value Theorem

571 THEOREM (Rolle’s Theorem) Let (a,b) € R? such that a < b, f: [a ;b] — R be such that f is continuous on [a ;b] and
differentiable in ] a ;b[, and f(a) = f(b). Then there exists c € ]a ;b[ such that f’(c) =0.
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Proof: Since f is continuous on [a ;h] , by Weierstrass’ Theorem 508,

m= inf f(x), M= sup f(x),

xe|asb xela;b

exist. Ifm = M, then f is constant and so by Theorem 547, f' is identically 0 and there is nothing to prove. Assume
that m < M. Since f(a) = f(b), one may not simultaneously have M = f(a) and m = f (a). Assume thus without

loss of generality that M # f(a). Then there exists ¢ € ]a ;b[ such that f(c) = M. Now

fim T® =@ o iy T® SO

0,
x—c— xX—c x—c+ xX—cC

whence it follows that f' (c) = 0, proving the theorem. ]

572 THEOREM (Mean Value Theorem) Let (a,b) € R? such that a < b, f: [a ;b] — R be such that f is continuous on [a ;b]

and differentiable on ] a ;b[. Then there exists ¢ € ]a ;b[ such that f "(¢) = W.
Proof: Put ) - f@
- f(a
g: [u;b] -R, gx)=f(x)- Wx.

Then g is continuous on [a ;b] and differentiable on ] a;b [, and g(a) = g(b). Since g satisfies the hypotheses of

Rolle’s Theorem, thereis c € ]a ;b[ such that

fb)-fla

Fb) - fla)
b-a b-a ’

g=0= f'(c)- 0= f'(c)=

proving the theorem.[]

573 THEOREM If f: I — R is continuous on the interval I, differentiable on I ,andif Vx € i f "(x) = 0 then f is constant on
1.

Proof: Let(a,b) € IZ, a < b. By the Mean Value Theorem, thereis ¢ € ]a ;b[ such that

fb) - f@=f(c)(b-a)=0-(b—a) = f(b) = f(a),
thus any two outputs have exactly the same value and f is constant. [
574 THeoReM If f: I — R is continuous on the interval I, and differentiable on I. Then f is increasing on I if and only if
vxe I, f'(x) =0and f is decreasing on I if and only if Vx € I, f'(x) <0.
Proof:
= Suppose f is increasing. Let xg € i Ifh #0 is so small that xo + h € I, then

[ (xo+h) - f(x) >0 — lim [(xo+h)— f(x)

!
h lim h =0 = f(x9)=0.
If f is decreasing we apply what has just been proved to —f .

< Suppose that for all x € i, f'(x)=0. Let (a,b) € 2, a<b. By the Mean Value Theorem, there is ¢ € ]a ;b[
such that
fb) - f(@)=(b-a)f'(c) =0,

and so f is increasing. If for all x € I, f'(x) < 0 we apply what we just proved to — f .




Extrema

575 THEOREM If f: I — R is continuous on the interval I, and differentiable on . Then f is strictly increasing on I if and

onlyif Vx € I, f’(x) >0 and the set {x € I°: f'(x) = 0} = @. Also, f is strictly decreasing on I if and only if Vx € I, f'(x) <0

and{xelI°: f'(x)=0}=02.

Proof:

= Suppose f is strictly increasing. From Theorem 574 we know thatVx € I°, f'(x) = 0. Assumethat{xeI°: f'(x) =0} #

. Then thereisce{xeI°: f'(x) =0} and € > 0 such that]c—e;c+£[ ClandVxe ]c—e;c+£[,f'(x) =0.

By Theorem 573, f must be constant on ] c—¢;c+&| and so it is not strictly increasing, a contradiction. If
f is strictly decreasing, we apply what has been proved to — f.

< Conversely, suppose thatVx € I, f’(x) = 0. and the set {xeI°: f'(x) =0} = &. From Theorem 574, f is
increasing on 1. Suppose that there exist (a,b) € Iz, a < b such that f(a) = f(b). Since f is increasing, we

haveVx e [a ;b] , f(x) = f(a). But then ] a ;b[ Cixer :f'(x) = 0}, a contradiction, since this last set was
assumed empty. If ' (x) < 0 we apply what has been proved to — f .

O

Homework

576 Problem  Shew, by means of Rolle’s Theorem, that 5x4 —4x+ 1 = 0hasasolution in [0;1].

577 Problem  Let @, @ ..., @n be real numbers satisfying

Shew that the polynomial
ag+ayx+---+apx"

hasaroollnlﬂ;l[.

578 Problem  Let @, b, ¢ be three functions such that a =b b =c and ¢’ = a. Prove that the function
a® + b3 + ¢® - 3abc s constant.

579 Problem  Suppose that f 2 [0 ; 1] — Risdifferentiable, £(0) = 0 and £(x) > 0 forx € ]0 i1 [ s there a number
dE]O;l[such!hat
2f'0 _fla-o,
fle) fa-o

580 Problem  Let 12 = 1 be an integer and let f : [0; 1] — R be differentiable and such that f(0) = 0 and f(1) = 1.
Prove that there exist distinct points 0 < @g < @p <-+- < ay_7 < 1such that

n-1 ,
Z [ (ag)=n.
k=0

581 Problem  Let 12 = 1 be an integer and let f : [0;1] — R be differentiable and such that f(0) = 0 and f(1) = 1.
Prove that there exist distinct points 0 < @g < @p <-+- < ay_7 < 1such that

n-1 .
= O

6.4 Extrema

588 Definiton Let XCR, f: X —R.

[f@]=

max

582 Problem (Putnam 1946)
X€ [—1 ;ll

Let p(x) is a quadratic polynomial with real coefficients satisfying

1.Provethat max ‘f’(x)‘s&
xe|-151

583 Problem (Generalised Mean Value Theorem) Lelf, & be continuous of [a H b] and differentiable on ] a; b[. Then
thereis € € ]u;b’ such that
(fb) - flang' (© = (g(B) - g(a) f'(©)-

584 Problem (First LHopital Rule) Let I be an open interval (finite or infinite) having ¢ has an endpoint (which may

be finite or infinite). Assume f, g are differentiable on I, g and g’ never vanish on I and that Jgimcf(x) =0=

/
X, X,
lim_g(x). Prove thatif lim f/( ) = L (where L is finite or infinite), then lim M =L
x—c x—c gl (x) x

—c g(x)

585 Problem (Second L'Hopital Rule) Let I be an open interval (finite or infinite) having € has an endpoint (which

may be finite or infinite). Assume f, g are differentiable on I, g and g/ never vanish on I and that Jgil'l'l';{f(.!c)| =

'@ f@®

7 = L (where L is finite or infinite), then lim ~—— =L
g™ x

Jglglc|g(x)| = +00. Prove that if}linc L S

586 Problem [[f’ exists on an interval containing €, then

fle+h)-f(c-h)

! = li
i@ hlino 2h

"o . -
587 Problem  If f'' exists on an interval containing ¢, then

f”(c): lim f(c+h)+f(c—h)—20.
h—0 n?

1. We say that f has a local maximum at a if there exists a neighbourhood of a, ./, such that Vx € 1, f(x) < f(a).

2. We say that f has a local minimum at a if there exists a neighbourhood of a, .4, such that Vx € A4, f(x) = f(a).

3. Wesay that f has a strict local maximum at a if there exists a neighbourhood of a, .4, such that Vx € Ay, f(x) < f(a).
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4. We say that f has a strict local minimum at a if there exists a neighbourhood of a, ./, such that Vx € A4, f(x) > f(a).
5. We say that f has a local extremum at a if f has either alocal maximum or a local minimum at a.
6. We say that f has a strict local extremum at a if f has either a strict local maximum or a strict local minimum at a.

The plural of extremum is extrema.

589 THEOREM If f: I — R is continuous on the interval I, differentiable on i , and if f has a local extremum at a € i , then

fla)=0.

Proof: Suppose f admits a local maximum at a. Let h # 0 be so small that a+ h e I. Now

= f—(a+h)—f(a) <0, h<0 = f—(a+h)—f(a) =

h>0
> h h

0.
Upon taking limitsash — 0, f'(a) <0 and f'(a) =0, whence f'(a) =0. [

590 Definition Let f: I — R. The points x € I where f'(x) = 0 are called critical points or stationary points of f.

591 THEOREM Let f: [a ;h] — R be a twice differentiable function having a critical point at ¢ € ]a ;b[. If f’(c) <0 then f
has arelative maximum at x = ¢, and if f "(€) > 0 then f has arelative minimum at x = c.

Proof: Assume that f'(c) =0 and f" (c) <0. Since

lim S ) =lim O RN NC)

:f,,(c) < 0»
x—cx—c¢c X—¢C xX—cC

there exists 8 > 0 such that f'(x) >0 when c—6 < x < ¢ and f'(x) > 0 when ¢ < x < x+ 6. Consequently, f is
strictly increasing on ] c-6 ;c[ and strictly decreasing on ] c;c+o [ Hence

x—cl<éd = f(x)<f(c),

and so x = c¢ is a local maximum. If f"" > 0 then we apply what has been proved to —f. 0

592 THEOREM (Darboux’s Theorem) Let f be differentiable on [a ;b] and suppose that f "@y<C< f "(b). Then there exists
ce ]u;b[ such that f'(c) = C.

Proof: Put g(x) = f(x) — Cx. Then g is differentiable on [a ;b]. Now g'(a) = f'(a) —C <0 so g is strictly
increasing at x = a. Similarly, g’ (b) = f'(b) — C < 0 so g is strictly decreasing at x = b. Since g is continuous, g
must have a local maximum at some pointce |a;b [, where g'(c) = f'(¢) — C = 0, proving the theorem. (]

Homework

593 Problem  Let f be a polynomial with real coefficients of degree 12 such that VX €R  f(x) = 0. Prove that 594 Problem  Put f(0) = 1, f(x) = x* for x > 0. Find the minimum value of f.

VeeR  F@+F @+ @+ + M=o

6.5 Convex Functions

595 Definition Let I € R be an interval. A function f: I — R is said to be convex if
V(a,b) € I%,VA € [0 ;1],f(;m+ (1-A)b) < Af(a)+ (1 - ) f(b).

We say that f is concaveif — f is convex.
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D [ is convex if given any two points on its graph, the straight line joining these two points lies above the graph of f . See figure 6.1.

Figure 6.1: A convex curve Figure 6.2: A concave curve.

n
596 Definition Let (x1,X2,...,X,) ER" andlet A € [0 H 1] be such that Z Ak = 1. The sum
k=1

n
Y Agxi
k=1

is called a convex combination of the xy,.

n
597 THEOREM If (x1,%2,...,X5) € [a ;b] , then any convex combination of the x; also belongs to [a ;b].

n
Proof: AssumeAy € [0 ;l] be such that Z A =1. Since the A, = 0 we have
k=1
as<xp<b = Ara<Arxi < Arb.

n
Adding, and bearing in mind that Z Ar=1,
k=1

n n n n
(Z /’lk)as Z)lkxks(z }Lk)b = a< Z)lkxksb,
k=1 k=1

k=1 k=1

proving the theorem. [

598 THEOREM (Jensen’s Inequality) Let I € R be an interval and let f : I — R be a convex function. Let n > 1 be an integer,

n
xiel,and A € [0 ;1] be such that Z Ar =1. Then
k=1

f(i /’lkxk) < i )ka(xk).
k=1 k=1

Proof: The proofis by induction on n. For n =2 we must shew that given (x1,x2) € [a ;b] 2,
FArx1 +A2x2) < Ay f(%1) + A2 f(x2).
AsA1+ Az =1, we may put A = Ay =1 — A; and so the above inequality becomes
FAx1+(A-AN)x) <Af(x1)+ (1A -A) f(x2),

retrieving the definition of convexity.
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n-1

™

n
Assume now thatf( ykxk) < Z pif (xx), when Z pr=1,pre ]0 1[ We must prove thatf(z /’lkxk) <
k=1

1

=~
=II

Z Awf (xx), when Z Ar=1, }Lke]o 1[
k=1

A
IfA,, =1 the assertion is trivial, since then Ay = --- = Ap_1 = 0. So assume that A, # 1. Observe that Z ’/Cl
- n
i Ak)=An 1-2 n-1
(Zie1 A) Z - = =1sothat k
1-1, 1-1, i 1-An

[u;h] , by Theorem 597. Since f is convex,

X is a convex combination of the xi, and hence also belongs to

k=1

i ( i )lkxk) = (nzl ApXp+ /'lnxn)
k=1

n-1
= fla-an ) At X+ AnXp
=1 1= An
n-1
= (1- An)f ( Z xk) + Anf (xn)
o1 1-2An
. . o Ak
By the inductive hypothesis, with py = T—aA. - 1,
n-1 A -
e
k=1 =
Finally, we gather,
n n-1 A
f(Z Akxk) < (1—An)f(2 A xk)mnf(xn)
k=1 =11~ /An
s (1-2p) Z 1— /1 f(xk) +/1nf (xn)
= ZAUUM+MJWM
k=1
= Z Ak f (%K),

proving the theorem. [

599 THEOREM Let I € R be an interval and let f : I — R. For a € I we put

I\{a} — R
f@-f@

X—a

T,:

Then f is convex if and only if Va € I, T, is increasing over I \ {a}.

Proof: Leta < b < c as in figure 6.3. Consider the points A(a, f (a)), B(b, f (b)), and C(c, f (¢)). The slopes

map =

b -f(b -
fO-f@ - f@-f®) | f@-f@

b—a c-b '’ c—a
satisfy

maB = Myc, mac <= mpc, map = mpc,
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and the theorem follows. An analytic proof may be obtained by observing that from Theorem 597, anyAa+ (1 — A)c
lies in the interval [a ;c] forAe [0 ;l]. Conversely, given b € [a ;c], we may solve for A the equation

c—-b
c—a

b=Aa+(1-A)c = A=

e [os1].

Hence

FAa+1-20) <Af(@+1-A)f(c) — f(b)s%f(angf(c) — SO -fl@ _fl-fb)

b-a =~ c¢-b
(6.1)

This gives

fO) -f@ _fle)-fl@a _fl-fb 62)

b-a c—a c-b
from where the theorem follows.
o c
A \
a b c

Figure 6.3: Theorem 599.

600 THEOREM Let I € Rbe an interval and let f: I — R be a convex function. Then f is left and right differentiable on every
point of I and for (a,b,c) € PBwitha<b<c,

fb) - f(a) fle)-fb)
~—a sf_(b)sf+(b)570_b .
. I\{b} — R
Proof: Since f is convex, Ybe I, Ty: is increasing, by virtue of Theorem 599. Thus
. f(x) - fb)
x-b

v sb|,V b;
uE[a [ UE[ C[ Ty(a) < Ty(u) < Ty(v) < Ty(c).

This means that Ty, is increasing on [b ;c[ and bounded below by Ty,(u). It follows by Theorem 530 that Ty, (b+)
exists, and so f is right-differentiable at b. Moreover,

Ty(a) < Tp(u) < f (b) < Ty(c).

Similarly, Ty, is increasing and bounded above by f! (b). Appealing again to Theorem 530, f is left-differentiable
atb and

Ty(a) < f.(b) < f|(b) < Ty(c).
d

601 COROLLARY If f is convex on an interval I, then f is continuous on 1.
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Proof: Givenb € I, we know that f is both left and right differentiable at b (though we may have f' (b) < f.(b)).
Regardless, this makes f left and right continuous at b: hence both f(b—) = f(b) and f(b+) = f(b). But then
f(b-) = f(b+) and so f is continuous at b. [

602 THEOREM Let I € Rbe an interval and let f : T — R be differentiable on I. Then f is convex if and only if f’ is increasing
onl.

Proof:

= Assume f is convex. Leta < x < c. By (6.2),

fx) - f(a) - f©)-f(a) - fl)-fx)

x—a c—a c—x
Taking limits as x — a+,
, flo-fla
fila) < ——_g °
Taking limits as x — c—,
Jf@-j@ _ ).
c—a

Thus f|(a) < f'(c). Since f is differentiable, f|(a) = f'(a) and f' (c) = f'(c), and so f'(a) < f'(c) proving
that f' is increasing.

< Assume f' is increasing and that a < x < b. By the Mean Value Theorem, there exists & € ]a ;x[ and
a'e ]x;b[ such that

f(b) - f(x)

X

fx)-f(a) - f@),

xX—a b

= f(a’).

Since f'(a) < f (') we must have

f®-f@ _fb)-fx)

x-a b-x '’

and so f is convex in view of (6.1).

d
603 CoroLLARY Let I S Rbean interval and let f: I — R be twice differentiable on I. Then f is convex if and only if f” > 0.
Proof: This follows from Theorems 574 and 602. 1]

604 Definition An inflexion pointis a point on the graph of a function where the graph changes from convex to concave or
viceversa.

Homework
605 Problem (Putnam 1991) A there any polynomials p(x) with real coefficients of degree 1 = 2 all whose 1 roots are L [0; +o0l - R .

/ 607 Problem By considering f 3 for 0 < k < 1 and using first and second
distinct real numbers and all whose 72 — 1 zeroes of p’ (x) are the midpoints between consecutive roots of p(x)? x — xk —k(x-1)

derivative arguments, obtain a new proof of Young’s Inequality 498.

X
606 Problem  Prove that the inflexion points of X — T are aligned.
anx

6.6 Inequalities Obtained Through Differentiation

2
X
608 THEOREM Let x> 0. Then > < exp(x).




Inequalities Obtained Through Differentiation

2
Proof: Let f(x) = exp(x) — x? Then f'(x) = exp(x) — x and f" (x) = exp(x) — 1. Sincex >0, f"(x) > 0 and so f'

is strictly increasing. Thus f’(x) > f'(0) = 1> 0 and so f is increasing. Thus

2
Fx) > f(0) = exp(x)— x? >0,

proving the theorem.[]

609 THEOREM lim
X—+00 exp(x)

Proof: From Theorem 608, for x >0,

X

2
<— = 0< lim < lim — =0,
exp(x) x x—+oo exp(x) Xx—+oox

and the theorem follows from the Sandwich Theorem. [

a

610 THEOREM Let @ € R. Then lim
X—+00 exp(x)

Proof: Ifa <1 then

x® X

x*1-0-0,

exp(x)  exp(®)
by Lemma 609. If & = 1 then

x< =a_“( ax )“_) a 0% =0,
exp(x) exp(ax)

by continuity and by Lemma 609. []

611 THEOREM Let x> 0. Then logx < x.
1
Proof: Put f(x)=x—logx. Then f'(x) =1-—. Forx<1, f'(x) <0, forx=1, f'(x) =0, and forx > 1, f'(x) >0,
x
which means that f has a minimum atx = 1. Thus
f&x)>fa) = x-logx>1.

Since x —logx > 1 then a fortiori we must have x —logx > 0 and the theorem follows.[]

612 lim loﬁ =

X—+o00 X

0.

Proof: From Theorem 611, log.x2 < x?. Forx> 1,logx > 0 and hence,

logx 1

x>1 = 0<—<—,

X 2x

logx
whence lim 08Y _ 0 by the Sandwich Theorem. [
x—+oco0 x
logx
613 THEOREM Let @ € ]0 ;+oo[. Then lim 08X _ 0.

x—+o00 x&

Proof: Ifa >1 then
1
ogx _ logx !
x“ x

““-o0-0,
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by Lemma 612. If0 < @ < 1 then
logx logx“

1
—-0=0
x* ax® « ’

by continuity and by Lemma 612. [

T
614 THEOREM For x € ]O;E [, sinx < x < tanx.

Proof: Observe that we gave a geometrical argument for this inequality in Theorem 542. First, let f(x)=sinx —

P4
x. Then f'(x) = cosx—1 < 0, since for x € ]0 =y [, the cosine is strictly positive. This means that f is strictly

decreasing. Thus for all x € ]0 ; % [,

fO) > f(x) = 0>sinx—x = sinx<x,

giving the first half of the inequality.

T
For the second half, put g(x) = tanx—x. Then g'(x) =sec®x— 1. Now, since|cos x| < 1forxe ]0 H > [, sec’x>1.

Hence g'(x) >0, and so g is strictly increasing. This gives
g0)<g(x) = 0<tanx—-x — x <tanux,

obtaining the second inequality.l]

/2

Figure 6.4: Jordan’s Inequality

T 2
615 THEOREM (Jordan’s Inequality) For x € ]0 H 2 [, —x <sinx <x.
T

Proof: This inequality says that the straight line joining (0,0) to (%, 1) lies below the curve y = sinx for x €

X —tanx

]0 ,g[ See figure 6.4. Put f(x) = % for x #0 and f(0) = 1. Then f’(x) = (cosx)( 2

) < 0 since

/4 b/
cosx>0andx—tanx <0 forx e ]0 Y [ Thus f is strictly decreasing for x € ]0 Y [ and so

fw>r(3) = 52,

X T

proving the theorem.[]
616 Definition If wy, wy,..., w, are positive real numbers such that w; + wp +- - -+ w,, = 1, we define the r -th weighted power
mean of the x; as:

r r r r\1/r
M}, (X1,%2,00 0y Xn) = (W1X] + Waxy + -+ wyxy) .

)



Asymptotic Preponderance

1
When all the w; = — we get the standard power mean. The weighted power mean is a continuous function of r, and
n

taking limit when r — 0 gives us
— W1 W2 Wn
Mg, =X X, Wy

617 THEOREM (Generalisation of the AM-GM Inequality)  If r < s then

r §
Mw(xlyny---yxn) = Mw(xlyxZ)---)xn)-

Proof: Suppose first that 0 < r < s are real numbers, and let wy, wy,..., w, be positive real numbers such that
wyt+twet--+wy=1.

s
Putt=—>1andy; = x{ forl <i<n. This implies thatyit = xl?. The function f :10; +oo[—]0; +ool, f(x) = xtis
r

1 _ . .
strictly convex, since its second derivative is f" (x) = ————x'"2 > 0 for all x €]0;+ocol. By Jensen’s inequality,

t(t-1)

(Wi y1 + WYz + -+ + Wyyn)* fanyr +ways +- + wyyn)

= wif(y)+waf(y2)+--+ wnf(yn)
= Wiy +ways++ weyh.
with equality if and only if yy = y2 = -++ = yn. By substituting t = ; and y; = x] back into this inequality, we get

(w1 x] + waxy +---+ w,,x,’l)s” S WX+ WX+ + WpX,),

1

with equality if and only if x, = xp = -+ = x,,. Since s is positive, the function x — x s is strictly increasing, so

raising both sides to the power 1/ s preserves the inequality:

s)lls,

(w1x] + waxy +---+ wnx,r,)”r < (w1 X + waxy + -+ + Wwpx;,

which is the inequality we had to prove. Equality holds if and only if all the x; are equal.
Thecasesr <0< s andr < s <0 can be reduced to the case0 < r < s.[]

Homework

618 Problem  Complete the following steps (due to George Pélya) in order to prove the AM-GM Inequality (Theorem and that
146).
Ap+Ag+--+Apn=n.

1. ProvethatVxeR, x<e¥ 1,

2. Put 3
B nay, 3. Deduce that
= I n
B an’ G <[ an
n
and Gp = @) ap - an. Prove that

n"Gp

AjAo- A= —— 1
1427 4n (ay +ag +-+ap)"’

4. Prove the AM-GM inequality by assembling the results above.

6.7 Asymptotic Preponderance

619 Definiton LetI < Rbe an interval, and let a € I. A function a : I — R is said to be infinitesimal as x — a if }:m}z a(x) =0.

We say that e is negligible in relation to ff as x — a or that f is preponderantin relation to « as x — a, if Ve > 0,36 > 0 such
that

xe]a—b‘;a+6[ = |a(x)| S£|ﬁ(x)|.

We express the condition above with the notation a(x) = 0x—4 (ﬁ(x)) (read “ea of x is small oh of § of x as x tends to a”).

Finally, we say that & is Big Oh of B around x = a—written @(x) = Ox—4 (%)), or @(x) <<x_q4 (f(x))—if 3C > 0 and
36 >0 such that Vx € ]u—6;a+6[, la(x)| < C|ﬁ(x)|.

@
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D Notice that @ above may be finite or £00. If @ is understood, we prefer to write &(x) = 0 (ﬁ(x)] rather @(X) = 0x—a (ﬂ(x)), Also

_ Looalx) _ _
a_ox_.u(ﬁ]@ggnam—ﬂ and fB(a)=0 = a(a)=0.

620 Example sin:R — [-1;1] is infinitesimal as x — 0, since lin(l) sinx =0.
x—>
| .. . . 1
621 Example f:R\{0} — R,x — — is infinitesimal as x — +oo, since lim — =0.
X X—+00 X

2

622 Example We have x“ = 0(x) as x — 0 since

. x .
lim — =limx=0.
x—0 X x—0

623 Example We have x = o(x?) as x — +oo since

. x .
lim — = lim —=0.
x—+00 X x—+00 X

624 Definition We write a(x) = y(x) + o(B(x)) as x — a if a(x) —y(x) = o(B(x)) as x — a. Similarly, a(x) = y(x) + O(B(x))
as x — a means that a(x) —y(x) = O(f(x)) as x — a.

625 Example We have sinx = x + o(x) as x — 0 since

. sinx-x _, sinx _,
lim——— =lim——-lim1=1-1=0.
x—0 X x—0 Xx x—0

626 THEOREM Let f, g, «, B, u, v be real-valued functions defined on an interval containing a € R. Let A € R be a constant.
Let h be a real valued function defined on an interval containing b € R. Then

1. f=o0(g) = f=0(g).

2. f=o(@) = Af=o(a).

3. f=o(a),g=0(a) = f+g=o0(a).
4 f=ol@,g=o0(B) = fg=o(ap).
5. f=0(@) = Af =O0(a).

6. f=0(a),g=0(a) = f+g=0().
7. f=0@),g=0(B) = fg=0(ap).
8. f=0(a),g=0(B) = fg=o(ap).
9. f=O(@,a=0(p) = f=0(p)
10. £=o(@,a=0(8) = f=o(p)
1L f=0@),a=o() = f=o(p)

12. sz(a)’linll’h(x)Zu = foh=05_p(aoh).
X—

13. f:O(a),linll’h(x)za=>foh=()x_,b(aoh)_
X—

Proof: These statements follow directly from the definitions.
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1. If f = o(g) then Y& > 0 there exists 6 > 0 such that
xe]a—6;a+6[ = %—0 <e = |fw)|<e|lgx)| = fF=0(g),
using C = € in the definition of Big Oh.
2. This follows by Theorem 429.
3. This follows by Theorem 429.
4. Both}i_rg% =0and}i_13% = 0. Hence lim ig‘;itg =£i_lg% }gl}l% =0 = fg=o(ap).
5. If f = O(«) then thereis 6 >0 and C > 0 such that
xe]a—b‘;a+6[ = ‘f(x)‘ SC|g(x)| = ‘/’lf(x)‘ SCI/’lI-|g(x)| = Af=0(a)
6. There existsd; > 0,02 > 0 and Cy > 0, Co > 0 such that
xe]a—61;a+61[ = |f(x)| < Cla)] and xe]a—62;a+62[ = |g®)| = C2la(x)].
Thus if6 = min(61,62),
xe]a—a;a+6[ = |f@+gW@)| < |f@)|+|g®)]| = CLa@ +Calx) = (C1+Cax) = f+g=O0(a).
7. There exists 61 > 0,02 > 0 and Cy > 0, Co > 0 such that
xe]a—é‘l ;a+61[ = |f(x)| < Cla@)] and xe]a—6g;a+62[ = [g®)| = C:|pW)|.
Thus if6 = min(61,62),
xe]u—6;a+6[ = |f@gW| = |f@)||g@®)| = C1la@®)]-C|p®)] = (C1C) |a®) px)| = fg=O0(ap).
8. Thereexists 61 > 0,02 >0 and Cy > 0, such thatVe >0
xe]a—61;a+61[ = |[f()| < Cla@)] and xe]a—62;a+62[ = |gx)| <&|px)].
Thus if6 = min(61,62),
xe]a—6;a+6[ = ‘f(x)g(x)|=‘f(x)||g(x)‘ SClla(x)|-£|ﬁ(x)|=£(C1)‘a(x)ﬁ(x)‘ = fg=o(ap).
9. There exists 61 > 0,62 > 0 and Cy > 0, Co > 0 such that
xe]a—61;a+61[ = |f@)| = Cla()] and xe]a—é‘g;a+62[ = |a®)| < C|f)|.
Thus if6 = min(61,62),
xe|a-8;a+6] = |f()|<Cila@| < CC|BW| = f=0(B).
10. Thereexistsd1 > 0,02 > 0 and C > 0, such thatVe >0
x€|a-8; ;a+61[ = |f@)| sela()] and xe]a—62;a+62[ = |a(x)| < C|()]|.
Thus if6 = min(61,62),
xe]u—6;a+6[ = |f(x)‘58|a(x)|SC£‘ﬁ(x)| = f=o(p).
11. Thereexistsd1 > 0,02 >0 and C > 0, such thatVe >0

x€|a-8, ;a+61[ = |f@)|=Cla(x)) and xE]a—az;aH?z[ = la(x)|se|p)|.
Thus if 6 = min(81,82),

xe]u—6;a+6[ = |f@)|=Clax)|=Ce|px)| = f=0(p).
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12. Thereexists 81 > 0,02 > 0 such thatVe >0
X€ a—61;a+61[ = |f(x)|S£|¢x(x)| and xe]b—b‘g;bﬂ‘)‘g = |h(x)—al<e = h(x)E]a—s;a+£[.
Thus if6 = min(6,,62,¢€),
xe|b-8;b+8] = |(fom | <el@o M@ = foh=o0p(@oh).
13. There exists 81 > 0,02 > 0,C > 0 such thatVe >0
xe a—61;a+61[ = |f(x)| = Cla(x)| and xe]b—é‘g;b+6g = |h(x)-al<e = h(x)e]a—e;aﬂs[.
Thus if6 =min(61,62,¢€),
x€|b-8;b+8] = |(fom@)| = Cll@o M@ = foh=0cp(ach).
O

D In the above theorem, (8), (10), and (11) essentially say that O (0) = 0(O) = 0(0) = 0 and (9) says that O(0) = O.

The following corollary is immediate.

627 COROLLARY Let & and B be infinitesimal functions as x — a. Then the following hold.

1. The sum of two infinitesimals is an infinitesimal:

o(B(®) +0(px)) = 0(B()-
2. The difference of two infinitesimals is an infinitesimal:

o(B(®) - o(px)) = 0(B())-
3. VceR\{0},0(cp(x)) = o(B(x)).
4. ¥neN,n=2,1<k=<n-1, o((B(xN") = o[ Bx)*).

5. 0(o(B(x)) = o(B(x)).
6. VreN,n=1, (B(x)"o(fx) = o((Bx)™).

7. Vnel\l,nzz,o((ﬁz—jg)) =0((ﬁ(x))"_l).
o(B(x))
8. =o0(1).
) o(1)

9. If ¢} are real numbers, then 0( Y ck(ﬁ(x))k) =o(p)).
k=1

10. (apP)(x) = o(a(x)) and (af)(x) = o(B(x)).
11. If @ ~ B, then (@ — B)(x) = o(a(x)) and (@ — B)(x) = o(B(x)).

628 THEOREM (Canonical small oh Relations)  The following relationships hold

1. Y(a,p) €RZ, x% = 0y 100 (xﬁ) = a<p.

2. V(a,p) €R? x% = 0y (xﬁ) = a>p.
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. logx = 0x— 10 (X).

. V(a,P) €R% >0, logx)™ = 05— 400 (xﬁ).

. Y(a,p) €R%, <0, |logx|™ = 0x o (xﬁ).

. V(a,a) €R% a>1, x% = 0100 (a¥)

. Y(e,a)eR?a>1, a* = 0y (1%1%)

Proof:
1. Immediate.
2. Immediate.
3. This follows from Lemma 612.
4. If @ = 0 then eventually (logx)* = 1 and so the assertion is immediate. If a < 0 the assertion is also imme-
diate, since then (logx)* — 0 as x — +oo. If & > 0, by Theorem 613,
logx
1Ble -9

whence

(logx)* _ (logx
xB |\ xBla

a
) —0%=0.

1
Ifx — 0+ then — — +o00. Hence by the preceding part and by continuity, as x — 0+ and fory >0,
x
1 a
log —
lossl)”
TV
5
But
s )
log — ) @
—logx
* (|-togx) =x" [logx|“,

1\ 1\
S
and so |logx|” = 0x_o+ (x7Y), and so putting p = —y <0 we have [logx|” = 0x—o+ (xﬁ).

For a < 1 we have

x® xloga  x*7!

i . —0-0,
a* exp(xloga) loga

xloga x®1

since — 0 by continuity and Theorem 610, and

—_— —0sincea—1<0. Ifa>1 then
exp(xloga) loga

l a
,Joga .

x® ( x )a o a” a a 0% =0
a* (aV/a)” (loga)® exp (xloga) (loga)®
a

by continuity and Theorem 610.
Ifa>0,a>1 then|x|* — +oco but a* — 0 as x — —oo, hence there is nothing to prove. If & = 0, again the
result is obvious. Assume a < 0. If x — —oo then —x — +oo and so by the preceding part

|x|~*
-0

a—x
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since the above result is valid regardless of the sign of «. Now

X

a* |x|~®

x|*  a*’

proving the result.

O

629 Example In view of Corollary 627 and Theorem 628, we have
0(—2x3 + 8x2) =o(x),

asx— 0.

630 Example Inview of Corollary 627 and Theorem 628, we have
o(—-2x%+8x%) = o(x%),

as x — +oo.
Homework

631 Problem  Which one is faster as X — +00, (loglogx)Ing or (logx)IOgIng?

6.8 Asymptotic Equivalence

632 Definiton Let I C R be an interval, and let a € I. We say that & is asymptotic to a function f: I — R as x — a, and we

write @ ~ B, if @ ~ p < a—p=o0a(p).

D Ifin a neighbourhood N q of @ P # 0 then

2.

a~p = B
p@=0= a(@=0

sinx
633 Example We have sinx ~ x as x — 0, since liné —=1.
xX— X
2
5 . . xX“+x
634 Example We have x“ +x ~ x as x — 0, since llné =
xX— X
x+x
2 2 . .
635 Example We have x“ + x ~ x“ as x — +o0, since lim =1.
x—+oo x2
636 THEOREM
a=0(p)
a~p =
p=0(a)

Proof: Ifa— f=o(p) thereis a neighbourhood N, of a such that

Ve>0,xe M, = |a(x)-px)|<e|p)|.

1
In particular, for € = > we have

1
XEN; = |a(x)—ﬁ(x)‘ < > ‘ﬁ(x)‘.
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Hence

3
xeMN = la®)| = |ax) - f(x)+ )| < |a(x) - f(x)| +|x)| 55|ﬁ(x)| = a=0(p),

and

1
xeNg = |p@)| =) - a(x) + a(x)]| s|ﬁ(x)—a(x)|+|a(x)|sE|ﬁ(x)|+|a(x)| = |p(x)| =2]a(x)] = P=0(a).
d

637 THEOREM The relation of asymptotic equivalence ~ is an equivalence relation on the set of functions defined on a
neighbourhood of a.
Proof: We have
Reflexivity ¢ —a =0=0(a).
Symmetry a - f=o0(f) = B = O(a) by Theorem 636. Now by (10) of Theorem 626,
a-pf=0(f) andfp=0(a) = a-P=0(a) = f-a=o(a),
whence p ~ «.

Transitivity Assume a— = o(B) and -y = o(y). Then by Theorem 636 we also have p = O(y). Hence @ — f = o(y)
by (10) of Theorem 626. Finally @ — = o(y) and p—y = o(y) give @« —y = o(y) by (3) of Theorem 626.

O

The relationship between o, O, and ~ is displayed in figure 6.5.

Figure 6.5: Diagram of Big Oh relations.

638 THEOREM The relation of asymptotic equivalence ~ possesses the following properties.

a~p

1. < = ay ~ f0.
Y~6
a~p

2. 4 = a" ~ p"
neN\{0}

1 1
3. if @ ~ B and if there is a neighbourhood .4, of a where Vx € 4, \ {a}, B(a) # 0, then — and E are defined on 4, \ {a}
a

1 1
and — ~4 —
«

3
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4. a=o(f) = a=o0(y)
B~y

5. 4 “-F = a=o0(y).
B=o(y)

6. if @ ~ B and if there is a neighbourhood .4, of @ where Vx € .4, \ {a}, B(a) >0, and if r € R then «” ~, B".

7. (Dextral Composition) If & ~, f and if linll’y(x) =a,thenaoy ~4 foy.
xﬂ

Proof: We prove the assertions in the given order.
1. Sincea— B =o0(p) andy —6 = 0(8) then a = O(B), and so
ay-Ppé=aly-8)-6(f—a)=0(B)o(6)-b0(B)=o0(p5).

2. This follows upon applying the preceding product rule n—1 times, usingy = « and é = p.
3. Observe that
l_l_ﬁ—_“_ﬂ_o(l)
« p af af B
upon using f— a = o(@) and (8) of Corollary 627.
4. We have a = o(B) and p—7y = o(y). This last implies that p = O(y) by Theorem 636. Hence
@=0(p)=o(O(y)) = o(r)-
5. We have @ — B = o(B) and B = o(y). This last implies that & = O(p) by Theorem 636. Hence

@=0(p)=0(o(r)) =o(r)-

a
6. Since B is eventually strictly positive, so is «. Hence @ ~ f <= B(x) — 1 as x — a. Since the function

x— x" is continuous in ]0 ;+oo[,

«a a”
—X)-1= —@w-1= a" ~p".

p pr
7. Wehave%xf(x) —0asx— a. Nowify(x) - aasx— bthenasx— b,
a(y(x)) - B(y(x) —o
By (x)) )
O

639 THEOREM (Exponential Composition)  exp(a) ~q exp(ff) < a—f ~40.
Proof: We have
exp(a) ~q exp(f) exp(a) - exp(f) = o(exp(p))
(exp(-p)) (exp(a) — exp(p)) = (exp(—)) o(exp(B))

exp(a—pf)-1=0(1)

et

a—f=0(0).
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|:| The above theorem does not say that @ ~ § = exp(a) ~ exp(f). That this last assertion is false can be seen from the following counterexample: X+ 1 ~ X as X — 0, but exp(x + 1) = eexp(x) is not
asymptotic to eXp(x).

640 THEOREM (Logarithmic Composition)  Suppose there is a neighbourhood of a .4, such that
Vx € A5\ {a}, B(x) > 0. Suppose, moreover, that & ~4 B and that chin}zﬁ(x) =lwithle [0 ;+oo] \ {1}. Then logoa ~,
logop.
Proof: Eitherle ]0;+oo[ \{1} orl=+oc0orl=0.
In the first case, log a(x) — logl andlog B(x) — logl as x — a hence

loga ~logl ~logf, asx— a.

In the second case B(x) > 1 eventually, and thuslog p(x) # 0. Hence

a(x)
loga(x) _1= log a(x) —log f(x) B 08 p(x) log1 —o
logf(x) log B(x) " logB(x) +oo

since @ — 1 andlogf(x) — +oco as x — +oo.

B(x)
. T | 1
The third case becomes the second case upon considering — and E O
17

641 THEOREM (Addition of Positive Terms)  If &« ~ f and y ~ § and there exists a neighbourhood of a .4 such that Vx €
Na\{a}, B(x) > 0,6 (x) >0 then
a+y~pB+90.

Proof: We have a — B = o(p) andy — 6 = 0(6). Hence

(@+y)—-(B+0) (@—p)+(y—-9)

= o(B)+0(d)
~ o(pa),

which meansa+vy ~ f+46. [

642 THEOREM The following asymptotic expansions hold as x — 0:
1. exp(x) — 1 ~ x and thus exp(x) =1+ x + o(x)
2. log(1 + x) ~ x and thus log(1 + x) = x + o(x)
3. sinx ~ x and thus sin(x) = x + o(x)
4. tanx ~ x and thus tan(x) = x + o(x)
5. arcsinx ~ x and thus arcsin(x) = x + o(x)
6. arctanx ~ x and thus tan(x) = x+ o(x)

7. for @ € R constant, (1+x)* —1 ~ ax and thus (1 + x)* =1+ ax + o(x)

x? x?
8. 1-cosx ~ > and thus cos(x) =1 - — + o(xz)
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Proof: Results 1—7 follow from the fact that

fla)#0, W - fl(a) = fx)-f(a)~ f'(a)(x- a).

x
Property 8 follows from the identity 1 — cos x = 2sin” 2 d

643 Example Since tanx = x + o(x), we have

x* x?
tan—=-—+o0
2 2

xz) x2
2

as x — 0. Also,
(tanx)® = (x + 0(x)2 = 23 +3x%0(x) + 3x0(x2) +ox)3=x>+ 0(x3) .

2
x
644 Example Since cosx=1-—-+ o(x?%), we have

4

cos3x*=1- 9% +o(x*).

645 Example Find an asymptotic expansion of cot? x of type o (x_z) asx—0.

Solution: Sincetanx ~ x we have 1
cot’x ~ —-
X

1 1
We can write this as cot® x = —+ 0(—2).
X X

646 Example Calculate
2
X
sinsintan >
lim

x—0 logcos3x

Solution: We use theorems 642 and 627.

. . xz
sinsintan ?

2
sinsin (? + o(xz))

x2

= sin|—=+o(x*)+o x2+0(x2)))
- 2 2
2
= sin x?+o(x2)
2
x
= ?+o(x2),
and
2
logcos3x = log(l—%+o(x2))
2
= ———+o(x*)+o0 ——+0(x2))
2
= —9%+0(x2)
The limit is thus equal to
x? )
— +o(x?) Z+o0(1) 1
lim — Ta0 9 )
X— X
_i+0(x2 ——+o(1)
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2
647 Example Find lin(l)(cosx) (cot™x)
x—)

1
Solution: By example 645, we have cot® x = —+to
x

1
prA Also,

x? x
logcosx = log(l -5t o(xz)) -5+ o(x?).

Hence
2
(cosx)°t'* = exp ((cot2 x)logcos x)
1 1 x? »
= exp|[5 +o|5|||-5 +tolx)
X X 2
1
= exp(—=+o0(1))
2
_ e 1/2’
asx — 0.
Homework
648 Problem  Prove that M —2asx—0. 650 Problem  Prove that (lanx)cm"lx - ell2 as X — £
sinx 4
1 X
649 Problem  Prove that (l + ;) — eas X — +00.

6.9 Asymptotic Expansions

651 Definition Let n e N and let f: .45 — R where .4 is a neighbourhood of 0. We say that f admits an asymprotic expan-
sion of order n about x = 0 if there exists a polynomial p of degree n such that

Vxe g, f(x)=px)+o(x").

The polynomial p is called the regular part of the asymptotic expansion about x =0 of f.
652 THEOREM If f admits an asymptotic expansion about 0, its regular part is unique.

Proof: Assume f(x) = p(x) + 0g (x") and f(x) = q(x) + 0y (x"), where p(x) = ppx" +---+ p1X+ po and q(x) =
Gnx" +- -+ q1x+qo are polynomials of degree n. If p # q let k be the largest k for which py. # qy.. Then subtracting
both equivalencies, as x — 0,

p(X)-q(x) = 0(x") = (Pn—qu)X"+(Pn-1-Gu-Dx" "+ -+ (p1-q0x = 0(x") = (Pp—gi)x*+---+- = o(x").
But (px — qk)xk Foeete- O(xk) as x — 0, a contradiction, since k < n. [
653 Definition Let neN, a € R, and let f: .4, — R where .4, is a neighbourhood of a. We say that f admits an asymptotic
expansion of order n about x = a if there exists a polynomial p of degree n such that
Vxe N fX)=px-—a)+o.((x-a)").

The polynomial p is called the regular part of the asymptotic expansion about x = a of f .

654 Definition Let ne N, and let f : A4 — R where .4, is a neighbourhood of +oco. We say that f admits an asymptotic
expansion of order n about +oo if there exists a polynomial p of degree n such that

Vx&/l/,ln]o;+oo[, f(x):p(£)+0+m(xi)_

n

The polynomial p is called the regular part of the asymptotic expansion about +oo of f.
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655 THEOREM Let f : .4 — R be a function with an asymptotic expansion f(x) = p(x) + 0y (x"), where p is a polynomial.
Then, if f is even, then p is even and if f is odd, then p is odd.

Proof: Let f(x) = p(x) + o(x") as x — 0, where p is a polynomial of degree n. Then f(-x) = p(—x) + o(x"). If f
is even then

p(x)+0(x") = f(x) = f(-x) = p(-x) + o(x"),

and so by uniqueness of the regular part of an asymptotic expansion we must have p(x) = p(—x), so p is even.
Similarly if f is odd then
-px) +o(x")=—f(x) = f(—=x) = p(-x) + o(x"),

and so by uniqueness of the regular part of an asymptotic expansion we must have —p(x) = p(—x), so p is odd.
O

We want to expand the function f in powers of x — a:
fX=ay+a(x-a)+az(x—a)’>+---+a,(x—a)" +---,

and that we will truncate at the n-th term, obtaining thereby a polynomial of degree n in powers of x—a. We must determine
what the coefficients aj, are, and what the remainder

f@x) —ao—ai(x—a) - az(x—a)* - — ay(x— a)" = R(x)

is. We hope that this remainder is o4 ((x— a)"). The coefficients ay are easily found. For 0 < k < n since f is n+ 1 times
differentiable, differentiating k times,

f(k) (a)
k!

FO(x) = Klag + ((k+ 1) (k) -+~ 2) g1 (x — @) + ((k+2) (ke + 1) - 3) ag,2(x — a)2 + -+ RF) (x), = = ay,

aslong as R(a) = R(a)=R'(a)=---= R (a) = 0. We write our ideas formally in the following theorems.

656 THEOREM (Taylor-Lagrange Theorem) Let I SR, I # @ be an interval of R and let f: I — Rbe n+ 1 times differentiable
in I. Thenif (x,a) € Iz,, there exist ¢ with inf(x, a) < ¢ < sup(x, a) such that

1 3) (n+1)
1t () LRGN

(n)
@ '(a) x—a)”+
n (n+1)!

fO=f@+f(ax-a)+—(x-a)’+ x-—a)@+--+

Proof: Ifx = a then there is nothing to prove. Ifx < a then replace x — f(x) with x — f(—x), which then verifies
the same hypotheses given in the theorem. Thus it remains to prove the theorem for x > a. Consider the function
o: [u;x] — R with
n (x—t)k (x_t)n+l
dW=fx-Y fPw ~R )

= k! (n+1)!

where R is a constant. Observe that ¢p(x) = 0. We now choose the constant R so that ¢p(a) = 0. Observe that ¢ is
differentiable and that it satisfies the hypotheses of Rolle’s Theorem on [a ;x] . Therefore, there exists c € ]a ;x[
such that ¢' (c) = 0. Now

(x— t)k—l
(k-1)!

(x_t)n (x t) (n+1)
+R = F Y@+

( -n"

n

&' = Z (f(k+1)(t)( — f0 (g

k=1

from where we gather, that R = £V (c) and the theorem follows. 0

657 COROLLARY (Taylor-Young Theorem) Let f:.4,; — Rbe n+1 times differentiable in . #;. Then f admits the asymptotic
expansion of order n about a:

fl/( )

3) (n)
f@O=f@+f@x-a)+i 5= (—u)2+¥(x_a)3+. fnu

(x—a)"+0q4((x—a)").
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Proof: Follows at once from Theorem 656. [

The following theorem follows at once from Corollary 657.

658 THEOREM Let x — 0. Then

3 5 2n+1
X X X
1. sinx=x——+——---+(-D" (x2"+2).
3! 5! 2n+1)!
2 4 xgn
2. cosx=1-—+——--.+(-D" + (x2n+1)_
2 4! 2n)!
x®  2x° 5
3. tanx=x+ — +—— + o(x°).
3 1
2 3 "
4. € =1+x+ =+ —=++—+0(x")
2! 3! n!
2 3 n
X X X
5 log(l+x)=x— — + = — e 4 (=D Z_ 4 o(x™).
g(1 +x) >t o N (x")

T(r-1) , T(r-1(T-2)(tr-3)---(t—n+1)
— X"+ + -~ X

6. 1+x)"=1+1x+ " +o(x").

659 Example Find an asymptotic development of log(2 cos x + sin x) around x = 0 of order o (x“).

Solution: By theorem 658,

. x* xt 5 %3 1
2cosx+sinx = 2(1-—+—+0(x°)|+|x——=+0(x*)
2 24 6
37 .4
x
= 2+x-x* -+ +o(x*)
6 12
x x2 X xt 4
= 21+ -—=—-=+—=+0(x")],
2 2 12 24
and so,
log(2cosx+sinx) = log2(1+% * x3+x4+0(x4))
8 B 8 2 2 12 24
2 .3 4
x x* x x
= log2+log(1+=—-—"—-"—+—+o(x*
8 8 2 2 12 24 ( ))
2 .3 4
x x2 x x
= log2+(—————+— 0(x4))
2 2 12 24 )
1(x x* 23 x* 1
- S| -F=-=+=+o0(x)
2\2 2 12 24
1(x x* x* x*
+ —(————— — 0(x4))
3\2 2 12 24
1(x x* x* x*
- —(—————+—+0(x4)) +o(x*)
4\2 2 12 24
B o 2+(x x2 X8 x4) l(x2 x xt
B 8 2 2 12 24) 24 2 6
1(x3 324 1 x
+ —(———)—— — +o(x*)
318 8 4 16
x b5x2 5x% 35x%
= log2+= - —+— - o(x%)
2 8 24 192
asx— 0.
Homework
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660 Problem  Prove that the limit exists. The constant
1 1 1
y=_lim (1+_-+-+---+—|-logn
n—+oo 2 3 n

is called the Euler-Mascheroni constant. It is not known whether y is irrational.
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Integrable Functions

7.1 The Area Problem

661 Definition Let f: [a ;b] — R be bounded, say with m < f(x) < M for all x € [a ;b]. Corresponding to each partition

P = {X0yX1yeeeyXp} Of [a ;b] , we define the upper Darboux sum

U, 2)=> ( sup f(x)(xk—Xk-1),

k=1 Xk-1SX=Xi

and the lower Darboux sum

LS, 2 = Y ( inf F(0)) (% — Xge1)-
=1 Xj—1SX=X|

Clearly
L(f,2)<U(f, ).

Finally, we put
—b

f fx)dx= inf uf,2),

& is a partition of | a ;b

which we call the upper Riemann integral of f and

b
[ fx)dx = sup L(f, ).

P is a partition of [a ;b

which we call the lower Riemann integral of f .

662 Definition Let f: [a ;b] — R be bounded. We say that f is Riemann integrable if [ fx)dx = [ f(x)dx. In this case,
a Y a

b
we denote their common value by f f(x)dx and call it the Riemann integral of f over [a ;b] .
a

663 THEOREM Let f be a bounded function on [a ;b] and let #Z € &' be two partitions of [a ;b]. Then
L(f, )< L(f,Z)<U(f,Z) < U(f, D).
Proof: Clearly is enough to prove this when &' has exactly one more point than &. Let
P =1{X0,X1,ee0)Xn}

126
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witha=xg < X1 < - < Xp-1 < Xp = b. Let &' have the extra point x. with x; < X. < X;4+1. Observe that we

have both <¥g‘c . f (x) < x é&‘ﬁx* f(x) and x Sgclgc - flx) =< . <52t; [ (x) since the larger interval may contain

smaller values of f Then

inf  f(x)(xi41 —x;) inf  f(x) (x4 — % + X — X3)
XiSX=Xj+1 XiSX=Xj+1

= xl<gg§”1f(x)(x* - x;) + <§g§l+1f(x)(xl+1 —-X.)

IA

inf  f(x)(x. - xi)+ <ix'l§- Fx)(xi41 — x4).

XiSX=Xy

Thus

L,y = ( inf fONG—%o)+--+( inf  fO)(Xiry i)+ dnf - f0)) (0 — xn-1)
= ( dnf fO))x—x)+---+( Inf fON(x.—x)+( inf fO)G—x)+e+( nf - f)) (6 — Xn-1)
= L(f, 2.

Asimilar argument shews that U(f, 2') < U(f, &). The we have
L(f,?2)<L(f,2)<U(f,2)<U(f,P)

proving te theorem.[]

664 THEOREM Let f be a bounded function on [a ;h] and let &1 and &, be any two partitions of [a ;b]. Then

L(fygl)SU(fw@Z)

Proof: Let &' = P, U P be a common refinement for 2y and &». By Theorem 663,
L(f, ) < L(f, P10 P) < U(f, P10 P) <= U(f, P1),

and
L(f, P2) < L(f, 21U P) < U(f, P U P2) < U(f, P2),

whence the theorem follows.[]

b —b
665 THEOREM Let f be a bounded function on [a ;b]. Thenf fx)dx sf [f(x)dx.
Y a a

Proof: By Theorem 664,

b
Lf 20 20,20 = [ fuode- sup LU, 21) <U(f, 25),
—a P is a partition of |a ;b]
and so b
f fx)dx < U(f, P,.
Taking now the infimum,
b —b
f fx)dx < inf U(f, P2) = f fx)dx,

P, is a partition of | a ;b

and the result is established.[]
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666 THEOREM Let f be a bounded function on [a ;b]. Then f is Riemann integrable if and only if Ve > 0, 3 a partition

of [u;h] such that
U(f,?)-L(f,P) <e.
Proof:

< Ifforalle >0,U(f, @) - L(f, P) < € then by Theorem 665,

b —b b b
L(f,y)sf f(x)dxs[ fxdx<U(f,P) = Osf f(x)dx—f fx)dx <e,

and so f fx)dx = f fx)dx, which means that f is Riemann-integrable.
a < a

= Suppose f is Riemann integrable. By the Approximation property of the supremum and infimum, for all
€ > 0 there exist partitions &1 and P, such that

b € b €
U(f,f}”z)—[ f(x)dx<5, [f(x)dx—L(f,f/"lkE.

Hence by taking & = &1 U &, then
b £
U(f,?)<U(f, ) <f f(x)dx+§ <L(f,P1)+e<L(f,P) +¢,
a

from whereU(f, #) - L(f, P) <€&.

O

0 xirrational,
667 Example e f(x)= ] x€[0;1]
1 xrational.

Then U(f, &) =1, L(f, &) =0, for any partition &, and so f is not Riemann integrable.

0 xirrational,
. x)=<x1 x€[0;1
f® X rational = s in lowest terms. [0;1]

is Riemann integrable with

1
f f(x)dx=0
0

668 Definition Let f be a bounded function on [a ;b] and let & = {xy, x1,..., X} be a partition of [a ;b]. If ;. are selected

so that x_; <t < xj, put
n
S(f,2) =Y fte) (%K — Xk-1),
k=1

is the Riemann sum of f associated with .

669 THEOREM Let fi, f5,..., fin be Riemann integrable over [a ;b], and let f: [a ;h] — R. If for any subinterval I € [a ;h]
there exists strictly positive numbers a,, a,..., a,, such that

o(f,) =aiw(fi,)+aw(fo,)+ -+ amw(fm, D),

then f is also Riemann integrable.
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670 THEOREM (Algebra of Riemann Integrable Functions)

Proof: Let & ={a=x9<x) < <Xy = b} beapartition of[a ;h] selected so that for all j,

U(fj, 2) - L{fj, P) < £

ai+azg+-+ay

Using the notation of the preceding theorem,

Il
M=

w(f, [xk—l ;xk])(xk = Xg-1)

=~
l
—

IA
M=

Y. ajofy, |1 53] (e - 11 1)
j=1

=~
l
—

~.

i w(fj [xk—l ;xk])(xk—xk—l)
k=1

I}
Ms
Q

~.
Il
—

Il
Mz

j=1

~
I

<

n

and the theorem follows from Theorem 666. []

A €R be a constant. Then the following are also Riemann integrable

1.

2.

3.

f+Ag
|£]
rg

1
ided inf >0, also —
provide xel{l:l;b]|g(x)| also P

. provided inf ‘ g(x)| >0, also I
x€[a;b] g

Proof: Since
|0 +Ag@) - F()-Ag@| < |f@) - fF(O]| +IAl|g) -g®], and ||f@-|f@||<|f@®-f®)],

we have
o(f+Ag,D<w(f,D+|AMw(g,D) and o(f|,D<o(f,D,

from where the first two assertions follow, upon appealing to Theorem 669.

To prove the third assertion, put ay = sup |f(u)| and az= sup |g(u)|
ucla;b] uela;b]

|[f@®)(g(x) - g(0) +g(O(fx) - F(1)]

|f(0gw - Fg®|

A

< |fw||gw -g®|+|g®@]||f® - f®)]

IA

( sup !f(u)!) |g(x) - g(0)] + ( sup. !g(u)l) [f0 -0

ucla;b]

a, |g(x) - g®)|+az|f(x) - f (D),

Let f and g be Riemann integrable functions on [a ;b] and let
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which gives
w(fg,D=ao(f,D+aw(g,D,

and so the third assertion follows from Theorem 669.

To prove the fourth assertion, with a = i[nfh] | g(x)| > 0, observe that we have
x€la;

‘L_L = ;| (x) - (t)|
g® g lggm] &8

IA

1
p |g(x)- g0,
1 1
and this gives w(E, < zw(g, I). The fourth assertion now follows by again appealing to Theorem 669.
The fifth assertion follows from the third and the fourth.[]

671 THEOREM Let f and g be Riemann integrable functions on [a ;b] and let A € R be a constant. Then

b b b
f(f(x)+)tg(x))dx=f f(x)dx+)tf g(x)dx.

Proof: Let & ={a=xp <x) <--- <Xy, = b} be a partition of[u ;b] and choose t;. such that t; € [xk_l ;xk].
Then for any € > 0 there exist 8 > 0 and 6' > 0 such that

n b
3 £t (o — 1) — f F@dx

X ) <> it ||7]<s,

n b
AY g(tk)(xk—xk_l)—lf g(x)dx
k=1 a

Hence, if‘ | 3”‘ | <min(8,58"),

< i <o

n b b
3 (f(t) + Ag () (e — Xe_1) — [ F@dx-A [ g®dx
k=1 a a

n b n b
<|> f(tk)(xk—xk_l)—f f@dx|+|A DY gt (xe—xk-1)-A | gx)dx
k=1 a k=1 a

<E&

proving the theorem.[]

672 THEOREM Let f and g be Riemann integrable functions on [a ;b] with f(x) < g(x)forallxe [a ;b]. Then
b b
f fx)dx S[ g(x)dx.
a a

Proof: The function h = g — f is positive for all x € [a; b] and hence L(h, &?) = 0 for all partitions &. It is also
integrable by Theorem 671. Thus

b b
f h(x)dx = f h(x)dx = 0.
But B

b b b b
f h(x)dx=0 = Osf (g(x)—f(x))dxzf g(x)dx—[ fx)dx,

b b
and so f fx)dx < f g(x)dx, as claimed. U
a a
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673 THEOREM (Triangle Inequality for Integrals)  Let f be a Riemann integrable function on [a ;b] . Then

b
sf | £ ()] dx.

b
U fx)dx

Proof: By Theorem 670, | f | is integrable. Now, since — | f | <f= | f | we just need to apply Theorem 672 twice. [

674 THEOREM (Chasles’ Rule) Let f be a Riemann integrable function on [a ;b] and let c € ]a ;b[. Then f is Riemann

integrable function on [a ;c] and [c ;b]. Moreover,

b c b
ff(x)dx:f f(x)dx+f f(x)dx.

Conversely, if c€ |a ;b| and f is Riemann integrable on |a ;c| and | c; b| then f is Riemann integrable on |a ;b| and
N g g

b c b
ff(x)dxzf f(x)dx+f fx)dx.

Proof: Consider the partitions
P={la=x<X1 < <Xp=C<Xmpi1<-<xXp=b}, P'=la=xg<x1<-<xp=c}, P'={c=xm<Xms1<:<Xp=Dhb}
where by virtue of Theorem 666, given € > 0, we choose & so that

U(f,?)-L(f,?) <e.

It follows that
(Uf, 2) - L(f, 2N) + (U, 2") - L(f, P") = U(f, P) - L(f, P) <E&.

Hence f is Riemann-integrable over both [a; c] and [c; b]. Observe that

c b
OSU(f,c@')—f fx)dx<e, OSU(f,c@")—f fx)dx<e,

c b
05] fx)dx—L(f, 2" <¢, 05] fx)dx—-L(f, 2" <&,
a [4
and upon addition,

c b
OSU(f“@)—(f f(x)dx+f f(x)dx)<2£,

c b
05([ f(x)dx+f f(x)dx)—L(f,9)<25,
whence
b c b
[ f(x)dxz[ f(x)dx+[ fx)dx,

as required. [

675 THEOREM (Converse of Chasles’ Rule) Let f be afunction defined on the interval [a; b] and let ¢ €] a; b[. If f is Riemann-
integrable on [a; c] and [c; b] then it is also Riemann integrable in [a; b] and

b c b
ff(x)dx:f f(x)dx+f f(x)dx.

@D
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Proof: Since f is Riemann-integrable on both subintervals, it is bounded there, and so it is bounded on the
larger subinterval. By Theorem 666, given € > 0 there exist partitions ' and 2" such that

Ula;cl (fr «92,) — Lig;q] (f; 9’) <§, U[c;h] (fr 32”) - L[c;h] (fr 32”) <E&.
The above inequalities also hold in the refinement & = 2' U 2", and
U(f,gz) = U[a;c](f;f@) + U[c;h](f;f@); L(f,gz) = L[a;c](frgz) +L[c;b](f;r@)-

We then deduce that

U(f,gz)—L(f,gz) (U[a;c](f;f@)‘*'U[c;h](frgz))_(L[a;c](f;f@)+L[c;h](f;«@))

(U[a;c] (f; 9) - L[a;c] (f; 9)) - (U[a;c] (fr «92) - L[c;b] (f; «@))

< 2g,

and so f is Riemann integrable in [a; b] by virtue of Theorem 666. Now

fubf(x)dx < Uf,2)
< L(f,P)+e¢
= Liga(, P)+Lign(f, ) +e
< f:f(x)dx+j;bf(x)dx+s,
and similarly
[ ‘fwdr = L)
> U(f,P)-¢
= Uga(f, )+ Ui (f, ) - €
> facf(x)dx+fchf(x)dx—£,
hence

c b b c b
ff(x)dx+[ f(x)dx—ss[ f(x)dxsf f(x)dx+f fx)dx+e€

giving the desired equality between integrals.l]

676 THEOREM Let f be Riemann integrable over [a; b] and let g: [ 1nf f (w); sup f (u)] — R be continuous. Then go f

ucla;b]
is Riemann integrable on [a; b].

Proof: Since g is uniformly continuous on the compact interval [ 1nf f (uw) ; sup f (w) |, for given € > 0 we
uela;b ucla;b

may find &' such that

(s,0) € 1nf f(t), sup f(u) Is—tl<6 = |f(s)-f()| <e.

ucla;b]

Let & = min(é/, €). Since f is Riemann-integrable, we may choose a partition & = {a = x9 < x1 < --- < X, = b}
such that
U(f,?)-L(f, P) < 8%, 7.1)

Q2
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by virtue of Theorem 666. Let
mp=_inf fx); Mp= sup f(x);

Xf-1SX=Xp Xp_1 SX<Xp

m;;z inf k(gof)(x); M;;: sup (gof)(x).

Xp 1 SX<X Ko SX<Xp
We split the set of indices {1,2,...,n} into two classes:
A={k:1<k<n,M;,—my<0d} B={k:1<k<n,M;—my =0}
Ifke Aandxy_y < x <y < xi, then
|[f@-fO)|sMr-mp<6<6 = |(goHX)-(fo))|<e,

whence M, — m;_ < €. Therefore

Z (M;; - m,t) (X —xK_1) <& Z (x5 — Xp_1) = €(b— a).
keA =1

Ifk € B then My — my. = 6 and by virtue of (7.1),

8 (p—xk-1) = Y (M —mp) (X —xp—1) < Y, (Mg — my) (xg — x_1) = U(f, 2) - L(f, &) < 6%,

keB keB 1<ks=n
whence
Y (xk—xp-1) <b<e.
keB
Upon assembling all these inequalities, and letting M = sup | g1 |, we obtain

te [ infu&[u;b] [ ySUP yc [a;b] [

Ugof,?)-L(gof,?) Y (Mg —my) (e — xpe—1) + ), (M — myg) (% — xpe—1)

keA keB
< £(b—a)+2MZ (X — X_1)
keB
< &e(b-a)+2Me
= eb-a+2M),

whence the result follows from Theorem 666. [

b a a
677 Definition If b < a we define [ fx)dx = —[ fx)dx. Also, [ fx)dx=0.
a b a

678 THEOREM A function f on [a ;b] is Riemann integrable on [a ;b] if and only if its set of discontinuities forms a set of

Lebesgue measure 0.

Proof:

= Giveny >0andd >0, put e =yd8. Let f be Riemann integrable. There is a partition & = {a = xy < x1 <
-+ < Xp, = b} such that

U(f,?) - L(f,P) <e.

be such that w(f,x) =y. Then

Letx e ]xi $Xi+1

sup f(x)— inf f(x)=y.

]xi 3Xit1 Xi 3%i+1
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Now observe that

{xela;h]: w(f,x) =6} = ( U ]xi 3Xit1 )U {X0, X100, X}

sup f—inf f>y

Hence
plixelabl:o(f,x)zy}) < X341 — %]

Supyy;x; (S @) —inflg  ( f)zY
1 .

< =) Ixiai-xl| sup fx)-_ inf f(x)
v Xi 3Xit1 Xi iXi+1
1

< ;(U(f,%—uf,@))
€

< J—
Y

= 0.

Lettingd — 0+ andy — 0+ weget p ({x € [a; b] : w(f, x) = 0}) = 0, and in particular, p ({x € [a; b] : w(f, x) > 0}) =
0 which means hat the set of discontinuities is a set of measure 0.

< Conversely, assume 1 ({x €la;bl: w(f,x) > 0}) =0. We can write

1
{xela;bl:w(f,x) >0} = | ] {x€ [a;h] : 0(f, %) > —}.
K>1 K
1 1
Fix K large enough so that X < €. Sincep ({x €la;bl:w(f,x) = f} =0, we can find open intervals I (K)

such that

1
{xela;b):(f,x) ==} C | I; (K), Y u(Ij(K) <e.
K j=1 j=1

1
It is easy to shew that { x € [a; D] : (f, x) > ?} is closed and bounded and hence compact, so we may find
a finite subcover with

1
{x€la;b]: 0(f,x) > }}gl,-l ulj, u---ulj,.

Now
[a;b] \(IjIUIjZU"'UIjN)

1
is a finite disjoint union of closed intervals, say Jy U JoU---U Jy. Ifx € J; then w(f,x) < X Thus on each of

1
the J; we may find so fine a partition that w(f,L) < X for every interval such partition. All these partitions
and the endpoints of the I, form a partition, say 7. Write # = 81 US2 U---U Sy for the intervals of the

1
partition & that are not the Ij, . Observe that w(f, Sg) < X Then

uf,2)-L(f,2)

z(supf—inff) (1 (zjk))+;k(s;pf—igkff) (o)

I;

Ij; Iy ke
N 1
< 2sup|f[ ) p(L)+ LD m(SK
la;b] k=1 Sk
< 2sup|f|e+(b-a)e
[a;b]
= (Zsup|f|+(b—a))£.
[a;b]

This proves the theorem.
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679 CoRrROLLARY Every continuous function f on [a;b] is Riemann integrable on [a ;b].

Proof: This is immediate from Theorem 678. []

680 CoROLLARY Every monotonic function f on [a ;b] is Riemann integrable on [a ;b].

Proof:
countable (Theorem 532), the result is immediate.l]

Since a countable set has measure 0, and since the set of discontinuities of a monotonic function is

f(x)=2-/x-cos(logx)-sinx

Homework

681 Problem  Let f be a bounded function on Ia 5 bl. Then f is Riemann integrable if and only if V& > 0, 36 > 0

such that for all partitions &2 of ’a H b],

2

<6 = U(f, P)-L(f, P)<e.

682 Problem  Let f be a bounded function on [a ; bl . Then f is Riemann integrable on [a ;h] if and only if

lim  S(f, )
[|#]|-o

exists and is finite. In this case we write  lim

S(f,zﬂ):fbﬂx)dx.
[|#]|-o “

7.2 Integration

684 THEOREM (First Fundamental Theorem of Calculus)

a differentiable function F: [a ;b] — R such that F' = f then

683 Problem  Let f be bounded on Ia ;bl. Then f is Riemann integrable on [a ;h] if and only if for every

£> 0,2/ > 0 there is a partition &2 of [a 5 b] such that

n
kgl (e = %1 X g [a;bl:w(f,[x)_q 5x D=’} <&
Here X (.) is the indicator function defined on a set E as

1 ifxeE
XE(X)=
)

ifx¢ E

Let f: [a ;h] — R be Riemann integrable on [a ;b]. If there exists

b
f f(x)dx = F(b) — F(a).

Proof: Given e > 0, in view of Theorem 666, there is a partition & = {a = xg < X1 < --- < X, = b} such that

U(f,?)-L(f,?) <e.

Since F is differentiable on [a; D), it is continuous on [a; b]. Applying the Mean Value Theorem to each partition

subinterval [x_1; Xi], we obtain ¢ €]1xy._1; X1 [ such that

F(xi) — F(xg—1) = f(cr) (X% — Xg—1)-

@)
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This gives
F(b)-F(a)= Y (F(x)—F(xk-1)= ), f(cr) Xk —xk-1),

1<k<n 1<k<n

andsince inf f(u) < f(ck)< sup f(u), wededucethat
UE[Xp—13Xk] UE X 13Xk

L(f,?) < F(b) - F(@) < U(f, ).

b
Furthermore, we know that L(f, &) < f fx)dx < U(f, S?). Hence, combining these two last inequalities,
a

<Eg,

b
‘F(b) —F(a) —f fx)dx
and the theorem follows.l

685 THEOREM (Second Fundamental Theorem of Calculus)  Let f: [a ;b] — R be Riemann integrable on [a ;b], and let
X
F(x) = f fndt, xe [a ;b].
a
Then F is continuous on [a ;h] . Moreover, if f is continuous at ¢ € ] a;b [, then F is differentiable at ¢ and F'(c) = f(o).
£
Proof: Thereis M > 0 such thatVx € [a;b], |f(x)| <M. Now, ifa<x<y<buwith |x—y| < w then

y y
s[ |f(t)|dtsf Mdt=M(y-x)<e

y
|F(y) - F(x)| = U f(ode

Thus F is continuous on [a; bl and by Heine’s Theorem, uniformly continuous on [a; b]. Now, take u €] a; b[, and

observe that
F(x)-F(uw) _

l X
xX—u x—u[u fndt.

1 X
fw)= m[u [(wdt,

XA u =

Moreover,

and therefore,
F(x)—F(u)

1 X
- = — 1) — dt.
= = [ rw-rw)
Since f is continuous at u, there is & > 0 such that
tela;bl,It—ul<é = |f(O)-f(w)|<e.

This gives
-fw|<e

'F(x)—F(u)
x—-u

for x €la; bl with |x — u| < 8. From this it follows that F'(u) = f (u).[]

686 THEOREM (Young's Inequality for Integrals)  Let f be a strictly increasing continuous function on [0 ; +oo[ andlet f(0) =
0.If A>0and B > 0 then

A B
AB < [ fx)dx+ f flx)dx.
0 0

Proof: The inequality is evident from Figure 7.1. The rectangle of area AB fits nicely in the areas under the

curvesy = f(x),x€ [0;A] andx = f~1(y),y € [0; B].
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1 1
687 THEOREM (Holder’s Inequality for Integrals)  Let p>1 and put — =1— —. If f and g are Riemann integrable on [a ;b]
q p

< (fuh|f(x)|pdx)”p ([:|g(x)|qu)

Proof: First observe that all of | g|,|f|” and |g|? are Riemann-integrable, in view of Theorem 670. Now, with
fx)=xP Lin Young’s Inequality (Theorem 686), we obtain,

then
1/q

b
U fx)gx)dx

AP Bll(p—l)+l AP B
ABs —+ ——— = — + —. (7.2)
p Up-1)+1 p q

b
Ifany of the integrals in the statement of the theorem is zero, the result is obvious. Otherwise put AP = [ | fx) |p dx,
a
b
B1= [ |g®)|” dx. Then by (7.2),
a

[fx)g@| _AP|fw)|” LB lg(x)|*
AB = p q9

Integrating throughout the above inequality,

Lfbl (x)g)|d <Lfb| @|"d +i[b| ®)|7d LA
2B ). fx)gx x_pAP 3 fx x 2B Ja glx x—p 7

whence the theorem follows. U]

Figure 7.1: Young’s Inequality (Theorem 686).

688 THEOREM Let f: [a;b] — R. Then

b
1. If f is continuous on [a;b], Vxe [a;b],f(x) >0,3ce [a;b] with f(c) >0thenf fx)dx> 0.
a

b
2. If f,g are continuous on [a ;b], Vx € [a ;b],f(x) < g(x), and 3c € [a ;b] with f(c) < g(c) thenf fx)dx <
a

b
f g(x)dx.

Proof: The second part follows from the first by considering f — g. Let us prove the first part.

Assume first that ¢ €la;bl. Then there is a neighourhood 1¢ — 8;¢ + 6[Sla; bl of ¢, with § > 0, such that Vx €
le—6;¢c+0[,f(x) = % Therefore

b c+6 c+0 f(c)
f f(x)dxzf f(x)dx>f de=6f(c)>0.
a c-06 c-06

@D
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If ¢ = a then we consider a neighbourhood of the forma; a+ 8|, and similarly if c = b, we consider a neighbour-
hood of the form1b—8;b[

689 THEOREM (First Mean Value Theorem for Integrals)  Let f, g be continuous on [a ;b] , with g of constant sign on [a ; b] .

Then there exists ¢ € ] a ;b[ such that

b b
[ f(x)g(x)dxzf(c)[ g(x)dx.

Proof: If g isidentically 0, there is nothing to prove. Similarly, if f is constant in [a; b] there is nothing to prove.
Otherwise, g is always strictly positive or strictly negative in the interval [a; b]. Let

m= inf f(x); M= sup f(x).

x€la;b] xela;b]

Then
b
NICTTI
Ja g(x)dx

By the Intermediate Value Theorem, there is ¢ €]a; b[ such that

b
f fx)gx)dx
flo) = ab—,
g(x)dx

a

proving the theorem.[]

690 THEOREM (Integration by Parts) Let f, g be differentiable functions on [a; b] with f’ and g’ integrable on [a; b]. Then
b b b
f fxgx)dx +f fg' dx=fxgx)| =[fb)gbh) - flaga.
a a

Proof: This follows at once from the Product Rule for Derivatives and the Second Fundamental Theorem of
Calculus, since

b b b
(fge)=f'g+fg = f(bgb)-fla)g(a) =[ (f(x)g(x))'dxf f’(x)g(x)dx+f fx)g' (xdx.

O

691 COROLLARY (Repeated Integration by Parts) Let n € N. If the n + 1-th derivatives f 1) and g("“) are continuous on
[a; b] then

b b b
[ f(x)g(n+l)(x)dx — (f(x)g(n)(x) _fl(x)g(n—l)(x) +fll(x)g(n—l)(x) et (_l)nf(n) (x)g(x)) ‘a+(_1)n+1f f(n+1) (x)g(x)dx.

Proof: Follows by inducting on n and applying Theorem 690. U

692 THEOREM (Integration by Substitution)  Let g be a differentiable function on an open interval I such that g’ is continu-
ous on 1. If f is continuous on g(I) then f o g is continuous on I and V(a, b) € 12,

b g(b)
f (fog)(x)g (x)dx = ) fadu.

gla
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Proof: Fixce I and put F(x) = f fu)du. By The Second Fundamental Theorem of Calculus, Vx € I, F'(x) =
f(x). Furthermore, let t(x) = F(g(x)). By The Chain Rule, t =(F og)g f og)g Therefore

b
[ t' (x)dx

t(b)-t(a)

b
f (fog)(x) g (x)dx

F(g(b)) - F(g(a)

g(b) gla)
Su)du— fu)du

c

c
g(b)

[f)du,
gla)

as was to be shewn.

693 THEOREM (Second Mean Value Theorem for Integrals)  Let f, g be continuous on [a ;b], with g monotonic on [a ;b].

Then there exists ¢ € ] a ;b[ such that

b c b
f f(x)g(x)dx:g(a)f f(x)dx+g(b)f fx)dx.

Proof: PutF(x) = [ f(odt. Then F'(x) = f(x). Hence

b b b b
ff(x)g(x)dx:f F'(x)g(x)dx:F(x)g(x)|a—f F(x)g'(x)dx

and therefore
b b
f f(x)g(x)dx=F(b)g(b) - F(a)g(a) —f F(x)g'(x)dx.

By the First Mean Value Theorem for Integrals and by the First Fundamental Theorem of Calculus, there is a
c €la; b[ such that

b b
f F(x)g'(x)dx = F(C)[ g'(x)dx = F(c)(g(b) - g(a)).

Assembling all the above,

b
f fx)g(x)dx F(b)g(b) — F(a)g(a) - F(c)(g(b) — g(a))

8(b)(F(b) - F(c)) + g(a)(F(c) — F(a))

b c
g(b)f f(x)dx+g(a)f [ (x)dx,
as desired.[]

694 THEOREM (Generalisation of the AM-GM Inequality) Leta; =0, p; = 0 with p; + p2+---+ p, = 1. Then

Gzap1 52 al" <pray +poaz+---+ppa, = A.

(Here we interpret 0° = 1.)

Proof: There is a subindex k such that ar < G < ay.1. Hence

ke G 1 n a(1 1
| |=-=]d ; ———|dx=0,
i-zl"‘fa,-(x /4T, 2 ’”‘f (G x) *=

i=k+1 Y6




Integration

as all the integrands are = 0. Upon rearranging

n G 1 n
Y pi| —dx<) pi
i=1 i=1

a; X

a

obtaining the inequality U

Homework

695 Problem  Let p be a polynomial of degree at most 4 such that p(=1) = p(1) = 0 and p(0) = 1. If p(x) < 1 for

1
x € [-1;1], find the largest value off 1 px)dx.

3
696 Problem  Compute fo x| x|dx.

697 Problem  Let f be a differentiable function such that

f(x+h)—f(x):ex+h—h—ex

and f(0) = 3. Find f(x).
a 1 a
698 Problem  Let f be a continuous function such that f(x) f(a—x) = 1 andleta > 0. Flndf ——dx.
f F@f b F@+1

699 Problem  Let f be a Riemann integrable function over every bounded interval and such that f(a+ b) = f(a) +
£ (B) forall (a, b) € RZ. Demonstrate that f(x) = xf(1).

2
700 Problem Compmef(:j xeZJde.

2 2
701 Problem Findf |x< 1| dx.
-1

702 Problem  Let 72 be a fixed integer. Let f : R — R be given by

o x ifx<0
x) =
oM jfplt M2y ontl_pn-l

2n 2n on_y
Prove that f() f)dx= f() xdx =2 .

703 Problem (Putnam 1938)  Evaluate the limit

t
f (1 +sin2x)/*dx
1 —
=0 t

1
704 Problem  Find the value of fo max(x2 ,1-x)dx.

705 Problem  Let @ > 0. Let f be a continuous function on IO B al such that f(x) + f (@ — x) does not vanish on
a (x)dx

IO;al. Evaluatef fi)

o f+fla-x)

706 Problem Let @ > 0. Let F be a differentiable function such that Yx € [0 ;a] F’(a —-Xx) = F (x). Evaluate
a
f F(x)dx.
0

707 Problem  Let 72 = 0 be an integer. Let @ be the unique differentiable function such that Vx € R

2n+1

(a(x)) +a(x) = x.

x
Evaluate f() a(t)dt.

708 Problem

709 Problem

710 Problem

711 Problem

712 Problem

713 Problem

714 Problem

715 Problem

716 Problem

717 Problem

718 Problem

719 Problem

720 Problem

721 Problem

722 Problem

723 Problem

724 Problem

725 Problem

ai—G

i ] n " A
—dx = ) pi(oga;-logG) <) p;-—— = 0= — -1,
¢ G i=1 G

i=1 G

/12 sinxdx
Find - .
0 sinx+cosx

fﬂ/Z 1dx
Find _—
0 14 (tanyV2

1
Findf ———dx.
xVx2 -1

1
Findf —dx.
1+vx+1

BY)
Findf ———y dx.
LUz _ 13

1

Findf ——dx.
(eX —e—X)2
5 %)

Prove lhal./; — dx = 4log(5) — 31og(2) —log(3).

X

X

Findfee X dx.

Find f tan xlog(cosx) dx.

logl
Find f BB 4
xlogx

18
x0-1
Findf dx.
xB-1

1
Findf — dx.
Bix

1
Findf —— dx
1-sinx

Find f V1+sin2xdx.
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726 Problem

727 Problem

728 Problem

729 Problem

730 Problem

731 Problem

732 Problem

733 Problem

734 Problem

Findf —=x dx.
Vi-x4

Find f sec? xdx.
Find f sec? xdx.
Findfe‘xll3 dx.
Findflog(x2 +1)dx.
Find f xe” cosxdx.

Find f 23 logxdx.

Find f sin(logx)dx.

logl
o [ 106198 4,

735 Problem (fsecxdx inthree ways) A traditional indefinite integral is

fsec xdx =log(tanx +secx) + C.

Justify this formula.

1
Now, prove that =

7.3 Riemann-Stieltjes Integration

7.4 FEuler’s Summation Formula

cosx cosx
cosx  2(L+sinx) 2(1-sinx)

« Use this to find a second formula for f secxdx.

x
A third way is as follows. Using sin26 = 2sin @ cos@ shew that f cscxdx = log|tan El + C. Now use

b4
csc( 2 + X) = secx to find yet another formula for f secxdx.

736 Problem

737 Problem

738 Problem

739 Problem

740 Problem

741 Problem

742 Problem

743 Problem

744 Problem

Find f (arcsin x)zdx.

dx
Findfi.
Vi+l+vx-1

f xarctan xdx.
Find f Vtanxdx.

2x+1
Findf —-
x2(x-1)

Find f log(x + vx)dx.

1
Find f dx.
xt+1

1
Findf ———dx.
B +1

Demonstrate that for all strictly positive integers n,
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Sequences and Series of Functions

8.1 Pointwise Convergence

745 Definition  We say that a sequence of functions { f,,};;iol fn: I — Rdefined on an interval I S R converges pointwise to
the function f if Vx e I, Ve >0 3N > 0 (depending on € and on x) such that

nzN = |fu(x)- f(¥)|<e.

746 Example The sequence of functions x — x",n = 1,2,... converges pointwise on the interval [0 ;1] to the function

f: [0;1] — {0,1} with

0 ifxe[o;l[

fx)
1 ifx=1

747 Definition  We say that a sequence of functions { fn};cfl fn:I— R defined on an interval I € R converges uniformly to
the function f if Vx e I, Ve >0 3N > 0 (depending only on €) such that

nzN = |fu(x)- f(x)|<e.

748 THEOREM If the sequence of functions { f,,};;iol Jfn: I — Rdefined on an open interval I € R converges uniformly to f
on I, then f is continuous on I.

8.2 Integrals and Derivatives of Sequences of Functions

8.3 Power Series

A power series about x = a is a series of the form
+00
f@ =) anx-a)".
n=0

This is a function of x, and truncating it gives polynomial approximations to f. The goal is to approximate “decent” func-
tions about a given point x = a.

These expansions don't necessarily make sense for all x. The region where the power series converges is called the
interval of convergence.

. . o 2"(x-3)"
749 Example Find the interval of convergence of the series )_ T
n=1 n

142
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Solution: By the ratio test, the series will converge if

2n+1(x_3)n+1 \/ﬁ n
v n|=2 lx-3|—-r<l,
vn+1 2"(x—3) n+1

5
2lx-3|<1 = —<x<-—.
2 2

that is when

-n"
\/ﬁ ’

5 7 5 &
The series converges absolutely when > <x< 2 We must also test the endpoints. Atx = > the series is Z
n=1

5 X1
which converges conditionally by Leibniz’s Test. At x = 2 the series is Z ——, which diverges.
n=1 VIR

8.4 Maclaurin Expansions to know by inspection

. x2 x3
e =1l+x+—+—+---
2! 3!
¢ The sine is an odd function:
. x X X7
sinx=x-—+——-—
3t 58 7!
¢ The cosine is an even function:
2 4 6
x* x
cosx=1-—+——-——
2! 4! 6!

¢ If ais areal constant,

ala-1) , a(a-1)(a-2) 3 ala-1)(a-2)(a-3) 4,
X"+ X"+ X +

A+x)%=1+ax+
2! 3! 4!

750 Example Expand f(x) = cosx around x = 1.

Solution: We have

cosx = cos(x—1+1)

cos(x—1)cosl —sin(x—1)sin1

(x-1% (x-1* x-1D3 (x-1°
+ - +

.
= (cosl)|1- ceo = (sinl) ((x—1) — —.
2! 4! 3! 5!
Homework
x 18
751 Problem  Given a finite collection of closed squares of total area 3, prove that they can be arranged to cover the unit 755 Problem Z e —
s —3 (9n—-1)(9n+8)
quare. n=3
) ' ! 1 X 1
752 Problem  Given a finite collection of closed squares of total area 3 prove that they can be arranged to cover the 756 Problem  Test Z < i7n for convergence by comparing it to a suitable p-series. Use the direct comparison
+1/n °
unit square, with no overlaps n=1n
test.
X ="
753 Problem ) 7 oo 1
n=3 757 Problem  Test Z ——— 7 [or convergence by comparing it to a suitable p-series. Use the direct compari-
n=2 nlt+l/logn
son test.
754 Problem  Shew that
x 1 p 4
Y arctan — =7 0 1
n=1 1+n+n 758 Problem  Test Z ——————— for convergence by comparing it to a suitable p-series. Use the direct
n=2 nl+1/loglogn
comparison test.




Comparison Tests

fe]
759 Problem  Test Y
n=1

3
o using both direct comparison and the root test.
n

—Cosni

fe]
760 Problem  Test ) T
e

n=1

for absolute or conditional convergence. Make sure to write your argument care-

8.5 Comparison Tests

Homework

o0
762 Problem  Let {an}‘,’,": 1 be a sequence of real numbers satisfying 0 < @p < 1 for all 1. Assume that Y an
n=1

oo
diverges but Z a;l converges. Let f be a function defined on [0 H ll whose second derivative exists and is bounded
n=1

8.6 Taylor Polynomials

Homework
1
763 Problem  Evaluate fo (logx) (log(1 — x))dx.

x 2
764 Problem  Evaluate the infinite series ), arctan — .
n=1 n

8.7 Abel’s Theorem

Homework

766 Problem  Put

11 1 (-pn+l
ap=1--+-—-- —log2.
" 23 1 8
o0
Provethat ) ap convergesand find its sum.
n=1
767 Problem  Evaluate the sum
1+ ! + L et a
% 2°3 n
n=1 nn+1)

fully, outlining the different tests you use.

oo oo
an
761 Problem  Use the comparison tests to shew that if @ > 0 and Z ap converges, then Z —— converges.
n
n=1 n=1

=S =)
on IO;I].Provelhall[ Z f(an) converges, so does Z {f(an){.
n=1 n=

765 Problem  Find the sum of the infinite series
1 1 1 1 1
I-—+ ===+ — ==+
4 6 9 11 14
768 Problem  Evaluate the sum
§ ( 1,1 1
n=o\4n+1 4n+ 2n+2
769 Problem  Evaluate the limit

1 T
lim — f tan (asinx) dx.
a—0a Jo




Appendix A

Answers and Hints

11 Observethat Ap = {0,n,2n,3n,...}.

L Ag.
2 N
3. {0},

14 We have,

xe(AuB)nC x€(AuB) and xeC
(x€eA or xeB) and xeC
(x€eA and x€C) or (xeB and x€QC)

(xe AnC) or (xeBNnOQ)

(A

xe(AnC)U(BNnCO),
which establishes the equality.

23 We check the two statements

x€Ax(B\C)<=x€e(AxB)\(AxC).

Let us prove first =>. By definition of x, X = (a, b), where @ € A,b € B,b ¢ C. Thus x € A x B but x ¢ A x C. By definition of \ we are done. Now we prove the assertion <—. By definition of x and \, X = (&, b) where a € A, b € B. Since
x ¢ Ax C,weobservethat b ¢ C. Thus a € A, b € B\ C, and we gather that x € A x (B\ C).

24 Attach abinary code to each element of the subset, 1 if the element is in the subset and 0 if the element is not in the subset. The total number of subsets is the total number of such binary codes, and there are ZN in number.

42 There are 22 = 4 such functions, namely:
0 fy givenby f (@) = fi (b) = c. Observe that Im (£} ) = {c}.
0 fagivenby fo(a) = fo (b) = d. Observe thatIm () = {d}.
O fgivenby f3(a) = ¢, f3(b) = d. Observe that Im (f3) = {c, d}.
O fygivenby fy(a) =d, fy(b) = c. Observe that Im (fy) = {c, d}.

43  Each of the 1 elements of A must be assigned an element of B, and hence there are m-m---m = m" possibilities, and thus m™ functions.If a function from A to B is injective then we must have » < m in view of Theorem 30. If to
[ —’

nfactors
different inputs we must assign different outputs then to the first element of A we may assign any of the 7 elements of B, to the second any of the 712 — 1 remaining ones, to the third any of the 712 — 2 remaining ones, etc., and so we have
m(m—1)---(m— n+1) injective functions.

45 Rename the independentvariable, say (1 — s) = 2s. Now, if 1 — § = 3x then § = 1 — 3x. Hence
h(3x)=h(1-s)=25=2(1-3x)=2-6x.

46 Put

4)2003 2 8012

p(x):(l—x2+x =ag+ayx+ayx”+---+agppax

Then
0 ag=p©=1-02+042003 -,

0 ag+ay+ag+---+aggra =p) = (1-12 +14)2008 _

u]
ap-ay+az—ag+---—agoy; +ageiz = p-D
= a-ED2+(-nhH2008
= 1.
1 +p(-1
0 The required sum is w =1
1)-p(-1
O The required sum is w =0.

145
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47 We have

48 We have

f@ - D212 - 1-2f()

f@ - nd2-2f@ - —2-2f

f@ - (-D*3-2f@) - 3-2f@3)

£ - D%-2f@ - -a-2f@)
£(999) - (-1)9%9%98-2f(998) - —998-2f(998)
faooo) - (-1)1000g99_5f(9gg) - 999-2f(999)
faoony - (-n1%lygp0—_2£(10000 -  -1000-2£(1000)

Adding columnwise,

f@+fB)++ f(1001)=1-2+3—---+999-1000—2(f(1) + f(2) + - + £(1000)).

This gives
2f() +3(f(2) + f(3) +---+ £(1000)) + f(1001) = —500.

Since f(1) = £(1001) we have 2f (1) + £(1001) = 3 f(1). Therefore
500
f(l)+f(2)+---+f(1000):—T.

49 Seta=b=0.Then (f(0)2 = £(0)£(0) = £(0+0) = £(0). This gives £(0)2 = F(0). Since £(0) > 0 we can divide both sides of this equality to get £(0) = 1.

Further, set b = —a. Then f(a) f(—a) = f(a— a) = f(0) = 1. Since f(a) #0, may divide by f(a) to obtain f(—a) = ﬁ.
Finally taking @ = b we obtain (f (@))% = (@) f(a) = f(a+ @) = f(2a). Hence f2a) = (f ()2
50 To prove that f is injective, we prove that f (@) = f(b) = a = b. We have
f@=rm = i

= (a-1D(Bb+1)=(a+1)(b-1)
= ab+a-b-1=ab-a+b-1
= 2a=2b
E a=>b,

whence f is injective. To prove that f is surjective we must prove that any y € R\ {1} has a pre-image @ € R\ {—1} such that f (@) = y. That s,

a-1
a+1

—
+
<

=y=a-l=ya+y = a-ya=1+y = a(l-y)=1+y = a=

—
|
<

1+ - 1+x
Thus f (l—y] =y, and f is surjective. This also serves to prove that f L= -
—y -x

51 Wehave fFI2l(x) = fx+ ) = e+ D +1=x+2, FB8(x) = F(x+2) = (x+2) + 1 = x + 3and so, recursively, £ (x) = x + n.

55 Wehave £12) (x) = F(2x) = 22, 131 (x) = £(22x) = 28 x and so, recursively, £ (x) = 27 x.

56 Lety =0.Then2g(x) = 2x2, thatis, g(x) = x2. Letus check that glx) = %2 works. We have

gx+y)+glx-y = (x+y)2 + (x—y)2 =x2 +2xy+y2 +x2 —2xy+y2 =2x2 +2y2,
which is the functional equation given. Our choice of g works.

57 Letx = 1.Then f(y) = yf(1). Since f(1) is a constant, we may let k = f(1). So all the functions satisfying the above equation satisfy f(y) = ky.

1 1 x 1
58 From f(x)+2f(—) = x we obtain (=) = 2732 f(x). Also, substituting 1/x for X on the original equation we get
x X

F/x)+2f(x)=1/x.

Hence
1 1 1 1(x 1
f(x)fE—Ef(llx)fa—i(z—if(x)]'
x

2
hich yield: X)=——-—.
which yields f(x) 3 3
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59 We have

2. p(1=x
f&) f(“_ )764%
whence
Fant [
1-x
Substitute X by —— . Then
1+x 2
1-x 1-x
f(m] f(x)—64[m). an
Divide (I) by (D),

3 _ 2(1+
fx)? =64x’ (_1—::)'

from where the result follows.

60 Wehave ) 12 (x) = (fo @) = F(F ) = ;1 = xT_l
7117.’6 1

i fB @ = fofonm =@ am :f(—x_ ): I *
x 1- %71

(iii) Notice lhalf[4] (x) = (fOf[sl)(x) = f(fls] (x)) = f(x) = f[ll (x). We see that f is cyclic of period 3, lhalls.f[ll =f[14] = f[7] f[zl = f[sl =f[8] = fls] = f[6] = f[9] .Henceflag] (x) = f[3] (x) =x.

61 To see (i) observe that

fla)=fb) = g(f(a) =g(f(b) = a=b,

whence f is injective. (The first implication is clear, the second implication follows because g © f is injective.)

To see (if), given y € C, 3x € A such that g(f(x)) = y, since g o f is surjective. But then, letting @ = f(x) € B we have g(a) = y and g is surjective.

xX—a

69 Themap f :[0;1] — [a; b] f(x):b_u

is a bijection.
70 Themap f: l 7oo;+oo[ — lO;+oo[ fx)= e~ is a bijection.

84 Both answersare “no.” If @ = —b = v/2, which we will prove later on to be irrational, we have @ + b = 0, rational, and @b = —2, also rational.

1 3
85 Leuu:—z +i§.Thenw2+w+l=Oandw3=l.Then

x=u3+b3+03 —3abc = (a+b+c)(u+wb+wzc)(u+w2b+cw),

y= u3 +v3 + w3 —3uvw=(u+v+w)(u+wv +w2w)(u+m2v+ww).
Then
(a+b+c)(u+v+w)=au+av+aw+bu+bv+bw+cu+cv+cw,
(u+wb+w20)(u+wu+w2w) £ au+bw + cv
+w(av+ bu+ cw)
+m2(uw+bv+cu),
and
(u+w2b+wc)(u+w2|/+ww) £ au+bw + cv
+w(aw + bv + cu)
+m2(uv+bu+cw).
This proves that
xy = (uu+bw+cv)3 +(aw+bv+cu)3 +(uu+bu+cw)3

—3(au+ bw + cv)(aw + bv + cu)(av + bu+ cw),
which proves that § is closed under multiplication.
86 We have
xoy = (x0p)o(xoy)

= [yo(xoy)lox

= [xopy)oxloy

= [(yox)ox]loy

= [(xox)oyloy

= (yoy)o(xox)

= yox,

proving commutativity.

87 By(l.4)
xky=((x*y)*x)*x.
By (1.4) again
(k) *x)+x=((x*y)*((x*y)*y)) *x.
By (1.3)

() *((xxP)*yN*x=(P*x=y*x,
which is what we wanted to prove.
To shew that the operation is not necessarily associative, specialise . = Z and X * y = —X — ¥ (the opposite of X minus ). Then clearlyin this case * is commutative, and satisfies (1.3) and (1.4) but
0+(0+1)=0%(-0-1)=0x(-1)=-0-(-1) =1,

and
0%0)x1=(-0-0)x1=(0)*1=-0-1=-1,

evincing that the operation is not associative.
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88 1. Clearly, if @, b are rational numbers,
lal<1,|b|<1 = |ab|<1 = -1<ab<1 = 1+ab>0,

a+b +b
whence the denominator never vanishes and since sums, multiplications and divisions of rational numbers are rational, 1+ab is also rational. We must prove now that —1 < 1+ab <1for(a,b) €]-1;1 [2. We have
a al
a+b
-1< <1 < -l-ab<a+b<l+ab
1+ab
< -l-ab-a-b<0<l+ab-a-b

< —(a+1)(b+1)<0<(a-1)(b-1).

Since (a,b) €] - 1; 1[2, (a+1)(b+1)>0andso—(a+1)(b+1) < 0 giving the sinistral inequality. Similarly @ —1 < 0 and b— 1 < 0 give (@ — 1)(b — 1) > 0, the dextral inequality. Since the steps are reversible, we have
a+b

established that indeed —1 < ——
1+ab

<1

a+b b+a
2. Sincea®b= = = b ® a, commutativity follows trivially. Now
1+ab 1+ba

a® (bec) = ( b+c]
1+bc
b+c
(1+bc
= l+a b+c
1+bc
a(l+bc)+b+c _ a+b+c+abc
- l+bc+ab+c) 1+ab+bc+ca’
One the other hand,
(aeb)®c =

1+ab
(a+b)+c(1+ab)
1+ab+(a+b)c
a+b+c+abc

1+ab+bc+ca’

whence ® is associative.

a+e 2
=a,whichgivesa+e=a+ea
+ae

3. Ifa®e=athen or e(az —1) =0. Since @ # +1, we must have e = 0.

a+b
4. Ifa®b=0,then
1+ab

=0, which means that b = —a, that s, uil =-a.

89  We must shew that V(a, b) € G2 we have ab = ba. But
ab = e(ab)e
= wHaba®)
= b((ba)(ba))a
= bba)a
= b(e)a

= ba,

whence the result follows.

90 We have
(ub)3 = a3 b3 = ab(ab)ab = u(u2 bz)b
= baba = a?b?
= (ba)2 = az b2 .
Similarly
(ab)5 = a5b5 = (ba)4 = a4b4.
But we also have
bt = (ba)?)? = @®b?)? = B a®)b?,
and so
1/12(112112)112 = (ba)4 = a4b4 = bza2 = azbz.
We have shewn that V (&, b) € G2
((ba)? = a?b?) and (b2a? = a®b?).
Hence
ba)? =a?b? =b?*a® =  baba=b*a®

= ab = ba,

proving that the group is abelian.
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91 Since . 3
(ab)!*2 = (ab)(ab) - (ab) = a(ba)* *1 b,
N

i+2 times
multiplying by a71 on the left and by b71 on the right the equality
(ab)i+2 = gi+2pi+2 (A1)
we obtain . . .
ba)' 1 = (@it (p)itl. a2
By hypothesis
(ab)l+1=(a)l+l(b)t+l. @3
Hence (A.2) and (A.3) yield
(ab)i*! = (ba)i*1, a4
Similarly, from (A.3) we obtain
(ab)’ = (ba)*, @5
from which . .
(ab)~' = (ba)~ ", *6)
Multiplying (A.4) and (A.6) together, we deduce
ab = ba,

which is what we wanted to shew.

102  The first two follow immediately from the Binomial Theorem, the first by putting X = y = 1 and then X = —y = 1. The third follows by adding the first two and dividing by 2. The fourth follows by subtracting the second from the first and
then dividing by 2.

103 Ifu:los,bZZKhen
5. 4 3,2, 2,3, 4 ,5_ @ -
1002004008016032= 6> + a" b+ a” b~ + a”b” + ab® +b° = —— —.

This last expression factorises as

ab -8

D = (a+b)a®+ab+b?)(a® - ab+b%)

= 1002-1002004 - 998004

= 4-4-1002-250501 - k,
where k < 250000. Therefore p = 250501.

105 From the Binomial Theorem,
(A4+B)3 =43 +342B+34B2+ B3 = A3 +B3=(4+B)3 -34B(A+B).

Then
a3 +b3 +c3 —3abc = (a+ b)3 + 03 —3ab(a+ b)—3abc
=  (a+b+0)3-3(a+b)cla+b+c)-3abla+b+c)
= (a+b+o)((a+b+c)? -3ac—3bc—3ab)
= (a+b+c)(u2+b2+cz—ub—bc—cu).
106
n| _ n! _n (n—-1)! _n n-1
k| Km-I)! k (k-Dn-k! k|\k-1)
107
n| _ n! _ n(n-1) (n—-2)! _n n-1 [n-2
k| K-k kk-1) (k-2n-k! k k-1 (k-2|

n n-1
108 We use the identity k k= n & . Then

o (n _ no(n-1 _
by k(k)pkufm" -y n(kfl)p"(l—p)” k
k=1 k=1
nl (n-1) g1 n-1-k
= n| k P (1-p)
k=0
nl(n-1) g n-1-k
= mp e Pra-m
k=0

= mpp+1-p"!
= np.

109 We use the identity
n

n -2
k(k*l)(k)=n(n71)(k72).
Then
n n -2
Y k(k—l)(:)pk(l—p)"_k -y n(n—l)(: Z)pku—p)"‘k
k=2 k:% -
= -2
=Y n(n—l)("k )pk*z(l—p)”’l’k
k=0 2
n=2(p_1
= n(nfl)p2 Z (nk )pk(lfp)n_z_k
k=0
= n(n—l)pz(p+l—p)'kZ

= n(n—l)pz.
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110 We use the identity
(k—np)2 = k2 —2knp+n2p2 =k(k—-1)+k(1-2np)+ nzpz.
Then

n
Y (k-1 + k(1 -2np)
k=0
+n2p2)(:)p"(1—p)”*"
n
= k(k—l)(: pEa-pnk
k=0

n
+(1-2np) Y k(:)pk(l—p)”’k
k=0
n
+n2p2 Z (Z)pk(l_p)n—k
k=0

= n(n—l)p2 -*-np(l—an)-%—nzp2

n
Y - np)Z(Z)p"(l —pk
k=0

= npl-p).

112 Observe that the number of k-tuples with min((ay, ap,...,a)) = tis (n—t + l)k —-(n- t)k.

151 The given equalities entail t

7[\’13

@2 -xp?=o0.
1
A sum of squares is 0 if and only if every term is 0. This gives the result.

152 The given equality entails that
1
3 (1 327 + g —x)? 4+ (g — 2w + o —x)?) =0

A sum of squares is 0 if and only if every term is 0. This gives the result.

+A a+A
. Similarly B(a+ A) = aB + AB < Ab+ AB = A(b + B) and so 4B

a a
153 Since @B < Abonehas a(b+ B) = ab+aB < ab+ Ab = (a+ A)bso b < DB

‘We have
7 11 7 18 11 7 25 18 11

— < = —<—<— = —<—<—<—.
10 15 10 25 15 10 35 25 15

25 5 5 11 4 7
Since ﬁ = ; , we have g < 7. Could it be smaller? Observe that E > E and that E < E Thus by considering the cases with denominators g = 1,2, 3,4, 5,6, we see that no such fraction lies in the desired interval. The smallest

denominator is thus 7.

154 We have

(r-s+2 - =@-s+t-DF-s+t+8=(—s)(r-s+20.
Since t—$§<0,r—s+2t=r+s+2(t—s)<r+sandso
2

(r—s+t)2—t2S(r—s)(r+s):r2—s
which gives

(r—s+t)25r2—sz+t2.

n
155 Using the CBS Inequality (Theorem 147) on Z (akbk)ck once we obtain

n no, o, 12 1/2
> ukbkcks( > ukbk) ( Y ck)
=1 k=1
n 1/2
Using CBS again on( Z aibi] we obtain
k=1
n no, 1/2
Zl”’kbk"k = ( by vk)

IA
—
El
1
L

)

L
Nl
-
=
=
—=
M=
Ed
o
= -
Nl
—
=
=
— 0
M=
3}
t
ol
-
=
N

which gives the required inequality.

156  This follows directly from the AM-GM Inequality applied to 1,2, ..., n:

1+2+--+ +1
nling g glin  Z3ERAR AT

n 2

where strict inequality follows since the factors are unequal for 1 > 1.

157 First observe that for integer k, 1 <k <n, k(n—k+1)=k(n—-k)+k>1(n—k)+k = n. Thus

2 =1-m2 (n-1)3 - (n-2)(n-1)-2)(n-)>n-n-n---n=n"

o

)< 21+l

158  From the Binomial Theorem, for n = 2,

+ (") > (n) _nn-1) — 2l o).
n 2 2

This establishes the inequality forn = 2. Forn=0,0=0(0-1) < 20+1 andforn=1,0=1(1-1 , so the inequality is true for all natural numbers.
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159 Assume without loss of generality that @ = b = ¢. Then @ = b = ¢ is similarly sorted as itself, so by the Rearrangement Inequality

2

a? +b? +c? =aa+bb+cc > ab+bc+ca.

This also follows directly from the identity

a? +b?+c® —ab-bc-ca=

One can also use the AM-GM Inequality thrice:

2 + a2 =2ca,

a2 + bz >2ab; b2 + “2 >2bc; ¢
and add.

160 Assume without loss of generality that @ = b = ¢. Then @ = b = c is similarly sorted as a“ = b2 = 02. so by the Rearrangement Inequality

2 2

3 2u2b+bzc+c a,

a3+ b3 +¢3 = aa? + bb? + cc

and
2

a® + b3 + 3 = aa® + bb? + cc® = a?c+ b2 a+ 2 b.

Upon adding

1
&+ +c3 =aa? +bb? +cc? > 3 (az(b+c)+b2(c+u)+cz(u+b)].

Again, if @ = b = ¢ then
ab = ac = bc,

thus

us + b3 + 03 == u2b+ bzc+ czu = (ab)a+ (bc)b+ (ac)c = (ab)c + (bc)a+ (ac)b = 3abc.

This last inequality also follows directly from the AM-GM Inequality, as
3.3 .3

a’+b° +c

(@33 03)1/3 =< —

’

or from the identity

3—3ubc:(a+b+c)(u2+b2+cz—ub—bc—cu),

aS+p3 40
and the inequality of problem 159.

161 We apply 1 times the Rearrangement Inequality

ay by +dgby+--+dnbn < ayby+agby+---+anbn < ayby +aghy +
dy by +dgby +--+dnbn <  ayby+agbg+---+anby < ay by +aghy
dyby +dghy+--+dnbn < aybg+agby+---+anby < ayby +aghy+-
d by +dgby +-+dnbn < aybp+agby+--+apby_y <  ayby +aghy +
Adding we obtain the desired inequalities.
163 Use the fact that (b — u)z = (\/}_,, \/E)Z(\/I_I+ \/E)Z.
164 Let
A1 3.5 9999
T2 4 6 10000
and
B= 2 46 10000
“3 5 7 10001°
Clearly, ¥% — 1 < %2 for all real numbers . This implies that
whenever these four quantities are positive. Hence
1/2 < 2/3
3/4 < 4/5
5/6 < 6/7
9999/10000 < 10000/10001
As all the numbers involved are positive, we multiply both columns to obtain
1 35 9999 < 2 4 6 10000
2 4 6 10000 3 5 7 10001’

or A < B. This yields AZ = A- A < A- B. Now
123456 7 9999 10000 1

23456 7 8 10000 10001 10001’

and consequently, A2 < A- B =1/10001. We deduce that A < 1/v/10001 < 1/100.

165 Observe thatfor k=1, (x + k)2 > (x+k)(x+k—1)andso
1 1 1 1

G2 AR k-1  xek-1

Hence

1 1 1 1 1 1 1 1

1 1

+ + ERERES + < + + +oet +
x+D2  (x+2)2 (x+3)2 x+n-12  (x+m?2 x(x+1)  E+D@E+2)  (x+2)((x+3) (x+n-2)(x+n-1) (x+n-1)(x+n)
1 1 1 1 1 1 1 1 1

X+2 x+3

+ - + -—
x+n-2 x+n-1 x+n-1 x+n
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166 For 1 <i < n, we have

(i-n)(i-1)
= ——— =<

0.
i2n
Thus
as Z x; = 0. Now
i=1
1
1-=
n
167 Expanding the product
n n n n
[MTa+xp=1+ Y xp+ Z xpXj o=+ Y X
k=1 k=1 1<i<j<n k=1
n
since the Xz, = 0. When 12 = 1 equality is obvious. When 2 > 1 equality is achieved when Z x;x;=0.
1<i<j<n
168 Assume @ > b= c.Puts = a+b+c. Then
1 1 1
-a<-bs-¢c= s-a<s-b<s-c—=> — = —— > ——
s—a  s— s—c
1 1
and so the sequences @, b, ¢ and ——, 717 y are similarly sorted. Using the Rearrangement Inequality twice:
s—a s-b s-c
a b c a b c a b c a b c
—_—t—t— > ——t ——; ——F——t—— > —— + ——
s—a s-b s-c¢ s-c s-a s-— s-a s-b s-c  s- s—-c s-a

Adding these two inequalities

whence

—t—+
b+c c+a

from where the result follows.

169 Let

P(n): \la+\la+\ a+-+Va< H—:aﬂ.

[ —
nradicands

Let us prove P(1), that is

1+ V4,
Ya>0, ya< Tu.

1
To get this one, let’s work backwards. If @ > 1

1+vda+1
va< ———

2va<1+vVia+1
2Va-1<vaa+1
@va-12<(Vaa+1)?
4a-4/a+1<4a+1

-2ya<o.

[

1
all the steps are reversible and the last inequality is always true. If @ < 1 then trivially 2v/@ — 1 < V4@ + 1. Thus P(1) is true. Assume now that P(n) is true and let’s derive P(12 + 1). From

1+vda+1 1+vaa+1
a+\a+ u+---+\/ﬁ<fi a+\la+\/a+--+Va< a+———
- [ —

nradicands n+1 radicands
we see that it is enough to shew that

vda+1

1+vV4a+1
2 .

But observe that

1+vda+1 1+vda+1
(Vaari+1)2=4a+2Vaari+2 — 2“ =1/a+ 2“ ,

proving the claim.

170 From the AM-GM Inequality,
a+b=2vVab; b+c=2Vbc;c+a=2\/ca,

and the desired inequality follows upon multiplication of these three inequalities.

171 By the Rearrangement inequality

<

=

ﬁ'M:

_
Tl
v
7[\’13

._

T
o=
v

=

il M

as dk = k, the a’s being pairwise distinct positive integers.
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172 By the AM-GM Inequality,

LS
(L L...L]“'z % m

whence the inequality.

173 By the CBS Inequality,
(1% +1-x2+---+1-xn]2s(12+12+---+12)[xf+x%+---+x$,],

which gives the desired inequality.

174 Put
Tm= ) a- Y a.
1<ksm m<ksn
Clearly Tg = — Tn. Since the sequence Tg, T ..., Tn changes signs, choose an index p such that Tp_ 1 and Tp have different signs. Thus either Tp—l -Tp= 2|up\ or Tp — Tp_ 1=2 ap |. We claim that

min(|Tp_1|,|Tp{) =< lglkaén{akl'

For
For.l[conlrarlwlsebolh|T _ |> max |(aj.|and|Tp|> max |aj| then2|ap|=|Ty_1—Tp|>2 max |aj.|,acontradiction.
p-1|> max lag|and|Tp|> max o] pl=ITp-1 ~Tp|>2 max |ay|

175 Itis enough to prove this in the case when @, b, ¢, d are all positive. To this end, put O = (0,0), L = (a, b) and M = (a+ ¢, b+ d). By the triangle inequality OM < OL + LM, where equality occurs if and only if the points are collinear.

But then
Via+o2+(b+d)2=0M<0L+LM=\/ a2 +b2+\/c2 +d2,

a
and equality occurs if and only if the points are collinear, that is z =

Ale

180 Use Minkowski’s Inequality and the fact that 172 +1442 = 1452 The desired value is S12.

199 We have

(xj —x;) xj - Y x
1<i<j<n 1<i<j<n 1<i<j<n
—1

n n
= G-Dxj- ) (n-Dx;
j=2 i=1

= —(n-1)xy +nil((k—1)—(n—k))xk+(n—l)xn
= —(m-Dxy-(n-3)xp—--+n-3)x,_1 +(n-1xpn.
This sum is maximal when the negative coefficients of the x; are 0 and the positive coefficients of the X; are equal to 1. If 72 is even the maximum is
14+3+--+(m—1).

If nis odd, the maximum coefficient is
2+4+--+(n-1).

The result follows thus.

200 We claim that3|| 2¢ ]| — 2|| 3¢ = 0,+1 or —2. We can then take
P(x,y) = Bx-2y)Bx-2y-1)(3x-2y +1)(3x—-2y +2).

In order to prove the claim, we observe that || X || has unit period, so it is enough to prove the claim for ¢ € [0, 1). We divide [0;1[ as
[0,1(= [0;1/3[U[1/3; 1/2[U[1/2;2/3[U[2/3; 1[.

If £ € [0,1/3], then both || 2¢ || and || 37| are = 0,andso 3|| 2¢ || -2|| 3¢ || =0.1f £ € [1/3;1/2[then || 3¢]| = 1 and || 2¢]| = 0, and s0 3|| 2¢ || - 2[| 3¢ || = —2.1f £ € [1/2;2/3[, then || 2¢]| =1, || 3¢ ]| = 1,ands0 3| 22| -2|[ 3¢ ]| =
Lifte[2/3;1] then || 2¢]| = 1,[| 3] =2,and 3| 2¢]] - 2[| 3¢]| = 1.

201 By the Binomial Theorem

aA+v"+a-vaht=2 Y (2)"(")::21\1,
o<k=n2z  \2K

an even integer. Since —1 < 1— /2 < 0, it must be the case that (1 — v/2)"? is the fractional part of (1+v'2)™ or (1 +v/2)™ + 1 depending on whether 12 is odd or even, respectively. Thus forodd 72, (1+v2)" =1 < 1 +v2) " + (1-v2)" <
a+ \/E)n, whence (1 + \/i)n +(1- \/i)n = |L(l + \/E)nJJ. always even, and for neven 2N := (1 + \/i)n +(1- \/é)n = |L(l + \/i)nJJ +1,andso |L(l + \/i)nJJ = 2N — 1, always odd for even 1.

770 Example  Prove that the first thousand digits after the decimal point in

6+ @)1980

areall 9's.

Solution: Reasoning as in the preceding problem,

(6+/35)1980 , (5 /35)1980 _ 55

1 _
an even nteger. But 0 < 6 ~ V35 < 1/10, for f 7 < 6 ~ V35, upon squaring 3500 < 3481, which is clearly nonsense), and hence 0 < (6~ v/35) 1980 _ 19=1980 pich, vields
1
2k-1+ 09..9 =2k- —— <(6+V351980 <o,
101980
1979 nines
This proves the assertion of the problem.
203 By squaring, it is easy to see that
Van+1<yn+vVn+1<vVan+3.

Neither 472 + 2 nor 41 + 3 are squares since squares are either congruent to 0 or 1 mod 4, so

[Van+2]|=| vV4an+3],

and the result follows.
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2 2

204 Let Ty be the n-th non-square. There is a natural number 7 such that m“ < Ty < (m+ 1)2. As there are m squares less than Tp and 1 non-squares up to Tp, we see that Ty = 1+ m. We have then m“ < n+m < (m+ 1)2 or

mz—m<n<m2+m+l.5incen,m2—m,m2

isTp=n+| vVn+1/2].

1 1 1
+m+ 1 are all integers, these inequalities imply m2 —m+ Z <n< m2 +m+ Z , thatis to say, (m— lIZ)2 <n<(m+ l/2)2. Butthen m = U\/ﬁ+ E J_| . Thus the R-th non-square

205 Assume on the contrary that

2 2
w >2 = uz +4ub+4b2 zZ(u2 +2ab+ bz) = sz > uz = @ =2,
(a+b)2 2
a contradiction. By adding,
a? B (a+2b)? a®  (a+2b)? (a+2b)? o a?
27 (a+h? B2 (a+b)? (a+b)2 b2

206 It needs to be proved that
2x+5
x+2

-V5

<|x-v3|.

207 Consider the set E = {x : x > 0,x" < a}. Shew that E is bounded above with supremum b = sup E. Then shew that b" = @ by arguing by contradiction first against b" < @ and then against b" > @. In the first case it may be
n
a-b

" b
advantageous to prove [b + ) < afor N large enough and use the Binomial Theorem to establish the inequality. In the second case consider " (1 + Ma ) > a, for integral M sufficiently large, again using the Binomial Theorem
a

to establish the inequality.
216 [500;501].

2z [152].

218 R.

219 {1}

220 .

221 O.

223  Closure is immediate. Most of the other axioms are inherited from the larger set R. Observe O = 0, 1 f = 1 and the multiplicative inverse of @ + \/Eb, (a,b) #(0,0) is

1 _a-V2b _ a V2b
a+V2b a2-2b2  a2-20> a2-2b2°

(a+v2h)~l=

Here uz - 2b2 # O'since V2 is irrational.

224 Assume (@, b) € RZ with @ < b. 1t ab < 0, then 0 € D is between @ and b. 110 < @ < b then v/a@ < v'b, and since Q is dense in R, there is a rational number 7 such that V@ < 7 < Vb = a < rZ < b. ifa < b <0, then
V—b < y/—a, andsince Qs dense in R, there is a rational number § such that V—-b < s < = -b<s’<-a= a<-s2<b.

1
225 Assume (a, b) € RZ with @ < b. There is a strictly positive integer 72 such that 1 > =a Thus
—a

1 1
0< —<—<b-a.
2n " p

putm = [ 2™ a | + 1, and so by definition m — 1 < 2™ x < m. Hence

m 1 1
a< _psa+_ g <a+—<atb-a=a.
2 2 n

261 For the proof of this let G be such a set (so that X +  is in G if X, ¥ are, and G is closed), and suppose that we are not in cases (i) or (ii). Then it is enough to show that G contains arbitrarily small positive numbers, for then multiples of these
will be dense in R, but G being closed forces G = R. To achieve this let . = inf{x: x € G,x > 0}. If .# = 0 we are done; but if . > 0 there cannot be numbers x € G arbitrarily close to and greater than %, for then X — .# would run

through small positive members of G, in particular smaller than ., contradicting its definition. This means that .& belongsitself to G, and from there it is easy to see that we are in case (ii) contrary to the assumption. Hence indeed . =0,
G=R.

1
291 No. Take @ap = — . Then @ap > 0 always, but L= 0.
n

299 Wehaveforn>1,

n2 n n i i n nz
—_ = —_ b —— = ,
n2+n n+n 241 241 n2+1
_—
ntimes ntimes
and the result follows by the Sandwich Theorem since each of the sequences on the extremes converges to 1.
300 Evidently n! < n'®. By problem 157, if > 2 then nnl2 < n!. Thus
1 1 1
e < —
n= @ylin = ,l/2
and the result follows by the Sandwich Theorem.
301 For n =2 we have
2" 222 2 2 4
Z_ -Z-.-.2..2<211--1- 2 ==~
nt 123 n n n
302 There is a positive integer 7 with m2 <n<(m+ 1)2. Consider
‘m? _sn
m2 n
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303 Since —1 < sinn < 1, any possible limit must be finite. By way of contradiction assume that $in 2 — @ as n — +00. Then

lim sinn=a = lim sin(n+2)=a,
n—-+oo n—+oo

whence

lim (sin(n+2)-sinn)=a-a=0.

n—+oo
Now,
sin(n+2) —sinn = 2(sin1) cos(n+1) = cos(n+1) — 0, asn— +oo.

From

cos(n+1) =cosncosl —sinnsinl
we obtain

1 1
sinn= —— (cosncosl—cos(n+1)) - —— (0-cos1-0)=0,
sinl sinl

and so @ = 0. But then

2 2

1 =sin“ n+ cos n—v02+02 0,

a contradiction.

)lln

304 By problem 157, (n2! > /nfor n > 3. Hence, for all M > 0, as long as 1 > M2 we will have

@ s /ns M,

giving the result.

306 We have
n+l-n 1 1
Vatl-yn=—— =~ <~
Varl+yn Va+rl+yn 2yn

1 1
Hence, as long as 2 < € that is, as longas B > — we will have
n 4

2

307 Write
JIE T
n=1" m=1,_om-1_, n
Since 1/n = 1/N when n < N, we gather that
2m 1 2m 1
Yooz X 2"”:(2'"—2'”’1)2""75.
n=2m-111" p=pm-l,1
Thus
M
21 M
>
=1 2
and the sequence can be made arbitrarily large.
308 Observe that for n > 2,
Vin-1)! _ V(n)!
A+VDA+v2)1+v3)--(1+Vr-1)  1+VDA+V2)(A+V3)--(1+Vn)
V(n-1)! vn

- 1-——
(1+\ﬁ)(l+\/2)(1+\/§)~<(1+\/n71)( 1+\/ﬁ)
V(n-D!

T U VDA+VDA+VE) A+ )|

Therefore
LS -1t o VKl
=1 A+VDA+V2)(1+V3)---(1+vn) A+VDA+v2)1+VE)
N that u, K 0 0.
low prove thal K = 0V
A+VDA+v2)-- A +VE)
309 Putxy =1, Xp41 =+1+xn,n=0. Weclaim that the {xn} :'lgci isi ingand ded above. By Theorem 284 the sequence must have a limit L. To prove that the sequence is increasing consider X541 — Xn (fill in

this gap). To prove that the sequence is bounded, we claim that for all 72 > 1, X < 4. For this is clearly true for 72 = 1. So assume that X < 4. Then

X1 =V1+xn <V1+4=v5<4,

and so the assertion follows by induction.

Since we have shewn that L exists we now may compute

1+V5
>

L= Hm xp.p= lim T+xp=V1+L= L=V1+L=>I[*-L-1=0 = L=
n—+oo n—+oo

where we have chosen the positive root as the sequence is clearly strictly positive.

n
310 By Theorem 100, 1+2+--- , and the desired result follows.

311

@l -
N
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312 Putxy =1, Xp4p = Tiao"= 0. We claim that the sequence {Xp, };‘Z"l is increasing and bounded above. By Theorem 284 the sequence must have a limit L. To prove that the sequence is increasing consider Xy, 1 — %z (fill in
Xn -

this gap). To prove that the sequence is bounded, we claim that for all 7 = 1, prove by induction that Xp < 4 (fill in this gap).

Since we have shewn that L exists we now may compute

5-1
:L2+L—1:0:L:L,

L= lim x
n 2

n—-+oo

= lim ——=
n—+oo l1+xpn
where we have chosen the positive root as the sequence is clearly strictly positive.

ap | T
314 Assume that { — } is increasing. Then
bn | n=1
a a a a,
a_%_. M _Tntl

by by bn bpy

Using Theorem 139,

ay +ag+ _Gn _Opyl _ @ taptotap Gy +daptootapyy  Api
by +by + " bn " by by +by+---+bp ~ by+by+--+byyq bn+1
{u1+a2+---+an}+°° {an}”o { an}“’o
proving that { —————— is also increasing. If { — were decreasing, { — — is increasing and we apply what we just have proved.
by +by+--+bn | p—y bn | n=1 bnln
316 We have
nok3-1 ﬁ ﬁ K2 +k+1
k=2 KB +1 fop hop k2 kr1
Now

ﬁ k-1_(m-1! 2
ke k1 (nzl)! T onm+n’

By observingthat (k+1)2 — (k + 1) + 1 = k2 + k+ 1, we gather that

nog2 i1 32+3+1 421441 524541 n?+n+l _
k=2 k2 +k+1 T2 241 32+8+1 424441 (n-DZ+(m-D+1 3
Thus
ng3-1 2 n?in+l 2
k=2k3+1 3 nn+1) 3
as B — +00.

1 1
317 ClearlyxXp < Xp + = Xp4+1,and so the sequence is strictly increasing. By shewing that Xp < 2— — < 2 we will be shewing that it is bounded above, and hence convergentby Theorem 284. Forn =1,xy =1=2— 1 and so
n

1
(n+1)2
the assertion is true. Assume that Xp <2 — —. Then

n

2 2

n+1 n“+n 1

2
1 —(n+1
+n (n+1) —2 n

X, =Xn+ <2- = - = _
n+l (n+1)2 n (n+1)2 n(n+1)2 n(n+1)2 n(n+1)2 n+1’

and the claimed inequality follows by induction. We will prove later on a result of Euler:

336 The product rule for limits only applies to a finite number of factors. Here the number of factors grows with n.

338 From Theorem 328, and since X — log x is increasing,

)<1<(k+1)log(l+ %]

Rearranging,

Summing fromk=n—-1tok=2n-1,

27l g2 1 2n
Y logﬁ +2—<log n
k=n-1 + n n-—
1 1 1
= log|2+— |<—+ —— +- +—<log
n n n+l
and the result follows from the Sandwich Theorem.
339 Observe that
( 1
1+ =
2
-2
( 1 1 1 1 l)
= 1+ 4=+ -4+ —
2 3 4 2n-1 2n
1[ 1 1 1 1)
2 =1+ =+ ==t —
2 2 3 4 n
( 11 1 l)
= 1+=4 =44+
2 4 2n-1 2n
[ 1 1 1)
1+ o+t =
2 3 4 n
_ 1
T n+l n+2 2n’

and use the result of problem 338.
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342  We begin by looking at the Taylor series for e®:

E

-
k=0

) )

) _ 1 -1_ k1 ) - 2 PO ) -1_

This converges for every X € R, so e = Z o ande © = Z (-1 PR Arguing by contradiction, assume ae“ + be + ¢ = 0 for integers @, b and ¢. That is the same as ae + b+ ce” = =0.
—o k! k=0 !

Fix n> |a| +|c|, then a,c | n!and Vk < n, k! | n!. Consider

0= n!(ae+b+ce’1

X1 x k1
=an! ) —+b+cn! ) (-1DF—
ok S M
n 1 o0 n!
b+ Y (u+c(—l)k)ﬁ+ > (u+c(—1)k)ﬁ

k=0 Y k= !

Since k! | n! for k < n, the first two terms are integers. So the third term should be an integer. However,

x ! x !
Y GareD T <qalvie) Y %

k=n+1 k=n+1 Kt
x 1
=(lal+|cl) —_—
k=§+1 m+1)(n+2)

o0
<(al+leh Y. (m+n"7k
k=n+1
o0
=(lal+lch Y. n+D7~*
t=1

1
=(lal+le)) —
n

x 1
is less than 1 by our assumption that 72 > |@| + |¢|. Since there is only one integer which is less than 1 in absolute value, this means that Z (a+c(— l)k) F = 0 for every sufficiently large 1 which is not the case because

k=n+1
® 1 1 1
Y (a+e-DF)= - Y (@+e-DF)= =@+ - ——
k=n+1 L i) Kt (n+1)!

is not identically zero. The contradiction completes the proof.

344 Apply Problem 261 We can apply this to the stated problem by observing that for a fixed d, a positive integer without square factors, the numbers a@ + b\/E are quadratic integers if @, b are rational integers, and that the set of such numbers
is an additive group of reals. Clearly the closure of this group (it, together with its set of limit points) is a group too, for if X — X and yp — y then Xp + yn — X+ y. The new group is not of form (i) or (ii), hence must be all reals, and the proof
(of a slightly stronger theorem) is complete.

. an an . -
388 ap = 0("2] does, since this says that lim — =0, whereas an = O(nz] says that —- is bounded by some positive constant.
n—+oo p2 n2
an an
389 False. Take ap = 2, for example. Then ap << n, — =2,andso — — 0.
n n
an
390 True. — — 0 andso by Theorem 361, ap << n.
n
3/2

a
391 False. Takeap = n . Then n Obut an # O(n).
n

an
392 True. — — 0 and so by Theorem 361, @p << . Since n << nz, the assertion follows by transitivity.
n

1 1 1 1
435 Putap = 1 ,bp = 1 for integer = 1. Then ap — 0 and by — 0, but sin — — —1 and sin o — +1, s0 the limit does not exist in view of Proposition 424.
a,
(Zn——)n (2n+—]7r n "
2 2
1+v1+4x
459  f(0) =0,butforx >0, f(x) = — so f is not right-continuous at X = 0.

476 Consider a unit circle and take any point P on the circumference of the circle.
Drop the perpendicular from P to the horizontal line, M being the foot of the perpendicular and Q the reflection of P at M. (refer to figure)
Letx=ZPOM.

L4
For X to be in [0, ], the point P lies in the first quadrant, as shown.

The length of line segment P M is sin(x). Construct a circle of radius M P, with M as the center.
Length of line segment PQ is 2 sin(x).
Length of arc PAQ is 2.
Length of arc PBQ is 7 sin(x).
Since PQ < length of arc PAQ (equality holds when x = 0) we have 2sin(x) < 2x. This implies
sin(x) < x

T
Since length of arc PAQ is < length of arc PBQ (equality holds true when X = Q or x = 2z ), we have 2x < 7T sin(x). This implies
2 .
— x <sin(x)
T

Thus we have
2 . 4
—x<sin(x)<x,Vxe[0, =]
T 2

510 If p had odd degree, then, by the Intermediate Value Theorem it would have a real root. Let @ be its largest real root. Then
— — 2
0=p(a)q(a)=pla®+a+1)

meaning that az + a +1> a isareal root larger than the supposedly largest real root &, a contradiction.




Answers and Hints

1 1
511 Observe that £(1000) f(f(1000)) =1 = f(999) = @.So the range of f include all numbers from 999 t0999. By the intermediate value theorem, there is a real number & such that f (@) = 500. Thus

1
f@f(f(a)=1= f(500)= 500°

514

519 Ifeither £(0) = 1 or f(1) = 0,we are done. So assume that 0 > £(0) < 1and 0 < f(1) < 1. Put g(x) = f(x) + X — 1. Then g(0) = £(0) — 1 <0 and g(1) = f(1) > 0. By Bolzano’s Theorem there is a ¢ € ]o i1 [ such that g(c) =0,

thatis, f(€) + ¢ —1 =0, as required.

520 Consider g(x) = f(x) — f(x + 1/n), which is clearly continuous. If g is never 0 in [0 H l] then by Corollary 506 g must be either strictly positive or strictly negative. But then

o=s--{ o) 22 22 )

The sum of each parenthesis on the right is strictly positive or strictly negative and hence never 0, a contradiction.

sin 2ZX
N N a
521 Consider the function f 2 [0;1] — [0;1],::—» —_— X
sin 27
a

566 Observe that that
1 1 x+D-(x-1) 2

x-1 x+1 _m_xz—l.

it f)=(x-n71

then
F@=-1x-D72 @) = CDEDE- D73 D E2) ) x- D74 £ 100 () = 1001 - 1) 7101,

Similarly, if g(x) = (x + 1)71 then

g @=-1x+D"%g" 0 = DEDE+ D HEDEDEN @+ D 458090 () = 1001+ 17101,
Hence 100
;W 22 - = f100) () _ g(100) (1) — 1001(x— 1)~ 101 —1001(x+1) 101,
X X< —

567 Weuse Leibniz’s Rule and the observation that the third derivative of X — X2 is 0. Also (sinx) (1) _ gin x, (sinx) (4n+2) _ _gin x, (sinx) (4n+1) _ oo X, and (sin x) (4n+3) _ _ €O0S X, Then

q100 100 100 100

_— xz sinx = xz (sinx)(loo) + (xz)’(sin Xx) (99) + (xz)”(sin Xx) (98) _ xz sin x — 200x cosx —9900sin x.

dx100 0 1 2
576 Put f(x) = x° —2x2 + x. Then £(0) = £(1) = 0 and by Rolle’s Theorem there is ¢ €]0; 1[ such that f' (¢) =5¢* —4c+1=0.
577 Set 2 3

n+l1
a; x agx apx’
Fx) =agx+ ar v x|
2 3

and use Rolle’s Theorem.

579 Setg(x) = f(x)2 f(1-x). Since g(0) = g(1) = 0, g satisfies the hypotheses of Rolle’s Theorem. There is a ¢ € ]0 i1 [ such that

£ =0 = 2f (Of©f1-0)-f(O2f 1-c)=0.

Since by assumption f(€) f(1 — ¢) # 0 we must have, upon dividing by every term by f(c)zf(l — ), the assertion.

;

k k+1 k k+1
580 For0 < k < n—1, consider the interval [ —_— ] By the Mean Theorem, there are @y € ] — [ such that
n n

-3
n

n

Summing from k = 0 to k = 1 — 1 and noting that the dextral side telescopes,

)*f(%])=n(f(l)ff(0))=n.

i
581 Letk; € ’0;1] be the smallest number such that f (k;) = —
n

once again, by the Intermediate Value Theorem we must have
0<ky<kp<-<kp_j<l

Hence, by the Mean Value Theorem, there exists @; € ] kiikiyy [. 0<i<n-1,suchthat

/ flki ) = k) 1 1
(a;) = = = — =n(kj .,y -ki).
I kjp1— ki nlkig -k fap) 17
Summing,
n-1 1

n-1
kz() Fap = nkgo(k,-+l ~k;) = n(kn - ko) = n.

1 1

_ — _ — 1
.Slncef’(x) <0for0<x<e ! andf'(x) >0forx>e ~,x=e 1 isatocal (relative) minimum. Thus f(x) = f(e 1) = (—
e

1/e
594 Wehave f’(x) = x¥ (logx + 1) whence f'(x) =0 = x=e~ ] .

. i
,1=i<n-1Putkg =0,kn = 1. The existence of the k; is guaranteed by the Intermediate Value Theorem. Moreover, since the k; are chosen to be the first time fis—,
n
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607 Let0 < k <1, and consider the function

[0; +o0[ — R
x — xk —k(x-1)
ey k1 e gl k-2 1 ) ! -k N _af
Then 0= f (x) = kx’ —k e x=1.Since f (x) = k(k-1)x' <0for0 <k <1,x =0, x=1isamaximum point. Hence f(x) < f(1) forx = 0, thatis x'* <1+ k(x —1). Letting k = ; andx = 27 we deduce
a _,,.1 (ul’ 1]

palp = p\bd )

Rearranging gives
1+plq— 1+p/
ab<pltPla aPpltPIaTP . prPa

p
from where we obtain the inequality.
618 We have:
. _,x=1_ _0_4_
1. Putf:R—R f(x)=e X.Clearly f(1) =" —1 =0. Now,
! x—1
ffm=e""" -1,
1" —
fx)= e* 1 .
[[f' (x) = 0 then &1y implying that X = 1. Thus f has a single minimum point at X = 1. Thus for all real numbers X
0=f=fw=e*"1-x
which gives the desired result.
2. EasyAlgebra!
3. EasyAlgebra!
4. By the preceding results, we have
Ay <exp(A) - 1),
Ap <exp(Ap - 1),
Ap <exp(Ap—-1).
Since all the quantities involved are positive, we may multiply all these inequalities together, to obtain,
AjAp---Ap <exp(A] +Ag +---+Ap —n).
In view of the observations above, the | ding inequality is itto
n
n" Gn
———————— <exp(n-n)= eo =1.
(ay +ag +---+ap)"
We deduce that n
ay+as+--+an
Gp<| %27 AT
n
which is equivalent to
ayj+ay+---+an
(ulaguﬂn)”"s .
n
Now, for equality to occur, we need each of the inequalities A j. < exp (A}, — 1) to hold. This occurs, in view of the preceding lemma, if and only if Ag. = 1, Yk, which translates into @] = @ =...= ap. This completes the proof.
631 (loglogx)!°8% = exp((logx)(logloglogx)) and (logx)1°8198% — exp((loglogx)2). Now, lexicographically,

(loglogx)2 << (logx)(logloglogx) = exp((loglogx)z)

and thus (loglogx)l')gx is faster.
681 < This follows directly from Theorem 666.

= If fis Riemann integrable, let € > 0 and let 2 ={a= Y0 <Y1 <..-<Ym = b} beapartition with m + 1 points such that

<< exp((logx)(logloglogx))

U, 2h-Lf, 2 < 5

£
8mM

As f is bounded, there is M > 0 such that VX € [u;b] , |f(x){ <M. Take § =
as in Theorem 663, we obtain

L, 2" -L(f, ?) < zmzvz||gz

Since by Theorem 664 L(f, 2 < L(f, 2"y we gather

and consider now an arbitrary partition &2 = {@ = X < X] <...<Xp = b} with norm H .9”“ <é.pu 2 =2y P Arguing

||<2mM5:f.
1

L, 2N -1, P) < 5.

In a similar fashion we establish that

U2 -, PN < g,

and upon assembling the inequalities,

U(f, P) - L(f, P) < U(f, @)~ L(f, Py + g <&

€
since we had assumed that U (f, 'y - L(f, 2 < 3
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682 == Assume f is Riemann-integrable. For £ > 0 let & > 0 be chosen so that the conditions of Theorem 22 be fulfilled. By definition of a Riemann sum,
L(f, 2)<S(f, 2)<U(f, &),

and therefore

b b
U(f,ﬁz’)<L(f,9Z’)+£sf f(x)dx+£:f fxdx+e
da a

and

L(f,9)>U(f,9)—szf f(x)dx—s:f fx)dx—e.
a a

These inequalities give

<g,

b
'S(f, - [ ax
a

whence  lim  S(f, ) = fbf(x)dx.
|#]}~o ‘

< Supposethat lim  S(f, £?) = L, existing and finite. Given £ > 0 there is & > 0 such that | P | | < & implies

l#]=e

& &
L—§<S(f,9)<A+ 3

Now, choose & = {a = xq < x] <-:-< Xp = b}. By letting ¢}, range over ’xk71 ;xk] we gather, from (A.7)
€ £
L- 3 <L(f,P)<U(f, Z?)<L+ 3’

whence

U, P) - Lif, P < §£<£,

meaning that f is Riemann-integrable over ’ a; b] by Theorem 666. Thus

b
L(f, 9)5[ fxdx<U(f, 2),
a

andso  lim  S(f, 2?) = fbf(x)dx.
][~ ‘

683 = Let & ={a=x9<x) <<~<xn=b}beaparllllono[[a;bl.Sel

n
2, P)= Y ol [se_1 5 )@ -2 = U, PV -LF, D), 0= sup flx)- ot f.

k=1 xela;b] xela;
Let
n
6= kgl Ok = k- DX (xe[asblioo (f, [xp_q %) =€}
Then Z(f, &) = 8¢’ . Since we are ing that f is Ri -i ble, there exists a partition &2 (by Theorem 666) such that

Z(f, P)<¢e.

Thus we have 8¢’ < e€’ from where & < €.

A7)

< Assume there is a partition &2 for which § < €. In the intervals I = [xX},_y ; Xj.] where w(f, I) = £’ the oscillation of f is at most €2, and in the remaining intervals (the sum of which is b — @ — &, the oscillation is less than €' Hence

Z(f, P)<6Q+(b-a-8)¢.

Choose now
, & &

Sinceb-a-d<b-a,
, e,
Z(f, ) <6Q+(b-a-d)¢ s?-v-?:e ,

whence f is Riemann-integrable by Theorem 666.

8
695 —
5
696
3 1 2 3
f x||x]] dx = f x| x]| dx+f x| x]| dx+f x| x| dx
0 0 1 2
1 2 3
= Of xdx+lf xdx+2f x dx
0 1 2
_ £‘2+ 2|3
= 2h
= (2*£)+(9*4)
_ B
= 5
697 We have " "
- X+h _p_ X x+h _ x n
= tim LEEMSD € ¢ o iim & ¢ lim 2 =e¥-1,
h—0 h—0 h h—0 h h—o0h

whence (%) = e¥ —x+C.Since3 = £(0) = ¥ — 0+ C => C =2, we deduce that f(x) = € — x+2.
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a 1
698 Put ] :f dx. We have
0 f(®+1

a 1 a  fa)fa—uw fu fla—w f‘) fw) fu fw
I= du= du= du=- dv= du,
fo Fapr1 ™ fo Tw+rwfa-w " " Jo Tifa-w " Ja i@l Trfa ™

R ACOR L (C o) duif“2+f(u)+f(u—u)
o 1+f(w 0 1+fla-w ~ Jo 2+fw+fla-w

whence

2l = u=a,

a
andsol = —.

2

699 Observe first that f(0+0) = £(0) + £(0) and so f(0) = 0. Integrate f(u+y) = f(u) + f(y) for u € [0; x]keeping y constant, getting

* d * d * d * d
fof(u+y) u—fo f(w) u+f0 f» u—fo Fdu+xf(y).

Also, by substitution,

X y+x y+x y
f flu+y)du =f fwdu =f f(u)duff fwdu.
o y o o

Hence
y+x y X
xf(y) =f f(u)duff f(u)duff fdu. (A.8)
0 0 0
Exchanging X and y:
y+x X y
yf(x):f f(u)du—f f(u)du—f fwdu. (A.9)
0 0 0
_ f& _fo . fx) _ . _ - e X = -
From (A.8) and (A.9) we gather that X f () = xf (). If xy # O then - -5 This means that for . is constant, and so for X # 0, f(x) = ¢x for some constant ¢. Since f(0) =0, f(x) = cx forall x. Takingx =1, f(1) = c.
y
701 We have 2 1 2
f X-1dx = f a-x% dx+f «2-1 dx
-1 -1 1
x 2
e 2 RIEEE N
2(1- 1)'*'(g -2)-(3;-1
3 3 3
2 2
+o+=
3 3

/ dx  xdx udu
710 Putu=\/x2— ;u2 :xz —1sothat2udu =2xdxand — = —— = . Thus
x x2 w41

du =arctanu + C = arctan \/ x2 — 1 + C.

1 u 1
7dx=f7du=f
fx\/xzfl @?+Du u2+1

2

711 Put# = Vx+1;u“ = x +1; from where dx = 2udu. Whence

1 2u 2
—dx:f du:f(z——) du=2u-2log|l+ul+C=2vV1+x-2log|l+Vv1+x|+C.
fl+\/x+1 u 1+u g 8

712 Putx = uG;dx =6u’du, giving

f x1/2 a (u3)(6u5) n
_r 4x = o JoR )
¥z _ 113 B _u2
6
- deu
u-1 1
= Gf(u5+u4+u3+u2+u+1+ ﬁ)du
u u5 u4 u3 u
= 6| —+ +—+ —+ — +u+loglu-1||+C
6 5 4 3 2
5/6 2/3
6. 3.
= x+ x5 + 3T L axl/2 34103 L6416 L glog k16 1)1 c.
713 putu? = @® +1;2udu = (loga)a® dx and so
f a?¥ dx*fzu(uz_l)du* wloz, 28 o 2@ +132 24112
Vax+1 uloga - loga " 3loga loga - 3loga loga

714 Observe that (e — e_"c)2 = (e_x(ezx - l))2 = e_zx(ezx - 1)2, and so

2x
1 1 1 1
f dx:f ¢ dx:f—du:——+C:——+C,
(eX —e—X)2 (2% —1)2 2u2 2u 2(e2% - 1)

on putting u = er -1

715 We have 5 2 3 " 5
f mdx = f ﬁd:u—f ﬁd:u—f de-v—f de
1 x 1, x 32 x 3 x 4 x

21 2 43 54
f —dx+f —dx+f —dx+f —dx
1 x 2 x 3 x 4 x

= (log2 —-logl) +2(log3 —log2) + 3(log4 —log3) + 4(log5 — log4)

41og(5) - 3log(2) - log(3).

716 Putu=e¥, etc.
X X X X
fee +xdx=fexee dx=fee de*=e® +C
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717 Put u = log(cosx), etc.

flanxlog(cosx)dx:f(log(cosx))d(—log(cos(x))) =

/

718 Put u =loglogx, etc.

loglogx

xlogx

dx = f loglogxd (loglogx) =

2
_ (log(cos x)) +C

!
oglogx +C
2

719 Carry out the long division.
18 16 13 10 7 4
-1
fx dx:f(x15+x12+x9+x6+x3+1)dx:L+x—+x—+x—+x—+x+C
x3 -1 16 13 10 7 4
720 After an algebraic trick, put 22 = 1+ %7, etc.
-8 -7
1 (dd+x 1 —
e :——f ( ):——log\l-v-x 7|+—C
1+x77 7) 1+x77 7
721 putu=2%+1 ok .
242 1 2 1 u-1 1
f x:—f d(z"+1):—f— —— (u-loglul) +C= —— (2¥ +1-log|2* +1|)+ C
2% 41 log2 ) 2¥+1 log2 u log2 log2
722 Putu=x+ l.Thean =(u- 1)2 = u2 —2u+ 1, and hence
2
X
f—dx =
(x+110
- 4 o
x+D77 @+D 8 @+p?
= - + - +C
7 4 9
723 Algebraic trick, and then = e~ + 1, etc.
e * 1
——dx= | ——dx=-| —=—de *+1)=-logle ¥ +1/+C
fl+ex fe*x+l u fe*x+1 ( ) gl l
724 L Lisi Lesi
+sinx +sinx
f - x:f :f dx:fsec2x+secxtanxdx:tanx+secx+C
1-sinx 1-sin2x cos? x
725
fv1+sin2xdx = f\/sin2x+2sinxcosx+cos2xdx

726 Putu= xz. etc.

f \/ (sinx + cosx)2dx
flsinx +cosx|dx

Fcosxtsinx+C

| =43
- @22

f sec? xdx

727 We have

728 We have
f sec® xdx

S
S
S
S

The above implies that

f sec® xdx
4

4
upon recalling from class that

f sec3 xdx

1/3 3

729 Firstputt=x"'", thent” =x = 3¢2dt = dx. Thus

1/3
fex dx
3

3

where the penultimate step results from tabular integration by parts.

tanxsec” x

tanxsec

_ tanxsecx

1 1
du= - arcsinu+C = = arcsinx? + C
1-u2 2 2

2x+1)dx

f secz x(tan’
f sec? xtan? xdx + f sec? xdx
f(tanx)zd(tanx)+fsec2 xdx

3
tan” x
—— +tanx+C.

f sec3 xsec? xdx

f sec3 xd(tanx)

ec3 xtanx — f tanxd(set:3 Xx)

2

ecsxtanx—3ftan xsec? xsecxdx

ecs xtanx -3 (set:2 x-1) sec3 xdx
ec xtanx — 3/ secd xdx +3 f sec® xdx

3x 3

+— f secd xdx
4

3tanxsecx
8

3 x

3
+ 3 log|secx +tanx|+C,

1
+ —log|secx+tanx|+C
2 2

f3t22tdt

2ol —6te —6el +C
1/3 1/3 1/3
(2183113 e 13 X113

6e*  +C,
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730 We have

731 Put

Differentiating both sides,

xe* cosx = Ae® cosx + (Ax + B)e® cosx — (Ax + B)e* sinx + Ce* sinx + (Cx + D)e* sinx + (Cx + D)e” cosx.

Equating coefficients,

1
From the first two equations C = E N

732 We will do this one two ways: first, by making the substitution

Observe also that xZIS = 22”3

. Then

Aliter: By directly integrating by parts,

as before.

flog(x2 +1dx

xlog(.x2 +1) —fxd(log(x2 +1))

xlog(x2 +1) —Zf d
x2

xlog(.x2 +1) —Zf —dx

2 1
xlog(x’ +l)—2f(l— )dx
g x2+1

xlog(x2 +1) —2(x —arctanx) + C

I=fxexcosx:= (Ax+B)excosx+(Cx+D)exsinx+K.

f 213 logxdx

xex Cosx

xe* sinx

ex Cosx

e¥sinx

1 1
A= E . Then the third and fourth equations become — E =B+ D;—

: 1=A+C
0=-A+C
0=A+B+D
0=-B+C+D

1
B+ D, whence D = — 2 and B = 0. We conclude that

x x-1
fxexcosx= Eexcosx+(?]exsinx+l(.

t=logx = e

f £2/3 log xdx

oy = eldr=dx.

213 ot gy
3t 9
?esus _8 513 ¢
3(1 9
Uogx) 5/3_9 53,
5 25
5/3
3x
logxd| ——
[ %)
355/3

3
logx— 5 fxslsd(logx)
3l 3
(logx) 5/3 _ gf"md"

5
3(logx 9
(log )x513_£x513+c'

5

733 This integral can be done multiple ways. For example, you may integrate by parts directly and then “solve” for the integral. Another way is the following. Start by putting

Then

t=logx = e

I-x = eldt=dx.

fsin(logx)dx:fetsintdt,

an integral that we found in class. We will find it again, using a method similar of problem 731. Put

Differentiating both sides

Equating coefficients,

1
andsoA=B = 2 We have thus

_ el _ tel gy
734 Putf=loglogx = e =x = e"e® df=dx. Hence

where the penultimate equality follows from a tabular integration by parts.

et

1 fet costdt:= Aef cost + Bel sint + K.

cost = Ael cost— Ael sint + Bel sint+ Bel cost.

t

e’ cost

elsint

f sin(logx)dx

/

I
oglogx dx
x

: 1=A+B
0=-A+B
elsintdr

t 1t
e cost+ze sint+ K

D= | —

1
—xcoslogx+ 3 xsinlogx + K.

t
tel e®
dt
ee!
tef —el+C

(logx) (loglog x) — (logx) + C,
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735 Observe that
secxtanx +sec? x
secxdy= [ ———

dx= fd (log(tanx + secx)) = log(tan x + secx) + C,
tanx +secx

For the second way, simple algebra will yield the identity. We have

fsecxdx = f cos:x dx+f cos:x dx
2(1 +sinx) 2(1 -sinx)

= —log|l+sinx\—Elogll—sianC

+C

1 1+sinx |
2 1-sinx

For the third way, we have

f cscxdx =

n
—
28
- (<]
5
Tt 1

)
I
&
(]
[SE
o
H

x
log|tan — |+ C.
og| anz\

Thus
b b b T X
fsecxdxffcsc(z +x)dx7fcsc(5 +x)d(E +x) =log lan(z + E) +C.

736 Putting ¢ = arcsin x we have
sint=x = costdt =dx,

whence

f (arcsin x)zdx = f tz costdt
= 2sint+2tcost—2sint+C
= (arcsin x)2 X + 2(arcsin x) cos(arcsinx) — 2x + C

= (arcsin x)zx +2(arcsinx)\/1-x2 —2x+C

737 We have

f dx _ f(vx+l—vx—l)dx
Vx+1+vVx-1 : 2 L
= §(x+l)3/2—§(x—l)3/2+c

738 We have

fxarctanxdx = farctanxd(x—)
X

x2 f
= arctanx— | - ———dx
2 2 14+x2

X x 1
= — arctanx — — + — arctanx + C
2 2 2

2

739 Putu=vtanxandsou“ =tanx, 2udu = secz xdx = (tanzx +1)dx= (u4 + 1)dx. Hence the integral becomes

2
f\/lanxdxzzf 2 du
ut +1

2

To decompose the above fraction into partial fractions observe (Sophie Germain’s trick) that u4 +1= u4 +2u” +1- Zuz = (u2 +uv2+ 1) (u2 —uV2+ 1) and hence

2

f\/mdx = Zf du

ut +1

V2 u V2 u
= ——fidu+—f7du
2 J w2 +uvz+1 2 J u2-uy2+1
2 2 2 2
= —%log(u2+u\/§+l)+%log(uz—u\/i+l)+%arctan(\/iu+l)—%arctan(—\/iu-v-l)-v-c

2 2
- % log(tanx + v2tanx +1) + % log(tanx — v2tanx+1)

2 2
+ % arctan(v2tanx +1) — % arctan(—v2tanx+1)+C

740 Put

2x+1 A
x

B C 2
—_— =+ — 4+ —— = 2x+1=Ax(x—-1)+B(x—-1) + Cx*“.
x2(x-1) x2 x-1

Letting X = 1 we get3 = C. Letting X = Owe get 1 = —B == B = —1. To get A observe that equating the coefficients of x2 on both sides we get0 = A+ C, whence A = —3. Thus

fﬂdx = —Sfldx—fidx+3dex
x2(x-1) x x2 x-1

1
—3log|x|+ — +3loglx—1|+C
X

Slog‘xT_l|+J—lc+C.
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741 Integrating by parts,

flog(x +yx)dx = xlog(x+/x) —fxdlog(x+ Vx)

1
x(1+ —=)
2%
= 1 [ —2F g
xlog(x + v/x) f Y x

_ G
= xlog(x+ v/x) f[l 2 x+\/§)dx

1 Vx
= it Xt -
xlog(x + v/x) x+2 PN x
u=yx

u
= 1
u:\/} xlog(x+\/})—x+fl——du
u+1

du

xlog(x+/x) —x+f

u? +u

= xlog(x+vx)—x+u-logu+1)+C

= xlog(x +vx) —x+vx—log(vVx+1)+C

742  We use Sophie Germain's trick to factor
atar=at 20 41-222 = 2+ )2 202 = (o2 - VEx+ D2 + V2R D),

and seek the partial fraction decomposition
1 Ax+B Cx+D

2 2
=t = 1= (Ax+B)(x* + V2x+1) + (Cx+ D) (x* - V2x + 1).
x2+1 x2-V2x+1 x2+V2x+1

Equating coefficients

X : 0=A+C
2 . 0=B+D+V2(4-0)
x : 0=A+C+V2(B-D)
2L . 1-B+D
1 1
From the first and third equation it follows that A = —C and that B = D. From the fourth equation B = D = 3 and from the second equation A = — ﬁ = —C. Hence we must integrate
1 V2x+2 V2x-2
—dx = dx—
x4+l 4(x2 +V2x+1) 4x2 —vV2x+1)
V2 f 2x+v2 1 f 1 VZ [ 2x+V2 1 f 1
= — x+ — x— — x+ — dx
8 J x24+y2x+1 4) x242x+1 8 J x2-y2x+1 1) x2-V2x+1
2 2 1 dx 1 dx
= —log(x2+x\/§+1)——log(xz—x\/i-v-l)-v-—f +—f
8 8 2) xv2+12+1 2J (-xv2+12+1

2 2 2 2
= % log(x2 +xV2+1)— % log(.x2 —xV2+1)+ e arctan(xv2+1) - e arctan(-xv2+1)+C
743 We begin by observing that
1 A Bx+C 2
=+ ———— = 1=Ax“-x+1)+(Bx+C)(x+1).
1 x+l x2ox41

1 2 1
LettingX = —1 weobtain1 =34 = A= 3 LettingX =0weobtainl =A+C = C=1-A= 3 Finally, we must have A+ B = 0, since the coefficient ofx2 must be zero. thus B = — 3 We must then integrate

dx x-2 1 xX—3 1 1
—_— | ——dx = —log|x+1|- + =
3x+1) J 32 -x+1) 3 3x-1)243 "2) 12,3
2 4 2 4
1 1 12 3, 2 1
= élog|x+1|—glog|(x—£) -¢-1|+§ T T2
\/i(x—i) +1
1 1 12 3 2 3 1
= ~loglx+1|- —log|(x— )+ —|+ - - — arctan(x — ~
38||61§|(2)4|32 (2)
= lln |x+1]| 1lo Ix2 x+1|+ 3arctan 2 (x l)
= 3% 6 8 3 V3 2
o 2% _ 8 .
753 Geometric series with first term @ = ——_— = — —— and common ratio ¥ = — . Hence
3 343 7
8
T oaar’
755 By partial fractions
18 2 2
(9n-1)9n+8) 9n-1 9n+8
and this
% 18 7(2 2)+(2 2]+(2 2]+ 2 1
=3 On-DOn+8) |26 35) |35 44) |44 53 T 26 13
n 1/n 1+1/n 1 B
756 Byinductionn<2" = n <2andson <2n = — < ————=—. So the series diverges by direct comparison to —.
2n +/1n = 2n

x 1
757 n=elo8" — 1087 _ oanqsond 11087 _ oy 1y 5 1. S0 the series diverges by direct comparison to > —
—, en

2 2
X X
758 This one s really tricky! e* > > for % > 0 as can be seen by considering the monotonicity of f(x) = ¥ - =z or considering the Maclaurin expansion of €* . Now,

_ogn _ 2
nl/loglogn _ elogn”l"gl"g" _ ologlogn -, (logn)

2(loglog n)2 :
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This gives

Now,

can be shewn to converge by comparing to a series in the De Morgan logarithmic scale.

759 By the root test
and the series converges. By direct comparison, for 72 = 3 we have

1

oo
and the series converges by direct comparison to Z —-
n=1"m"

760 —cosnx =(-1) n’ so the series is clearly alternating. Since 8

convergent.

761 Only the fact that aTn < ap is needed here.
766

767

768

769

2(loglogn)2 S 1

2 1
n(logn) nl W

10 2(loglogn)?
n=2 n(log n)2

decreases to 0, the series converges. But it is clear that the series of absolute values diverges by comparing to the harmonic series. Conclusion: the series is conditionally
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