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Preface

There are very few good Calculus books, written in Englishjlable to the American reader. Onlyl§1, [Kla], [Apa], [Olm],
and [Spi come to mind.

The situation in Precalculus is even worse, perhaps beéaesalculus is a peculiar American animal: it is a reviewrseu
of all that which should have been learned in High School kag mot. A distinctive American slang is thus called to désri
the situation with available Precalculus textbooks: thawks

| have decided to write these notes with the purpose to, st leeally, for my own students, | could ameliorate this attan
and provide a semi-rigorous introduction to precalculus.

These notes are in constant state of revision. | would gregipreciate comments, additions, exercises, figures,ietc.
order to help me enhance them. | would also like to begin tasing them into Spanish. Any help would be appreciated.

David A. Santos

Legal Notice

This material may be distributed only subject to the ternds@mnditions set forth in the Open Publication License,ioers.0
or later (the latest version is presently available at Httpyw.opencontent.org/openpub/.

THIS WORK IS LICENSED AND PROVIDED “AS IS” WITHOUT WARRANTY GF ANY KIND, EXPRESS OR IM-
PLIED, INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS
FOR A PARTICULAR PURPOSE OR A WARRANTY OF NON-INFRINGEMENT.

THIS DOCUMENT MAY NOT BE SOLD FOR PROFIT OR INCORPORATED INTOOMMERCIAL DOCUMENTS
WITHOUT EXPRESS PERMISSION FROM THE AUTHOR(S). THIS DOCUME MAY BE FREELY DISTRIBUTED
PROVIDED THE NAME OF THE ORIGINAL AUTHOR(S) IS(ARE) KEPT ANCANY CHANGES TO IT NOTED.




To the Student

These notes are provided for your benefit as an attempt toisgytne salient points of the course. They avery terseaccount

of the main ideas of the course, and are to be used mostlyaotretentral definitions and theorems. The number of exanple
is minimal. Themotivationor informal ideas of looking at a certain topic, the ideakilg a topic with another, the worked-out
examples, etc., are given in class. Hence these notes aaesnbstitute to lecturegpu must always attend to lecturesThe
order of the notes may not necessarily be the order followeke class.

There is a certain algebraic fluency that is necessary foruaseaat this level. These algebraic prerequisites would be
difficult to codify here, as they vary depending on class oesp and the topic lectured. If at any stage you stumble ielBg,
seek help! I am here to help you!

Tutoring can sometimes help, but bear in mind that whoewverdwyou may not be familiar with my conventions. Again, |
am here to help! On the same vein, other books may help, batphmach presented here is at times unorthodox and finding
alternative sources might be difficult.

Here are more recommendations:
e Read a section before class discussion, in particular,tteadefinitions.

e Class provides the informal discussion, and you will prafitni the comments of your classmates, as well as gain
confidence by providing your insights and interpretatiofs topic. Don’t be absent!

e | encourage you to form study groups and to discuss the aseigts. Discuss among yourselves and help each other but
don't beparasites!Plagiarising your classmates’ answers will only lead yodisaster!

e Once the lecture of a particular topic has been given, takesh flook at the notes of the lecture topic.
e Try to understand a single example well, rather than illegignultiple examples.

e Start working on the distributed homework ahead of time.

e Ask questions during the lecture.There are two main types of questions that you are likely ko as

1. Questions of Correction: Is that a minus sign therd?ou think that, for example, | have missed out a minus
sign or wroteP where it should have bead,’ then by all means, ask. No one likes to carry an error till K&/
because the audience failed to point out an error on line h'tveait till the end of the class to point out an error.
Do it when there is still time to correct it!

2. Questions of Understanding: | don't get i\dmitting that you do not understand something is an actirggu
utmost courage. But if you don't, it is likely that many othén the audience also don’t. On the same vein, if you
feel you can explain a point to an inquiring classmate, | alibw you time in the lecture to do so. The best way to
ask a question is something like: “How did you get from theogetstep to the third step?” or “What does it mean
to complete the square?” Asseverations like “I don’t untderd” do not help me answer your queries. If | consider
that you are asking the same questions too many times, it mdyab you need extra help, in which case we will
settle what to do outside the lecture.

IMy doctoral adviser used to say “I said | wrote B, | meantC and it should have beeb!

\Y
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Don't fall behind! The sequence of topics is closely intéated, with one topic leading to another.
You will need square-grid paper, a ruler (preferably a Tesgly some needle thread, and a compass.

The use of calculators is allowed, especially in the oceaditengthy calculations. However, when graphing, you will
need to provide algebraic/analytic/geometric supportafryarguments. The questions on assignments and exams will
be posed in such a way that it will be of no advantage to havaphing calculator.

Presentation is critical. Clearly outline your ideas. Wheiting solutions, outline major steps and write in complet
sentences. As a guide, you may try to emulate the style pesbanthe scant examples furnished in these notes.
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Notation

Belongs to.

Does not belong to.

For all (Universal Quantifier).

There exists (Existential Quantifier).
Empty set.

PimpliesQ.

Pif and only if Q.

The Natural Number§0,1,2,3,...}.

The Integerq...,—3,-2,-1,0,1,2,3,...}.
The Rational Numbers.

The Real Numbers.

The Complex Numbers.

The set oin-tuples{(ag,ay, ..., an)|ak € A}.
The open finite intervafx € R : a < X < b}.
The closed interva{x e R:a< x < b}.
The semi-open intervglx € R : a < x < b}.

The semi-closed intervdk € R: a < x < b}.

The infinite open intervafx € R : x > a}.
The infinite closed intervalx € R: x < a}.
The sumay +ax+---+an_1+ an.




Chapter

Numbers and Notation

This chapter introduces essential notation and termiryaiogt will be used throughout these notes.

1.1 Sets and Notation

1 Definition We will mean by aseta collection of well defined memberselementsA subsets a sub-collection of a set. We
denote thaB is a subset oA by the notatiorB € A or sometimes c A

Some sets of numbers will be referred to so often that theyamtspecial notation. Here are some of the most common ones.
Empty set.

The Natural Number$0,1,2,3,...}.2

The Integery...,—3,-2,-1,0,1,2,3,...} .2

The Rational Numbers.

The Real Numbers.

The Complex Numbers.

OFRONZQ

ObservethaNCZCQCR CC.

From time to time we will also use the following notation, bimwed from set theory and logic.

€ Belongs to. Is an element of.

& Does not belong to. Is not an element of.
v For all (Universal Quantifier).

3 There exists (Existential Quantifier).

P— Q PimpliesQ.
P& Q Pif and only if Q.

2 Example —1€Zbut} ¢ Z.

3 Definition Let Abe a set. Ifabelongs to the se4, then we writea € A, read ‘ais an element oA.” If adoes not belong to
the setA, we writea ¢ A, read ‘ais not an element oA.” The set that has no elements, thatispty setwill be denoted byz.

1.2 Real Numbers

Why all these systems of numbers?

Let us start with the strictly positive natural numbers. niitive societies needed to count objects, say, their cows or
sheep. Though some societies, like the Yanomame indiansarilBr members of the CCP English and Social Sciences

1There is no agreement relating the choice. Somecusedenote strict containment, that 5C B but A # B. In the case when we want to denote strict
containment we will simply writeA & B.
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Departmentcannot count above 3, the need for counting is indisputabliact, many of these societies were able to make the
following abstraction: add to a pile one pebble (or stone)feery sheep, in other words, they were able to make onewo-o
correspondences. In fact, the wdadlculuscomes from the Latin for “stone.”

Breaking an object into almost equal parts (thafiactioningit) justifies the creation of the positive rational numbers.
In fact, most ancient societies did very well with just thecslly positive rational numbers. The problems of countangl of
counting broken pieces were solved completely with thesebmus.

As societies became more and more sophisticated, the neegionumbers arose. For example, it is believed that the
introduction of negative quantities arose as an accouminglem in Ancient India. Fair enough, writel if you have a
rupee—or whatever unit that ancient accountant used—im famour. Write —1 if you owe one rupee. Write O if you are
rupeeless.

Thus we have construct®d Z andQ. In Q we have, so far, a very elegant system of numbers which allsts perform
four arithmetic operations (addition, subtraction, nplitiation, and divisiorfand that has the notion of “order.”

Why createR?

Enter the Pythagorean Society in the picture, whose foujghagoras lived 582 to 500 BC. This loony sect of Greeks
forbade their members to eat beans. But their lunacy went @arther. Rather than studying numbers to solve everyday
“real world problems”—as some misguided pedagogues irdlsty tried to understand the very essence of numbers,dy stu
numbers in the abstract. At the beginning it seems that theyght that the “only numbers” were rational numbers. B oh
them, Hipassus of Metapontum, was able to prove that theHesfdhypotenuse of a right triangle whose Iégsd unit length
could not be expressed as the ratio of two integers and hignezsirrational.

4 Theorem [Hipassos of Metaponturg]2 is irrational.

. . m .
Proof:  Assume there is s Q such that $= 2. We can find integers m # 0 such that s= —. The crucial

part of the argument is that we can choosgrauch that this fraction be in least terms, and herr]u;en must have
opposite parity. Now, As? = n?, that is2n? = n°. This means that’is even. But then n itself must be even, since
the product of two odd numbers is odd. Thus Ba for some non-zero integer a (since40). This means that
2n? = (2a)? = 4a> — n? = 2a%. This means once again that m is even. But then we have a dasttem, since

m and n were of opposite parityl

This is one of the very first theorems ever proved. It befitsifgau want to be called mathematically literate,
to know its proof.

The shock caused by Hipassos’ result was so great (rememmbd?ythagoreans were a cult), that they drowned him.
Fortunately, mathematicians have matured since then artdsk of burning people at the stake or flying planes into@iagers
has fallen into other hands.

5 Example Write the infinitely repeating decimal®45= 0.345454545. . as the quotient of two natural numbers.

Solution: The trick is to obtain multiples af= 0.345454545. . so that they have the same infinite tail, and then subtrasethe
tails, cancelling them olit.So observe that

10x = 3.45454545..;1000k = 345454545 .. — 100X — 10x= 342 —= x= g%(z) = ;—2

By mimicking the above example, the following should be clegcimals whose decimal expansion terminates or repeats
are rational numbers. Since we are too cowardly to provedixestatement, we prefer to call it a

5Among these, many are Philosophers, whom, though unsiatistinding their Philosopher’s Stone, have found renétuata

6 “Reeling and Writhing, of course, to begin with, "the Mockrla replied, “and the different branches of Arithmetic—Bition, Distraction, Uglification,
and Derision.”

"The appropriate word here is “cathetus.”

8That this cancellation is meaningful depends on the conmfeginvergenceof which we may talk more later.
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6 Fact Real numbers are either rational or irrational. Rationahbars are those whose decimal expansion terminates or
repeats. Irrational numbers are those whose decimal eiqpaissnfinite and does not repeat.

After the discovery that/2 was irrational, suspicion arose that there were othetiomal numbers. In fact, Archimedes
suspected that was irrational, a fact that wasn’t proved till the XIX-th Gary by Lambert. The “irrationalities” of/2 and
mare of two entirely “different flavours,” but we will need sal more years of mathematical stddg even comprehend the
meaning of that assertion.

Of course, by simply “looking” at the decimal expansion oftamber we can’t tell whether is irrational or rational withou

having more information. Your calculator probably give®ab9 decimal places when you try to comput®, say, it says
V2~ 1.414213562. What happens after the final 2 is the interestiegtipn. Do we have a pattern or do we not?

7 Example We expect a number like
0.100100001000000001,

where there are,2, 8,16, ... zeroes between consecutive ones, to be irrational. Discuss

By looking at decimal expansion of the real numbers, we maghrehe following conclusion.
8 Fact Between any two different real numbers there is a rationailmer. Between any two real numbers there is an irrational
number.

So what now? We know that the real numbers have all the nittenagtical and order properties @fand that also, contain

all possible decimal expansions? What other propertiebelphave?

9 Definition A numberu is anupper boundor a set of numbera if for all a € A we havea < u. The smallest such upper
bound is called thsupremunof the setA. Similarly, a numbet is alower boundfor a set of numberB if for all b € B we
havel < b. The largest such lower bound is called themumof the setB.

The real numbers have the following property, which furttistinguishes them from the rational numbers.

10 Axiom (Completeness oR) Any set of real numbers which is bounded above has a supreragnset of real numbers
which is bounded below has a infimum.

Observe that the rational numbers are not complete. For geathere is no largest rational number in the set
{xeQ:x¥* <2}

sincey/2 is irrational and for any good rational approximation,f@ we can always find a better one.

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

Figure 1.1: The Real Line.

90r in the case of people in the English and the Social ScieRegsrtments, as many lifetimes as a cat.
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Geometrically, each real number can be viewed as a point traiglst line. We make the convention that we orient the real
line with O as the origin, the positive numbers increasingatals the right from 0 and the negative numbers decreasivay tts
the left of 0, as in figuré..1. The Completeness Axiom says, essentially, that this lagerto “holes.”

We append the objeetoo, which is larger than any real number, and the objeet which is smaller than any real number.
Lettingx € R, we make the following conventions.

(400) + (+00) = 400 (1.1)
(—00) + (—o) = —oo (1.2)
X+ (400) = +o0 (1.3)
X+ (—00) = —o0 (1.4)
X(+00) = +o0 if x>0 (1.5)
X(+00) = —00 if x< 0 (1.6)
X(—0) = —o0 if x>0 (1.7)
X(—00) = +oo if x< 0 (1.8)
i—); —0 (1.9)

Observe that we leave the following undefined:

400
E, (+°°) + (_00)7 O(:I:oo)

Homework

11 Problem Give examples, if at all possible, of the following. 12 Problem Describe the following sets explicitly by either provid-
ing a list of their elements or an interval.

0 the sum of two ratio- an irrational number.

nals giving an irrational
number.

the sum of two irra-
tionals giving an irra-
tional number.

the sum of two irra-
tionals giving a rational
number.

the product of a rational
and an irrational giving

the product of a rationg
and an irrational giving
a rational number.

the product of two ir-
rationals giving an irra
tional number.

the product of two irra-
tionals giving a rational
number.

O {xeR:x®=8}
O {xeR:|x3=8}
O {xeR:|x=-8}
O {xeR:|x <4}

O {xeZ:|x <4}
O {xeR:|x <1}
O {xeZ:|x <1}
0 {xeZ:x092 <0}

13 Problem Describe explicitly the sefx € Z : x < 0,1000< X% <
2003} by listing its elements.

14 Problem Write the infinitely repeating decimal .23 =
0.123123123.. as the quotient of two positive integers.
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1.3 The Square of a Real Number is Positive

We start this section by recalling two very useful, but seidexploited, algebraic identities. Lendy be real numbers. Then
X2 —y? = (x—y)(x+Y) (1.10)

(X£y)? = X2 £ 2xy+ Y2 (1.11)
Their proof can be obtained by simple multiplication.

15 Example Compute(12345678% — (12345679)(123456787 mentally.

Solution: We will see that this computation gives 4. Rut 123456789. Then we wart — (x— 2)(x+2) = X2 — (X —4) = 4.
Remarkable! If you tried this in your calculator, it will gpably have a memory overflow and return “ERROR.”

The square of every real numbeis positive?, that is, for all real numbepswe havex? > 0. This simple fact gives us the
following remarkable inequalities.

16 Theorem (Arithmetic Mean-Geometric Mean Inequality) Leta, b be positive real numbers. Then

Vab< izb
with equality if and only ifa=b.

Proof: Since the square of any real number is positive,
(va-vhb?>o.

Expanding,
a—2vab+b>0,
from where the desired inequality follows. Clearly, equyadilso follows if and only if &= b. O

17 Corollary (Harmonic Mean-Geometric Mean Inequality) Leta,b be strictly positive real numbers. Then

2§¢a—b

1 1
aTh

with equality if and only ifa=b.

Proof: By the Arithmetic Mean-Geometric Mean Inequality

1 1
gLl _ath
ab—- 27

whence the desired result follows upon rearrangement. ileaquality also follows if and only if & b. O

18 Example The sum of two positive real numbers is 50. Find their maxinmuoduct.

Letx,y be these positive real numbers with- y = 50. By the Arithmetic Mean-Geometric Mean Inequality
X+y

Thus their maximum product is 625, since
Xy < 257 = 625

10Wwe use the worgbositiveto indicate a quantity> 0, and use the terstrictly positivefor a quantity> 0. Similarly with negative(< 0) andstrictly negative
(<0).
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Homework

19 Problem Describe explicitly the set 23 Problem Prove that iff > s>t then
{xe€Z:—-13<x<15xis divisible by 3 2242 > (r—stt)2
by listing its elements.

24 Problem Prove that
20 Problem Prove that ifa, b, c are positive real numbers then

(a+b)(b+c)(c+a) > 8abc a>+ b+ ¢ —3abc= (a+b+c)(a +b?+c? —ab—bc—ca)

and that
21 Problem If a,b,c,d, are real numbers such that

& +b? + %+ d? = ab+bc+cd -+ da, 2a2 4 2b? 4 2¢2 — 2ab— 2bc— 2ca= (a—b)2 + (b—c)? + (c—a)2.
prove tham=b=c=d. Deduce now the arithmetic-mean-geometric-mean inequétit
three positive real numbers, that is, prove that if 0,3 >0,y >0,
22 Problem The values ofa,b,c, andd are 12,3 and 4 but not| then
necessarily in that order. What is the largest possible evalfi 3 a+B+y

vapy< ——-.
ab+bc+cd+-da? By= 3

1.4 Intervals

25 Definition Aninterval | is a subset of the real numbers with the following propeftg:d | andt € |, and ifs< x < t, then

x € |. In other words, intervals are those subsets of real numtaiirghe property that every number between two elements is
also contained in the set. Since there are infinitely manyntlds between two different real numbers, intervals wittidict
endpoints contain infinitely many members. Tabléshews the various types of intervals.

Observe that we indicate that the endpoints are includeddgnsiof shading the dots at the endpoints and that the erslpoin
are excluded by not shading the dots at the endpoihts.

Interval Notation  Set Notation Graphical Representation
[a;b] {xeR:a<x<b}'? °

a b
la;b[ {xeR:a<x<b} o °

a b
[a;b] {xeR:a<x<b} 4 °

a b
la;b] {xeR:a<x<b} 4 °

a b
|a; 4o {xeR:x>a} o

a +o0
[a;+oo] {xeR:x>a} °

a ~+o00
] — o0 b[ {xeR:x< b} °

—00 b
] — o0; ] {xeR:x<b} o

—00 b
| = 00 +-oof R

—00 +OO

Table 1.1: Intervals.

it may seem like a silly analogy, but think that[m b] the brackets are “arms” “huggingtandb, but in]a; b| the “arms” are repulsed. “Hugging” is thus
equivalent to including the endpoint, and “repulsing” isigglent to excluding the endpoint.
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We will often use the symbok=> for “if and only if”, and the symbol—-, “implies.” The symbok: meansapproxi-
mately From time to time, we will also use the set theoretic notakielow.

26 Definition Theunionof two setsA andB, is the set
AUB={x:(xeA)or(xeB)}.
This is read A unionB.” See figurel.2

Theintersectionof two setsA andB, is
ANB={x: (xe A)and(x € B)}.
This is read A intersectiorB.” See figurel.3.

Thedifferenceof two setsA andB, is
A\B={x:(xeA)and(x¢B)}.

This is read A set minusB.” See figurel.4.

Figure 1.2.AUB Figure 1.3:ANB Figure 1.4:A\ B

27 Example LetA={1,2,3,4,5,6},andB = {1,3,5,7,9}. Then

AUB={1,2,3/4,5,6,7,9}), ANB={1,3,5}, A\B={2,4,6}, B\A={7,9}.
28 Example If A=[-10;2, B =] — ;1] then

ANB=[-10;1, AUB=]-;2], A\B=[1;2], B\A=]—o;—-10]

29 Example Let A= {1— V314 \/i} B= [g ;n[. By approximating the endpoints. To three decimal places/f3 ~
—0.732 142~ 2414 2~ 1571 m~3.142. Thus

AmB:[’—ZT;H\/E], AUB=[1-v3:n], A\B:[l—\/é;g[, B\A=|1+v2;7]

Homework

30 Problem Let A = {a,b,c.d,e, f} and B = {a,ei,o,u}. Find| 32 Problem LetC =] —5;3], D = [4;+[. FIndCND,CUD,C\D,
AUB, ANB, A\BandB\ A andD\C.

31 Problem Let C =] —5;5[, D =] — 1;4[. FindCND, CUD, | 33 Problem Let C = [-1;-2+ \/:—3[, D= [70.5;\/5 —1]. Find
C\D, andD\C. CnD,CuUD,C\D, andD\C.
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34 Problem Consider 101 different points;, %o, ..., X101 belonging| that

to the interval[0;1]. Shew that there are at least two sqyand X — E‘ < i
Xj,i # j, such that k' Nk
1
X —Xj| < - 36 Problem Prove that i is irrational then there are infinitely many
100 .
rational numberég, k € N such that
35 Problem (Dirichlet's Approximation Theorem) Shew that X— b| < 1
vx e R, YN € NN > 1 J(he NAk e N) with 0 < k <N such k! ~ k2

1.5 Sets on the Plane
37 Definition LetAq,Ay,...,An, be sets. Th€artesian Producof thesen sets is defined and denoted by
A x Ao x - x An={(as,a,...,an) : ax € Ac},

that is, the set of all orderadtuples whose elements belong to the given sets.

In the particular case when all theifre equal to a set A, we write

AL XA X - x Ap=A"

38 Example If A={—1,—-2} andB = {—1,2} then
AxB={(-1,-1),(-1,2),(-2,-1),(-2,2))},
BxA={(-1,-1),(-1,-2),(2,—-1),(2,-2)},
A ={(-1,-1),(-1,-2),(-2,-1),(-2,-2)},
B2={(-1,-1),(-1,2),(2,-1),(2,2)}.

Notice that these sets are all different, even though soereeits are shared.

39 Example (—1,2) € Z2 but (—1,v/2) ¢ Z2.

40 Example (—1,v/2) € ZxRbut(-1,v/2) ZR x Z.

41 Definition R? = R x R—thereal Cartesian Plane— is the set of all ordered paits,y) of real numbers.

We represent the elements&f graphically as follows. Intersect perpendicularly two iespof the real number line. These
two lines are th@xes Their point of intersection—which we lab&l = (0,0)— is theorigin. To each poinP on the plane we
associate an ordered p&ir= (x,y) of real numbers. Herr is theabsciss&®, which measures the horizontal distance of our
point to the origin, ang is theordinatg which measures the vertical distance of our point to thgioriThe points< andy are
the coordinatesof P. This manner of dividing the plane and labelling its poistsalled theCartesian coordinate systeriihe
horizontal axis is called the-axisand the vertical axis is called tlyeaxis It is therefore sufficient to have two numbearand

y to completely characterise the position of a péint (x,y) on the planéR?.

42 Example Sketch the regio? = {(x,y) e R?:1<x< 3, 2<y<4}.

Solution: The region is a square, excluding its boundarg gitaph is shewn in figure 5 where we have dashed the boundary
lines in order to represent their exclusion.

43 Example The regionZ = [1;3] x [—3;+] is the infinite half strip on the plane sketched in figaré. The boundary
lines are solid, to indicate their inclusion. The upper kdany line is toothed, to indicate that it continues to infinit

13From the Latinlinea abscissar line cut-off.
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44 Example The regionZ = {(x,y) € R?: x| <2, |y| <2} is the 4x 4 square sketched in figuie7.

45 Example A quadrilateral has vertices &t= (5,—9),B= (2,3),C=(0,2), andD = (—8,4). Find the area, in square units,
of quadrilateraABCD.

Solution: Enclose quadrilaterABCDin right AAED, and draw lines parallel to theaxis in order to form trapezoidsE F B,
FBCG, and rightAGCD, as in figurel.8 The aredABCD of quadrilateraABCDis thus given by

[ABCD = [AED —[AEFB —[FBCG — [GCD
= 1(AE)(DE) - i(FE)(FB+AE)-
—2(GF)(GC+FB) — 3(DG)(GC)
= 3(13(13-3(3)(13+1) - 3(2(2+1) - 3(8)(2)
= 845-21-3-8
= 525,

4T 4 4 4+
1 ] 1 E
108 2 ] :
1 4+ 1
- - e
,473{2;71::1 23 4 ,4,3,:2;,1: 43 34
e B 3 e B
-4 1 -4 -4 1 B
. , - A
. Figure 1.6: Examplé3 ) . =
Figure 1.5: Exampld2. Figure 1.7: Examplé4. Figure 1.8:'Exampld5.
Homework
46 Problem Sketch the following regions on the plane. 48 Problem Let A=[-10;5,B = {5,6,11} andC =] — «;6[. An-
0 Ri={(xy) e R?:x<2} swer the following true or false.
_ 2.
0 Re={(xy) eR":y=>-3} 0 5¢A 0 (0,5,3) eCxBxC.
O Re={(xy) eR?: x| <3,|y| <4} 0 6eC.
2 0 AxBxCCCxBxC.
O Re={(xy) eR": x| <3,|y| >4} 0 (0,5,3) e AxBxC.
0 Rg—{(xy) €RZ:x< 3y >4} 0 (0,-5,3) e AxBxC. 0 AxBxCcCC3
0 Rg={(xy) € R?:x<3y<4}

49 Problem True or false:(R \ {0})? = R?\ {(0,0)}.

47 Problem Find the area ofAABC whereA = (—1,0), B=(0,4) . o ) s . .
andC = (1,-1). 50 Problem A lattice point is a point(x,y) € Z<, that is, a point

with integral coordinates. Prove that there is no equitdteiangle
all whose coordinates are lattice points.

1.6 Neighbourhood of a point

Before stating the main definition of this section, let ussidar the concept of “nearness.” What does it mean for onet poi
to be “near” another point? We could argue that 1 is near taf),for some purposes, this distance could be “far.” We could
certainly see that.8 is closer to 0 than 1 is, but then again, for some purposes, s distance could be “far.” Mentioning a
specific number “near” 0, like 1 or.B fails in what we desire for “nearness” because mentionigigezific point immediately
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gives a “static” quality to “nearness”: once you mention aafic point, you could mention infinitely many more pointsiath
are closer than the point you mentioned. The points in thaeszp

0.1, 0.01, 0.001 0.0001,

get closer and closer to 0 with an arbitrary precision. Notiat this sequence approaches 0 through valugsThis arbitrary
precision is what will be the gist of our concept of “nearneddearness” is dynamic: it involves the ability of gettimgpser
to a point with any desired degree of accuracy. It is notctati

Again, the points in the sequence

1
2’ 4’ 8’ 16’
are arbitrarily close to 0, but they “approach” 0 from the.l€ince again, the sequence

FEN U S
2’ 3’ 4’ 5’

approaches 0 from both above and below. After this long pbéanve may formulate our first definition.

51 Definition The notationx — a, read  tends toa,” means thak is very close, with an arbitrary degree of precision, to
a. Herex can approach through values smaller or larger than We writex — a+ (read ‘x tends toa from the right”) to
mean thak approachea through values larger thamand we writex — a— (read % tends toa from the left”) we mean that
approachea through values smaller than

52 Definition A neighbourhood of a point & an interval containing.

Notice that the definition of neighbourhood does not ruletbatpossibility that may be an endpoint of the the interval. Our

interests will be mostly on arbitrarily small neighbourlds®f a point. Schematically we have a diagram like figuge
at

V4
—00 /Eji +00

a

Figure 1.9: A neighbourhood @t

Answers

11 1) this is impossible. 2) take both numbers toJi. Their sum is 2/2 which is also irrational. 3) take one number fo or
be /2 and the other-v/2. Their sum is 0, which is rational. 4) take the rational nento be 1 and the irrational to bg2. a2 b b2 b2
Their product is 11/2 = v/2. 5) take the rational number to be 0 and the irrational tg/Be Their product is 0v/2 = 0. 6) i

take one irrational number to hé2 and the other to bg'3. Their product is/2- /3 = v/6. 7) take one irrational number t

c 2 2 d? a2
bc+7+?—dc+7+7—da+?:0

be+/2 and the other to bé . Their product is/2 - . 1 Factoring, 1 1 1 1
V2 V2 Z(a-b)2+ Z(b-c2+3(c-d)2+3(d—a2=0.
2 2 2 2
12 (i) {2}, (i) {—2,2}, (iii)) 2, (iv) | —4:4[, (v) {—3,-2,—-1,0,1,2,3},(vi) | — 1; 1], (vii) {0}, (viii) & As the sum of positive quantities is zero only when the qui@stthemselves are zero, we obtaiab,b=c,c=d,d=a,

which proves the assertion.

13 {-32-33 34,35 36, —37, 38,39, —40, ~41,—42, 43, —44} 0 2
5

S

14 If x=0.123123123. .then 1008 = 0.123123123. . giving 100X — x = 123, since the tall I out. This result , ,
og 4t en gving X since the talls cancel out. Thisresulis I35 A U= {a,b,c,d.e f,i,0,u}ANB= {a.&},A\B= {b.c,d, f},B\A={i,0,u}

T 999 333
31 |—1;5[,]—5i4[,] - 5;—1], [5:4eo[
19 {-12-9,-6,-3,0,3,6,9,12 15}
32 2,]-5:3U[4;+oo.] ~5:3], [4;+oo]
20 The result quickly follows upon multiplying the three inedjities
33 [-05—2+V3 [-1;v2-1],[-1;,—0.5], [-2+V3;v2—1]
a+b>2vab,
35 Hint: Consider the\ + 1 numbersx— [tx],t =0,1,2,...,N.
b+c>2vbc,
47 4.5 square units.
ct+a>2y/ca
48 TFTFTTF
21 Transposing,

a? —ab+b? —be+ 2 —de+ d2 — da=0, 49 False.(R\ (0})2 consists of the plane minus the @ \ {(0,0)} consists of the plane minus the origin.




Chapter

Distance and Curves on the Plane

The main objective of this chapter is to introduce the distdiormula for two points on the plane, and by means of thimdee
formula, the linking of certain equations with certain ceswon the plane. Thus the main object of these notes, thaladifig
a graph to a formula, is partially answered.

2.1 Distance on the Real Line

53 Definition Letx € R. Theabsolute value ofx-denoted byx|—is defined by

—x if x<0,
x| =

X if x>0.

The absolute value of a real number is thus the distance bféhbnumber to 0, and henpe-y| is the distance betweerand
yon the real line. Below are some properties of the absoldteevélerex,y,t are all real numbers.

—Ix| < X< |X. (2.1)
X=yl=1ly—x| (2.2)

VX2 =[x (2.3)

X2 = X% = (2.4)

X <t <= —t<x<t (t>0) (2.5)
X >t <= x<—-torx>t (t>0) (2.6)

54 Example Write without absolute value signs:
0 |vV3-2],
0 V7-V5,
0 |[V7—+5—|vV3-2

Solution: We have

11
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0 since 2> 1.74> /3, we havey/3—2| =2 /3.
0 sincev/7 > /5, we havegy/7 — /5| = v/7— /5.
O by virtue of the above calculations,
V7 —V5] = |vV3-2||= [V7—V5—(2—V3)| = |VT+V3-V5-2].
The question we must now answer is whet@@r+ /3 > v/5+2. Butv/7+ /3 > 4.38> 1/5+ 2 and hence
WV7+V3—vV5—-2|=V7+V/3-V5-2.

55 Example If x< —2 prove thajl— |1+ X||= -2 —x.

Solution: Ifx < —2 then 1+-x < —1 and henc¢l + x| = —(14+X) = —1—x Thus|1— |[1+X|| = [1— (—-1—X)| = |2+ x|. But
sincex < —2,x+2 < 0 and sd2+ x| = —2—x. We conclude thatl — |1+ x|| = -2 —x.

56 Example Find all real solutions t¢x+ 1|+ [x+ 2| — |[x— 3| = 5.

Solution: The vanishing points for the terms are —1,x = —2 andx = 3. We decomposR into (overlapping) intervals with
endpoints at the places where each of the expressions itutdsgalues vanish. Thus we have

R=]—00;-2] U [-2;—-1] U[-1;3 U[3;+00].

We examine the sign diagram

X€ J=oo;=2] | [-2;=1] | [-1;3 | [3;4]
IX+2|= —X—2 X+2 X+2 | x+2
X+1| = —x—1 —x—1 | x+1 |x+1
|x—3|= —X+3 —X+3 | —x+3 | x-3
[X+2|+|x+1—|[x—3=| —x—6 X—2 3x X+6

Thus on] — «; —2] we need—x— 6 = 5 from wherex = —11. On[-2;—1] we needx— 2 = 5 meaning thak = 7. Since

7 ¢ [—2;—1], this solution is spurious. O-1;3 we need 8 =5, and sax = g On [3;+[ we needx+ 6 = 5, giving the
spurious solutiox = —1. Upon assembling all this, the solution set is

5
-11,- 5.
{ ’ 3}
We will now prove some fundamental inequalities satisfieébgolute values.

57 Theorem (Triangle Inequality) Let (a,b) € R2. Then

|a+b| < |al+1|b]. (2.7)
Proof: From 2.1, by addition,
—lal<a<lal
to
—|bl <b <|b|
we obtain

—(lal+[b]) <a+b < (Ja]+b]),
whence the theorem followsl.
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58 Corollary Let (a,b) € R2. Then

|la] — |b]] < ]a—b] |

Proof: We have

(2.8)

|a] = [a—b+b| < |a—b| +b],

giving

|al —[b] < a—bl.

Similarly,

bl =[b—a+a| < |b—al+[a = [a—b|+]a,

gives

bl - al < Ja—h].

The stated inequality follows from thig.

Homework

59 Problem Write without absolute value$:yv/3—1/|2— /15 |
60 Problem Write without absolute values ¥> 2: |x— |1 — 2x||.
61 Problem Find all the real solutions t{bx — 2| = |2x+ 1.

62 Problem Find all real solutions t¢x — 2| + [x— 3| = 1.

63 Problem Find the set of solutions to the equatipih+-[x— 1| = 2.

64 Problem Find the solution set to the equatipti+ [x— 1| = 1.

65 Problem Find the solution set to the equatif#x| + |x— 1| — 3|x+
2/=1.

66 Problem Find the solution set to the equatif#x| + |x— 1| — 3|x+
2|=-T7.

67 Problem Find the solution set to the equatif#x| + |x— 1| — 3|x+
2 =7.

2.2 Distance on the Real Plane

68 Problem

69 Problem

70 Problem

71 Problem

72 Problem

73 Problem

74 Problem

75 Problem

We now turn our attention to the plane, which we denote by yne®IR2.

If x < O prove that‘xf \/(xfl)z‘ =1-2x

Find the real solutions, if any, 11012 -3 =2.
Find the real solutions, if any, o — 2x+1=0.
Find the real solutions, if any, e — x| —6=0.

Find the real solutions, if any, & = |5x — 6.

Prove that ifx < —3, then|x+ 3| — |x— 4| is constant.
Prove that maga, b) = w.
Prove that mifia,b) = w.

Consider two point& = (x1,y1),B = (X2,¥2) on the Cartesian plane, as in figurd. Dropping perpendicular lines ©, as
in the figure, we can find their Euclidean distard@with the aid of the Pythagorean Theorem. For

AB? = AC? + BC?,

translates into

AB= \/(Xz —x1)24 (Y2 —y1)2.

This motivates the following definition.
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76 Definition Let (x1,Y1), (X2,¥2) be points on the Cartesian plane. TReclidean distanceetween them is given by

d{(x1,y1), (X2,¥2)) = /(X2 —X2)2 + (y1— ¥2)%. (2.9)

77 Example Find the Euclidean distance betweenl, 2) and(—3,8).

Solution:

d((~1,2),(-3,-8)) = /(-1 (-3))2+ (2 8)? = V40 = 2//T0~ 6.32

Figure 2.1: Distance between two points.

78 Example The point(x,1) is at distanca/11 from the poin{1, —x). Find the possible values &f

Solution:

d<(X,1),(1,—X)> = \/ﬂ

— Jx=12+(1+x2 = V11

= (x=-12+(1+x? = 11
= 22 +2 = 11
This yieldsx = —37\& orx= 3—\{2
79 Example Find the point equidistant froA = (—1,3),B=(2,4) andC = (1,1).

Solution: Let(x,y) be the point sought. Then
d((xy),(=1,3)) = d((x.¥),(2.4)) = (x+1)+(y=3)?= (x=2)*+(y—4)
d((xy),(=1,3)) =d((x.¥),(1,1)) = (x+1)*+(y=3)° = (x=1)?+(y— 1)
This gives the two systems of linear equations
2X+1—6y+9=—4x+4—8y+ 16,

2X+1-6y+9=—-2x+1-2y+1,

or
6x-+ 2y = 10,

4x— 4y = —8.

This system solves ttx,y) = (3,11).
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Given an intervala; bl, its midpointis izb By considering the similar triang|ds with vertices atxi, y1), (X2, ¥2), (X2, Y1),

T, with vertices af(xy,y1), (X522, y1), (522, 1232, we motivate the following definition.

80 Definition The midpoint of the line segment joining the poilxs, y1), (X2,y2) is

2 2

(X1+X2 Y1+Y2)

81 Example Find the coordinates of the poif,y) that is symmetric to the poirfil, 2) with respect to the point-1,4).
Solution: The point—1,4) is the midpoint of the line segment joinirij, 2) and(x,y). Thus
1+x 24y
(5525 -1,
whencex = —3 andy = 6. The point sought is therefofg,y) = (—3,6).

Homework

82 Problem Findd((—2,-5),(4,—3)). 91 Problem A fly starts at the origin and goes 1 unit up,2Lunit
right, 1/4 unit down, %8 unit left, 1/16 unit up, etc.ad infinitum.In

) . >
83 Problem If a andb are real numbers, find the distance betwg V}llhat coordinates does it end up*

the points(a, a) and(b, b).
92 Problem Find the coordinates of the point which is a quarter of

84 Problem Find the distance between the poitad+a, b?+b) and the way from(a, b) to (b, a).

(b+ab+a).
93 Problem Find the coordinates of the point symmetric(tea, b)

85 Problem A car is located at poin& = (—x,0) and an identical with respect to: (i) thecaxis, (if) they-axis, (iif) the origin.

car is located at poin(x,0). Starting at time& = O, the car at poinA
travels downwards at constant speed, at a ratesoD units per sec{ 94 Problem (Minkowski’s Inequality) Prove that if(a,b),(c,d) €
ond and simultaneously, the car at pdatravels upwards at constal htR?, then

speed, at a rate &f > O units per second. How many units apart fire

these cars aftdr> 0 seconds? (a+c)?+(b+d)? < Va2 +b>+vc?+d2

Equality occurs if and only iad = bc.
86 Problem A bug starts at the point—1,—1) and wants to trave

to the point(2,1). In each quadrant, and on the axes, it moves Wiy proplem Prove the following generalisation of Minkowski's In-
unit speed, except in quadrant Il, where it moves with hafsheed equality. If (a, by) € (R\ {0})2,1 < k < n, then

Which route should the bug take in order to minimise its tinfé®
2 N 2
\ & +b2>\j (Zak> +<z k) .
=1

answer isot a straight line from(—1,—1) to (2,1)!

=

k=1

87 Problem Find the point equidistant fronf—1,0), (1,0) and

(0,1/2). Equality occurs if and only if
a_%_  _&
88 Problem Find the coordinates of the point symmetric (@ b) by b bn

with respect to the poir(h, a).
96 Problem (AIME 1991) Let P = {&;,a2,...,an} be a collection

89 Problem Find the coordinates of the point which is a quarte &f points with
the way from(2,3) to (14, —11). O<a << <an<li
Consider N
90 Problem Find the coordinates of the point which is three-quar{ers Si= mPin Z \ (2k—1)2+ aE,
k=1

of the way from(2,3) to (14, —11). o o
y (2,3) to ) where the minimum runs over all such partitidhsShew that exactly

one of$,S3,...,S,,. .. is aninteger, and find which one it is.
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2.3 Circles

We now study our first curve on the plane: the circle. We widl 8sat theequationof a circle on the plane is a consequence of
the distance formula.9.

Here is a way to draw a circle on sand: using a string, tie ithatyou wish to be the centre of the circle. Tighten up the
string now and trace the path followed by the other extrente@ttring. You now have a circle, whose radius is the len§th o
the string. Notice then that every point on the circumfeeds@t a fixed distance from the centre. This motivates theviirig.

Figure 2.2: A circle with centréxo,yo) and radiuRR.

97 Theorem A circle on the plane with radiu and centrexg, yo) has equation
(x—%0)*+ (y—yo)* =R, (2.10)

called thecanonical equatiorfior a circle of radiufR and centréxo, yo). Conversely, the graph any equation of the f&rhoOis
a circle.

Proof: The point(x,y) belongs to circle of radius R and centp&), yo)

= d((xY),(%,Y0)) = R
—= J/(x=x)?2+(y-Y)? = R -
= (x=x)?+(y-y)? = R

giving the desired result]

98 Example The equation of the circle with centfe-1,2) and radius 6 i$x+ 1)? 4 (y — 2)? = 36. Observe that the points
(—1+6,2) and(—1,2+6) are on the circle. Thus-7,2) is the left-most point on the circl€5, 2) is the right-most(—1, —4)
is the lower-most, an¢1,8) is the upper-most. The circle is shewn in figaré&

99 Example Rewrite the equation of the following circle in canonicalrfg and use it to find the centre and the radius of the
circle:
X2 +y?—12x—4y—9=0.

Also, graph this circle

Solution: We complete squares:
X2 —12x+36+y?—4y+4=9+36+4

or (x—6)?4 (y—2)2 = 49. The centre is g6, 2) and the radius is 7. The points-1,2), (13,2), (6, —5), and(6,9) are on the
circle. The graph is shewn in figuge4
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100 Example A diameter of a circle has endpoir{ts 2, —5) and(4, 3). Find the equation of this circle and graph it.

Solution: The centre of the circle lies on the midpoint of t@meter, thus the centre (s#', %—F?’) =(1,-1). The

equation of the circle is
(x—1)%+(y+1)*=R%.

To find the radius, we observe thdt 3) lies on the circle, thus
(4—1)2+(3+1)2=R? = R=5.

The equation of the circle is finally
(x—1)2+ (y+1)% = 25.

Observe that the points-2,-5), (4,3), (—4,—1), (6,—1), (1,4), and(1,—6) all lie on the circle.

2R e
©or N
Ll Ll

TR NWSO o N ©
l

|
=
B
i
e _§
i B
e B
N
? L
b B
N
\\\hu\44
U'\b(.u‘A
1111 | g
L |
N
N B
g B
g B
o

6 7 8 910112

Figure 2.3: Examplé&8. Figure 2.4: Exampl&9.

101 Example Find the equation of the circle passing throydhl), (0,1) and(1,2).

Solution: The centréh, k) of the circle is the point equidistant to the given pointsjshtcan be found by solving
(h—1)2+ (k—1)>=h?+ (k—1)?,

(h—1)%2+ (k—=1)?>= (h—1)>+ (k—2)%
1

The first equation gives = 3, and the second equation gives: % The centre of the circle is thuh, k) = (%, %). The radius
of the circle is the distance from its centre to any point andincle, say, tq0,1):

ORI

The equation sought is finally
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Homework

102 Problem Prove that the point&, 2) and(—2, —6) lie on the cir- Ro
cle with centre a{1,—2) and radius 5. Prove, moreover, that thg¢se
two points are diametrically opposite.

{(xy) € R?|(x+2)?+y* <1},
Rs = {(xy) € R?|(x—2)*+y* <1},
Ry ={(xy) e R?p®+(y+1)* <1},
103 Problem A diameterAB of a circle has endpoin& = (1,2) and Rs = {(x,y) € R2HX| <3,y <3},
B = (3,4). Find the equation of this circle. 2

Re ={(xy) €R7|[X = 2,]y| = 2}.

Sketch the following regions.

~

~

104 Problem Find the equation of the circle with centre (at1,1)
and passing througtt, 2). 0 R\ (RUR3URy).
0 Rs\Ry

105 Problem Rewrite the following circle equations in canonidal
form and find their centre€ and their radius®k. Draw the circles) 0 Ri\Re

Also, find at least four points belonging to each circle. 0 RUR3URg
2 _
0 X +y?—2y=35, 107 Problem Find the equation of the circle passing througtt, 2)
O x2+4x+y2—2y =20, and centre a1, 3).
O X2 +4x+y>—2y=5,
O 2x2—8x+2y% =186, 108 Problem Find the canonical equation of the circle passing
O 4@ +4x+ 175 142 1y =0 through(-1,1), (1,-2), and(0,2).
0 3x?+2x/3+5+3y° —6yv/3=0

109 Problem Let a,b, ¢ be real numbers with? > 4b. Construct a
circle with diameter at the pointdl,0) and (—a,b). Shew that the
intersection of this circle with the-axis are the roots of the equation
Ry = {(xy) e RZx®+y? < 9}, X2+ ax+b = 0. Why must we impose? > 4b?

106 Problem Let

2.4 Semicircles

Solving foryin (x— )%+ (Y — yo0)? = R?, we obtain

y=Yo£ /R — (x—x0)2.

The choice of the- sign gives the upper half of the circle (the upper semicjrated the— sign gives the lower semicircle.
110 Example Sketch the curvg = v/1—x2

Solution: Squaringy? = 1 —x?. Hencex? +y? = 1. This is the equation of a circle with centre @ 0) and radius 1. The
original equation describes the upper semicircle (sined). The graph is shewn in figut&s.

111 Example Sketch the curvg =2 — /8 — x2 — 2x

Solution: We haveg — 2 = —/8 — x2— 2x. Squaring(y — 2)?> = 8 — x? — 2x. Hence, by completing squares,
A 22X+ 14 (y—22=9 = (x+1)°+(y—2)2=09.

This is the equation of a circle with centre(atl1, 2) and radius 3. The original equation describes the lowerdesta (since
y < 2). The graph is shewn in figute6.

112 Example Sketchy = —v/4 —x2

Solution: Squaringy? = 4 — x2. Hencex? +y? = 4. This is the equation of a circle with centre @ 0) and radius 2. The
original equation describes the lower semicircle (sinpee0). The graph is shewn in figute?.

The equation of the upper semicircle in exampleis y = v/4 — x2.
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Solving forxin (x—Xo)2 + (Y — Yo)? = R2, we obtain

X=X+ /R~ (y—Yyo)%.

The choice of ther sign gives the right half of the circle and thesign gives the left semicircle.
113 Example Sketch the curve = /4 —y2

Solution: Squaringx® = 4 —y?. Hencex? +y? = 4. This is the equation of a circle with centre @ 0) and radius 2. The
original equation describes the right semicircle (sin¢e0). The graph is shewn in figuz8.

The equation of the left semicircle in example3is x= —+/4 — y2.

Ll | \\\ \i\ :\} Ll | \177 | | | 1\
LI N

I f\ Ll Ll
\\\\\71\77\\\\\\ 1 \\!\\\\\ 1 1 \2\ 1
6-5-4-3-2;1] 123456 6-5-4-3-2-11 123456 4 1t 2 -y ] 1
e B e
-4 4+ -4 + = -2
5} i
-6 4 -6 —4
Figure 2.5: Examplé10 Figure 2.6: Examplé11 Figure 2.7: Examplé12 Figure 2.8: Examplé13

114 Example Sketch the curve=1— /8 — 2y —y?

Solution: We have

1P — x-1-— B
= (x=1)?=8-2-y
= (x=1?+y*+2y=8
=  (x=12+(y+1)?%=0.

This is the equation of a circle with centre(at —1) and radius 3. The original equation describes thus thedetiarcle (since
x < 1). The graph is shewn in figuz9.

y y
T -
X
N
Figure 2.9: Examplé 14 Figure 2.10: Examplé15 Figure 2.11: Examplé15

115 Example Find the equation of the semicircle depicted in figreQ
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Solution: Complete the semicircle to a full circle, as in figd.11 The equation of the circle is
(X+2)%+(y+1)2=0.

Since this is a left semi-circle, we solve foand take the minus sign on the square root:
(x+22+(y+1°=9 = (x+2)*=9-(y+1)
= X+2=—1/9—(y+1)?

e x——2-\A-(yEDR

The equation sought is thus

X=—-2—4/9—(y+1)2

Homework
116 Problem Sketch the following curves. 0 x=—+/12—4y—y?

0O y=v16—x2

0 x=—4/16—y?2 0 x=-5-/12+4y—y?
2.5 Lines

117 Definition Letaandb be real number constants.\&rtical lineon the plane is a set of the form
{(x,y) eR?:x=a}.
Similarly, ahorizontal lineon the plane is a set of the form

{(x,y) e R?:y=b}.

Y2—Y1

I
(X1,y1) (N T EE P T §

—X—X —
— X=X ————————

Figure 2.12: A vertical line. Figure 2.13: A horizontal line. Figure 2.14: Theorem18

118 Theorem The equation of any non-vertical line on the plane can bdevriin the formy = mx+ k, wherem andk are real
number constants. Conversely, any equation of the fornax+ b, wherea, b are fixed real numbers has as a line as a graph.
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Proof: If the line is parallel to the x-axis, that is, if it is horiztal, then it is of the form y= b, where b is a
constant and so we may take=s0 and k= b. Consider now a line non-parallel to any of the axes, as iarég
2.14 and let(x,y), (x1,¥1), (X2,¥2) be three given points on the line. By similar triangles weenav

Ya—Y1 _Y—¥1
Xo—X1  X—X1’

which, upon rearrangement, gives
_(Y2a—Y1\, Y2—Y1
y= <—x2—x1)x X1 (—xz—x1)+yl’

_Y2—)n o (Y2
= —X2—X17 k=—x1 (—Xz—X1> +VY1.

and so we may take

Conversely, consider real numbers<x xp < X3, and let P= (x3,ax +b), Q= (xz,axx+ b), and R= (x3,axz + b)
be on the graph of the equationyax+ b. We will shew that

d(P.Q)+d(Q,R) =d(P,R).

Since the points,®), R are arbitrary, this means that any three points on the graptine equation y= ax+ b are
collinear, and so this graph is a line. Then

d<RQ>:\/(X2—X1) +(ap—ax)? =[x —x1|V1+a? = (xp—x1)V1+a2
d<Q,R>:\/(x3—xz)2+(ax3—ax2 =|x3—X%o|V1+aZ= (x3— %)V 1+2a2

d(P.Q) = /(X —a)2 + (i — )2 = g — xa| 1+ 82 = (s —x1) V1 + a2

from where
d(P,Q) +d(Q,R) =d(PR)
follows. This means that the pointg® and R lie on a straight line, which finishes the proof of theotken. [

—yl in Theoreml 18is theslope or gradient of the line joinings, y1) and (X2, y2). Since

119 Definition The quantltyn—
y = m(0) + k, the quantityk is they mtercept of the line joiningxy,y1) and (X2, y2).

Figure 2.15: Examplé20. Figure 2.16: Examplé21

120 Example By Theoreml18 the equatioty = x represents a line with slope 1 and passing through the oiggntey = x,
the line makes a 4#5angle with thex-axis, and bisects quadrants | and Ill. See figufe

121 Example A line passes through-3,10) and(6,—5). Find its equation and draw it.
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Solution: The equation is of the forgn= mx+ k. We must find the slope and tlgentercept. To findnwe compute the ratio

~10-(-5 5

- -3-6 3
Thus the equation is of the foryn= —gx+ k and we must now determirke To do so, we substitute either point, say the first,
intoy = —gx+ k obtaining 10= —2(—3) + k, whencek = 5. The equation sought is thys= —gx+ 5. To draw the graph,

first locate they-intercept (af0,5)). Since the slope i&g, move five units down (t¢0,0)) and three to the right (t@3,0)).
Connect now the point®,5) and(3,0). The graph appears in figutela

122 Example Three pointg4,u), (1, —1) and(—3,-2) lie on the same line. Find.

Solution: Since the points lie on the same line, any choiqead of points used to compute the gradient must yield threesa

guantity. Therefore
u—(-1) -1-(-2)

4-1  1-(-3)

which simplifies to the equation

Solving foruwe obtaingy =—

i

Bl

S )

X -
\ I4 \ lo 0o 1 2 3 4 5
Figure 2.17: Problem23 Figure 2.18: Problem24.

Homework

123 Problem Assuming that the equations for the lifgsl,, I3, and | 125 Problem What is the slope of the Iinc;af1 + y_ 1?

I4 in figure 2.17below can be written in the form= mx-+ b for suit- b

able real numbensandb, determine which line has the largest value

of mand which line has the largest valuetof 126 Problem If the point(a, —a) lies on the line—2x+ 3y = 30, find
the value ofa.

124 Problem (AHSME 1994) Consider the L-shaped region in t
plane, bounded by horizontal and vertical segments witticesr at
(0,0),(0,3),(3,3),(3,1),(5,1) and (5,0). Find the gradient of the
line that passes through the origin and divides this areatkyxi
half. 128 Problem Let (a,b) € R2. Find the equation of the straight line
joining (a,b) and(b, a).

h'(3127 Problem Find the equation of the straight line joinirig, 1) and
(—5,-1).
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129 Problem Find the equation of the line that passes thro(gh?) | Sketch the following regions.
and(b,b?).
0 Ri\R
130 Problem The points(1,m), (2,4) lie on a line with gradientn. 0 R\Ry
Findm. 0 RiNRyMRs
131 Problem Consider the following regions on the plane. 0 R\ (RiUR2)
Ri={(xy) € R?ly < 1-x},
) 132 Problem A vertical line divides the triangle with vertices
Ro = {(xy) e R"ly > x+2}, (0,0),(1,1) and(9,1) in the plane into two regions of equal area.
Rs = {(x,y) e R?ly < 1+x}. Find the equation of this vertical line.

2.6 Parallel and Perpendicular Lines

133 Theorem Two lines are parallel if they have the same slope.

Proof:
O

134 Example Find the equation of the line passing through0) and parallel to the line joining—1,2) and(2, —4).

Solution: First we compute the slope of the line joinipgl, 2) and(2, —4):

_2=(4
i

The line we seek is of the formm= —2x+ k. We now compute thg-intercept, using the fact that the line must pass through
(4,0). This entails solving & —2(4) 4+ k, whencek = 8. The equation sought is finaljy= —2x+ 8.

135 Theorem Let y = mx+ k be a line non-parallel to the axes. If the lipe- myx+ k; is perpendicular ty = mx+ k then
1

m=—-——.
m

Proof: Refer to figure2.19 Since we may translate lines without affecting the angteveéen them, we assume
without loss of generality that both=y mx+ k and y= myx+ k; pass through the origin, giving thuskk; = 0.
Now, the line y= mx meets the vertical line=x 1 at (1,m) and the line y= myx meets this same vertical line at
(1,my) (see figure2.19. By the Pythagorean Theorem

(m—my)? = (1+m?) + (1+md).

Upon simplifying we gather that mm= —1, which proves the assertionl

136 Example Find the equation of the line passing throygh0) and perpendicular to the line joinirig-1,2) and(2, —4).

Solution: The slope of the line joining-1,2) and(2,—4) is —2. The slope of any line perpendicular to it

m=—-——==.
1 m 2

The equation sought has the foym- g + k. We find they-intercept by solving 6= %Jr k, whencek = —2. The equation of the
perpendicular line is thug= 3 — 2.
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Figure 2.19: Theoren35

137 Example For a given real number associate the straight ling with the equation

o o o o o d

Li: (4—t)yy=(t+2)x+6t.
Determing so that the poinf1,2) lies on the line_; and find the equation of this line.
Determine so that thd; be parallel to the-axis and determine the equation of the resulting line.
Determine so that thd; be parallel to the-axis and determine the equation of the resulting line.
Determine so that thd ; be parallel to the line-5y = 3x — 1.
Determinet so that thd ; be perpendicular to the line5y = 3x — 1.

Is there a pointa, b) belonging to every ling; regardless of the value &?

Solution:

O

If the point(1,2) lies on the line.; then we have

(4-1)(2) = (t+2)(1) + 6t = tzg

The line sought is thus
Lys: (4—2) —(g+2)x+6 2
2/3: Y13 3

or —‘—1X+§
y=g**s

We need +2=0 = t = —2. In this case
4—-(-2)y=-12 = y=-2.

We need 4-t =0 = t = 4. In this case

0=(4+2)x+24 = x=—-4.

The slope ol is

t42
4—t’
and the slope of the line5y =3x—1is —g. Therefore we need
t+2 3
i~ E = -34-t)=5(t+2) = t=-11
In this case we need
t42
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O Yes. From above, the obvious candidaté-gl, —2). To verify this observe that

(4-1)(-2) =

regardless of the value of

138 Theorem The point(b,a) is symmetric about the ling=

Proof:

when x= —x+a+Db, or x= &zb —vy. Bu(asb, atb

20 2

(t+2)(—4) +6t,

x to the point(a,b).

The line joining(b,a) to (a,b) is y= —x+a+ b. This line is perpendicular to the line=y x and meets it
) is the midpoint ofa, b) and (b, a), which means thafa, b)

and(b,a) are at equal distances from the linexyx, establishing the theoreril

y

(—3,5.4)

Figure 2.20:

Homework

139 Problem Find the equation of the straight line parallel to the |
8x— 2y = 6 and passing througtb, 6).

140 Problem Let (a,b) € (R\ {0})2. Find the equation of the lin
passing througlfa, b) and parallel to the Iing — % =1.

141 Problem Find the equation of the straight line normal to the |
8x— 2y = 6 and passing throug(®, 6).

142 Problem Let a,b be strictly positive real numbers.
equation of the line passing througa, b) and perpendicular to th
line X — ¥ =1,

a b

143 Problem Find the equation of the line passing throudt, 0)
and parallel to the line joiningl, 2) and(—3,-1).

144 Problem Find the equation of the line passing throudt, 0)
and normal to the line joiningl,2) and(—3,—1).

Problem47.

né45 Problem Find the equation of the straight line tangent to the cir-
clex? +y2 = 1 at the point 3, ¥2).

F 146 Problem Consider the ling passing througka, a?) and(b, b?).
Find the equations of the lindg parallel toL andL, normal toL, if
L1 andLy must pass througfi, 1).

ne

147 Problem Find the equation of the linkin figure2.20given that
linel” is perpendicular to it.

Find the

F 148 Problem For any real numbet, associate the straight lirlg
having equation

(2t —1)x+ (3—-t)y—7t+6=0.
In each of the following cases, find arsatisfying the stated condi-
tions.
O Lt passes througft, 1).
O Lt passes through the origi@,0).
O L is parallel to thec-axis.




numbert be chosen?

L: is normal to the line of equatiop= —%x— 5.
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O Lt is parallel to the/-axis. O Lt passes through-2,3).
O Lt fs parallel to the I.|ne of equat_|orx?r 2y—6=0. O Ly is parallel to thec-axis.
O Lt is normal to the line of equatiop= 4x — 5.
O L has gradient-2. O L is parallel to they-axis.
O Is there a poin{xp,Yo) belonging toLt no matter which rea| O Ly is parallel to the line of equation— 2y —6 = 0.
O
O

149 Problem For any real numbet, associate the straight ling
having equation

(t—2)x+(t+3)y+10t —5=0.
In each of the following cases, find &and the resulting line satisfy

ing the stated conditions.

2.7 Linear Absolute Value Curves

Is there a poin{Xg,Yo) belonging toLt no matter which real
numbert be chosen?

- 150 Problem Shew that the four pointd = (—2,0), B = (4,-2),
C=(5,1), andD = (—1,3) form the vertices of a rectangle.

To draw the graph of the absolute value cuyve |x| we simply draw the ling/ = x for x > 0 and the liney = —x for x < 0.

This gives the curve depicted in figuze2 1

151 Example Draw the graph of the equatign= |2x— 1|.

Solution: For x—1>0 = x> 1/2 we havey = 2x— 1 and forx < 1/2 we havey = 1 — 2x. The graph appears in figure

2.22
152 Example Draw the graph of the equatign= |x+ 3| + 2.

Solution: Forx+3>0 = x> —3we havey=x+3+2=
graph appears in figut23

5
4 ]

2
1
|

x+5 and forx < —3 we havey = —(x+3)+2=—-1—x. The

| | | |
L ——
5-4-3-2l1F 1 2 3 4 5 -5 —4 -3 —2-11

I — I —
L L
1 2 3 4 5 543211 1 2 3 4 5

2 4+ 2
-3 4 -3
-4 4 -4
s L 5
Figure 2.21: Absolute valug= |x|. Figure 2.22:

Examplé51 Figure 2.23: Examplé52

In curves with more than one absolute value term, the foligvtabular method might facilitate computations.

153 Example Draw the graph of the equatign= [x — 1| + |x+ 3|.
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Solution: The quantities in absolute values vanishxfer1 andx = —3. We make a sign diagram as follows.

xe | —o0;=3] | [=3;1] | [1;+oo]
x—1|= 1-x 1-x |[x-1
X+ 3| = —Xx—3 X+3 |[x+3
X—1+[x+3|=| —2x—-2 |4 2x+2

Thus forx €] —c0; 3],y = —2x— 2, forx € [-3; 1],y =4, and forx € [1;4][, y = 2x+ 2. The graph is shewn in figu&24

154 Example Draw the graph of the equatign= |x+ 2| — 2|x— 3.

Solution: The quantities in absolute values vanistxfer —2 andx = 3. We make a sign diagram as follows.

. J—eoi =2 | [=2:3 | [3;+]
Ix+2| = —X—2 X+2 | x+2
|x—3|= 3—X 3—x [x-3
[X+2|-2|x—3|= | x—8 3X—4 | —x+8

Thus forx €] —c0; —3],y = —2x— 2, forx € [-3;1],y =4, and forx € [1;+[, y = 2X+ 2. The graph is shewn in figu&25

|

T

i B
g B
g B
g B
»

I

T

|
o
L
T

Figure 2.24: Examplé53 Figure 2.25: Examplé54.
Homework
155 Problem Draw the graphs of the following equations. O y=[x+1—|x-1]
O y=|x+2| O y=|x—1+|x +|x+1]
0O y=3—|x+2|

O y=|x—1—|x +|x+1]
O y=2/x+2|

O y=|x—1/+|x+1]
O y=|x—1—|x+1] 0 y=[x+3[+2x—1| - |x—4

O y=x—1]+x+|x+1]
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2.8 Distance of a Point to a Line

156 Theorem (Distance between a point and a linelet L : y = mx+ k be a fixed line on the plane and Rt= (xg,yo) be a
point not onL. Then the distance(L, P) is given by

|Xom+k — yol

T (2.11)

Proof: If the line has infinite gradient, then the line is of the form x for a constant ¢, and clearly
d(L,P) =[x —c]|.

If m= 0, then L is parallel to the x-axis and clearly
d{L,P) = lyo—K,

which agrees with the theorem. Suppose now thg®The line L has gradient m and any line perpendicular to
it has gradient—%. The distance from P to L is the length of the line segmenirjgi® to the intersection point
(x1,y1) of the line Ly perpendicular to L and passing through P. Now, it is easy tothat Iy has equation

1 Xo
Li:y=—=X+VYo+—
1y m Yo m’

and so, L and Lintersect at
y ~ Yom+Xo—bm Yo +xom-+k
R A O

Therefore

d{L,P) = d{(x0,Yo),(X1,Y1))

= \/(Xo —X1)?+ (Yo — y1)?

3 Yom-+Xo — km) ? Yo + xom+k\ ?
- oy (o
v/ (Xom? — yom+km)2 + (yo — Xom — k)2

1+m
V(P + 1) (om—yo+ k)2
1+m?
[Xom— Yo+ K|
Vitm

proving the theorent]

157 Example Find the distance between the lihe 2x— 3y = 1 and the poin{—1,1).

Solution: The equation of the linecan be rewritten in the form: y = %x— % Using Theorem 56 we have
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Homework

158 Problem Find the distance from the poirtl,1) to the line| thelineL : y=ax+ 1.
y=—X

160 Problem Find the equation of the circle with centre(8t4) and
159 Problem Let a € R. Find the distance from the poifi&,0) to | tangent to the lin&—2y+3=0.

2.9 Parabolas

161 Definition A parabolais the collection of all the points on the plane whose distenem a fixed poinE (called thefocus
of the parabola) is equal to the distance to a fixed lirfealled thedirectrix of the parabola). See figue26 whereFD = DP.

We can draw a parabola as follows. Cut a piece of thread asdstige trunk of T-square (see figlr@7). Tie one end to the
end of the trunk of the T-square and tie the other end to thesfagay, using a peg. Slide the crosspiece of the T-squarg alo
the directrix, while maintaining the thread tight agairet tuler with a pencil.

2

162 Theorem Letd > 0 be a real number. The equation of a parabola with foc(8,dj and directrixy = —disy = :—d

Proof: Let(x,y) be an arbitrary point on the parabola. Then the distanc@of) to the line y= —d is |y+d].
The distance ofx,y) to the point(0,d) is /X2 + (y —d)2. We have

ly+dl=¥+(y—d)? = (ly+d])?=x2+(y—d)?
y2 + 2yd+d? = X2+ y2 — 2yd + d?

4dy = x?
2

:E’

U

y

as wanted[]

Observe that the midpoint of the perpendicular line segrfrent the focus to the directrix is on the parabola.
2
We call this point thevertex For the parabola y= :—d of Theorenil 62, the vertex is clearly0,0).

F I I I I I I
D 3 2324 1 2 3
2 L
_ L -3 4+
P
Figure 2.26: Definition of a parabola. Figure 2.27: Drawing a parabola. Figure 2.28: Exampl&63.

163 Example Draw the parabolg = x°.

: 1 : 1 :
Solution: From Theoreri62, we Wantm =1, thatis,d = 7 Following Theorenil62 we locate the focus &0, %1) and the

directrix aty = —% and use a T-square with these references. The vertex of tabgla is a{0,0). The graphis in figur@.28
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Homework

164 Problem Letd > 0 be a real number. Prove that the equatiof 65 Problem Find the focus and the directrix of the parabola y2.

a parabola with focus 4tl,0) and directrixx = —d isx = ﬁ
166 Problem Find the equation of the parabola with directyix —x
and vertex at1,1).

2.10 Hyperbolas

167 Definition A hyperbolais the collection of all the points on the plane whose absolalue of the difference of the
distances from two distinct fixed poinEs andF, (called thefoci' of the hyperbola) is a positive constant. See figRuz9,
where|F,D — F,D| = |/ D' — RD/|.

We can draw a hyperbola as follows. Put tack$-pandF, and measure the distanEg-,. Attach piece of thread to one end of
the ruler, and the other t&, while letting the other end of the ruler to pivot aroufd The lengths of the ruler and the thread
must satisfy

length of the ruler length of the threaet FiF».

Hold the pencil against the side of the rule and tighten thestth, as in figur@.30

. 1
Figure 2.29: Definition of a hyperbola. Figure 2.30: Drawing a hyperbola. Figure 2.31: The hyperbola= 3

168 Theorem Letc > 0 be a real number. The hyperbola with fockat= (—c, —c) andF, = (c,c), and whose absolute value
2

of the difference of the distances from its points to the feéc has equationy = %

1Fociis the plural offocus
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Proof: Let(x,y) be an arbitrary point on the hyperbola. Then

|d<(X,y), (_Cv _C)> - d<(X3y)7 (Cv C)>| =2c

’\/(x+c)2+ (y+c¢)2—/(x—c)?+ (y—c)z‘ =2c

(X+C)2+ (y+0)2+ (x=€)*+ (Y — €)= 2/(x+ 02+ (y +©)2- \/(x— €)Z + (y — )2 = 4c?

2 42y = 21/ (¥ + Y2+ 2¢?) + (2xC+ 2y0) - /(2 +y? + 2¢7) — (2xC+ 2y0)

A4 1 8X2y2 4 Ayt = A((X* + Y + At 4 2xPy? 4 AyPC? + 4xPC?) — (4X3C? + 8xy @ + 4y’c?))

—
—
—
= 2%+ 2y? = 2,/(X +y2 + 2c2)2 — (2xC+ 2yC)2
> (2 +2y%)? =4((x%+Yy?*+2c2)? — (2xc+ 2y0)?)
—
— xy= ¢

y_ 27

where we have used the identities

(A+B+C)?=A? 4 B?+C? 4 2AB+ 2AC+ 2BC

O

_ c c c c c? _
Observe that the points——,—— | and [ —, — ] are on the hyperbola x3 —. We call these points
P té V2 \/i) <\@ \/§> P 72 P

thevertices of the hyperbola xy= >

and VvVA—B-VA+B=+AZ_B2

169 Example To draw the hyperbobka= :—)t we proceed as follows. According to Theor&as its two foci are at —v/2, —/2)

and(v/2,v/2). Putlength of the ruler- length of the threae- 2,/2. By alternately pivoting about these points using the proce-

dure above, we get the picture in figute1

59 V3-VV15-2
60 Forx> % we havejl—2x| = 2x—1. Thus|x—|1—2X|| = [x— (2x—1)| = | =x+1|. If x> 1 then| —x+ 1] =x—1.
In conclusion, for alk > 1 (anda fortiori x > 2, we havex — |1 —2x|| = x— 1.
61 We have
|5x—2| = |2x+1] = (5x—2=2x+1)or (5x—2= —(2x+1))
— (x:l)or(x:%)

1
g xe{7,1}

62 The first term vanishes when= 2 and the second term vanishes wher 3. We decompos®& into (overlapping)
intervals with endpoints at the places where each of thesssns in absolute values vanish. Thus we have

R=]-;2] U [2;3 U[3;+00[.

We examine the sign diagram

X€e ] —;2] 2,3 [3;+oo]
[x=2| = —X+2 X—2 X—2
[x—3| = —X+3 —Xx+3 [ x-3
[x=2|+[x=3| = —2x+5 1 -5

Thus on] — «; 2] we need—2x+5 = 1 from wherex = 2. On|[2;3] we obtain the identity & 1. This means that all the}
numbers on this interval are solutions to this equation X[ we need 8—5 = 1 from wherex = 3. Upon assembling
all this, the solution set i§x|x € [2;3]}.

2Verticesis the plural ofvertex

63

65

66

67

69

71

72

73

[1;+eo]

J—wi-2
37332
(-11

{-3,-2,2,3}

{—6,1,2,3}

We have

—x—3

[x+3|=

x+3

This means that when< —3

aconstant. Since at= —3 we also obtain-7, the result holds true for the larger interxaf —3.

82

2V10

[X+3| = [x—4| = (—x—=3) = (—x+4) = -7,
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83 V2b-al

84 /(a2 -b)2+ (b2 -a)2
/82 4 (a+b)2t2

86 The bug should travel along two line segments: first fifen, 1) the origin, and then from the origin {@, 1) avoiding
quadrant Il altogether. For, &> 0,b > 0 then the line segment joinirig-b, 0) and(a, 0) lies in quadrant Il, it isv/ a2 + b2

85

2
long, and the bug spends an amount of time equ 3 2+b2 on this line. But a path on the axes frgmb,0) to (a,0) is

a+ bunits long and the bug spends an amount of time equafitb there. Thus as long as
2 1 p2
arbe 222

the bug should avoid quadrant Il completely. But by the Arighic-Mean-Geometric-Mean Inequality we have

2ab<a?+b2 = (a+b)2 =a?+2ab+b? < 2a2 + 202 = a+b<v2\/a2+b2,

which means that as long as the speed of the bug in quadrantlk\% then the bug will better avoid quadrant Il. Sing

% < iz,this follows in our case.

v
87 (0,-3/4)

88 (2b—a,2a—bh)

5

89 3

(5.—

90 (11-3p)

91 Itsxcoordinate is

Itsy coordinate is

Therefore, the fly ends up in
2 4

55

(53)

Here we have used the fact the sum of an infinite geometriagssgn with common ratig with [r| < 1 and first terma is

atar+ar a4 =

92 (%afb Mya,
93 (ab);(-a-b);(ab)

94 It is enough to prove this in the case wharb,c,d are all positive. To this end, pud = (0,0), L = (a,b) and
M = (a+c,b+d). By the triangle inequalitpM < OL+ LM, where equality occurs if and only if the points are colline

But then
\/(@+0)2+ (b+d)2 =OM < OL+LM = \/a2 +b2 +/c? +d2,

and equality occurs if and only if the points are collinehattis g

e
96 Use the above generalisation of Minkowski's Inequality smeifact that 12 +1442 = 145, The desired value 812,

103 (x—2)2+(y—3)2=2

104 We must find the radius of this circle. Since the radius is fisadce from the centre of the circle to any point on t|
circle, we see that the required radius is

(-1-1)2+(1-2)2 =5~ 2236

The equation sought is thus
(x+ 1)2 +(y— 1)2 =5.

105 (1)x2 4 (y—1)2 =36,C=(0,1),R=6. (2) (x+2)2 + (y—1)2 =25C = (-2,1),R=5, (3) (x+2)2 + (y— 1)2 =
10,C=(~2,1),R=VI0, (4)(x-2)? +y2 =12.C=(2.0,R=2V3 (8) (x+ 3)2+(y- 3)2= §.C=(- 3. 3).R=

VB @0 22e -2 -§o- (R var-\/§

107 (x—=1)2+(y-3)2=5
108 (x— )2+ (- )2 = 23
7
124
125 -°
a
126 —6
x 1
127 y=7+3
128 y=-—x+b+a
129 y=(a+b)x—ab
130 m=2

132 x=3
139 y=4x—14
b
140 y= -
y ax
1 29
141 y=-gx+ 5
2
a al
142 y= —Bx+b+ N
143 y= %x—g
144 y=-4x+16
145 Notice that there is a radius of the circle connectiigd) and ( % s ? ). The line passing through these two points is

y = v/3x. Hence, since the tangent line is perpendicular to the saatithe point of tangency, the line sought is of the form

y= —§x+k. To findk observe tha@ = 72 +k = k= 3—\4@ Finally, the desired line ig = — é 3—\4@
o X a+b+1
146 Lj:y=(at+b)x+1l-a-bLly:y= arb aih

147 l:y=

5 4
Zx—l.l,l’.yf —5x+3
148 (1)t=4/3, ()t =6/7, @)t = 1/2, @)t =3, (5)t = 7, (6)t = 7/9, (7)t = 7/4, (8) (3, ~1)

149 We have

0 If Lt passes through-2, 3) then

(t=2)(=2)+(t+3)(3) + 10 —5=0,

8

171 - In this case the line is

from wheret = —

30,25 135
R A Ve

Lt will be parallel to thex-axis if thex-term disappears, which necessitates2 = 0 ort = 2. In this case the
lineis
y=-3.

Lt will be parallel to they-axis if they-term disappears, which necessitates3 = 0 ort = —3. In this case the
lineis
X=—T7.

The linex—2y—6 =0 has gradien% andLt has gradient
t=1/3. Inthis case the line is

5,105 o
R
O The liney = — %X—S has gradienk% andLt has gradiem%. The lines will be perpendicular when
2-t _ _ . L
f73 =4ort=-2. Inthis case thelineis
—4x+y—25=0.
0 If such a point existed, it would pass through the horizoatal vertical lines found above, thigg,yg) =

(—7,-3) is a candidate for the point sought. Tlat7, —3) passes through every ling, no matter the choice
oft is seen from

(t—2)(-7)+ (t+3)(-3)+10—5= —7t + 14-3t —9+ 10— 5=0.
158 V2

159 V1+a?

160 The radius of the circle is the distance from the centre tdahgent line. This radius is then

3-2:4+3 | _ 2

J2r(22| V5

The desired equation is
4
=32 +y-42= 2.

1

165 By the preceding exercise the focug % .0) and the directrix ix = — 7.

166 If (x,y) is an arbitrary point on this parabola we must have

=x-12+(y-1?2

[=x=y

/14 (-1)2

Squaring and rearranging, the desired equation is

R 4y2 — 2xy— ax— 4y +4=0.




Chapter

Functions |: Assignment Rules

This chapter introduces the central concept of a functioa.cdhcentrate on real-valued functions whose domains asets
of the real numbers. We will use the curves obtained in theclagpter as examples to see how various transformatioest aff
the graph of a function.

3.1 Basic Definitions

target set

domain

Figure 3.1: The main ingredients of a function. Figure 3.2: The graph of a function.

Dom(f) — Target(f)
170 Definition By a(real-valued) function f we mean the collection of the following ingredi-

X - f(x)
ents:

O anamefor the function. Usually we use the lettér

O a set of real number inputs—usually an interval or a finiteoarof intervals—called theomainof the function. The
domain off is denoted bypom(f).

O aninput parameter also calledndependent variabler dummy variableWe usually denote a typical input by the letter
X.

O a set of possible real number outputs—usually an intervalfarite union of intervals—of the function, called ttegget
setof the function. The target set dfis denoted byfarget ().

O anassignment ruler formula, assigning tevery input a unique output. This assignment rule fdris usually denoted
by x — f(x). The output ok underf is also referred to as thmage of x under fand is denoted b¥(x).

33
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See figure3. 1.

Dom(f) — Target(f)
171 Definition Theimageof a functionf : is the set

X - f(x)

Im (f) ={f(x):xe Dom(f)},

that is, the collection of all outputs df

We see that necessarily we hadwe(f) C Target(f), but we will see later on that these two sets may not be
equal.

Dom(f) — R
172 Definition Thegraphof a functionf : is the set{(x,y) € R?:y= f(x)} on the plane. For ellipsis,
X —  f(x)

we usually sayhe graph of f orthe graph y= f(x) or thethe curve y= f(x). See figure3.2

From now on, unless otherwise stated, we will t&kas the target set of all the functions below.

It must be emphasised that the uniqueness of the image ofarest of the domain is crucial. For example, the diagram in
figure 3.3 does notepresent a function. The element 1 in the domain is assimatbre than one element of the target set.
Also important in the definition of a function is the fact tladitthe elementsf the domain must be operated on. For example,
the diagram in3.4 does notrepresent a function. The element 3 in the domain is not asdigo any element of the target
set. Also, by the definition of the graph of a function, thaxis contains the set of inputs apaxis has the set of outputs.
Therefore, if a vertical line crosses two or more points ofapl), the graph does not represent a function. See figusesd

3.6

2 4 — ;/
1 2 - H 1 HH\.}HH
3 8 L ;\
16 1 1
Figure 3.3: Not a function. Figure 3.4: Not a function. Figure 3.5: Not a function. Figure 3.6: Not a function.

173 Example (The Identity Function) Consider the function

This function assigns to every real its own value. Thug—1) = —1,1d (0) =0, Id (4) = 4, etc. By Theorem 18 the graph
of identity function is a straight line, and it is given in figaB.7.
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174 Example (Affine Function) Consider the function

R — R
Id :

)

X +— mx+b

wheremandb are real number constants. By Theoréh® the graph of any affine function is a straight line.
175 Example (The Square Function)Consider the function

R — R
Id 2: .
X — X

This function assigns to every real its square. Thiu§(—1) = 1,1d 2(0) =0, Id ?(2) = 4, etc. By Theoreni 62, the graph of
the square function is given in figuges.

R — R
For ellipsis, we usually refer to the identity functith : as “the functionld " or “the function

X = X

x— X Similarly, in situations when the domain of a functiomist in question, we will simply give the assignment
rule or the name of the function. So we will speak of “the fiorcf” or“the function x — f(x),” e.g., “the function
Id 2” or “the function x — x?”

L L L 1 L L L L L f\ L L
I I I I I I I T T I
Figure 3.7:1d Figure 3.8:1d 2 Figure 3.9:x+— v1—x2 Figure 3.10x — )%
176 Example Consider the functioh
1,1 — R
f:
X — 1-x2
L V3 . N .
Thenf(-1)=0, f(0) =1, f (2) =5 ~ .866, etc. By Examplé 10, the graph off is the upper unit semicircle, which is
shewn in figure3.9.
177 Example (The Reciprocal function) Consider the functioh
R\{0} — R
g: 1
X — =
X

Theng(—-1)=-1,9(1) =1,9 (%) = 2, etc. By Exampld 69 the graph ofj is the hyperbola shewn in figuBe1Q

1since we are concentrating exclusively on real-valuedtfans, the formula forf only makes sense in the interval1; 1].
2g only makes sense whett£ 0.
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178 Example Find all functions with domaida, b} and target sefc,d}.

Solution: There are?2= 4 such functions, namely:

O fi1 given by fi(a) = f1(b) = c. Observe thatm (1) = O fzgivenbyfs(a) =c, f3(b) =d. Observe thatm (f;) =
{c}. {c.d}.

O f, given by fo(a) = f2(b) = d. Observe thatm (f;) = O fsgivenbyfs(a) =d, f4(b) = c. Observe tham (f;) =
{d}. {c.d}.

Itis easy to see that if A has n elements and B has m elemeats thber of functions from A to B iS'm

179 Example Let

R — R
y:
X — X2—2
Find
0 y(6) 0 y(y(x)
O y(1)

Solution: We have
0 y(6)=6>-2=34
0Oyl =1?-2=-1
0 v(y(x) = (V(x)? 2= (x* =2 =2 =x* - 4x*+2
180 Example Let f : R — R satisfy f (2x+4) = x* — 2. Find
O f(6) 0 )
ot 0 (f(x)

Solution:
0 Weneed2+4=6 — x=1. Hence

0 We need +4=1 = x=—3. Hence

(- (-3

O First rename the dummy variable: sBfu+4) = u?>— 2. We need @+ 4=x = u=%*. Hence

f(x) = f (2(%‘) +4) = (%‘)2—2;‘;—2“2.

F(Fx) = (f(:))z _2f(x) +2

O Using the above part,

X2 2
(£ 2d)
- 7 2 —2X+2 2
, (4 +)+
X3 3%
= 2 o
64 4t a2 "
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181 Example f : R — R is a function satisfying (3) = 2 andf (x+ 3) = f(3) f(x). Find f(-3).

Solution: Since we are interestedfif—3), we first putx = —3 in the relation, obtaining

Thus we must also know/(0) in order to findf (—3). Lettingx = 0 in the relation,
f(3) =f(3)f(-3) = f(-3) =1

Notice that the fact that(3) = 2 is irrelevant, we only neeél(3) # 0.

182 Example (Cauchy’s Functional Equation) Supposef satisfiesf(x+y) = f(x) + f(y). Prove thatdc € R such that
f(x) =cx, Vxe Q.

Solution: Lettingy = 0 we obtainf (x) = f(x) + f(0), and sof (0) = 0. If k is a positive integer we obtain

f(kx) = f(x+(k—1)x)
=f(x)+ f((k—1)x)
=f(x)+ f(X)+ f((k—2)x) = 2f(x) + f((k—2)x)

=2f(x) + f(X) + f((k—3)x) = 3f(x) + f((k—3)x)

=... =kf(x) + f(0) = kf(x).
Lettingy = —x we obtain 0= f(0) = f(x) + f(—x) and sof (—x) = —f(x). Hencef (nx) = nf(x) for n € Z. Letx € Q, which
means thak = n for integerss,t with t £ 0. This means thatx = s- 1 and sof (tx) = f(s- 1) and by what was just proved

for integerst f (x) = sf(1). Hencef(x) = Esf(l) = xf(1). Sincef(1) is a constant, we may puat= f(1). Thusf(x) = cxfor
rational numbers.

Homework
R = R 188 Problem Let f : R — R, x+ x3 — 3x. Find
183 Problem Draw the graph of the functioh: f(x+h) — f(x—h)
X = [2x-1] — h
and findf(—1), f(0), f(1).
189 Problem Leta: R — R, be given bya(2—x) = x2 —5x. Find
184 Problem Find all functions from{0,1,2} to {—1,1}. a(3), a(x) anda(a(x)).

. - . o

185 Problem Find all functions from{—1,1} to {0,1,2} . 190 Problem Let f : R — R, f(1-x) =x"—2. Find f(-2), f(x)

andf(f(x)).

186 Problem Let f : Dom(f) — R be a function. f is said to

have afixed pointatt € Dom(f) if f(t) =t. Lets: [0;+w[— R,
s(x) = x> — 233 + 2. Find all fixed points of.

191 Problem Let : R — R, h(x+2) = 1+x— x°. Expressh(x— 1),
h(x), h(x+ 1) as powers ok.

192 Problem Let f : R — R, f(x+1) = x2. Find f(x), f(x+2) and

187 Problem Let f : R — R, x+— x%2 —x. Find f(x—2) as powers ok,

f(x+h)—f(x—h)
h : 193 Problem Leth: R — R be given byh(1—x) = 2x. Findh(3x).
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194 Problem Consider the polynomial 1926 Problem Find all functionsg that satisfyg(x+y) + g(x—y) =
(132 +x%)2003_ g0 4 ayx+ap@ + - - + ago €012 242y
Find 197 Problem Find all the functionsf that satisfyf (xy) = yf(x).
U a

198 Problem Find all functionsf for which

O ag+a;+ax+---+ago12

0 ag—a;+ap—ag+---—ago11+ago12 f(x)+2f(>_1():x,

U ap+az+as+---+ago10+ago12

U a1 +ag+ - +agooo+ago11 199 Problem Let f satisfy f(n+1) = (—1)™1n—2f(n),n > 1 If

f(1) = (1001 find f(1)+ f(2) + f(3) +--- + f(1000.
195 Problem Let f : R — R, be a function such thatx €]0;+oo],
200 Problem If f(a)f(b) = f(a+b)Vabe Randf(x) >0VxeR,

[+ =5, find f(0). Also, find f(—a) and f (2a) in terms of f (a).
find the value of
{ 27+y3 \/? 201 Problem Find all functionsf : R\ {—1} — R such that
d
¥ )} L (1-x
fory €]0;+cof. (f(x)*-f (m) = 64x.

3.2 Piecewise Functions

Sometimes the assignment rule of a function varies fronmmteo interval. We call any such functiorpgecewise function
202 Example Write f : R — R, f(X) = |2x— 1| as a piecewise function, and draw its graph.
Solution: We have (x) = 2x— 1 for 2x— 1> 0 andf(x) = —(2x— 1) for 2x— 1 < 0. This gives

2x—1 ifxgg
f(x) = ,
1-2x |fx>§

The graph can be observed in figr@2

203 Example A function f is only defined foix € [—4;4], and it is made of straight lines, as in figugd 1. Find a piecewise
formula for f.

Solution: The first line segme#; has slope

1
SlOpeofl = m - §,

and so the equation of the line containing this line segmewf ithe formy = §x+ ki. Since(—1,1) is on the line, 1=

4 7 - . . . .4 7 .
—3 +k = k= 3 so this line segment is contained in the line §x+ 3 The second line segme#t has slope

1-1

2 (1 "

slope.%, =

and so this line segment is contained in the §ne 1. Finally, the third line segmen¥s has slope

—5-1
— -3

SlOpeofg = H = 5

and so this line segment is part of the line of the fgras —3x+ ky. Since(1,2) is on the line, we have2 —3+k; = kpy =5,
and so the line segment is contained on the Yire —3x+ 5. Upon assembling all this we see that the piecewise fumctio
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required is
4 7 _
§X+ 3 if xe [—4;-1]
fx)=< 1 if xe [-1;2
—3x+5 ifxe[2;4
s + + 1
s + + *~— 1
4 4 1T —4—
3 1 1T —4—
2 1+ 0%2 -+
AT —
-6 -5 %11 1 2\3 4 5 6 T 4
2+ 0 | 1
.ﬁﬁ -3 1 T 1
—4 4 —+ 1
s 2 + 1
s 1k

Figure 3.13: Exampl05.

Figure 3.11: Example03. Figure 3.12: Example04.

Sometimes the pieces in a piecewise function do not conhegbarticular point, let us say at= a. Then we writef (a—)
for the value thaf (x) would have if we used the assignment rule for values adart smaller tham, and f (a+) for the value
that f (x) would have if we used the assignment rule for values aémt larger thara.

204 Example The functionf : R — R is piecewise defined by

-2 ifxeg]—oo; -2
(0 = X2 ifxe[-2;1
x ifx€]1;4]

5 ifxe[4;,40]

1. f(-3)=-2 4. f(-2+4)=(-2?%=4 7. f(1)=(1)?=1 10. f(4-)=4
2. f(-2-)=-2 5. F(2)=(2)°=4 8. f(1+)=1 11. f(4) =5
3. f(-2)=(-22=4 6. f(1-)=(1)?=1 9. f(2)=2 12. f(4+)=5
205 Example The functiong: R — R is piecewise defined by
1 if X €] —oo0; —1]
X
gx) =< x ifxe[-1;1
1 if x €]1;400]
X
Its graph appears in figu213 We have, for example,
1. g(—) =0, usingl.9 4. g(-1+)=-1 7. g(14) = % 1
B 6.9(1)=1 8. g(+w) =0, using1.9

3. 9(-1)=-1
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R A
206 Definition Thefloor function| | : - is defined as follows| x| is the unique integer satisfying the inequalities
X — X
x—1<|x] <x
- . R - Z | ) . . . o . "
Theceiling function[-] : is defined as follows[x] is the unique integer satisfying the inequalities
X — [X]

X< [X] < x+1.

If xis an integer, thenx| = x = [x]. If xis not an integer thefx| is the integer just to the right ofand | x| is the integer just
to the left ofx.

A portion of the graph of the floor function appears in figBr&4and a portion of the graph of the ceiling function appears in
figure3.15

207 Example We have

4 4+ 4 4+

3 1+ —0 3 4

2 4+ —o0 2 1+ o—e

1 4+ =0 1
I N [ [ I N
LI B E— L — L — LI B E—
-4 -3 -2 1 2 3 4 4 3 g |+ 1 2 3 4

—< | o—e 2 |
i o—0 -3 4+
v N v

Figure 3.14: The floor functior — |x]. Figure 3.15: The ceiling functior— [x].
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Homework

208 Problem Write f : R — R, f(x) = [x—1]|+|x+2| as a piecewis¢ 213 Problem Letg: R — R be piecewise defined by
function. Graph this function.

1 .

= if X €] —o0; —1]
X

209 Problem Write f : R — R, f(x) = x|x| as a piecewise function| 9x) =< |x| if xe [-1;1]

1+2x if x€]l;+o]
210 Problem Write f : R — R, f(X) = x+ |x| as a piecewise functiof

and draw its graph. Graph it and determine
1. g(~) 4. 9(=1+4) 7.9(1)
211 Problem Graphx — | 2x|. 2 g(-1-) 5(0) a(1h)
3.9(-1) 6. 9(1-) 9. g(+e)

212 Problem Graphx — [x?].

214 Problem Solve the equationhgj =10.

3.3 Translations

In this section we study how several rigid transformatidifesch both the graph of a function and its assignment rule.

215 Theorem Let f be a function and let andh be real numbers. IfXo, Vo) is on the graph of, then(xo, Yo + V) is on the
graph ofg, whereg(x) = f(x) +v, and if(x1,y1) is on the graph of , then(x; —h,y1) is on the graph of, wherej(x) = f (x+h).

Proof: Letl¢,[4,I"; denote the graphs of, §, j respectively.
(X0,Y0) €Tt <= Yo= f(X0) <= Yo+V="Tf(X0)+V <= Yo+V=0(X) < (Xo,Yo+V) € lg.

Similarly,

(xuy1) €l <= y1=1f(x1) <= y1=f(x¢x—h+h) <= y1=j(xi—h) <= (xax—h,y) €T;j.

216 Definition Let f be a function and let andh be real numbers. We say that the cuyve f(x) + v is avertical translation
of the curvey = f(x). If v> 0 the translation ig up, and ifv < O, it is v units down. Similarly, we say that the curye- f(x+h)
is ahorizontal translatiorof the curvey = f(x). If h > 0, the translation i& units left, and ifh < 0, then the translation is
units right.
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217 Example If f(x) = x?, then figure$.16 3.17and3.18shew vertical translations 3 units up and 3 units down, retsyedy.
Figures3.19 3.20 and3.21, respectively shew a horizontal translation 3 units rightnits left, and a simultaneous translation
3 units left and down. The corresponding assignment rukes ar

ax) = f(X)+3=x+3, b(x)=f(X)—3=x>—3; c(x)=f(x+3)=(x—3)% d(x)=(x+3)% g(x)=(x+3)>°-3

A A T N

Figure 3.16:y = Figure 3.17:y = Figure 3.18:y = Figure 3.19:y = Figure 3.20:y = Figur_e 3'21:;%:
f(x) = X2 a(x) =x2+3 b(x) = %2 — 3 o(x) = (x— 3)2 d(x) = (x+3) g(’() =(x+3)° -

218 Example If g(x) = x (figure 3.29), then figures 3.23and3.24 shew vertical translations 3 units up and 3 units down,
respectively. Notice than in this cagé«+t) = x+t = g(x) +1, so a vertical translation hiyunits has exactly the same graph
as a horizontal translatidrunits.

Figure 3.22y = g(x) = x Figure 3.23y =g(x) +3=x+3 Figure 3.24y=g(x) -3=x-3

219 Definition Given a functionf we write f(—o0) for the value thaf may eventually approach for large (in absolute value)
and negative inputs anf{+) for the value thaff may eventually approach for large (in absolute value) arsitige input.
The liney = b is a (horizontalasymptotdor the functionf if either

f(—0)=b  or f(+o) =h.

220 Definition Letk > 0 be an integer. A functiof has apole of order kat the poini = aif (x—a)< 1 (x) — + asx — a,
but (x — a)*f (x) asx — ais finite. Some authors prefer to use the tefentical asymptoterather than pole.

: R\{0} — R

221 Example Sincexf(x) =1, f(0—) = —oo, f(0+) = +oo for f : 1 , f has apole of order 1 at= 0.
X — =
X
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. - . . 1 ,
222 Example Figures3.25 through3.27 exhibit various transformations gf= a(x) = " Notice how the poles and the
asymptotes move with the various transformations.

I
M e + [ ———
| |
I \|
: 1
_____ L — — |
~ | |
I
I
I
I
Fi 3.25 L Fi ure326'xHifl Fi ure3273<n—>i+3
igure 3. 3(»—»; g .26: 1 g . 2
Homework
223 Problem Graph the following curves: 224 Problem What is the equation of the curye= f(x) = x3 — %
O y=[x—2/+3 after a successive translation one unit down and two urmgjtg?i
Oy=(x-22+3
Oy= 1 3
Y=%">3 + 225 Problem Suppose the curve= f(X) is translated units verti-
Y vy cally andb units horizontally, in this order. Would that have the same
O y=v1-(x=2)°+3 effect as translating the cunieunits horizontally first, and thea
Oy=v4-x+1 units vertically?

3.4 Distortions
226 Theorem Let f be a function and léf # 0 andH ## 0 be real numbers. [fo, Yo) is on the graph of, then(xp,Vyp) is on
the graph ofy, whereg(x) =V f(x), and if (x1,y1) is on the graph of, then(%,yl) is on the graph of, wherej(x) = f (HXx).
Proof: Letl¢,lg,I"j denote the graphs of, §, j respectively.
(Xo,Yo) €Tt <= Yo = f(x0) <= VY=V f(x) < Vyo=9(X) < (X0,Vyo) €.
Similarly,

(x1.y1) €Tf <= y1=f(x) <= y1=f(§-H) — ylzj(ﬁ) — (%,yl) er;.

O

227 Definition LetV > 0, H > 0, and letf be a function. The curvg =V f(x) is called avertical distortionof the curve
y = f(x). The graph ofy =V f(x) is avertical dilatationof the graph ofy = f(x) if V > 1 and avertical contractionif

0<V < 1. The curvey = f(HX) is called ahorizontal distortionof the curvey = f(x) The graph ofy = f(HX) is ahorizontal
dilatation of the graph ofy = f(x) if 0 < H < 1 and ahorizontal contractiorif H > 1.

228 Example Let a(x) = v4—x2. If y=+/4—x2, thenx? +y? = 4, which is a circle with centre g0, 0) and radius 2 by

virtue of 2.10. Hence
y=ax)=v4—x?

is the upper semicircle of this circle. Figurg28through3.33shew various transformations of this curve.

229 Example Draw the graph of the curve= 2x% — 4x+ 1.
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Solution: We complete squares.
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whence to obtain the graph pf= 2x* — 4x+ 1 we (i) translatey = x? one unit right, (ii) dilate the above graph by factor of two,
(iii) translate the above graph one unit down. This sucoesisi seen in figure3.34through3.36

Figure 3.28: y = a(x) = Figure 3.29: y = 2a(x) = Figure 3.30: y = a(2x) = Figure 3.31y=a(x—2) = Figure 3.32:y = 2a(2x) = Figure 3.33:y = 2a(2x) +
Va=x2 2v/4-2 Va—a2 Vo2 fax 2v/a-a2 1=2V4-42 +1

Figure 3.34y = (x—l)Z Figure 3.35y:2(x—1)2 Figure 3.36y:2(x—1)2—1

230 Example The curvey = x> + = experiences the following successive transformationst {ianslation one unit up, (i) a
horizontal shrinkage by a factor of 2, (iii) a translatioreamit left. Find its resulting equation.

Solution: After a translation one unit up, the curve becomes
o 1
y="f(x)+1=x +;+1=a(x).
After a horizontal shrinkage by a factor of 2 the curve become

y=a(2x) = 4x2+%(+1: b(x).

After a translation one unit left the curve becomes

1
_ _ 2
y=b(x+1)=4(x+1)“+ > Jr2+1.
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The required equation is thus
1 1
Y=4(X+1)?+ ——+1=4C+8x+5+-——.

2X+2 2X+2
Homework
231 Problem Draw the graphs of the following curves: O y=x2+4x+5
O y:X—2 O y=2x%+8x
2
X2 1
0y= o 1 232 Problem The curvey = -~ experiences the following successive
O y=2x]+1 transformations: (i) a translation one unit left, (ii) atieal dilatation
2 by a factor of 2, (iii) a translation one unit down. Find itSuéting
uy= X equation and make a rough sketch of the resulting curve.

3.5 Reflexions
233 Theorem Let f be a function If(xg, o) is on the graph of, then(xg, —yo) is on the graph o, whereg(x) = — f(x), and
if (x1,y1) is on the graph of, then(—xy, Y1) is on the graph of, wherej(x) = f(—Xx).

Proof: Letl¢,[4,I"; denote the graphs of, §, j respectively.

(X0:Yo) €Tt <= Yo=f(x0) <= —Yo=—f(x0) < —Yo=9(%) < (X0,—¥0) €Tg.
Similarly,

(xy1) €Tt <= y1=1(x) <= y1=1(-(-x)) <= n1=]j(-x) < (=x,y1) €T}.

O

234 Definition Let f be a function. The curvg = —f(X) is said to be theeflexion of f about the x-axiand the curve
y = f(—x) is said to be theeflexion of f about the y-axis

235 Example Figures3.37through3.40shew various reflexions about the axes.

236 Example Let f : R\ {0} — R with X
f(x) =x+ N 1
The curvey = f(x) experiences the following successive transformations:
O A reflexion about the-axis.
O Atranslation 3 units left.
O Areflexion about the-axis.
O A vertical dilatation by a factor of 2.

Find the equation of the resulting curve. Note also how threala of the function is affected by these transformations.

Solution:

O Areflexion about the-axis gives the curve

say, withDom(a) = R\ {0}.
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O Atranslation 3 units left gives the curve

y=a(x+3)= 1_F23_ (x+3)= —Z—Fzg—x: b(x),
say, withDom(b) =R\ {-3}.
O Areflexion about the-axis gives the curve
2
y=b(—x)=-2— 13 +Xx=c(X),

say, withDom(c) =R\ {3}.

O A vertical dilatation by a factor of 2 gives the curve
4
y= ZC(X) = -4+ ﬁ +2X= d(X)7

say, withDom(d) =R\ {3}. Notice that the resulting curve is

y=d(x) = 2c(x) = 2b(—x) = 2a(—x+3) = —2f (—x+3).

A e Ao

Figure 3.37y = d(x) = (x—1)2 Figure 3.38y=—d(x) = —(x—1)2  Figure 3.39y=d(—x) = (—x—1)2 Figure 3.40: y = —d(-X) =

—(—x—1)?
Homework
237 Problem Draw the following curves in succession: O A translation 3 units up.
0y— 1 O A horizontal stretch by a factor .
X 1 Find the equation of the resulting curve.
Oy=——
y x+1 .
1 239 Problem The graphs of the following curves suffer the follow-
Oy= o1 ing successive, rigid transformations:
1 1. avertical translation of 2 units down,
Oy= +2 . . )
y —X+1 2. areflexion about thg-axis, and finally,

3. a horizontal translation of 1 unit to the left.

238 Problem Let f 1R — R with Find the resulting equations after all the transformatibase

f(x) =2—|x|. been exerted.

The curvey = f(x) experiences the following successive transforma- 0 y=x1-x
tions: O y=2x-3

O A reflexion about the-axis. 0y=[x+2+1
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3.6 Symmetry

240 Definition A function f is evenif for all xit is verified thatf (x) = f(—x), that is, if the portion of the graph for< 0 is a
mirror reflexion of the part of the graph far> 0. This means that the graph bfis symmetric about thg-axis. A functiong

is oddif for all xit is verified thatg(—x) = —g(x), in other wordsg is odd if it is symmetric about the origin. This implies that
the portion of the graph appearing in quadrant | is a°I8@ation of the portion of the graph appearing in quadrdnahd the
portion of the graph appearing in quadrant Il is a LBfiation of the portion of the graph appearing in quadrant IV

241 Example The curve in figure3.41is even. The curve in figuré 42is odd.

242 Theorem Let &1, & be even functions, and let, «» be odd functions, all sharing the same common domain. Then
O & £ & is an even function.
O wy =+ wp is an odd function.
O & -& is an even function.
O wy-wpis an even function.

O & -y is an odd function.

Proof: We have

0 (14 €2)(—X) = e1(—x) = &2(—X) = €1(X) £ &2(x).

w1 £ W) (—X) = wi(—X) £ wp(—X) = —wr(X) F w2(X) = —(wr £ wp)(X)
£162)(—X) = €1(—X)&2(—X) = £1(X)€2(X)

W) (—X) = W (=X)wp(—X) = (— (X)) (—w2(X)) = W (X) w2 (X))

0 (
0 (
0 (
0 (e100)(—X) = e(=x)@n(=%) = —&1(x) wr(X)

Figure 3.41: Exampl@41 The graph of an even function. Figure 3.42: Exampl@41. The graph of an odd function.

243 Corollary Let p(x) = ap+ a1x+ ax? +azx® + - - + a1 X" 1+ a,x" be a polynomial with real coefficients. Then the
function

R —- R

X = p(X)
is an even function if and only if each of its terms has eveneleg

p:

Proof: Assume pis even. Thefxp= p(—x) and so
X) + p(—x
px) = PX+P(X)

2
_ aptaiX+ axl+apC+ - +ap X+ ax"

2
L B ax+ a® —agC+ -4 (=1)" a1 x4 (—1)"anx"
2
=ag+axX’+axt+- -+
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and so the polynomial has only terms of even degree. The s@wtthis statement is triviall

244 Example Prove that in the product
(L—x+x2 =+ x4 xO) (L4 x4 32 453+ - 4 x29 X109

after multiplying and collecting terms, there does not @peterm inx of odd degree.

. R — R .
Solution: Letf : with
X = f(x

f(X) = (L—x+x°2 =+ — x4 x0 (14 x4+ 2+ 3+ 4 x4 x199)

Then
f(—X) = (L x+ X+ x50 (1 - x4+ 5% =3+ - x4 x190) = (%),

which means that is an even function. Sinckis a polynomial, this means th&tdoes not have a term of odd degree.

Analogous to Corollarg43 we may establish the following.

245 Corollary Let p(x) = ap+ aix+ ax? +azx® + - -+ an_1 X" 1+ a,x" be a polynomial with real coefficients. Then the
function

_R—>R
X o p)

is an odd function if and only if each of its terms has odd degre

246 Theorem Let f : R — R be an arbitrary function. Thef can be written as the sum of an even function and an odd
function.

Proof:  Given xe R, put E(x) = f(x) + f(—x), and Qx) = f(x) — f(—X). We claim that E is an even function
and that O is an odd function. First notice that

E(—x) = f(=x) + f(—(=%)) = f(=x) + f(x) = E(x),
which proves that E is even. Also,

O(=x) = f(=x) = F(=(=x)) = = (f(¥) = F(=%))) = —Ox),

which proves that O is an odd function. Clearly

which proves the theoreml

247 Example Investigate which of the following functions are even, ooidneither.

3

X
0a:R—RaXx=——.
a:R—R,ax) v
0 b:R—R b=,
X2 +1

0 c:R—R,c(X)=|x+2.
0 d:R—R,d(x) = |x+2|.
O f:[-4;5 >R, f(x)=|x+2.
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Solution:

5 3 3
(—x)2+1 X2 +1
whencea is odd, since its domain is also symmetric.

_a(X)a

[ =X X
b — = = = b
(=9 (—x)2+1 x2+1 (),
whenceb is even, since its domain is also symmetric.

c(—xX) =|—-X+2=|x+2=c(x),
whencec is even, since its domain is also symmetric.
0 d(—1)=|-1+2|=1, butd(1) = 3. This function is neither even nor odd.

O The domain off is not symmetric, sd is neither even nor odd.
248 Theorem Let f be a function. Then botk— f(|x|) andx— f(—|x|) are even functions.

Proof:  Put ax) = f(|x|). Then d—x) = f(] —x|) = f(|x|) = a(x), whence »- a(x) is even. Similarly, if
b(x) = f(—|x|), then H—x) = f(—| —x|) = f(—|x|) = b(x) proving that x— b(x) is even.]

Notice thatf (x) = f(|x|) for x > 0. Sincex — f(|x|) is even, the graph of — f(|x|) is thus obtained by erasing the portion
of the graph o — f(x) for x < 0 and reflecting the part for> 0. Similarly, sincef(x) = f(—|x|) for x < 0, the graph of
x— f(—|x|) is obtained by erasing the portion of the grapixe$ f(x) for x > 0 and reflecting the part for< 0.

e e e e S

Figure 3.43:y — Figure 3.44:y — I::Ligure 3.45:X — Fi%ure 3.46:X — Fllgure 3.47:X+— Flgire 3.48:x—

2 2 = 4 = -
g0 =¥ - 1 g9l = hé -1 - -

X X

249 Theorem Let f be a function If(xg, yo) is on the graph of, then(xg, |yo|) is on the graph of, whereg(x) = | f (x)].

Proof: Letl¢,I§ denote the graphs of, §, respectively.
(X0,Y0) €Tt = Yo= f(%) = |yo| =[f(X0)| = |yo| = 9(%0) = (Xo:[Yol) € g

O

250 Example Figures3.43and3.44shewy = x*> — 1 andy = |x? — 1| respectively. Figure8.45through3.48exhibit various

. 1 _ i : :
transformations ox — X Figures3.49through3.52exhibit various transformations af— (x — 1)% — 3.
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. . 1
251 Example Figures6.7through6.9shew a few transformations af— 1 1.

Figure 3.49y = f(x) = (x—1)2 -3 Figure 3.50y = f(]x)| = (X —1)2-3

Figure 3.51y = f(—|x|) = (—[x—1)2 -3 Figure 3.52y = |f(]x))| = ()X - 1)2 3|

1
Fi 3.53: — -1
igure e

Homework

252 Problem Draw the graph off : R — R, with assignment rulg
f(x) = x|x].

253 Problem Draw the following curves in succession:

O y=x?
O y=(x—1)?
0 y=(x-1)2

254 Problem Draw the following curves in succession:

O y=x?
Oy=x2-1
O y=p2-1

255 Problem Let f be an odd function and assume tlias defined
atx= 0. Prove thaff (0) = 0.

256 Problem Draw the following curves in succession:
O y=x2+2x+3
O y=x+2x+3

Figure 3.54x+— X L

O y=[x2+2x+3|

|
:
|
—=r—
|
|
|
|
|

Figure 3.55x+— ——— —1
¢ e

' 1

O y=|x®+2]x+3|

257 Problem Let f : R\ {0} — R with f(x) = % Draw the follow-

ing curves in succession and state the changes in the dofeaéatio
new curve. Are any of these curves identical?

Oy=1f(x-2)
0 y=[f(x—2)
Oy=1f(x-2
0 y=f(x-2))

258 Problem Can a curve be even and odd simultaneously? What
would the graph of such a curve look like?

259 Problem Draw the following curves in succession:

y=1-x
y=I1-x
y=1-[1-x|
y=[1-[1-x|

y=1-1-[1-x|
y=[1-]1-[1=x[|
y=1-1-[1-[1-x]|

Oo0oO0Ooood
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O y=[1-1-[1-[1=X]l| 0 y=2f(x) 0 y="f(x)
0 y=f() 0 y=|f(x)
0 y=f(=x) 0 y="f(=x)
_ , , 0y=-f(x) O y=1[f(x)]
260 Problem Putfy(x) = x; fo(x) = [1— f1(X)]; fa(x) = |1— f2(X)];
o fa(X) = [1— fo_1(X)|. Prove that the solutions of the equa- U ¥Y=—f(=X) 0 y=f(=x)
tion fo(x) =0 are{£1,4£3,...,£(n—3),(n—1)} if nis even and
{0,+2,...,+(n—3),(n—1)} if nis odd. 262 Problem Given in figures3.57 and 3.58 are the graphs of two

curvesy = f(x) andy = f(ax) for some real constart< 0.

0 Determine the value of the constant

261 Problem Usef in figure 3.56to0 draw each of the curves beloyv. [ Determine the value .

y y

3

2

1

0 A | Ll X X

, \ \ L LI
" / G 4
. \ 3
-3
-4
-4 -3 -2 -1 0 1 2 3
Figure 3.56y = f(x) Figure 3.57: Probler262 y = f(x) Figure 3.58: Probler262. y = f(ax)

3.7 Behaviour of the Graphs of Functions

So far we have limited our study of functions to those farsili functions whose graphs are known to us: lines, parapolas
hyperbolas, or semicircles. Through some arguments im@lsymmetry we have been able to extend this collection to
compositions of the above listed functions with the absolatiue function. We would now like to increase our repeetoif
functions that we can graph. For that we need the machine@alaiulus, which will be studied in subsequent courses. Ve wi
content ourselves with introducing various terms usefudmtiescribing curves and with proving that these propéntiédsfor
familiar curves.

263 Definition A function f is said to becontinuousat the pointx =aif f(a—) = f(a) = f(a+). Itis continuous on the
intervall if it is continuous on every point df

Heuristically speaking, a continuous function is one whgrseh has no “breaks.”

264 Example Given that

6+ X if X €] — 00; —2]
f(x) =
32+ xa if xe] —2;+oo]

is continuous, finc.
Solution: Sincef (—2—) = f(—2) =6—2=4 andf(—2+) = 3(-2)? - 2a= 12— 2awe need
f(—2—)=f(-24) = 4=12—-2a = a=4.

The graph off is given in figure3.59
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265 Example Given that
-1

if x#£1
a if x=1

is continuous, finc.

Solution: Forx # 1 we havef (x) =

]:_L =X+ 1. Sincef(1-) = 2 andf(1+) = 2 we neech = f(1) = 2. The graph of is
given in figure3.60Q

Figure 3.59: Exampl&64. Figure 3.60: Exampl&65s

We will accept the following results without proof.

266 Theorem (Bolzano's Intermediate Value Theorem)If f is continuous on the intervdh; b and f and there are two
different values in this interval for which changes sign, thehis vanishes somewhere in this interval, that is, theoedga; b
such thatf (c) = 0.

267 Corollary If f is continuous on the intervéd; b] with f(a) # f(b) thenf assumes every value betwegfa) and f (b),
that is, ford with min(f(a), f(b)) <d < maxf(a), f(b)) there isc € [a;b] such thatf (c) = d.

268 Theorem (Weierstrass’s Theorem)A continuous function on a finite closed interyajb] assumes a maximum value and
a minimum value.

269 Definition A function f is said to ba@ncreasing(respectivelystrictly increasing if a<b = f(a) < f(b) (respectively,
a<b = f(a) < f(b)). Afunctiong is said to bedecreasingrespectivelystrictly decreasinpif a<b — g(a) < g(b)

(respectivelya < b = g(a) < g(b)). A function ismonotonidf it is either (strictly) increasing or decreasing. By theervals
of monotonicity of a functiowe mean the intervals where the function might be (stridgtigyeasing or decreasing.

If the function f is (strictly) increasing, its oppositef is (strictly) decreasing, and viceversa.

The following theorem is immediate.

270 Theorem A function f is (strictly) increasing if for allk < b for which it is defined

f(b)— f(a) . f(b)— f(a)

- 7> — = )

b a2 0 (respectively b a 0)
Similarly, a functiong is (strictly) decreasing if for ath < b for which it is defined
9(b) —9g(a) a9 —9g(@)

b a <0 (respectively b_a <0).

271 Lemma Let (a,b) € R?,a < b. Then every number of the forha+ (1—A)b, A € [0;1] belongs to the intervdh; b].
Conversely, ifx € [a; b] then we can find & € [0; 1] such thak=Aa+ (1—A)b.
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Proof: ClearlyAa+ (1—-A)b=b+A(a—b)andsincea-b<0,
b=b+0(@a—b)>b+A(a—b)>b+1l(a—b)=a,

whence the first assertion follows.

Assume now that & [a;b]. Solve the equationx Aa+ (1— A)b for A obtainingA = g%g. All what remains to
prove is thatd < A <1, but this is evident, a8 < x — b < b—a. This concludes the proof]

Figure 3.61: A convex curve Figure 3.62: A concave curve.

272 Definition A function f : A— Bis convexn Aif V(a,b,A) € A2 x [0; 1],
f(Aa+(1—-A)b) < f(a)A +(1—A)f(b).
Similarly, a functiong : A — B is concaven Aif V(a,b,A) € A2 x [0; 1],
g(Aa+ (1-A)b) > g@A + (1—A)g(b).

By theintervals of convexity (concavity) of a functiare mean the intervals where the function is convex (concake)
inflexion pointis a point where a graph changes convexity.

By Lemma271, Aa+ (1—A)blies in the intervala; b] for 0 < A < 1. Hence, geometrically speaking, a convex function is
one such that if two distinct points on its graph are takenthadtraight line joining these two points drawn, then thdpnint
of that straight line is above the graph. In other words, tiag@ly of the function bends upwards. Notice théti§ convex, then
its opposite- f is concave.

273 Theorem (Graph of the Identity Function) The graph of the identity function

R — R
Id :

X = X

is a straight line that bisects the first and third quadrightis an increasing odd function atmh (Id ) = R.

Proof: Letthe points @0,0), B(1,1) and Qx,X) be on the graph afi . Consider the projections'BL, 0), C'(x,0)

of B and C respectively onto the x-axi&.OBB is rectangle at/B’ and OB= /2. Also, AOCC is rectangle at
angle C and OC= v/2|x|. ThusAOBB and OCC are similar, and henc&B'OB= ~C'OC. Thus O, B, and C are
collinear. It is clear that the line passing throudB, 0) and (1,1) splits the first and third quadrant halfway. As
Id (—x) = —x= —Id (x), the identity function is an odd function. Since ford

Id (b)—1d (a)
b—a

b—a
= =1>0
b—a =%

Id is a strictly increasing function. Also given angxXR we havdd (x) = x and so every real number is an image
of ld meaning thatm (Id ) =R. O
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274 Theorem (Graph of the Square Function)The graph of the square function

Square:

— R

X — X

is a convex curve which is strictly decreasing %ot 0 and strictly increasing for > 0. Moreoverx — x? is an even function

andlm (Square) = [0;+oo].

Proof:
AsSquare(—x) =

(—%)?
Square(b) —

Square(a)

x2 = Square(x), the square function is an even function. Now, fet b

)
_b-a =b+a

b—a

" b-a

If a < b < 0the sum a+ b is negative and x» x? is a strictly decreasing function. @< a < b the sum a-b is
positive and x— X2 is a strictly increasing function. To prove thatx x° is convex we observe that

SquargAa+ (1—A)b) < ASquarea) +

0<A(1—A)a2—
0<A(1-
(

)
)

[

A
A
A

(
0<A(1-A)(a—

a2—

2A

b)?.

A)
2ab+ b?)

(1—A)Squargb)

A2a2 42X (1—-A)ab+ (1-2)? <Aa?+ (1-A)b?
0<A(1-A)a’—

(1—A)ab+ ((1—A) — (1—A))b2
2A(1—A)ab+A(1—A)b?

This last inequality is clearly true fok € [0;1], establishing the claim. Also suppose that ym (Square). Thus

there is xc R such that X = x — x?(x)

numbers appear as the image ofxx?. Hencelm (Square) =

=y. But the equation y= x? is solvable only for y> 0 and so only positive

[0: 4. The graph of the x» x? is called a

parabolaWe summarise this information by means of the followingrdian.

)

O

275 Theorem (Graph of the Absolute Value Function) The graph of the absolute value function

R
AbsVal :

is convexx — |x| is an even function, decreasing fox 0 and increasing fax > 0. Moreover)m (AbsVal) =

Proof:

[1-A]=1-Afor A €[0;1. We have

AbsVal(Aa+ (1—A)b)

I IA

R

X — X

[0;+oo].

To prove that x— |x| is convex, we use the triangle inequality theorgfand the fact thatA| = A,

|Aa+ (1—A)b|

[Aa]+[(1—A)b]

Alal +(1—A)b]

AAbsVal(a) + (1— A)AbsVal(b),
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whence x— |x| is convex. AdAbsVal(—x) = | — x| = |x| = AbsVal(x), the absolute value function is an even
function. For a< b <0,

AbsVal(b) —AbsVal(a) |b|—|a] —b—(-a)

b—a ~ b-a  b-a =-1<0,
x+— |X| is a strictly decreasing function forx 0. Similarly, for0<a<b
AbsVal(b) — AbsVal b| — b—
sVal(b) —AbsVal(@) _|bl—la] _b-a_, .

b—a b—a b-a

and so x— |x| is a strictly increasing function for x 0. Also, assume thatg Im (AbsVal). Then3x € R with

y = AbsVal(x) = |x|, which means that 0 and solm (AbsVal) = [0;+oo].
To obtain the graph of x> |x| we graph the line y= —x for x < 0 and the line y=x for x> 0. O

276 Theorem (Graph of the Reciprocal Function) The graph of the reciprocal function

R\{0} — R
Rec: 1
X ==

X

: 1. . 1. .
is concave fox < 0 and convex fok > 0. X +— X is decreasing fox < 0 andx > 0. X — X is an odd function antin (Rec) =

R\ {0}.

=

Proof:  Assume first tha < a < b and thatA € [0;
Theoreml6, we deduce that

]. By the Arithmetic-Mean-Geometric-Mean Inequality,

+=->2

olo
olT

Hence the product

(Aa+(1-2)b) <%+%) = A24(1-A)2+A(1-A) (g+g>

> A24H(1-2)2+220(1-2)
= (A+1-2)2
= 1

Thus for0 < a < b we have

1. . . .
from where »— X is convex for x> 0. If we replace ab by —a, —b then the inequality above is reversed and we

. 1.
obtain that x— X is concave for x 0.

1 1 : o .
AsRedq—x) = = %= —ReqXx), the reciprocal function is an odd function. Assume b are non-zero and

have the same_sign. Then

1
=-=<0
ab<’

1
Reqb) -Reda)
b—a b

Q|

since we are assuming thatlahave the same sign, whence—>x)—( is a strictly decreasing function whenever

arguments have the same sign. Also given aayrg (Rec) we have y= Redx) = )—1( but this equation is solvable
only if y# 0. and so every real number is an imagd@f meaning thatm (Rec) =R\ {0}.
O
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277 Definition Let f be a function. Iff is defined ak = 0, then(0, f(0)) is its y-intercept The pointgx,0) on thex-axis for

which f(x) = 0, if any, are thec-interceptof f.

278 Definition A zeroor root of a functionf is a solution to the equatiof(x) = 0.

—

Im (y)
y(X)

- Dom(y)
279 Definition Lety:
X

X+ P e Dom(y) andy(x+ P) = y(x).

—

Observe that iP is the period ofy thenVn € Z, y(x+ nP) = y(x). Thus the graph of a periodic curve consists of horizontal

translations of copies of a single period.

be a function. We say thatis periodic of periodP if ¥x € Dom(y), we have

280 Example The graph in figure.63represents the periodic functidn R — [0;1] with f(x) = {x} = x— |x], that is, the

decimal part of the real numbegr

Figure 3.63: Exampl&80 Figure 3.64: Exampl@81

o

Figure 3.65: Example8l Figure 3.66: Exampl@8l

281 Example The graph in figure3.64 shews the portion of a curve. Extend the graph of the curtesfto be (i) periodic

and even, (ii) periodic and odd.

Solution: The required graphs are shewn in figdu@&and3.66 Notice that the period of (i) is 1 and the period of (ii) is 2.

Homework

282 Problem Give an example of a function which is discontinug
on the sef —1,0, 1} but continuous everywhere else.

283 Problem Give an example of a function discontinuous at

points+v/1,+v2,+3,+v4,+V5,....

284 Problem Give an example of a functiondiscontinuous at th{
reciprocal of every non-zero integer.

285 Problem Give an example of a function discontinuous at the
integers.

286 Problem Give an example of a function discontinuous at
square of every integer.

287 Problem Given that

ifx<1

s f)

if x>1

U continuous, find.

h2e88 Problem Let n be a strictly positive integer. Given that
289 Problem Let ||X|| = minpez [X—n|. Prove thak — ||X|| is peri-

hdic and find its period. Notice that this function measutesdis-
tance of a real number to its nearest integer.

XM—1
1

if x£ 1

Xf
a ifx=1

dg continuous, find.

290 Problem Prove thatf :R — R, f(t+1) = % +
has period 2

f(t) - (F(t))?
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Answers

183 The graphisin figur@2.f(—1)=3,f(0)=1,f(1)=1.

184 There are 8 = 8 such functions:
0 fy givenbyfy(0) = f1(1) =f1(2) = -1
0 fygivenbyfp(0)=1,fy(1) =fr(2) =-1
0 fz givenbyfz(0) = f3(1) = -1,f3(2) =1
0 fggivenbyfg(0)=—1,f4(1) =1,f4(2) =-1
0 fggiven byfg(0) = f5(1) = fg5(2) =1
0 fegivenbyfg(0) = -1, fg(1) = fg(2) =1
0 fzgivenbyf;(0)=f7(1)=1,f7(2)=-1

0 fggivenbyfg(0)=1,fg(1) = —1,fg(2) =1

185 There are § = 9 such functions:

0 fy givenbyfy(-1)=f1(1)=0

0 fygivenbyfy(-1)=fp(1)=1

0 fzgivenbyfz(-1) = f3(1) =2

0 fygivenbyfg(—1)=0,fg(1) =1

0 fggivenbyfg(-1) =0, f5(1) =2

0 fggivenbyfg(-1)=1,fg(1) =2

0 f7givenbyfz(-1) =1,f7(1) =0

0 fggivenbyfg(—1) =2 fg(1) =0

0 fggivenbyfg(—1) =2,fg(1) =1
186 We must look for alk € Dom( f) such thas(x) = x. Thus
2 —2x3 +2Xx=X
P23 4x=0
XA —22+1)=0

X2 -1)2=0
X(x+1)2(x—1)2 = 0.

S(x) =x

Ly

The solutions to this last equation gre1,0,1}. Since—1 ¢ Dom(s), the only fixed points of arex = 0 andx = 1.
187 4x-2
188 62 +2n2—6
189 a(3) = 6,2 +x—6; 24— 11x— 102 + 23 x4
190 7,2 —2x—1, — 43 +8x+2
191 h(x-1)= —114+ XX h(x) = —545x—x2; h(x+1) = —143x—x2
102 () =X2 =2+ 1; F(x+2) =% +2x+1; f(x—2) =x% —6x+9
193 Rename the independent variable, bay— s) = 2s. Now, if 1 — s= 3x thens= 1— 3x. Hence
h(3x) =h(1—5) =2s=2(1—3x) = 2—6x.
194 Put
p(x) = (1—x2 +x4)2003— a0+alx+azx2 +- -~+a8012x8012.
Then
0 ag=p(0)=(1-0%+0%2003- 1
0 ag+ag+ag+---+aggo= p(l) = (1—12+14)2003_ 1,
ap-ay+ap-ag+---—agor1tagolz =  P(-1)

(1= (D24 (-1)%)2008
= 1

0 The required sum i (1) +2p(—1) =1.

O The required sum i (1)—2p(—1) =0.

195 We have

IOt

196 Lety=0.Then 2y(x) = 2, that is,g(x) = x2. Let us check thag(x) = X2 works. We have
gt y) +90x-y) = 92 + (=2 =2+ 2+ 8 ~2+y7 =28 + 27,
which is the functional equation given. Our choicegoforks.

197 Letx=1. Thenf(y) =yf(1). Sincef(1) is a constant, we may l&= f(1). So all the functions satisfying the above
equation satisfyf (y) = ky.

198 Fromf(x) +2f(%) =xwe obtainf(%) = 2 - % f(x). Also, substituting 1x for x on the original equation we get

F(1/%) +2f(x) = 1/x.

Hence

9= - 310m = 53 (3-3®).

which yieldsf (x) = % -3

199 We have
f(2) = (-pA-2t() = 1-21(1)
@3 = (-p3%2-21@2) = 2-21(2)
f(4) = (-p%3-26(3 = 3-21(3
f(5) = (-1ba-2f(a) = _4-2((4
f099 = (-1)%%%os-2f(99g) = _go8—2f(999
f(1000 = (-1)1000999- 2f(999) = 999-2f(999)
fooy = (-1100%000-2f(2000 =  -1000-2f(1000

Adding columnwise,
£(2)+ f(3)+--+ F(100D) = 1—243—---+999— 1000 2(f (1) + f(2) + -+ f(1000).

This gives
2f(1)+3(f(2) + f(3) +---+ £(1000) + f (1001 = 500

Sincef (1) = f(1001) we have Z(1) + f(1001) = 3f(1). Therefore

f(l)+f(2)+---+f(100®:—ig)_

200 Seta=b=0.Then(f(0))2 = (0)f(0) = f(0+0) = (0). This givesf (0)2 = f(0). Sincef(0) > 0 we can divide
both sides of this equality to gé{0) = 1.

Further, setb = —a. Then f(a)f(—a) = f(a—a) = f(0) = 1. Since f(a) # 0, may divide by f(a) to obtain
f(-a) = Tla\)'
Finally takinga = b we obtain(f(a))2 =f(a)f(a) = f(a+a) = f(2a). Hencef(2a) = (f(a))2

201 We have
(f(x))z.f(%>:64x.
whence
(f(x))“-(f(l”()))z:sﬁxz m

1+x

Substitutex by %:T; Then
2
1-x 1-x
f(m) ””Z“(m)' an

f(x)3 = 64 (%ﬁ)

Divide (I) by (1),

from where the result follows.

208 We have
—2x—1 ifxe] —o0;—2]
f=1 3 ifxe[-2;1
2x+1 if x € [1;+00]

Notice that in this case we allow the intervals to overlap.

209 We have

2 o
fx) = { 2x ?f X €] —o0;0[
X if x € [0;+0o[
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210

213

214

224

225

232

238

We have

00 0 if x €] — ;0]
2% if x€ [0;+oo]
0;-1;1;1,0;1;1; 3+
x € [50;55
S f(x_2)1—=(x_2)2_ L _
y=f(x-2)-1=(x-2) 3 1

Yes.

The required equation is= ﬁ —1.

Proceeding successively:
O Areflexion about the-axis gives the curve
y=—f(x)=|x -2=a(x),
say.
O Atranslation 3 units up gives the curve
y=a(x)+3=[X+1=h(x),
say.

00 Ahorizontal stretch by a factor 02 gives the curve

4 4ax 4
y:b(§x> :‘3 +1= ES\le:c(x}.

say. Observe that the resulting curve is

y=c(X) :b<gx) :a(gx) +3=-f <gx>+3‘

239 ()y=-(x+1)(x+2)—-2 Qy=-2x-7 Q)y=[1-x -1

255 Sincef is odd, f(—0) = —f(0). But f(—0) = f(0), giving f(0) = —f(0), that is, Z(0) = 0 which implies that
(0)=0.

258 The constant functioft — {0} with assignment rulé : x— 0 is both even and odd. It is the only such function, for if
gwere both even and odd ag¢k) = a # 0 for some real numbes; then we would havea = g(x) = g(—x) = —g(x) = —a,
implying thata = 0.

262 Notice that the graph of= f (ax) is a horizontal shrinking of the graph pf= f(x). Putg(x) = f(ax). Sinceg(4/3) =0
we must have d/3= -2 = a=—3/2, so the poinf{—2, 0) on the original graph was mapped to the pgit3, 0) on the
new graph. Hence the poi®,0) in the old graph gets mapped te2,0) and soC = —2.

1
3 —x

282 Take, among many possible examples, the funcfio® — R with f(x) =
£(0) = f(1) = 0.

forx¢ {-1,0,1} and f(-1) =

283 Examine the assignment rute— {x3j.

284 Examine the assignment ruiex) = {%J.x# 0.
285 Examine the assignment rute— {%lj.
286 Examine the assignment rute— | /[x]].

287 We havef(1-) = 0andf(1+) = 2+3a. We need then & 2+ 3aora= —g.

n_
288 Forx # 1 we havef(x) = %11 =x-lan-20 2y Sincef(1-) =n and f(1+) = n we need
a=f(1)=n
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Functions Il: Domains and Images

4.1 Natural Domain of an Assignment Rule

291 Definition Thenatural domain of an assignment rukethe largest set of real number inputs that will give a reahher
output of a given assignment rule.

For the algebraic combinations that we are dealing with, westrthen worry about having non-vanishing
denominators and taking even-indexed roots of positivemeabers.

292 Example Find the natural domain of the rule— x271x6

Solution: In order for the output to be a real number, the deinator must not vanish. We must hasfe- x — 6 = (X + 2)(x —
3) #0, and sox # —2 norx # 3. Thus the natural domain of this rulels\ {—2, 3}.

. . 1

293 Example Find the natural domain ofi— 16

Solution: Sincex* — 16= (X2 — 4)(x2 +4) = (x+2)(x— 2)(x? +4), the rule is undefined when= —2 orx = 2. The natural
domain is thu®R \ {-2,+2}.

2

294 Example Find the natural domain for the ruféx) = vl

Solution: The denominator must not vanish, hernge+4. The natural domain of this rule is ths\ {—4,4}.

295 Example Find the natural domain of the ruféx) = v/x+ 3

Solution: In order for the output to be a real number, the tjtannder the square root must be positive, hexge83 > 0 —
x > —3 and the natural domain is the interjal3; +oo|.

2
X+3

296 Example Find the natural domain of the ruigx) =

Solution: The denominator must not vanish, and hence thetiyander the square root must be positive, theretore—3
and the natural domain is the interyat 3+; o|.

297 Example Find the natural domain of the rule— Ve,

59
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Solution: Since for all real numbex3 > 0, the natural domain of this rule i%.
298 Example Find the natural domain of the rue— v/ —x2.

Solution: Since for all real numbersx? < 0, the quantity under the square root is a real number onlynwhke0, whence the
natural domain of this rule i§0}.

299 Example Find the natural domain of the rule— i
Nea
Solution: The denominator vanishes whea 0. Otherwise for all real numbersz# 0, we have<® > 0. The natural domain of

this rule is thuR \ {0}.

300 Example Find the natural domain of the rule— %
—X

Solution: The denominator vanishes whea 0. Otherwise for all real numbens# 0, we have-x? < 0. Thusy/—x2 is only
a real number wher= 0, and in that case, the denominator vanishes. The naturaidoof this rule is thus the empty sat

301 Example Find the natural domain of the assignment rule

1
X— V1—X+——.
- V1+X

Solution: We need simultaneously-X > 0 (which implies thak < 1) and 14 x > 0 (which implies thak > —1), sox €] — 1;1].

302 Example Find the largest subset of real numbers where the assignmient— +/x2 — x — 6 gives real number outputs.

Solution: The quantity? — x — 6= (x+ 2)(x — 3) under the square root must be positive. Studying the sigyraiia

X € J =0 =2 | [-2;3 | [3;+o]
signum(x+2) = - + +
signum(x—3) = - - +
signum((x+2)(x—2)) = + - +

we conclude that the natural domain of this formula is thé seb; —2] U [3; 4.

1

303 Example Find the natural domain for the ruléx) = NS
X2 —X—

The denominator must not vanish, so the quantity under thasqoot must be positive. By the preceding problem thipbap
whenx €] — co; —2[ U |3;+00[.

304 Example Find the natural domain of the rule— v/x2 + 1.
Solution: Sincerx € R we havex? 4+ 1 > 1, the square root is a real number for all reaHence the natural domainlis
305 Example Find the natural domain of the rule— /x2 +x+ 1.

Solution: The discriminant of? + x+ 1= 0is 1> — 4(1)(1) < 0. Since the coefficient of is 1> 0, the expressior?® +x + 1
is always positive, meaning that the required natural darisaéll of R.
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Aliter: Observe that

@4 xt1=(x+1 2+§>§
- 2) Ta=w

the square root is a real number for all reaHence the natural domainis

Homework

306 Problem Below are given some assignment rules. Verify tha|
the accompanying set is the natural domain of the assignrakent

Assignment Rule Natural Domain

x—+/(1=x)(x+3) | xe[-3;1].
1-x
X+3 .

X1 xe[-3;4

X ! x€]—3;1]

—_ _

(x+3)(1—x) '

307 Problem Find the natural domain for the given assignment

rules.

308 Problem Below are given some assignment rules. Verify tha|
the accompanying set is the natural domain of the assignrakent

1
x N
x4 x 1]

J=x

x2—1

1—x2
—
1-|x

O x— /X++/—X

k

4.2 Algebra of Functions

Assignment Rule Natural Domain
X
XH\/m X€]—3;0 U]3;+]
X~/ —|X| x=0
X /=X —2] xe{-2,2}
X )—1( X €]0;+00[
1
X\ 2 xe R\ {0}
1
X[ — X €] —00;0[
Xt 4| —— & (the empty set)
— x|
I
X — x€]—-1;0 0;+0o0
- e |~ 1:0/U]0; o]
X—V1+x+vV1-x | [-1;1]

309 Problem Find the natural domain for the rule

f(x) = V3 —12x.

310 Problcim Find the natural domain of the rule

X

X _—2x—2

311 Problem Find the natural domain for the following rules.

O x—+/—(x+1)2,
1
—(x+1)2
O fx) =

x1/2
Vx4 —13x2 436
0 g(x) =
VvV3—x
Vx4 —13x2 436

0 X—

X4 — 132 + 36|

312 Definition Let f : Dom(f) — R andg: Dom(g) — R. ThenDom(f +g) = Dom(f) nDom(g) and the sum
(respectively, difference) functioh+ g (respectivelyf — g) is given by

Dom(f)nDom(g)

f+g:
X

In other words, ifx belongs both to the domain éfandg, then

(f£9)(x) = F() £ 9(x).

—

F)+g(x)
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313 Definition Let f : Dom(f) — R andg: Dom(g) — R. ThenDom(fg) = Dom(f) nDom(g) and the product function
fgis given by

fq: Dom(f)nDom(g) — R
' X — f(x)-g(x).

In other words, ifx belongs both to the domain dfandg, then
(fg) (%) = F(x)-9(x).

314 Example Let

. 1,1 — R 02 - R
X 42X ¥ X = 3X+2
Find
0 Dom(f+g) O (f9)(2)
O Dom(fg)
O (f—g)(0
0 (@) (f-9)(0)
0 (f+9)(1) 0 (f+9)(2)

Solution: We have

0 Dom(f+g)=Dom(f)nDom(g)=[-1;4N[0;2 = O (f+9)(1)=f(1)+9(1)=3+5=8.
o 0 (f)(1) = f(Dg(1) = (3)(5) = 15

0 Dom(fg) is alsoDom(f)nDom(g) = [0;1]. 0 (f-0)(0)=f(0)—g(0)=0-2=-2

O Since—1¢[0;1], (f +9)(—1) is undefined. O Since 2¢ [0;1], (f +9)(2) is undefined.

315 Definition Letg: Dom(g) — R be a function. Theupportof g, denoted bysupp(g) is the set of elements iDom(g)
whereg does not vanish, that is

supp(g) = {x € Dom(g) : g(x) # 0}.

316 Example Let
R — R

g: :
X = X—2x

Thenx® — 2x = x(x— v/2)(x+ v/2). Thus
supp(g) = R\ {-v2,0v2}.

317 Example Let
[O;l] — R

g: .
X = X—2x

Thenx® — 2x = x(x— v/2)(x+ v/2). Thus

supp(g) = [0; 1]\ {~Vv2,0v2} =]0; 1.
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318 Definition Let f : Dom(f) — R andg: Dom(g) — R. ThenDom (é) = Dom(f)Nsupp(g) and the quotient function

f
— isgivenb
g g Yy
f Dom(f)nsupp(g) — R
g' X — m .
g(x
. . f f(x)
In other words, ifx belongs both to the domain éfandg andg(x) # 0, thenﬁ(x) = 0"
319 Example Let
¢ 2,3 — R [0;5 — R
: , 0
X = XX X = -2
Find
O supp(f) O i(z)
g
0 su
PP(9) D%@
g Dom<1> f
g 0O —(1/3)
g
0 Dom(%) 0 %(1/3)
Solution:

0 Asx® —x=x(x—1)(x+1),supp(f) = [-2;—1[U] — 1;0[U]0; 3

0 Asx®—2x% = x?(x— 2), supp(g) =]0;2U]2;5].

0O Dom (é) = Dom(f)Nsupp(g) = [-2;3 N (]0;2U]2;5)) =]0;2[U]2; 3

0
Dom (%) = Dom(g)Nsupp(f) =[0;5 N ([-2;—-1[U] — 1;0[U]0;3]) =]0; 3

0 5(2) is undefined, as 2]0;2[U]2; 3].

9,_92 0_

f _8
0 —(1/3)=—% =%

27

0 2/3)= :—§7 -

We are now going to consider “functions of functions.”
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320 Definition Let f : Dom(f) — R, g: Dom(g) — R and letU = {x € Dom(g) : g(x) € Dom(f)}. We define the
compositiorfunction of f andg as

u — R
fog: . (4.2)
x — f(9(x)

We readf ogas “f composed with §

We haveDom(f o g) = {x € Dom(g) : g(x) € Dom(f)}. Thus to findom(f o g) we find those elements of
Dom(g) whose images are iDom(f) NIm (g)

321 Example Let
¢ {-2,-1,0,1,2} — R {0,1,2,3} — R
: g:

X - 2&X+1 X - -4
O FindIm (f). O Find (f 0g)(0).
O FindIm (g). O Find(go f)(0).
O FindDom(fog). O Find(fog)(2).
0 FindDom(go f). O Find (go f)(2).
Solution:

O We havef(—2)=-3,f(-1)=-1,f(0) =1, f(1) =3, f(2) =5. Hencdm (f) = {—3,-1,1,3,5}.

0O We haveg(0) = —4,9(1) = —3,9(2) =0, 9(3) =5. Hencdm (g) = {—4,—3,0,5}.
0 Dom(fog)={xe Dom(g):g(x) € bom(f)} ={2}.

0O Dom(go f) = {xe Dom(f): f(x) € Dom(g)} = {0,1}.

O (fog)(0)= f(g(0)) = f(—4), but this last is undefined.

0 (go F)(0) = g(f(0)) = 9(1) = -3

0 (feg)(2)=f(g(2) = f(0) = 1.

O (go f)(2) =9(f(2)) = g(5), but this last is undefined.

322 Example Let

R — R R — R
: , g: .
X +— 2X-3 X +— 5Bx+1

O Demonstrate thdtm (f) =R.
O Demonstrate thdtn (g) =R.
O Find (fog)(x).
O Find (go f)(x).

O Isitevertrue thatf og)(x) = (go f)(x)?

Solution:
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O

Takeb € R. We must shew thaix € R such thatf (x) = b. But

f(x)=b = 2x—3=b = x= %’
Sinceb%3 is a real number satisfying (b%B) = b, we have shewn thain (f) = R.

Takeb € R. We must shew thaix € R such thag(x) = b. But

gxX)=b = 5x+1=b = x:b%l.

SincebL1 is a real number satisfyinrg;(tl) = b, we have shewn thai (g) = R.

5 5
We have
(fog)(x) = f(g(x)) = f(5x+1) =2(5x+1) —3=10x—1
We have

(go F)(x) =0g(f(x)) =g(2x—3)=5(2x—3)+1=10x— 14
(go f)(x).
If
(fog)(x) =(gof)(x)

then we would have
10x—1=10x—14

which entails that-1 = —14, absolute nonsense!

Composition of functions need not be commutative.

323 Example Consider

. [-V3v3 — R . (24l - R
X = V/3-x2 X - —VX+2
O FindIm (f).
O FindIm (g).
O FindDom(f og).
O Findfog.
0 Find Dom(go f).
O Findgo f.
Solution:

0 Assumey =+/3—x2. Theny > 0. Moreovex = i\/STyZ. This makes sense only#+v/3 <y < /3. Hence

Im (f) = [0;v/3].
0 Assumey = —/Xx+ 2. Theny < 0, and sincex — —+/x+ 2 decreases steadily, we hdve (g) =] — «;0].
g

Dom(fog) = {xeDom(g):g(x) e Dom(f)}
= {x€ 240 —V/3< —VXx+2<V3}
= {xe€[-2;+0o[ —/3< —/x+2<0}
= {xe[-2;40[:x<1}

= [-2;]
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Dom(gof) = {xeDom(f)'f(x)eDom(g)}
= {xe[-V3;V3]: X2 >
= {xe[-V3V3:
= [-V3V3

0 (go £)(x) = g(f() = g(V3—x) = /3@ + 2.
Notice thatDom(f o g) = [—2;1], although the domain of definition ofx /1 — X is| — c; 1].

324 Example Let
RV - R ez o R

FindIm (f).
FindIm (g).
FindDom(f o Q).
Findfog.

Find Dom(go f).

o o o o o o4

Findgo f.

Solution:

O Assumey = ﬁl x € Dom(f) is solvable. Then

Yy(X—1) =2X = yX—2X=+4y = X= y%z
Thus the equation is solvable only whget 2. Thusim (f) =R\ {2}.

O Assume thay = /2 —x, x € Dom(g) is solvable. Thely > 0 sincey = /2 — x is the square root of a (positive) real
number. Ally > 0 will renderx = 2 — y? in the appropriate range, and ko (g) = [0;+oo].

Dom(fog) = {xeDom(g):g(x) e Dom(f)}
= {x€]-;2]:y/2—-x#1}
= |-w;1U]1;2

0 (feg)(x) = fg(x) = f(V2—x) = \/—X

Dom(gof) = {xeDom(f): f()eDom(g)}
= {xeR\{l}:— <2}
= {xeR\{l}:X%lSO}
= |-l
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(go H)(%) = g(f(x)) :g<XZTX1) _ \/Z_X% _ 1_3)(

325 Example Figure4.1shews two functions — f(x) = x+ 1 andx+— g(x) = x— 1. Figure4.2shews their sum— 2x, a

line, figure4.3shews the difference— (f —g)(x) = 2, a horizontal line, and figur&.4 shews their product— x> — 1, a
g _x=1 . 2 . _ 1 (i

parabola. We also have1—> (f) (x)2 1 1 1 a hyperbola with pole at 1 and asymptote at= 1 (figure

4.5; X+— (é) (x) = % =1+ 1 a hyperbola with pole at= 1 and asymptote at= 1 (figure4.6); (fog) =1Id

(figure4.7); andx — (f o f)(x) = x+ 2 (figure4.9).

f
-
g
Figure 4.1:f(x) =x+1 andg(x) =x—1 Figure 4.2:xx— (f +g)(x) = 2x Figure 4.3:xx— (f —g)(x) =2 Figure 4.4:x+— (fg)(x) =X -1
ﬂ 1
|
== u ===
—
I I
Figure 4.5:(%) X =1— ﬁzl Figure 4,6:<é> (x)=1+ xle Figure 4.7:(f o g)(x) = x Figure 4.8:(f o f)(x) =x+2
Homework
326 Problem Let 0 Dom(f +g) 0 Yo
O Dom(fg) 9
9
0 Dom(i) 0 $@
g
0 Dom (9) 0 i(l)
f
o 53 - R 42 — R T (1492 9
: CE : +g
_ _ 9
X — x'—16 X - |X-4 0 (fg)(2) 0 Y
327 Problem Let
. {-2,-1,01,2} — Z 01,2y — Z
. , 0. .
2
Find X = 2X X = X
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O FindIm (f). O FindIm (f).
0 Findim (g). O FindIm (g).
O FindDom(fog). .
: O FindDom(fog).
0 FindDom(go f).
0 FindDom(go f).
328 Problem Let f,g,h: {1,2,3,4} — {1,2,10,1993 be given by O Find (fog)(x).
f(1) =1,(2) =2, f(3) =10, f (4) = 1993 0 Find(go f)(x).
9(1)=9(2)=2903)=9(4)-1=1,
h(1) =h(2) =h(3) =h(4)+1=2. 332 Problem Let f,g,h: R — R be functions. Prove that their

O Compute(f+g+h)(3)

O Compute(fg+gh+hf)(4).

0O Computef(1+h(3)).

0 Compute(fofofofof)(2)+f(g(2)+2).

329 Problem If a,b,c: R — R are functions with
a(t) =t —2,b(t) =t3,¢(t) = 5 demonstrate that

(ach)(t) = t3-2
(boa)(t) = (t-2)°3
(boc)(t) = 125
(cob)(t) = 5
(coa)(t) = 5
(acboc)(t) = 123
(coboa)(t) = 5
(aocob)(t) = 3
330 Problem Let
- [2; 4+ — R 2,2 — R
Cox o Vx—2 x = VA-X
O FindIm (f).
O FindIm (g).
O FindDom(fog).
O FindDom(go f).
O Find(fog)(x).
O Find(go f)(x).
331 Problem Let
£ [—\/é;—i-\/é[ — R ]—00 } — R
- X — 2 x2 X - VX

4.3 Injections and Surjections
o ) Dom(f) — Target(f)
341 Definition A function f :
a — f(a)

is said to benjectiveor one-to-onef (aj,ay) €

composition is associative

o(goh) =(fog)oh

whenever the given expressions make sense.

333 Problem Let f : R — R be the function defined by
f(x) = a — v/2 for some positiva. If (f o f)(v/2) = —/2 find the
value ofa.

334 Problem Let f :]0 : +-00[—]0 : +oo[, suchf(
2f(x).

2
2X) = ——. Find
) 24X n

335 Problem Let f,g: R\ {1} — R, withf(x) =
find all x for which (go f)(x) = (f o g)(X).

4
j.7g(x) =

336 Problem Let f : R — R, f(1—x) = 2. Find (f o f)(x).

337 Problem Let fI(x) = f(x) = x4+ 1, fMU = fo flN n> 1.
Find a closed formula fof

338 Problem Let f1(x) = 2x, £ = f o £ n> 1. Find

a closed formula forf

f(x) =

339 Problem Let f1) = f be given byf (x) = rlx Find

(i) f@=fof,

(i) f@=fofof,and

(i) {69 = fofo---fof
N————

69 compositions with itself

X be such that

340 Problem Let f :R\{—g} —>]R\{£2:}7X 13

(fof)(x) =x. Find the value ot.

(Dom(f))?,

a#ay = f(a1) # f(ag).
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That s,
f(ag) = f(ap) = ax=ay.

f is said to besurjectiveor ontoif Target(f) =Im (f). Thatis, if(vb € B) (3a € A) such thatf (a) = b. f is bijectiveif it is
both injective and surjective. The numlazeis said to the th@re-imageof b.

342 Example The functiona in the diagramt.9is an injective function. The function represented by tragdhm4.10
however is not injective, sing®(3) = (1) = 4, but 3# 1. The functiony represented by diagrafl1is surjective. The
functiond represented by diagra#nl2is not surjective as 8 does not have a preimage.

It is easy to see that a graphical criterion for a function ®injective is that every horizontal line crossing
the function must meet it at most one point and one for a fandt be surjective is that every horizontal line
passing through a point of the target set (a subset of theig}-akthe function must also meet the curve.

a y o
1 —— 2 1e B 4 1e 4 1. 4
2e—1—1—8 2 2 2 2 2 2
3 —— 4 3 3
8
Figure 4.9: An injection. Figure 4.10: Not an injection Figure 4.11: A surjection Figure 4.12: Not a surjection

343 Example Prove that
R — R

s — 2s+1

is a bijection.
Solution: Assume(s;) = g(sz). Then

g(s1)=9(82) = 25+1 = 25+1
— 28, = 25
= T

We have shewn thaf(s;) = g(s2) = s1 = S, and the function is thus injective.

To prove thag is surjective, we must prove thét b € R) (3a) such thag(a) = b. We choose so thata = b%l Then

g(a)—g<b%1> _2(%1)+1_b_1+1_b.

Our choice ofa works and hence the function is surjective.

344 Example Prove that
CR\{1} — R\{1}
t: y x+1
2=
x—1

is a bijection.
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Solution: Assume(a) =t(b). Then

t(a)=t(h) = Z%i = E%i
= (a+1(b-1) = (b+1)(a-1)
— ab—a+b-1 = ab-b+a-1
= 2a = 2b
= a = b

We have proved thafa) =t(b) = a = b, which shews thatis injective.

To prove that is surjective, we must be able to find a solutewith t(a) =y for y # 1. But
a+1 1+y
t(a) =y << aley < ya-y=a+1l <= ya—a=1+y < a= Ty
This last expression makes senseyfet 1 and thug is surjective.

345 Example Prove that

R — R
h:
X — X
is a bijection.
Solution: Assuméa(b) = h(a). Then
h(a)=h(b) = a®=p3
= ad—b*=0

(a—b)(@+ab+b% =0
Now,
)2 3a2

2 2_ a il
b*+ab-+a _(b+2 + T

This shews thah? + ab+ a? is positive unless both andb are zero. Hencb —a = 0 in all cases. We have shewn that
h(b) =h(a) = b=a, and the function is thus injective.

To prove thah is surjective, we must prove thét b € R) (3a) such thah(a) = b. We choose so thata = b%/3. Then
h(a) = h(b"/3) = (b¥3)3 = b.

Our choice ofa works and hence the function is surjective.

346 Example Observe that
R — [0;40]
wo— W

is not injective. Foh(—2) = h(2) = 4 but—2 # 2. The graph oh is a full parabola opening up and in fact, most vertical lines
crossingh meet the parabola at two points.

h:

347 Example If we however restrich in example346to the positive reals, as

[0;40] — [0;4]
W W
thenj is injective. For, it is only the right half of a parabola opanup. We can prove this analytically as follows. Clearly if

j(s) = 0 thens= 0. Assume now thaf(a) = j(b) with a, b positive. Thera? = b® which is to say(a— b)(a+ b) = 0. Since
a,b are positive real numbera+ b > 0. Thereforea— b= 0 which is to saya = b.

j:
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R\ {1} — R
348 Example Prove thatf : x1/3  is injective but not surjective.
X x1/3 -1
Solution: We have
al/3 pl/3
f(a)=f(b) — AB-1  piA1
s all3plB_gagl/3 —  gl/3pl/3_pl/3
— _al/3 = —pl/3
— a = ba

whencef is injective. To prove that is not surjective assume thifx) = b,b € R. Then

1/3
F)=b = —

x1/3_

1

b3
(b—1)%

The expression fax is not a real number whdm= 1, and so there is no reakuch thatf (x) = 1.

Homework

349 Problem Prove thah: R — R given byh(s) =3—sisa
bijection.

350 Problem Prove thagy: R — R given byg(x) = x/3is a
bijection.

351 Problem Prove thatf : R\ {—1} — R\ {1} given by
t(x) = *=L is a bijection
T x+1 ) '

R\{1} — R\{2}
352 Problem Prove thatf : Jox  Issurjective
X X+1
R\{1} - R -
but thatg : ox s not surjective.

X [
X+1

4.4 |nversion

353 Problem Classify each of the following as injective, surjective,
bijective or neither.

O f:RoR, x—x*

R—{1}, x—1

:{1,2,3} - {a,b}, f(1)=f(2)=af(3)=b
[0 400[—= R, X x3

R—R, X—|x

([0;40[— R, X+— —|X|

‘R — [0;40], X+— |X]

O Ooooood
— —h —h = —h —h —h —h

1 [0;4-00[— [0;400[, X+—x*

354 Problem Let f : E — F,g: F — G be two functions. Prove that
if go f is surjective them is surjective.

355 Problem Let f : E — F,g: F — G be two functions. Prove that
if go f is injective thenf is injective.

356 Definition Let A x B C R?. A functionF : A — Bis said to benvertibleif there exists a functiof ~* (called theinverse
of F) suchthaF o F~1 =Id g andF o F = Id A. Hereld sis the identity on the se§function with ruleld s(x) = x.

Consider the functions: {a,b,c} — {x,y,z} andv: {x,y,z} — {a,b,c} as given by diagram.13 It is clear thev undoes
whatevem does. Furthermore, we observe thandv are bijections and that the domainwois the image off and vice-versa.

This example motivates the following theorem.

357 Theorem A function f : A— Bis invertible if and only if it is a bijection.

Proof: Assume first that f is invertible. Then there is a functiod fB — A such that

fofl=Idg and flof=Id . (4.2)
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Let us prove that f is injective and surjective. Ldtlse in the domain of f and such thatsj = f(t). Applying
f~1 to both sides of this equality we gt 1o f)(s) = (f~1o f)(t). By the definition of inverse function,
(f~1of)(s)=sand(f~1of)(t) =t. Thus s=t. Hence {s) = f(t) = s=t implying that f is injective. To
prove that f is surjective we must shew that for eveeyf{A) 3a € A such that fa) = b. We take a= f~(b)
(observe that 1(b) € A). Then fa) = f(f~1(b)) = (f o f ~1)(b) = b by definition of inverse function. This
shews that f is surjective. We conclude that if f is inveetiblen it is also a bijection.

Assume now that f is a bijection. For everglB there exists a unique a such thdgf = b. This makes the rule
g: B — Agiven by gb) = a a function. Itis clearthatg f = Id o and fog=Id g. We may thus take £ = g.
This concludes the proof]

Since by Theorerh3dg (x, f(x)) and(f(x),x) are symmetric with respect to the line=yx, the graph of a
function f is symmetric with its inverse with respect to the = x.

be—\———y v\ p
a X X a
Ce z Ze C

Figure 4.13: A function and its inverse.
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358 Example By Example343

X — 2xX+1

is a bijection. Find the inverse gf

Solution: The graph ddis a line non-parallel to any of the axes. Sirgtg*(x)) = x, we have g~ 1(x) + 1= x. Solving for

Xx—1

g~%(x) we obtaing~1(x) = — The inverse of is thus

71R—>R

93X x—1 -
e -
2
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The graphs ofy (dashed)g ! (solid) and the identity function (dotted) appear in figdre4

359 Example
[0;4+0] — [0;+o]

X X2

f:
has inverse
[0;4+0] — [0;+o]
X — VX .
The graph off (dashed)f 1 (solid) and the ling/ = x (dotted) appear in figuré.15

f1:

360 Example
]—0] — [0;+0o]
g: )
X — X
has inverse
gt [0;+e[ — |—o;0]
X — =X

g~%(x) = —y/x. The graphs of (dashed)g~? (solid) and the ling/ = x appear in figure. 16

361 Example Let

Find the inverse of.
Solution: Sincen(b~1(x)) = x, we have(b~1(x))3 = x. Solving forb~1(x) we obtainb~1(x) = x*/3. The inverse ob is

1 R — R
b™: .
X s xi/3

We will see in Theoren373how to graphb. The graph ob and its inverse appear in figudel?.

362 Example Consider the rule

O Find the natural domain of.
O Find the inverse assignment rule?.
0 Find the image of the natural domain band find the natural domain df 2.

0 Conclude.

Solution:

0 The expression under the square root must be positive. Héneé > 0 and the natural domain js- o; —1[U]1;+oo].
Sincef(—x) = f(x), f is not injective in this natural domain, so in order to find averse, we must restrict the domain
to wheref is injective.
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O Put

y:

1

-1

Observe thay > 0. Now exchang& andy and solve foy:

1
1

Sincey > 0 we choose the plus sign and so

X =

Hence

f1(x

= XY -1)=1= y*=

A X241
y= 2

x2+1
x2

X241
2

0 The expression fof ~1(x) is undefined whem = 0 (notice that it is always positive). Hence the natural dionoé f —*
isR\ {0}. The image of the natural domain bfis, on the other hand;+oo|.

O The function

]1; 400

f:
X

is a bijection with inverse

]0;+oo[

f-1:
X

Homework
363 Problem Let

CR\{-2} — R\{1)
C. X .

X —

X+2

Prove that is bijective and find the inverse of

364 Problem Consider the rule

O Find the natural domain df.
O Find the inverse assignment rufe?.

0 Find the image of the natural domain baind the natural
domain off 1,

0 Conclude.

365 Problem Verify that the functions below, with their domains
and images, have the claimed inverses.

= 05|
o

X —1
— L+

x2+1 -

Assignment Rule| Natural Domain| Image Inverse

Xi— V2 —X ] —0;2] (0400 | x—2-x%
XH\/%( | —;2] ]0;+00] X—2-
w20 R R e 22
Xeogrr | BV R0} | {f1e ]

366 Problem Let f,g,h: {1,2,3,4} — {1,2,10,1993 be given by
f(1)=1,1(2)=21(3)=10,f(4) =19939(1) =g(2) =2,9(3) =
g(4)—1=1h(1)=h(2)=h(3)=h(4)+1=2.

O Is f invertible? Why? If so, what i$ ~1(f (h(4)))?

O Isgone-to-one? Why?

367 Problem Giveng: R — R, g(x) = 2x+8 and
. _ 1 o —1 -
f.R\{*Z}HR\{O},f(X)—mflnd(gOf )(—2).

368 Problem Let f,g: A— Abe invertible. Shew thatog is
invertible and thatf og) ! =g 1o f 1.

]—o0;1] —  [0;4oof | I
369 Problem Prove that : is a bijection
X —  V1-X
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and findt—1.

370 Problem Let f : R — R, f(x) = ax+b. For which parameters
aandbis f = f~1?

371 Problem Prove that ifab# —4 andf : R\ {2/b} — R\ {2/b},

Vo
Vg
\%
Ve
Vs
Vs
V3
V2
Vi

_ 2Xx+a

_f-1
bx_2 thenf = f—-.

f(x)

372 Problem Prove, without using a calculator, that

(CIRE:
£ \\10 10

<95

H1 Hy Hz Hg Hs Hg H7 Hg Hg

Figure 4.18:

Answers

307 o R O R

0 -0 1— V3UJL+ V3;+eo] 0
309 [-2v3;0U[2v3;+of.
310 x€]—o0;1—V3U1+ V3;+eo.

311 They are
| =03 =3[U] - 2;01U]0; 2(]3; +oo]
O ]—3;-2[U]0;2[U]3;+eof

R\{-3,-2,23}

326 o

Probleri72.
O undefined
os
1
95
327 1){-4,-2,0,2,4}2){0,1,4} 3){0,1}. 4){0,2}.
328 (1)13, (2) 5981, (3) 10, (4) 1995
330 1)[0;+]2)[0:23){0}. 4)[2:6.5)\/ V4—xZ ~2. 6)v6—x.
331 1)[0;vZ 2)] ;0 3) [-2:0. 4) {~VZ.v2}. 5) V2T % 6) -\ V2 x2.
V2
333
8
34
335 x=1/3.
336 (fof)(x) =42 a3+t

337 We havef[2] X) =f(x+1) =(Xx+1)+1=x+2, 13 () = f(x+2) = (x+2) + 1=x+3 and so, recursively,
() = x+n.

338 We havef(2] X =f(2x) = 22x, f3 (x) = f(22x) = 23xand so, recursivelyf [n] (x) =2"x.

339 We have ()f12(x) = (foF)(x) = f(F(x) = 11 _xt
1- x
iy 1B = (fofo ) = f(FZx)) = (%) - 17;}1 —x
(iii) Notice that 4] (x) = (f o £13))(x) = £(1138(x)) = £(x) = (1 (x). We see that is cyclic of period 3, that is,
2 = g4 7= £12 = ¢[5] = ¢[8] = (3] = §[6] = £[9 = . Hencef69(x) = f[3(x) =x.
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340 c=-3
352 We must shew that there is a solutiofor the equatiorf (x) =b,b e R\ {2}. Now

2x

f(x)=b = 1o

b
b:>><7ﬂ.

Thus as long ab # 2 there isx € R with f(x) = b. Since there is na such thag(x) = 2 and 2¢ Target(g), g is not
surjective.

353 0 neither,f(—1) = f(1) so notinjective. There is n@with f(a) = —1, so not surjective.
0 surjective,f(1) = f(—1) so not injective.
0 surjective, not injective.
0 injective, as proved in text, there is mavith f(a) = —1, so not surjective.
0 neither|1| = | — 1| so not injective, there is n@with |a| = —1, so not surjective.
0 injective, non-surjective since, say, there isawith —|a| = 1.

0O surjective, non-injective since, say; 1| = |1| but—1# 1.

0 bijective.
363 Sincec(c’l(x)) =X, we haveﬂ = X. Solvin, forc’l(x) we oblair\c’l(x) o= -2+ 2 The
v cIx+2 9 T 1-x 1-x
inverse ofc is therefore
LR - R\(-3
T 2
x - T

364 We have
0 The expression under the cubic root must not be 0. Huﬁc)é 1 and the natural domain &\ {1}.

0 Put

Now exchangex andy and solve fory:

Hence

0 AsxvariesinR\ {1}, the expression% assumes all positive and negative values, but it is never 0.
Vi1
Thusim (f) =R\ {0}. The expression fof’l(x) is undefined whem = 0. Hence the natural domain 6f 1
isR\ {0}.

0 The function

R\{1} - R\l{O)
X —
) X5 -1
is a bijection with inverse
R\{0} - R\ {1}

366 1) Yes,f is a bijection.f ’l(f(h(zl))) =h(4)=1,2)No

367 3

-]

1.2

39 -1 O~

X -
370 Eithera=1,b=0ora= —1 andb arbitrary.

372 The inverse of

‘- [0;-+oo[ — [0;+oo]
’ X Lad X2
is
-1 [0  — [0;4o0]
X [ VX

. . k K L1
In diagram4.1§ each rectangléj has its lower left corner &0, TO)' base,/ 10 and helghtIo. Each rectanglei, has

lower left corner at. %.0}. baseilo and height {%)2. The collective area of these rectangles is

© ((%)2*\/g*<%>2*\/%*(%)Z+\/%+...+(%)Z+\/g)

Since these grey rectangles do not intersect with the gearss on the corners, their collective area is less thaartee

of the unit square minus these smaller squares:: = — . We thus conclude that

%T)’ﬁ) 100

A1\ [T r2N\2 [z 3\2 [3 (932 [9) 95
0{\10) "V1ot\10) "Vot\o) Vot 10 10) = 100°




Chapter

Polynomial Functions

5.1 Power Functions

By a power functiorwe mean a function of the form— x%, wherea € R. In this chapter we will only study the case when
is a positive integer.

If nis a positive integer, we are interested in how to graph X". We have already encountered a few instances of power
functions. Fom = 0, the functiorx — 1 is a constant function, whose graph is the straightyirel parallel to thex-axis. For
n =1, the functiorx — x is the identity function, whose graph is the straight kne x, which bisects the first and third
quadrant. Fon = 2, we have the square functian- x*> whose graph is the parabgla= x> encountered in examplgs3 We
reproduce their graphs below in figufed through5.3for easy reference.

Figure 5.1:x+— 1. Figure 5.2:x — X. Figure 5.3x— X2,

We now deduce properties for the cube function.
373 Theorem (Graph of the Cubic Function) The graph of the cubic function

R — R
X — X

Cube:

is concave fox < 0 and convex fok > 0. x — x° is an increasing odd function ama (Cube) = R.
Proof: Consider
Cube(Aa+ (1—A)b) — ACubega) — (1 — A)Cube(b),

which is equivalent to
(Aa+(1-A)b)—ra’— (1—A)b3,

which is equivalent to
A3—N)a+((1-A)2—(1-2))b2+3A(1—A)ab(Aa+ (1—A)b),

77
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which is equivalent to
—(1=A)A+2)A@3+ (=A3+322-210)b*+3A (1 - A)ab(Aa+ (1—A)b),
which in turn is equivalent to
(1-=MA(=(1+2)a®+ (A —2)b+3ab(Aa+ (1—A)b)).
This last expression factorises as
—A(1-A)(a—b)’(A(a—b)+2b+a).
SinceA (1—-A)(a—b)? > 0for A € [0;1],
Cube(Aa+ (1—A)b) — ACube(a) — (1— A)Cube(b)

has the same sign as
—(A(a—b)+2b+a)=—(Aa+(1—A)b+b+a).

If (a,b) €]0;+o0[? thenAa+ (1—A)b> 0by lemma271and so
—(Aa+(1-A)b+b+a)<0

meaning thaCube is convex for x> 0. Similarly, if (a,b) €] — «;0[? then
—(Aa+(1-A)b+b+a)>0

and so x— x is concave for %> 0. This proves the claim.

AsCube(—x) = (—x)® = —x3 = —Cube(x), the cubic function is an odd function. Since for &

2

— B2 2 _ ayz_ sa
=Db“+ab+b _(b+2) + 7 >0,

Cube(b) — Cube(a) b3-—a3
b—a ~ b-a

Cubeis a strictly increasing function. Also ifg Im (Cube) then there is x R such that X = Cube(x) =y. The
equation y= x> has a solution for every g R and solm (Cube) = R. The graph of x- x> appears in figuré. 7.
O

e W e

Figure 5.4:y:><2. Figure 5.5;y = x4, Figure 5,6:y:><6, Figure 5,7:y:><3. Figure 5.8:y =X°. Figure 5.9 =X’ .

374 Theorem Letn > 2 be an integer anél(x) = xX". Then
o if nis even,f is convex,f is decreasing fox < 0, andf is increasing fox > 0. Also, f(—o) = f(+40) = 400,

e if nis odd,f is increasing{ is concave fox < 0, andf is convex forx > 0. Also, f(—) = —c andf(+o) = +co.




Affine Functions 79

The graphs of = X2, y = x*, y = X8, etc., resemble one other. Fofl < x < 1, the higher the exponent, the flatter the graph
(closer to thex-axis) will be, since
X<l= - <xX¥<x<x¥®<l

For |x| > 1, the higher the exponent, the steeper the graph will besinc
X>1= - >xX>x>x>1

Similarly for the graphs of = x3, y = X%, y = x etc. This information is summarised in the tables below.

f(x)=x" 0
/

f(x) =x" 0

Table 5.2:x+— x", with n > 0 integer and even.
Table 5.1:x+— X", with n > 0 integer and odd.

375 Example Figures5.10through5.12shew a few transformations of the functiors x°.

Figure 5.10y = (x—1)3+1 Figure 5.11;y = |(x—1)3 + 1] Figure 5.12y = (x| - 1)3+1
Homework
376 Problem Draw the following curves. Oy=1[2-x

Oy=xf-1

Oy=2-x° 0y=2-x°

5.2 Affine Functions

377 Definition Let m, k be real number constants. A function of the farm» mx+ k is called araffine functionIn the
particular case thah = 0, we callx — k a constant functionlf, howeverk = 0, then we call the functior— mxalinear
function
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By virtue of Theoreni18 the graph of the function— mx+ ks a straight line. We also know that— mx+ k is strictly
increasing ifm > 0 and strictly decreasingifi< 0. If m# 0 thenmx+ k=0 — x= o meaning thak — mx+k has a

unigue zero (crosses theaxis) atx = —m This information is summarised in the following tables.

k K
X —00 —_— BN X —00 —_— +00
m m
/! N
f(x) = mx+k 0 f(X) = mx+k 0
/ N
Table 5.3:x — mx+k, withm> 0. Table 5.4:x — mx+k, withm< 0.

5.3 Quadratic Functions
378 Definition Leta,b,c be real numbers, with # 0. A function of the form

. R — R
X — al+bx+c

is called aquadratic functiorwith leading coefficiena.

379 Theorem Leta # 0, b, c be real numbers and Izt~ ax? + bx+ c be a quadratic function. Then its graph is a parabola. If

- b . .
a > 0 the parabola has a local minimumxat ~%a and it is convex. Ifa < 0 the parabola has a local maximunxat ~%a
and it is concave.

Proof: Put f(x) = ax’ 4 bx+c. Completing squares,

2 2
al+bx+c = a<x2+2£x+b—> +c—b—

2a°  4a? 4a
_ afxs b\? N dac— b?
B 2a da

. . b _ . dac—b? .
and hence this is a horizontal translaﬂenﬁ units and a vertical translatlor-\T units of the square

function x— x? and so it follows from example75and Theorem&15and226 that the graph of f is a parabola.

Assume first that & 0. Then f is convex, decreases i<f:x—%l and increases if x> —%, and so it has a
. b . . .
minimum at x= 2 The analysis of- f yields the case for & 0, and the Theorem is proved.

The information of Theoreri79is summarised in the following tables.

h2
380 Definition The point(—%, 4aia b ) lies on the parabola and it is called thertexof the paraboly = ax? + bx+c.
The quantityb? — 4acis called thediscriminantof ax? + bx+ c. The equation
—a(x+ 2 2+ 4ac_b"
y= 2a 4a

is called thecanonical equation of the parabolazy ax? + bx+c.
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X 00 b +o0 X 0o b +o00
2a 2a
\ Va f(x) =ax +bx+c 0
f(x) = ax +bx+c 0 Va \
Table 5.5:x — ax2 + bx+c, witha> 0. Table 5.6:x — ax2 4 bx+ ¢, with a < 0.

. . —_ b . .
The parabola x— ax® + bx+- ¢ is symmetric about the vertical Ilne;x—g passing through its vertex.

Figure 5.13: No real zeroes. Figure 5.14: One real zero. Figure 5.15: Two real zeros.

381 Corollary (Quadratic Formula) The roots of the equaticax® + bx+ ¢ = 0 are given by the formula

—b+ vb?2—4ac

ad+bx+c=0 < x=
2a

(5.1)

If a 0,b,c are real numbers ar#f — 4ac= 0, the parabola — ax? + bx+ cis tangent to the&-axis and has one (repeated)
real root. Ifb® — 4ac > 0 then the parabola has two distinct real roots. Finallg?if- 4ac < 0 the parabola has two complex
roots.

Proof: By Theoren879we have

( b )2 4ac—b?
alt+bxt+c=a(x+- | +——,
2a 4a
and so 5 ,
ax+bx+c=0 <= x+£ _ b*—dac
2a 4a2
b vb% —4ac
= Xt —-—=ft—7—
2a 2|3
—b+vb?—-4ac
X= —m——,
2a
where we have dropped the absolute values on the last lireisedhe only effect of havinga0 is to change
from=+ to F.

If b2 — 4ac= 0 then the vertex of the parabola is ét— %, O) on the x-axis, and so the parabola is tangent there.

Also, x= % would be the only root of this equation. This is illustratadigure5.14
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b—vb%—4ac and —b+ vb?—4ac
2a

If b2 — 4ac> 0, theny/b? — 4ac is a real numbesz 0 and so— %2

numbers. This is illustrated in figue 15

are distinct

. —b—vb? -4 —~b+vb2—4
If b2 — 4ac < 0, then/b? — 4ac is a complex numbet 0 and so %2 ac and + 2 ac are

distinct complex numbers. This is illustrated in figéré3 0

If a quadratic has real roots, then the vertex lies on a linessing the midpoint between the roots.

382 Example Consider the quadratic functidiix) = x> — 5x + 3.

O Write this parabola in canonical form and hence find O Find thex-intercepts ang-intercepts off.
the vertex off. Determine the intervals of

monotonicity off and its convexity. 0 Graphy = f(x),y = [f(x)|, andy = f([x]).

O Determine the set of real numbetfor which f (x) > 0.

Solution:

O Completing squares

7

5\%2 13
2

y=x>—5x+3= (x——
From this the vertex is 5
2" 4

. . 5 .
will be decreasing for < > andf is concave for all real values &f

13 . . . : - . . . 5 .
—>. Since the leading coefficient dfis positive,f will be increasing fox > > and it

0 Forx=0, f(0) = 0> —-5-0+3= 3, and hencg = f(0) = 3 is they-intercept. By the quadratic formula,

~(-5)£V(-52-4(1)(3) _ 5+ V13

f(X) =0 <= x*—5x+3=0 <= x=

2(1) 2
Observe thatS_Zﬂ ~ 0.697224362 ang‘LT\/l_3 ~ 4.302775638.
O The graphs appear in figurésl6through5.18
O From the graph in figurd.16 x2 — 5x+ 3 > 0 for valuesx € } —o00; _2 [ orxe } +2\/1—3 ;oo [

Figure 5.167y = x* — 5x+ 3 Figure 5.17yy = x> — 5x+ 3| Figure 5.18:y = |x|° — 5|x| +3
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383 Corollary If a# 0,b,c are real numbers andlif — 4ac < 0, thenax? + bx+ ¢ has the same sign as

Proof: Since

2a 432

2 R2
ax2+bx+c_a<(x+£) +m>,

b

2 _ R2
and4ac—b? > 0, <(x+—) +m

432

% ) > 0 and so aX+ bx+ ¢ has the same sign as @.

384 Example Prove that the quantity(x) = 2x? + x+ 1 is positive regardless of the valueof

Solution: The discriminant is?- 4(2)(1) = —7 < 0, hence the roots are complex. By Coroll&83 since its leading
coefficient is 2> 0, q(x) > 0 regardless of the value gf Another way of seeing this is to complete squares and ntitee
inequality

2P+ x+1=2 x+} 2+ > 7
N 4 -8

2
since (x+ %) being the square of a real numberzi®.

By Corollary381, if a# 0,b,c are real numbers andtif — 4ac+# 0 then the numbers

; _ —b—+vb?—4ac and . _ —b+vb?—4ac
1= 2a 2= 2a

any quadratic can be written in the form
, bx ¢ 5
a4+ bx+c=a(x*+ = 73)" a(x® — (r +r2)X+r1rz) = a(x—ry)(x—ro).
We calla(x —r1)(x—r,) afactorisationof the quadrati@x’ + bx+-c.

385 Example A quadratic polynomiap has 14 /5 as roots and it satisfigg 1) = 2. Find its equation.

Solution: Observe that the sum of the roots is
r1+rp= 1-vV5+1+v56=2

and the product of the roots is

rro=1-v51+v5) =1-(vV5?=1-5=—-41

Hencep has the form
P(x) = a (X — (ry+r2)x+r1r2) = a( — 2x— 4).

Since
2=p(1) = 2=2a(1*-2(1)-4) = a=-=

the polynomial sought is

1As a shortcut for this multiplication you may wish to recietifference of squares identitya — b)(a+b) = a® — b2.
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Homework

386 Problem Let
Ry ={(xy) eR%y>x -1},

Ro={(xy) € R?x® +y? < 4},
Rs = {(x,y) € R%ly < —x% +4}.
Sketch the following regions.
0 Ri\Rp
0O RiNR3
0 Re\Ry
0O RiNR

387 Problem Write the following parabolas in canonical form,
determine their vertices and graph themy(@ x2 + 6x+9, (ii)
y =x% + 12+ 35, (iii) y= (x—3)(x+5), (iv) y = x(1—x), (V)
y =24 —12x+23, (vi)y = 3 —2x+ §, (vi)) y = $x% +2x+13

388 Problem Find the vertex of the paraboje= (3x—9)2 —9.

389 Problem Find the equation of the parabola whose axis of
symmetry is parallel to thg-axis, with vertex af0, —1) and passing
through(3,17).

390 Problem Find the equation of the parabola having roots at
x= —3 andx = 4 and passing througf®, 24).

391 Problem Let 0< a,b,c < 1. Prove that at least one of the
productsa(1—b),b(1—c),c(1—a) is smaller than or equal t%).

392 Problem An apartment building has 30 units. If all the units 4
inhabited, the rent for each unit is $700 per unit. For evenpty
unit, management increases the rent of the remaining ®bgr#25.
What will be the profitP(x) that management gains wheuinits are
empty? What is the maximum profit?

393 Problem Find all real solutions tix? — 2x| = |x% +1].

394 Problem Find all the real solutions to

395 Problem Solvex® — x2 —9x+9=0.

396 Problem Solvex® — 2x2 — 11x+ 12 =0.

397 Problem Find all real solutions ta® — 1 = 0.

398 Problem Solve 9+ x4 = 10x 2.

399 Problem Find all the real values of the parametdor which
the equation ix

t2x— 3t = 81x— 27

has a solution.

400 Problem The sum of two positive numbers is 50. Find the
largest value of their product.

401 Problem Of all rectangles having perimeter 20 shew that the
square has the largest area.

402 Problem An orchard currently has 25 trees, which produce 600

fruits each. Itis known that for each additional tree pldntae
production of each tree diminishes by 15 fruits. Find:

O the current fruit production of the orchard,

0 aformula for the production obtained from each tree upon

\re plantingx more trees,

a formulaP(x) for the production obtained from the orchard
upon planting< more trees.

production?

2
403 Problem PointsA, B, andC are on the paraboka= x as

shown in figure5.19. If AABCis equilateral, determine the

(P+2x—3)2=2.

x-coordinate of poinB.

C\

/B

Figure 5.19:

Problem03.

How many trees should be planted in order to yield maximum
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5.4 Polynomials

5.4.1 Roots

In sectionss.2and5.3we learned how to find the roots of equations (in the unkneyaf the typeax+b =0 and
ax’ + bx+c= 0, respectively. We would like to see what can be done for sopsmwhere the power ofis higher than 2. We
recall that

404 Definition A polynomial gx) of degreen € N is an expression of the form
p(x) =anx"+an1x" 1+ +ax+a,  an#0,  aER,

where theay are constants. If tha, are all integers then we say thahas integer coefficients, and we wrjtéx) € Z[x]; if the
a are real numbers then we say tipetas real coefficients and we wrigx) € R[x]; etc. The degree of the polynomials
denoted by dep. The coefficient, is called thdeading coefficiendf p(x). A rootof pis a solution to the equatignx) = 0.

405 Example Here are a few examples of polynomials.
. . . - 1 .
e a(x) = 2x+ 1€ Z[x], is a polynomial of degree 1, and leading coefficient 2. It)has—z as its only root. A
polynomial of degree 1 is also known asaffine function

e b(x) = m+x— /3 € R[], is a polynomial of degree 2 and leading coefficienBy the quadratic formula has the

two roots
M s V1+4m/3 X_ -1-v/1+4m/3
N 21 B 21 '

and

A polynomial of degree 2 is also calledj@adratic polynomiabr quadratic function

e C(x) = 1=1-X°, is a constant polynomial, of degree 0. It has no roots, siriseever zerg.

406 Theorem The degree of the product of two polynomials is the sum oftthegrees. In symbols, f§,q are polynomials,
degpq= degp+ deqg.

Proof: If p(X) = anX"+aq_1X"" 1+ --- +ayx+ ag, and qX) = byX™ 4 b1 XML+ - - - 4 byx+ b, with a, # 0
and by, # 0 then upon multiplication,

P(X)q(X) = (@nX"+ an_ X"+ - + agx+ @) (byX™ + by 1X™ L -+ byx 4 bo) = anbpX™ " - 4
with non-vanishing leading coefficientla,. O

407 Example The polynomialp(x) = (14 2x+ 3x%)*(1— 2x?)° has leading coefficient'8—2)°> = —2592 and degree
3:-4+2-5=22.

408 Example What is the degree of the polynomial identically equal to 0P?x) = 0 and, sayg(x) = x+ 1. Then by
Theorem406we must have degg = degp+ degg = degp+ 1. But pgis identically 0, and hence degy= degp. But if degp
were finite then

degp=degpg=degp+1 = 0=1,

nonsense. Thus the 0-polynomial does not have any finiteedegive attach to it, by convention, degree.

409 Definition If all the roots of a polynomial are i (integer roots), then we say that thelynomial splits or factors over
Z. If all the roots of a polynomial are i (rational roots), then we say that thelynomial splits or factors ove®. If all the
roots of a polynomial are it (complex roots), then we say that thelynomial splits (factors) ovet.

SinceZ ¢ Q c R ¢ C, any polynomial splitting on a smaller set immediatelytspdver a larger set.

2The symbok= is read “identically equal to” and it means that both expmessare always the same, regardless of the value of the jrgpameter.
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410 Example The polynomial (x) = x> — 1 = (x— 1)(x+ 1) splits overZ. The polynomialp(x) = 4x? — 1= (2x— 1)(2x+1)

splits overQ but not overZ. The polynomiab(x) = x2 — 2 = (x— v/2)(x+ v/2) splits overR but not overQ. The polynomial

r(x) =x?+4 1= (x—i)(x+1i) splits overC but not oveiR. Herei = /1 is the imaginary unit.

5.4.2 Ruffini’'s Factor Theorem

411 Theorem (Division Algorithm) If the polynomialp(x) is divided bya(x) then there exist polynomiatgx), r (x) with
P(X) = a(x)a(x) +r(x) (5.2)

and 0< degree (x) < degreea(x).

412 Example If x> +x*+ 1 is divided byx? + 1 we obtain
XX 4+1=(C+x—x—1)(C+1)+x+2,

and so the quotient ig(x) = x>+ x? — x— 1 and the remainder igx) = x + 2.
413 Example Find the remainder whefx + 3)° + (x+ 2)8 4 (5x+ 9)19%7is divided byx + 2.

Solution: As we are dividing by a polynomial of degree 1, tamainder is a polynomial of degree 0, that is, a constant.
Therefore, there is a polynomia{x) and a constantwith

(X+3)°+ (x+2)8+ (5x+9)199 = q(x) (x+ 2) +r
Lettingx = —2 we obtain
(=2+43)°+ (-2+2)8+(5(-2) + 919" =q(-2)(-2+2) +r=r.

As the sinistral side is 0 we deduce that the remaindeD.

414 Example A polynomial leaves remainder2 upon division by — 1 and remainder-4 upon division byx+ 2. Find the
remainder when this polynomial is divided &+ x — 2.

Solution: From the given information, there exist polynatsgy (x), g2(x) with p(x) = g1(x)(x—1) — 2 and

P(X) = ga(X)(X+2) — 4. Thusp(1) = —2 andp(—2) = —4. As x>+ x— 2 = (x— 1)(x+2) is a polynomial of degree 2, the
remainder (x) upon dividingp(x) by x? +x — 1 is of degree 1 or smaller, thatrigx) = ax+ b for some constants b which
we must determine. By the Division Algorithm,

p(X) = q(X) (X +x— 1) +ax+b.
Hence
—2=p(l)=a+b
and
—4=p(-2)=—-2a+h.
From these equations we deduce that 2/3,b = —8/3. The remainder sought is

2 8
r(x):gx—g.

415 Theorem (Ruffini's Factor Theorem) The polynomialp(x) is divisible byx — aif and only if p(a) = 0. Thusifpis a
polynomial of degre@, thenp(a) = 0 if and only if p(x) = (x— a)q(x) for some polynomiat) of degreen— 1.

Proof: As x—a s a polynomial of degreg, the remainder after diving () by x— a is a polynomial of degre@,
that is, a constant. Therefore

p() =a(x)(x—a)+r.
From this we gather that (@) = g(a)(a— a) +r =r, from where the theorem easily follows.
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416 Example Find the value of so that the polynomial
t(x) = x> —3ax + 2

be divisible byx+ 1.

Solution: By Ruffini’s Theoremd 15 we must have

417 Definition Letabe a root of a polynomigb. We say that is a root ofmultiplicity mif p(x) is divisible by(x—a)™ but
not by (x —a)™ 1. This means thap can be written in the fornp(x) = (x — a)™q(x) for some polynomiatj with g(a) # 0.

418 Corollary If a polynomial of degrea had any roots at all, then it has at masbots.

Proof: Ifit had at least nt 1 roots then it would have at leastinl factors of degred and hence degreen1 at
least, a contradiction(]

Notice that the above theorem only says that if a polynon@aldny roots, then it must have at most its degree number of
roots. It does not say that a polynomial must possess a rbat.all polynomials have at least one root is much more difficu
to prove. We will quote the theorem, without a proof.

419 Theorem (Fundamental Theorem of Algebra)A polynomial of degree at least one with complex number caoieffits
has at least one complex root.

The Fundamental Theorem of Algebra implies then that a pohyal of degree n hasxactlyn roots
(counting multiplicity).

A more useful form of Ruffini’s Theorem is given in the follavg corollary.

420 Corollary If the polynomialp with integer coefficients,
p(x) = anX"+an_1x" T+ +arx+ao.

has a rational roo§ cQ (herefS is assumed to be in lowest terms), thethividesag andt dividesay,.

Proof: We are given that

0=p(3) =0 (5 ) +ana (G ) o) e
Clearing denominators,
O0=ans"+a, 18" Mt +---+ast" L+ agt".
This last equality implies that
—agt" =s(ans" 4 an 18"t 4 gt Y.

Since both sides are integers, and since s and t have no faictcommon, then s must dividg &Ve also gather
that
—ans =t(an_18" 1+ Fagst" 2 +at" ),

from where we deduce thatt dividgg aoncluding the proofl]

421 Example Factorisea(x) = x3 — 3x— 5x° + 15 overZ|x] and overR[x].
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Solution: By Corollary42Q if a(x) has integer roots then they must be in the{set, 1, —3,3,—5,5}. We test
a(+1),a(+3),a(+5) to see which ones vanish. We find tlaé6) = 0. By the Factor Theorem,— 5 dividesa(x). Using long
division,
X2 -3
x—5) x3—5x*—3x+15
—x34+5x2
—3x+15
3x—15
0

we find

a(x) = x> —3x— 5%+ 15= (x— 5)(x* — 3),
which is the required factorisation ov&fx]. The factorisation oveR[x] is then

a(x) = x° —3x— 52+ 15= (x—5)(x— V/3) (x+ V/3).

422 Example Factoriseb(x) = x° — x* — 4x+ 4 overZ[x] and overR[x].

Solution: By Corollary420, if b(x) has integer roots then they must be in the{set, 1, —2,2, —4, 4}. We quickly see that
b(1) =0, and so, by the Factor Theorexs; 1 dividesb(x). By long division
¥ 4
x—1) X —x*—4x+4
— x>+ x4
—4x+-4
Ix—4
0

we see that
b(x) = (x—1)(X* —4) = (x—1)(x* — 2)(* 4 2),

which is the desired factorisation ovgx|. The factorisation oveR is seen to be
b(X) = (x— 1)(x— V2) (x+ vV2) (¢ +2).

Since the discriminant of + 2 is —8 < 0, x? + 2 does not split oveR.

423 Lemma Complex roots of a polynomial with real coefficients occucamjugate pairs, that is, i is a polynomial with
real coefficients and ifi+ vi is a root ofp, then its conjugatea — vi is also a root fop. Herei = v/—1 is the imaginary unit.

Proof: Assume
P(X) = ag+ agx+ -+ -+ anX"

and that gu+ vi) = 0. Since the conjugate of a real number is itself, and conjiegas multiplicative (Theorem
795, we have

0 =0
= p(u+vi)
= agt+a(u+Vvi)+---+ap(u+vi)"

= &+ay(utVi)+ - +a(utviP
= ag+ai(u—Vvi)+---+an(u—vi)"
= p(u—vi),

whence u-viis also a root.l]
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Since the complex pair root+ vi would give the polynomial with real coefficients
(X—U—Vi)(X— U+ Vi) = X% — 2ux+ (U2 +V?),

we deduce the following theorem.

424 Theorem Any polynomial with real coefficients can be factored in tbenf
AX—r1)™(x—12)M2 - (x— 1 )™ (3 + agx+ by )™ (2 + apx 4 bo)"2 - - (3 + ax+by)™,

where each factor is distinct, time, [ are positive integers aril r;, a;, b; are real numbers.

Homework

425 Problem Find the cubic polynomiap having zeroes at be divisible byx+4..
x= —1,2,3 and satisfyingp(1) = —24.

431 Problem Let f(x) = x* +x3+x2 +x+ 1. Find the remainder
426 Problem How many cubic polynomials with leading coefficightvhen f (x°) is divided byf (x).
—2 are there splitting in the sét, 2, 3}?

432 Problem If p(x) is a cubic polynomial with
427 Problem Find the cubic polynomiat having aroot ok=1,a | p(1) =1,p(2) =2, p(3) = 3, p(4) =5, find p(6).
root of multiplicity 2 atx = —3 and satisfying(2) = 10.

433 Problem The polynomialp(x) satisfiesp(—x) = —p(x). When
428 Problem A cubic polynomialp with leading coefficient 1 p(x) is divided byx — 3 the remainder is 6. Find the remainder when
satisfiesp(1) = 1, p(2) = 4, p(3) = 9. Find the value op(4). p(x) is divided byx2 —9.

429 Problem The polynomialp(x) has integral coefficients and | 434 Problem Factorised + 3x2 — 4x+ 12 overZ[x|.
p(x) = 7 for four different values ok. Shew thatp(x) never equals

14. .
435 Problem Factorise 8* + 13x® — 372 — 117+ 90 overZ|x.

430 Problem Find the value of so that the polynomial ) )
436 Problem Find a, b such that the polynomia® + 6x2 + ax+b

t(x) =x> - 3ad +12 be divisible by the polynomiat? + x— 12.

5.5 Graphs of Polynomials

We start with the following theorem, which we will state wotlit proof.
437 Theorem A polynomial functionx — p(x) is an everywhere continuous function.

438 Theorem Let p(x) = apx"+ a1 X" 14+ 4ax+ag a,#0, be a polynomial with real number coefficients. Then

p(—o) = (signum(@n))(—1)"o,  p(+o0) = (signum(ay))ee.

Thus a polynomial of odd degree will have opposite signs &ues of large magnitude and different sign, and a polynbmia
of even degree will have the same sign for values of large madmand different sign.

Proof: If x## Othen

_ a;
P(X) = axX" +an X" 1 - ax+ ag = anx” (1+%+---+an1 +%) ~ anx",

since as x— +oo, the quantity in parenthesis tendst@nd so the eventual sign ofyp is determined by &",
which gives the result]

439 Corollary A polynomial of odd degree with real number coefficients alsvaas a real root.
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Proof: Since a polynomial of odd degree eventually changes sigoe i is continuous, the corollary follows
from Bolzano’s Intermediate Value Theor@gt O

We now consider polynomials with real number coefficients @rat split inR. Such polynomials have the form
P(X) = a(x—r1)™(x—r2)™ - (x— 1),
wherea # 0 and the; are real numbers and thg > 1 are integers. Graphing such polynomials will be achiewereEerring
to the following theorem.
440 Theorem Let a # 0 and therj are real numbers and ting be positive integers. Then the graph of the polynomial
P(X) = a(x—ry)™ (x—12)™ - (x— 1),
e crosses th&-axis atx = r; if my is odd.
e is tangent to the-axis atx = r; if my is even.

e has a convexity change at=r; if my > 3 andm is odd.

Proof: Since the local behaviour of(y) is that of ¢x—r;)™ (where c is a real number constant) nearthe
theorem follows at once from our work in sectiod. O

Figure 5.20y = (x+2)x(x—1). Figure 5.21y = (x+ 2)3><2(1—Zx). Figure 5.22y = (x+z)2x(1—x)z.

441 Example Make a rough sketch of the graphyf (x+ 2)x(x— 1). Determine where it achieves its local extrema and
their values. Determine where it changes convexity.

Solution: We havep(x) = (x+2)x(x— 1) ~ (X) -X(x) = X3, asx — +o0. Hencep(—) = (—»)3 = —w and
p(4) = (+00)2 = +o0. This means that for large negative valuex ttie graph will be on the negative side of traxis and
that for large positive values afthe graph will be on the positive side of th@xis. By Theorem4( the graph crosses the
x-axis atx = —2,x =0, andx = 1. The graph is shewn in figue2Q

442 Example Make a rough sketch of the graphyof (x+ 2)3x?(1 — 2x).

Solution: We havéx+ 2)3x?(1— 2x) ~ x3- x?(—2x) = —2x8. Hence ifp(x) = (x+ 2)3x?(1— 2x) then

p(—00) = —2(—)® = —o0 andp(+o0) = —2(4)® = —e0, which means that for both large positive and negative wai
the graph will be on the negative side of traxis. By Theoren#40, in a neighbourhood of = —2, p(x) ~ 20(x+ 2)3, so the
graph crosses theaxis changing convexity at= —2. In a neighbourhood of @(x) ~ 8x? and the graph is tangent to the
x-axis atx = 0. In a neighbourhood of = % p(x) ~ §(1 — 2x), and so the graph crosses thaxis atx = % The graph is

e 16
shewn in figures.21

443 Example Make a rough sketch of the graphyof= (x+ 2)2x(1 — x)2.
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Solution: The dominant term @k + 2)2x(1 — x)? is x? - x(—x)2 = x°. Hence ifp(x) = (x+2)?x(1— x)? then

p(—) = (—00)° = —00 andp(+o) = (+)° = 400, which means that for large negative values ttie graph will be on the
negative side of thg-axis and for large positive values wthe graph will be on the positive side of tiiaxis. By Theorem
440, the graph crosses thxeaxis changing convexity at= —2, it is tangent to the-axis atx = 0 and it crosses theaxis at

x= 3. The graph is shewn in figute22
Homework

444 Problem Make a rough sketch of the following curves: (i) y=—x2(x—1)(x+2)(x—3)3.
y=(x=1) (i) y= (1-x)3, (iii) y = (x=1)(x~2), (V)
y=(1-x)(x=2)% (V) y=(1-%)>(x~2), (vi) y= (x~1)*(2~x), ial in fi

(il) y = (X— 1) (X—2)(X—3), (viil) y = (X— 1) (x—2)(3—X) 446DPr;zltZTm'il'nr;:)Oc;Iynomlal in figuré.23has degree 4.

O Find the equation op(x).

445 Problem Sketch the graphs of the following curves: (i) : _
Y= (x—1)(x—22(x—3), 0 Fndp(—3).
(ii) y = x2(x— 1)2(x+1)4, (iii) y = x(x— 1)3(x+5)° (iv) 0 Find p(2).

|

Figure 5.23: Problem46.

Answers

387 ()y= (x+3)2 vertex at(—3,0), (i) y = (x+ 6)2 — 1 vertex at(—6, —1), (iii) y = (x+ 1)2 — 16, vertex a{—1,-16) 394 We have
(V) y=—(x— %)2+ % vertex at(%. %) Vy= 2(><—3)2+5, vertex at(3,5), (vi) 3(x— %)2+ g vertex at(%. ‘g)

02 +2x—3=2) or (@ +2x—3=—/2)

(Vi) y = %(x+5)2+8,venex af-5,8) Rx-32=2 =

= 02 +2x—3—2=0) or (% +2x—3+/2=0)
388 (3,-9) ( —24/4-4(-3- ﬂ))

= X=—r

2
389 y=22 -1
—24\/4-4(-3+V2)
390 y=—2(x+3)(x—4) or{x= 2
1 1 1 - w_ ~2:V16+4/2
391 Observe that(1—x) = e (x— 5)2 < i and that foix € [0,1],0< x(1—x). Thus if all these products are % n 2
we oblain[li3 <a(l-b)b(l-c)c(l-a)=a(l-a)b(l-b)c(l-c)< 4% , a contradiction. Thus one of the products or (x = —2+V16-4v2 ‘:2“574‘/2)
1

must be< 7. = (x=-1xVarV2)or(x=-1£V4—2).

2.
392 P(x) =21025-25(x—1)%; $21025 —
09 ( ) Since each of 4 /2 > 0, all four solutions found are real. The set of SO|UUOn%+§li Va+t \/2} .

393 We have
-2 =p2+1 =  P-x=x+1or(Z+2x=—2 1) 395
— (cx-1=0)or (221 2x+1=0) KB -x+9=0 = P(x-1)-9x-1)=0
= (x:—}>or(x:—}ii>. = (x=1(-9)=0
2 272 = x-Dx-3)(x+3)=0
= xe{-3,1,3}.

whence the solution set i%— % } .
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396
3332 X2 4 x—12%412=0

X2 (x—1) —x(x—1) —12(x—1) =0
(x=1)(@ -x-12)=0
(X=1)(x+3)(x—4) =0
xe{-3,1,4}.

B -22 ~11x+12=0

trres

397 X3-1= (x— 1)()(2 +x+1). If x# 1, the two solutions ta? +x+ 1 =0 can be obtained using the quadratic
formula, gettingc= 1/2+iv/3/2. There is only one real solution, namely- 1.

398 Observe that
X410 249=(x 2 -9)(x2-1).

Thusi =9 andi =1, whencex= + 1 andx=+1.
2 2 3

399 Rearranging,

(t2 - 81)x=3(t—9) = (t—9)(t+9)x=3(t—9). (5.3)

If t =9, (5.3 becomes 6= 0, which will be true for all values of. If t = —9, (5.3) becomes 6= —54, which is clearly
nonsense. If ¢ R\ {—9,9},then

Y 3
T t+9

is the unique solution to the equation.

400 Letxand 50~ x be the numbers. We seek to maximise the pro&et = x(50— x). But
P(X) = 50x— X2 = —(x2 — 50x) = —(x2 — 50x+ 625) + 625= 625— (x— 25)2. We deduce tha®(x) < 625 as the square
of any real number is always positive. The maximum produtitis 625 occurring when= 25.

401 If b,hare the base and height, respectively, of the rectanglie whehave 26= 2b+ 2hor 10= b+ h. The area of the
rectangle is theA(h) = bh= h(10—h) = 10h— h2=25- (h— 5)2, This shows thaf(h) < 25, and equality occurs when)|
h=5. In this caseb = 10— h=5. The height is the same as the base, and so the rectanglengieddiximum area is a
square.

402 0 The current production is 26600= 15000 fruits.

O If xmore trees are planted, the production of each tree will fe-6TBx.

0 LetP(x) be the total production after plantimgnore trees. Then
P(x) = (25+X)(600— 15x) = —152 +225¢-+15000 A good function modelling this problem is

{x€ N|x> 25} — N
—15@ 4+ 225+ 15000

X —

This model assumes that the amount of trees is never fewe2tha
0 We maximiseP(x) = —15x2 + 225+ 15000= 15000 15(x2 — 15x) = 1584375 — 15(x— 7.5)2. The

production is maximised if either 7 or 8 more trees are adibedhich case the production will be
1584375 15(7 — 7.5)2 = 15840 fruits.

425 Such polynomial must have the forpfx) = a(x+ 1)(x— 2)(x— 3), and so we must determirse But

—24=p(1) = a(2)(~1)(~2) = 4a. Hencea = —6. We thus findp(x) = —6(x+1)(x—2)(x—3).

426 There are ten such polynomials. They aggx) = —2(x— 1)3, p2(x) = —2(x—2)3, p3(x) = —2(x—3)3,
Pa() = ~2(x- 1)(x~2)2, p5(x) = ~2(x~ D2 (x~2), Ps(x) = ~2(x~ 1)(x~3)2, p7(x) = ~2(x~ D2 (x~3),
Pg(¥) = —2(x—2)(x—3)2, pg(x) = ~2(x—2)2(x~3), pyo(¥) = ~2(x—1)(x~2)(x~3).

427 This polynomial must have the forofx) = a(x— 1)(x+ 3)2. Now 10=c¢(2) =a(2—1)(2+ 3)2 = 25a, whence
a=g. The required polynomial is thugx) = 5 (x—1)(x+ 3)2.

428 Putg(x) = p(x) — x2. Observe thag is also a cubic polynomial with leading coefficient 1 and i) = O for
x=1,2,3. This means thaj(x) = (x— 1)(x—2)(x— 3) and hence(x) = (x—1)(x—2)(x—3) +x2. This yields
P4 = (3(D(1)+42 =22

429 The polynomiaby(x) = p(x) — 7 vanishes at the 4 different integer valizeb, ¢, d. In virtue of the Factor Theorem,
g(x) = (x—a)(x—b)(x—)(x—d)q(x),

whereq|(x) is a polynomial with integral coefficients. Suppose th@f = 14 for some integer. Then
g(t) = p(t) - 7=14—7=7. Itfollows that

7=g(t) = (-2t - b)(t o)t~ d)q(),

thatis, we have factorised 7 as the product of at least 4rdiffdactors, which is impossible since 7 can be factorised a
7(—1)1, the product of at most 3 distinct integral factors. Frois tontradiction we deduce that such an intég#wes not
exist.

430 By the Factor Theorem, we must have
0=t(—4) = (~4)3 —3a(-4)% +40
= 0=-24-48a
431 Observe thaf (x)(x—1) = x° — 1 and
f(xs) =x20 1154 5x10,5 11— (xzo—1)+(x15—1)+(x10—1)+(x5 —1)+5.
Each of the summands in parentheses is divisiblerby 1 and, a fortiori, byf (x). The remainder sought is thus 5.
432 Putg(x) = p(X) —x, thenp(6) = 16.
434 (x—2)(x+2)(x—3)
435 (x—3)(x+3)(x+5)(3x—2)

436 a=-7,b=-60
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Rational Functions and Algebraic Functions

6.1

Inverse Power Functions

. . : . 1 . .
We now proceed to investigate the behaviour of functionbetypex — —, wheren > 0 is an integer.

447 Theorem Letn > 0 be an integer. Then

e if nis evenx— v is increasing fox < 0, decreasing fox > 0 and convex for alk # 0.

o 1. .
e if nis odd,x+— v is decreasing for alt = 0, concave fok < 0, and convex fok > 0.

Thusx — v has a pole of ordaratx = 0 and a horizontal asymptoteat 0.

L

Figure 6.1: X —

Figure 6.2: x —
1

x2

. 1
Figure 6.7:x — 1 1

Figure 6.3: x —
1

x3

1

Figure 6.4: X —
1

. ] 1
Figure 6.8:x — ‘m — 1‘

. 1 i
448 Example A few functionsx — o are shewn in figure8.1through6.6.

93

L
|

Figure 6.5: X — Figure 6.6: X —
1 1

x5 X6

. 1
Figure 6.9 x+— ——— —1
d TNt
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. . 1
449 Example Figures6t.7through6.9shew a few transformations gf— "

6.2 Rational Functions
p(x)

450 Definition By arational function x— r(x) we mean a function whose assignment rule is of thgx) = a9’ where
p(x) andq(x) # 0 are polynomials.

We now provide a few examples of graphing rational functigxisalogous to theorem40, we now consider rational

p(x)

functionsx — r(x) = —— wherep andq are polynomials with no factors in common and splittindRin

a(x)

451 Theorem Let a # 0 and therj are real numbers and tig be positive integers. Then the rational function with
assignment rule
(x— 80)™ (x— 8g)™ - (x— &)™

rx) =K (x—bg)M(x—bp)n2--- (x—ly)™m ’

e has zeroes at= & and poles ak = b;.

e crosses the-axis atx = g if my is odd.

e is tangent to the-axis atx = g if my is even.

e has a convexity change &t g if my > 3 andm; is odd.

e bothr(b;—) andr(bj+) blow to infinity. If nj is even, then they have the same sign infinifyg+) = r(bj—) = + or
r(bi+) =r(bj—) = —oo. If nj is odd, then they have different sign infinity(b;+) = —r(bj—) = 4 or
r(bi+) = —r(bi—) = —o00,

Proof: Since the local behaviour ofx) is that of dx — r;)% (where c is a real number constant) nearthe
theorem follows at once from Theor&m4and447. O

(x—1)%2(x+2)
452 Example Draw a rough sketch of— XTD=27
(x—1)2(x+2)
(X+1)(x—2)2
x—1,r(x) ~ E(X_ 1), hence the graph afis tangent to the axes, and positive, aronre2. Asx — —2,

Solution: Putr(x) = . By Theorem451, r has zeroes at= 1, andx= —2, and poles at= —1 andx = 2. As

r(x) ~ —1—96(x+ 2), hence the graph afcrosses the-axis atx = —2, coming from positivg-values on the left ok= —2 and

going to negativg=values on the right af = —2. Asx — —1,r(x) ~ , hence the graph afblows to—oo to the left

4
9(x+1)

of x=—1 and to+oo to the right ofx = —1. Asx — 2,r(X) ~ ﬁ hence the graph afblows to+o both from the left

2 3
9~ g = =

and hence has the horizontal asymptoge= 1. The graph of can be found in figuré.1Q

and the right ok = 2. Also we observe that

(x—3/4)%(x+3/4)?

453 Example D h sketch of
xample Draw a rough sketch ot = 7~y )

(x—3/4)%(x+3/4)% _ _ .
D=1 First observe that(x) = r(—x), and sa is even. By Theorem51, r has zeroes at
36

X= ig, and poles at = +1. Asx — 7 r(x) ~ —7(x— 3/4)2, hence the graph ofis tangent to the axes, and negative,

Solution: Putr(x) =
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- ) 3 49
aroundx = 3/4, and similar behaviour occurs arouxe: -7 Asx— 1,r(X) ~ 51— 1) hence the graph afblows to
—oo to the left ofx = 1 and to+ to the right ofx = 1. Asx — —1, r(x) ~ _ﬁgl)’ hence the graph afblows to+o to
the left ofx = —1 and to—o to the right ofx = —1. Also, asx — +oo,
2(y)2
r(X) ~ (X) (X) *XZ,
(%)

Homework

454 Problem The rational functiorg in figure 6.12has only two
simple poles and satisfiggx) — 1 asx — +0. You may assume
that the poles and zeroesa#re located at integer points.

1. Findq(0).
2. Findq(x) for arbitraryx.
3. Findq(-3).

6.3 Algebraic Functions

Figure 6.11: X

Figure 6.10X — (x=17%(x+2) (x—3/4)?(x+3/4)?
(X+1)(x—2)2 B T e

(x+1)(x—1)

Figure 6.12: Problem54.

4. Find lim__». q(x).

455 Problem Find the condition on the distinct real numberb, c

(x—a)(x—Db)
X—C

real values ok. Sketch two scenarios to illustrate a case when the

such that the functior — takes all real values for

condition is satisfied and a case when the condition is nisifieat.

456 Definition We will call algebraic functiora function whose assignment rule can be obtained from anatfanction by

a finite combination of additions, subtractions, multigtions,

457 Theorem Let |g| > 2 be an integer. If

divisions, exponentiations to a rational power.

e if qis even thex — x¥9 is increasing and concave fqr> 2 and decreasing and convex fpg —2 for all x > 0 and it

is undefined fox < 0.

e if qis odd therx — x%/9 is everywhere increasing and convex for. 0 but concave for > 0 if g > 3. If g < —3 then
x — x%9is decreasing and concave o« 0 and increasing and convex for> 0.
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A few of the functions<— x1/9 are shewn in figure8.13through6.24

- - .

Figure 6.13:x +— Figure 6.14:x — Figure 6.15:X — Figure 6.16:X — Figure 6.17:X — Figure 6.18:x +—
X172 x-1/2 X174 x-1/4 x1/6 x-1/6

- ___ -

) ) )

Figure 6.19:x — Figure 6.20:X — Figure 6.21:X +— Figure 6.22:x — Figure 6.23:x +— Figure 6.24:x —
x1/3 x-1/3 X175 x-1/5 X177 x-1/7
Homework
458 Problem Draw the graph of each of the following curves. 3. x— 1+ (1+x)1/3

1. x— (14+x)1/2 4. x—1-(1-x)1/3

2. x> (1—x)1/? 5. X /X4 /=X
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Exponential Functions

7.1 Exponential Functions

459 Definition Leta > 0,a# 1 be a fixed real number. The function

R — ]0;+o]

b
X — a*

is called theexponential functionf base a

Figure 71x—a a> 1. Figure 7.2:x —a 0<a<l

We will now prove that the generic graphs of the exponentiatfion resemble those in figurésland7.2.

460 Theorem If a> 1, x+— a*is strictly increasing and convex, and ik0a < 1 thenx — a* is strictly decreasing and
COnvex.

Proof: Put f(x) = a*. Recall that a function f is strictly increasing or decreggidepending on whether the

ratio o f
M>O or <O
t—s
fort #£s. Now,
f(t)—f(s)_at—as_(as).atfs—l
t—s  t—s t—s

97
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Ifa>1,andt—s> Othenalso &% > 1. Ifa> 1, andt—s< Othen also & < 1. Thus regardless on whether

t —s> 0or < Othe ratio
a—s—1

t—s
whence f is increasing for & 1. A similar argument proves that f@< a < 1, f would be decreasing.

>0,

To prove convexity will be somewhat more arduous. Recdlftligconvex if for arbitrary0 < A < 1 we have
fAs+(1—A)t) <Af(s)+(1—-A)f(b),

that s, a straight line joining any two points of the curvediabove the curve. We will not be able to prove this
quickly, we will just content with proving midpoint convgxiwe will prove that

S+t 1 1
— <= —f(b).
f< > )_ 2f(s)+2f(t)
This is equivalent to

which in turn is equivalent to
2< a7 +a'7.

But the square of a real number is always non-negative, hence
st t=s\ 2 st t=s
(aT —aT) >0 = az +az >2,
proving midpoint convexity.]

The line y=0is an asymptote for x> a. Ifa > 1, then & — 0as x— —co and & — +o as x— +oo. If
O<a<l,then& — +oasx— —o and & — 0 as Xx— +o.

Homework

461 Problem Make rough sketches of the following curved. O x+— 2
O x— 2% O x+—2X4+3

0 x— 2K 0 X 2X+3

7.2 The numbere
Consider now the following problem, first studied by the Swizathematician Jakob Bernoulli around the 1700s: Quewy: If
creditor lends money at interest under the condition thehdweach individual moment the proportional part of thewain

interest be added to the principal, what is the balance aribleof a full year?
Supposea dollars are deposited, and the interest is addtihes a year at a rate af After the first time period, the balance is

b1 = (1+ )—ri) a.

After the second time period, the balance is

by = (1+ )—;) by = (1+)—;)2a.

1The alert reader will find this argument circular! | havedri® prove this theorem from first principles without intrethg too many tools. Alas, | feel
tired. ..

2“Queeritur, si creditor aliquis pecuniam suam feenori expog lege, ut singulis momentis pars proportionalis usumeei@ sorti annumeretur; quantum
ipsi finito anno debeatur?”
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Proceeding recursively, after theth time period, the balance will be

b, = (1+>—;)na.

1n
:1—
o= ()

thus becomes important. It was Bernoulli’s pupil, Leonhauter, who shewed that the sequerﬁ&er %)n,n =123 ...
converges to a finite number, which he caléedn other words, Euler shewed that

The study of the sequence

. 1\"
e=lim (1+ ﬁ) . (7.2)

n—oo

It must be said, in passing, that Euler did not rigourousBustd the existence of the above limit. He, however, gaverothe
formulations of the irrational number

e=2.718281828459045235360287471352

among others, the infinite series

e:2+%++%++%++é+---, (7.2)
and the infinite continued fraction
e=2+ 11 . (7.3)
1+ 1
2+ 1
1+ 1
1+ 1
4+ 1
1+ ~ 1
64 -

We will now establish a series of results in order to prové the limit in 7.1 exists.

462 Lemma Letn be a positive integer. Then

X' =y = (x—y) (XX 2y X A ey 2y Y,

Proof: The lemma follows by direct multiplication of the dextralesiC]

463 Lemmalf0 <a<b,neN

Proof: By Lemmal62

b"—a"

b = Db Al b%a S a2

< bYi4b 44 ptppnt
= nb"1

from where the dextral inequality follows. The sinistraégquality can be established similariy.
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464 Theorem The sequence

1 n
enh= <1+ﬁ) ,n=12...

is a bounded increasing sequence, and hence it convergéaiit ahich we calle.

Proof: By Lemmal63
bn+l _ an+1

g <+ 1)b" = b"[(n+1)a—nb] < a™.

1 .
, b= 1+ﬁ we obtain

1 n 1 n+1
€n ( + n) < ( + n+ 1) €ni1,

. . . 1 .
whence the sequencgr=1,2,... increases. Again, by putting-al, b=1+ on we obtain

Puttinga=1+4+ ——
9a= 1+t

2n 2n

Since g < ey, < 4 for all n, the sequence is bounded. In view of TheoBd®ithe sequence converges to a limit.
We call this limit e.C

1 n 1 2n
<1+—> <2 = (1+—> <4 = ey <4

Since the sequence increases towards e we have

1 1
2= (14—1) <e

From the proof of Theorem64it stems thaR < e < 4. In fact, in can be shewn that
e~ 2.718281828459045235360287471352nd so2 < e < 3.

e is called thenaturalexponential base. The functiomx € has the property that any tangent drawn to the
curve at the point x has slopé.€The notatiorexp(x) = expx = € is often used.

Figure 7.3: Hrx < e vx e R.

465 Theorem If x € R then
1+x< €,

with equality only forx = 0.

Proof: From figure7.3 the line y= 1+ x lies below the graph of 3 €, proving the theorem]
Replacingk by x— 1 we obtain,
466 Corollary

x< et vxeR.
Equality occurs if and only ik= 1.
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Homework

467 Problem True or False.

1. 3t € R such that
ed=-_-9.

2. ASX— —oo,
2X — —oo.

3. YxeR,
10+ X2+ x4 > 2%,

4. x+— €eisincreasing

overR.
5. X— %
overR.

is increasing

6. ex< €, YxeR.

468 Problem By using Theorem 65 and the fact thatr > e,

prove thate™ > ri°.

(Hint: Putx=Z-1.)

469 Problem Make a rough sketch of each of the following.

1. x— 2%

2. X—e*

1\ %
3. X+— <§)

4. X— —14+2%
5. x+— X

6. x— e X

470 Problem Letn e N,n > 1. Prove that

n < n_+1n
! 5 .

471 Problem Put

—X
CcoShx = ete
2
and
. ef—e ¥
sinhx = >
Prove that

costfx— sinkPx = 1.

The functionx — coshx is known as théayperbolic cosine
The functionx — sinhx is known as théyperbolic sine

472 Problem Prove that fon € N,

1 n 1 n+1
<1+—> <(1+—> .
n n+1

1 n+1 1 n+2
1+ - 1+— .
CHE G

(Hint: Use a suitable choice afandb in Lemma463)

and

7.3 Arithmetic Mean-Geometric Mean Inequality

Using Corollary466, we may prove, a la Polya, the Arithmetic-Mean-Geomeéttean Inequality (AM-GM Inequality, for
short).

473 Theorem (Arithmetic-Mean-Geometric-Mean Inequality) Let

,8,...,8n
be non-negative real numbers. Then

at+ax+---+an

(alaz...an)l/n < -

Equality occursifandonly iy =a, = ... = ap.
Proof: Put na.
At rar
and G, = ajaz---an. Observe that
n"Gp
(ag+ap+--+an)"

AAy Ay =

3

and that
Al+Ao+---+A=n.

By Corollary 466, we have
A <exp(A;—1),
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A <exp(Az—1),

An <exp(An—1).

Since all the quantities involved are non-negative, we malyiply all these inequalities together, to obtain,

AAy Ay <explAr+Ax+---+A—n).
In view of the observations above, the preceding inequialigguivalent to

n"Gp

_ 0 _
(al+a2+---_|_an)n Sean_n)—e =1.

We deduce that

n
a a
Gng(w> ,

which is equivalent to
at+ax+---+an

(a1ap---an) /" < -

Now, for equality to occur, we need each of the inequalities./&xp(Ax — 1) to hold. This occurs, in view of

Corollary 466if and only if A = 1, Vk, which translates intog= ap = ... = an.. This completes the prodil

474 Corollary (Harmonic-Mean-Geometric-Mean Inequality) If

a17a23"'7an
are positive real numbers, then
n
i+i+ +i§\n/ala2"'an-
a & an
Proof: By the AM-GM Inequality,
1,1 1
VENENEIS it
a3 a» an n ’

from where the result follows by rearranging.
475 Example The sum of two positive real numbers is 100. Find their maxmuoduct.

Solution: Letx andy be the numbers. We use the AM-GM Inequality foe 2. Then

VXY < %y

In our casex+y =100 and so
/XY < 50,

which means that the maximum produckis< 50 = 250Q If we takex = y = 50, we see that the maximum product is

achieved for this choice ofandy.

476 Example From a rectangular cardboard piece measuring 45 a square of sideis cut from each of its corners in
order to make an open box. See figdré Find the functionx— V (x) that gives the volume of the box as a functionxpand

obtain an upper bound for the volume of this box.

Solution: From the diagram shewn, the height of the bog its length 75- 2x and its width 45- 2x. Hence

V(x) = x(75— 2x) (45— 2x).
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Now, if we used the AM-GM Inequality for the three quantities80— 2x, and 50— 2x, we would obtain

V(x) = x(75—2x)(45—2x)
3
< (MIE2eds2x)
3
= (d23)
_ )3_

(We use the strict inequality sign because we know that @guweill never be achieved: 75 2x never equals 45 2x.) This
has the disadvantage of depending«in order to overcome this, we use the following trick. Calesj rather, the three
quantities &, 75— 2x, and 45— 2x. Then

~ (40

X

4V (x)

4Ax(75— 2x) (45— 2x)
(4x+75723x+4572x) 3

&)

64000

This means that

64000: 16000

V(x) <

Figure 7.4: Examplé76.

Later in calculus, you will see that the volume is

V(x) < (20— g\/ﬁ)(35+ 5V19)(5+5v19),

and that the maximum is achieved when 5
X=20— é\/EJ.

. . ) 0;1] — R
477 Example Find the maximum value of the functidn: .
X = X(1-x)?

Solution: Observe that fore [0; 1] bothx and 1— x are non-negative. We maximise, rathefr(:2) via the AM-GM Inequality.

3
210 = 21X =21 (1-x < (22

3 - 27
Thus
8 _4
27 27
The maximum value is attained wher2 1 — x, that is, wherx =

f(x) <

NI =
~
Wi
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Homework

478 Problem Let x,y,zbe any real numbers. Prove that 481 Problem Maximise the following functions ovg0; 1].

3RPR < X+ yB 1 B, 1. a:x— x(1-x)3.
2. b:x— x°(1—x)2.
479 Problem The sum of 5 positive real numbersSsWhat 3. ¢ xo X2(1—x)3

is their maximum product?

482 Problem Prove that of all rectangular boxes with a given
480 Problem Use AM-GM to prove that cosh> 1, VX € R. | surface area, the cube has the largest volume.

Answers
467 F;FF TR T (2) b(x) < £ achieved ak = 1,
479 S (3)c(x) < $2& achieved ak = 2, (Hint: Consider

25
() — (31 3%)(1— %3,
481 (1) a(x) < 2% achieved ak = 1, 46 = (2997
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Logarithmic Functions

8.1 Logarithms

: - R — ]0;+e . .
Recall that ifa > 0,a +# 1 is a fixed real number, ] . | maps a real numbetrto a positive numbey, i.e.,a* =Y.
X +— a
. . . R — 040 :
We callx thelogarithmof y to the base, and we writex = log, y. In other words, the function has inverse
X = a*

j0;4+0] — R

X — log,x
483 Example logs 25= 2 since 5 = 25.
484 Example log, 1024= 10 since 3° = 1024
485 Example log; 27 = 3 since 3 = 27.

486 Example |091901234561 = 0 as 1901234%: 1

If a > 0,a+ 1, it should be clear thaibg, 1 =0, log,a= 1, and in generalog, a' =t, where t is any real
number.

487 Examplelog 5 8=1l0g,, (2V/2)° =6.
488 Example log 5 32=log, . (2%/2)1°=10.

8 2 35 35
489 Example log, 5 81V/27 = logg, (3%/2)#/3B35/8) — 381

Aliter: We seek a solutior to

(3V3)* = 8127

1 In higher mathematics, and in many computer algebra promestiike Maple®), the notation “log” without indicating the base, is used tfuz natural
logarithm of basee. Misguided authors, enemies of the State, communistsgdd@ members, vegetarians and other vile criminals usé ifiocplculators
and in lower mathematics to denote the logarithm of baserdduae “In” to denote the natural logarithm. This makes thisgmewhat confusing. In these
notes we will denote the logarithm base 10 by “lggand the natural logarithm by “lag, which is hardly original but avoids confusion.

105
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Expressing the sinistral side as powers of 3, we have

(3V3)* = (3-3Y2)
(31+1/2)x

— (33/2)x

33X/2

Also, the dextral side equals
8127 = 3% (P8
34+3/8

335/8

Thus(3v/3)X = 81¥/27 implies that 8/2 = 3358 or %X = 3—85 from wherex = 33.

Figure 8.1:x+— log,x,a > 1 Figure 8.2:x— log,x,0 < a< 1.

Sincex — a* andx — log, x are inverses, the graph »f— log, x is symmetric with respect to the line= x to the graph of
x— &, Fora> 1,x+— a*is increasing and convex,— log, x, a > 1 will be increasing and concave, as in fig8ré. Also,
for 0 < a< 1,x— a*is decreasing and convexi— log, x, 0 < a < 1 will be decreasing and concave, as in figére

490 Example Between which two integers does Jo§000 lie?

Solution: Observe that®2= 512 < 1000< 1024= 21°. Sincex — log, x is increasing, we deduce that P00 lies between
9 and 10.

491 Example Find |logs 201.

Solution: 3 =81 < 201< 243= 3°. Hence|log; 201 = 4.
492 Example Which is greater log7 or logg 3?
Solution: Clearly log7 > 1 > logg 3.

493 Example Find the integer that equals

[log, 1| + |log, 2] + |log, 3] + |log, 4| + - -+ |log, 66.
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Solution: Firstly, log 1= 0. We may decompose the intery2j66§ into dyadic blocks, as
[2;66 = [2;4{U[4;8[U[8;16U[16,;32[U[32,;64[U[64;6§.

On the first interval there are-42 = 2 integers with|log, x| = 1,x € [2;4]. On the second interval there are-8 = 4 integers
with |log, x| = 2,x € [4;8[. On the third interval there are 168 = 8 integers with|log, x| = 3,x € [8;16. On the fourth
interval there are 32 16= 16 integers with log, x| = 4,x € [16;3Z. On the fifth interval there are 6432= 32 integers
with [log, x| = 5,x € [32;64. On the sixth interval there are 6664+ 1= 3 integers with/log, x| = 6,x € [64;66. Thus

[log, 1| + [log, 2|+ [log, 3|+
+|log, 4] +---+ |log, 66

2(1) +4(2) +8(3)+
+16(4) + 32(5) + 3(6)
- 276

494 Example What is the natural domain of definition ®f— log, (x> — 3x — 4)?

Solution: We need? — 3x— 4= (x— 4)(x+ 1) > 0. By making a sign diagram, or looking at the graph of the pala
y = (x—4)(x+ 1) we see that this occurs whare| — co; —1[U]4;+-oo].

495 Example What is the natural domain of definition B 09 _4(2—X)?

Solution: We need 2 x> 0 and|x| — 4 # 1. Thusx < 2 andx # 5,x # —5. We must have €] — c; —5[U] — 5; 2].

Homework
496 Problem True or False. 1. log, Va8
2. log, Va-15/2
1. 3x< R such that 5. log2=1. 1
logyx = 2. . . 3. l0gy 75
6. X+— logy 5X s increasing a
2. Ix € R such that OverR’, . 4. logy ab
10gyx= 2. 2 2 5. log, &
3. logy1=0. 7. Vx>0, (logsx)* = logg x“. - 100y 1125
6. logse a
4. log,0=1. 8. log; 201=4.

499 Problem Mak h sketch of the following.
497 Problem Compute the following. roblem Viake a rotigh sketch ot the Toflowing

1. x—log, x

1. logy/3 243 2. x—log, |X|

2. |0910 .00001 3. X— 4+|Ogl/2 X

3. |Og_001 100000 4, X+ 5*'093 X
5. x—2-lo X

4. log, 1 = 91/4

3 6. x— logg x

5. log g4 64 7. X+ logs |X|

6. logys 625 8. x— |logs X|

7. log, 5 32V2 9. x— |logs [X]|
10. 2+1

8. log, .0625 X1 2:+10Ge ]

9 11. X+— —3+|Ogl/2|x|

logoeos 2 12. x+— 5—|log,X|

10. logs \/ 729%/9-127-4/3

498 Problem Leta > 0,a# 1. Compute the following. 1-Xx< —logex.

500 Problem Prove that fox > 0,
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501 Problem Prove that fox > 0 we have 0 x+ logy(x* — 4)
X < . O x— logy(x2 +4)
Use this to prove that for > 0, 0 x— logy(4—x%)
logeXx < X, 0 x— logy(353)
€ 0 x+loge, (€ +1)
502 Problem Find the natural domain of definition of the following. & X— 1081, X

8.2 Simple Exponential and Logarithmic Equations

Recall that fora > 0, a# 1, b > 0 the relatiore* = b entailsx = log, b. This proves useful in solving the following equations.

503 Example Solve the equation

logyx = —3.

Solution:x = 4-3 = =
X = =64
504 Example Solve the equation
log,x="5.

Solution:x = 2% = 32.
505 Example Solve the equation

log, 16=2.

Solution: 16= x2. Since the base must be positive, we have4.
506 Example Solve the equation*3= 2.

Solution: By definitionx = logs 2.

507 Example Solve the equationd-5-3*+6=0.

Solution: We have
9—5.346=(3)2-5-3+6=(3-2)(3*-3).

Thus either 83— 2 =0 or ¥ —-3=0. This implies thak=log; 2 orx= 1.
508 Example Solve the equation 25-5¢— 6= 0.

Solution: We have
25— 5 — 6= (52 -5~ 6= (55+2)(5—3),

whence 5—3=0orx=logs 3 as 5+ 2= 0 does not have a real solution. (Why?)

Sincex— @ andx+— log, x are inverses, we have
x=a%Xva>0, a%1 Vx>0 (8.1)

Thus for example,'8%4 = 4, 26°%68 — 8. This relation will prove useful in solving some simple atjans.

509 Example Solve the equation
logylogyx = —1.
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Solution: As loglog,x = —1, we have
1

log, x = 2/°%1004x — 21 >

Hencex = 409X — 41/2 — \/4 = 2.

510 Example Solve the equation
log,log;logsx =0

Solution: Since loglogzlogsx = 0 we have

logslogs x = 210%2109s1095x — 20 — 7

Hence
loggx = 3091005 — 31 — 3,

Finally x = 509 — 53 — 125

511 Example Solve the equation
log,x(x—1) = 1.

Solution: We have(x— 1) = 2t = 2. Hencex? —x— 2 = 0. This givesx = 2 orx = —1. Check that both are indeed solutions!
512 Example Solve the equation Icggxe8 =2.

Solution: We havée+x)2 = € or e+ x = +e*. Now the base-+ x cannot be negative, so we discard the minus sign
alternative. The only solution is when- x = &*, thatis,x = &* — e.

Homework

513 Problem Find real solutions to the following equations for 8. #-9.-2+14=0
1. log, 3=4 9. 49¢-2-7"+1=0
2. logg x =4 10. 36—2.6=0
3. logy x=3 11, 3646 —6-0
4. log_, 9=2

12. 5+12.5%=7

5. logy 16=4
6. 2¥—-2=0 13. logloggx = 2
7. (2X-3)(¥-2)(6*-1)=0 14. loglogsx=—1

8.3 Properties of Logarithms

A few properties of logarithms that will simplify operatismwith them will now be deduced.
514 Theorem If If a> 0,a## 1, M > 0, anda is any real number, then

log, M? = alog, M (8.2)

Proof: Letx=log, M. Then & = M. Raising both sides of this equality to the exporeentne gathers
a% = MY, But this entails thatog, M? = ax = a(log, M), which proves the theoreril

515 Example How many digits does3° have?
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Solution: Letn be the integer such that 1& 8330 < 10™1. Clearly then 8°hasn+ 1 digits. Sincex— log;ox is increasing,
taking logarithms base 10 one has 330log 8 < n+ 1. Using a calculator, we see that 2081 < 330log 8 < 29802,
whencen = 298 and so &° has 299 digits.

516 Example Iflog,t = 2, then log,t® = 3log,t = 3(2) = 6.
517 Example logs 125= logs 5° = 3log; 5= 3(1) = 3.

518 Theorem Leta> 0,a# 1, M > 0, and let8 = 0 be a real number. Then
1

logs M = 5

log, M. (8.3)
Proof: Letx=log, M. Then & = M. Raising both sides of this equality to the pov%awe gather
a¥/B = MYB_ But this entails that

X
IogaMl/B = E = = (logy M),

|~

which proves the theoreml

519 Example Given that log, 51024 is a rational number, find it.

Solution: We have

2 10_2 20
|098\/§ 1024= |Og27/2 1024= ? |0922 — ? . 10|092 2_ 7
520 Theorem If a>0,a## 1, M > 0, N > 0 then
logy MN =log, M +log, N (8.4)

In words, the logarithm of a product is the sum of the loganish

Proof: Letx=log, M and lety=log, N. Then =M and & = N. This entails thatdY = a*a¥ = MN. But
aty = MN entails x+y = log, MN, that is

log; M +log, N =x+y=Ilog, MN,

as required.(d
521 Example Iflog, t =2, log, p=3and log u® =21, find log, t3pu.

Solution: First observe that Iggpu= log, t3+log, p+log,u. Now, log,t3 = 3log, t = 6. Also, 21= log, u® = 3log, u,
from where log u= 7. Hence

log, t3pu=log, t3+log, p+log,u=6+3+7=16.

522 Example Solve the equation
log,x+logy(x—1) = 1.

Solution: Ifx > 1 then
log, X+ l0g,(x— 1) = log, x(X— 1).

This entailsx(x— 1) = 2, from wherex = —1 orx = 2. The solutiorx = —1 must be discarded, as we need 1.
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523 TheoremIf a>0,a# 1, M >0, N > 0 then

Ioga% =log,M —logyN (8.5)

X M
Proof: Letx=log, M and lety=log, N. Then =M and & = N. This entails thata?¥ = % =N But

X—

M . .
a Y= N entails x—y =log, % that is

M
log; M —log, N =x—y=log, N’
as required.rd

2
524 Example Letlog, t =2, log, p= 3 and log ud =21, find log, F_u

Solution: First observe that

2
log, f_u =log, p®—log, tu=2log, p— (log, t+log, u).
This entails that )
|ogaf’_u =2(3)— (2+21) = -17.

525 TheoremIf a>0,a# 1, b> 0,b+# 1 andM > 0 then

_ log, M
log, M = log, & (8.6)
Proof: From the identity 8% M = M, we obtain, upon taking logarithms base a on both sides
log, (b'ogb M) =log, M.
By Theorem 3.4.1
log, (b°% M) = (log, M) (log, b).
whence the theorem follows.
526 Example Given that
(log,3) - (logg4) - (10, 5) - - - (10gs1,512)
is an integer, find it.
Solution: Choosa > 0,a# 1. Then
log,3 log,4 log,5 log,512
log, 3) - (logs4) - (log,5) - - (l 512) = a~. =& . _“a- . _*a
(092 ) (Og3 ) (Og4 ) (09511 ) |oga2 |oga3 |Oga4 |Oga511
_ log,512
~ log,2
But log,512
00, 9
=log,512=10g,2° =9
log, 2 0Q; 00, ;
so the integer sought is 9.
527 Corollary If a>0,a# 1, b>0,b# 1 then
log, b= ! (8.7)

log, @’
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Proof: Let M=bin the preceding theorenl

528 Example Given that log t = 2a, logsn = 3a2, find log sin terms ofa.

Solution: We have

1
—. Hence

Now, log,s=—— =
W, 106 logsn 382

2b5
529 Example Given that log3=s"3, log b= &+ 2, loggc = s°, write log, a? as a polynomial irs.

Solution: Observe that -

logs % = 2logza+5loggb—4logsc,

so we seek information about lgg, log; b and log;c. Now,

1 1
logga= =5, Iog3b:§Iog\/§b:§sz+1

L
log,3
and log;c = 2logyc = 2s°. Hence

25
logs % :253+gsz+5—853: —653+gsz+5.

530 Example Given that63 < log; 2 < .631, find the smallest positive integesuch that 8 > 2192,

Solution: Sincex+— logz X is an increasing function, we haaéog; 3 > 102log; 2, thatis,a > 102log; 2. Using the given
information, 6426 < 102log 2 < 64.362, which means that= 65 is the smallest such integer.

531 Example Assume that there is a positive real numbeuch that

where there is an infinite number xi§. What is the value ok?

. . %
Solution: Since*” = 2, one has

whence, as is positive x = v/2.

Euler shewed that the equation
& —x
has real roots only for & [e¢;e"/¢).
532 Example How many real positive solutions does the equation
X(xx) _ (XX)X

have?




Properties of Logarithms 113

Solution: Assuming > 0 we havex*log,x = x10geX* or X*loge X = X2log.x. Thus(logeXx)(X* —x?) = 0. Thus either
logex = 0, in which casex= 1, or X* = x?, in which casex = 2. The equation has therefore only two positive solutions.

533 Example The non-negative integers smaller thar &ée split into two subsets andB. The subsef contains all those
integers whose decimal expansion does not contain a 5, argtB contains all those integers whose decimal expansion
contains at least one 5. Givanwhich subsetA or B is the larger set? One may use the fact thafddd:= .3010 and that
log,g 3:=.4771

Solution: The seB contains 10— 9" elements and the s@tcontains 9 elements. Now if 10— 9" > 9" then 10 > 2. 9" and
taking logarithms base 10 we deduce
n>log;g 24 2nlog,q 3.

Thus
logo 2

———— —=6.57..
1-2logy 3

Therefore, ifn < 6, A has more elements th&and if n > 6, B has more elements th#n

534 Example Shew that ifa, b, c, are real numbers with® = b?+c?,a+b > 0,a+b+#1,a—b>0,a—b+# 1, then
10, C+10ga;p, €= 2(10gs_p €)(10Ga;p C)-
Solution: Asc? = a? — b? = (a— b)(a+ b), upon taking logarithms baset- b we have
2l0g,.p, ¢ =10g, ., (@~ b)(a+b) =1+ log,,, (a—b) (8.8)
Similarly, taking logarithms basg— b on the identityc? = (a— b)(a+ b) we obtain
2log, , c=log,_, (a—Db)(a+b)=1+log, , (a+Db) (8.9)
Multiplying these last two identities,
4(log, p €)(10Gaip ©) = (1+10Gs,p (@—D))(1+10g, , (@+Db))
= 1+log, , (a+b)+log,,p (a—b)
+(log, p, (a+b))(logy,p, (2— b))
= 2+log, p(a+b)+log,,, (a—b)

= 2+log, p 355 +10G,.p ﬁ

= log,_ c+logy,y C,
as we wanted to shew.

4(3—a)
3+a

535 Example If log,, 27 = a prove that log 16=

3 3
~log; 12 1+2log; 2

, whence log 2 = 3-8 log, 3= Z;aa.

Solution: First notice thed = log,, 27= 3log;, 3 2 3

Also
logg 16 = 4logs 2
4
log, 6

—4
1+log, 3
4
35
4(3-a)
3+a

as required.
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536 Example Solve the system

Solution: Clearly we needl > 0,y > 0,x # 1,y # 1. The first equation may be written aﬁ<ﬁ)gxy+

5(logyy+log,x) = 26
Xy =64

L) = 26 which is
log, y

X

the same aflog, y — 5)(log, x — %) = 0. Thus the system splits into the two equivalent systemsdlly = 5,xy= 64 and (Il)
log,y = 1/5,xy= 64. Using the conditiong > 0,y > 0,x # 1,y # 1 we obtain the two sets of solutiors= 2,y = 32 or

X=32y=2

Homework

537 Problem Find the exact value of
1

1 1

1

09,1996/ 10g31996!  109;1996! " 1000051996

538 Problem 1.
logsMN = log,M +logN VM, N € R.

2. logsM? = 2logs MYM € R.

3. 3M € R such that
logs M2 = 2logs M.

539 Problem Given that
logap=2, log,m=9, log,n= —1 find

1. log, p’
2. logy p
3. logu p?n®

4. logs %

540 Problem Which number is larger,2890
or 55007

541 Problem Find (logz 169)(log;3 243
without recourse of a calculator or tables.

1
542 Probl Find
robiem Fin log, 36Jr logs 36

without recourse of a calculator or tables.

543 Problem Given that
log, p="h, logqa= 302, find log,q in
terms ofb.

544 Problem Given that
logya=s, logsb=s?, loge 8 = 52, write
215
a

b .
——— as a function of.

|092 &4

545 Problem Given that
log,z (a® + 1) = 16, find the value of

|Oga32 (a+%) .

546 Problem Write without logarithms.
Assume the proper restrictions on the
variables wherever necessary.

1. (a%)Flodes N'

2. —logg log, log, 16

3. logy 75 l0gs v/ %0125

4, <5<'°97 I 0.1)*1/2)1/ :

ba(logb logy N)/(logp a)

6. 2100 5) _g(logs 2)

1 1+(log; 2)
(®)

547 Problem A sheet of paper has
approximately QL mm of thickness.
Suppose you fold the sheet by halves, thir
times consecutively. (1) What is the
thickness of the folded paper?, (2) How
many times should you fold the sheet in
order to obtain the distance from Earth to
Moon? (the distance from Earth to the Mo
is about 384 000 km.)

+ 5*('091/5 7)

~

548 Problem How many digits does $$00
have?

549 Problem Let A=logg16,B = log,,27.
Find integersa, b, ¢ such that
(A+a)(B+b)=c.

550 Problem Given that log,a = 4, find

3,

a
10Gap %

551 Problem The number 50 is written in
binary (base-2) notation. How many binary
digits does it have?

552 Problem Prove that if
x> 0,a>0,a% 1 thenx/'%% X =

553 Problem Let a, b, x be positive real
numbers distinct from 1. When is it true that
4(log, x)?+3(logy, x) = 8(log, X) (logy, X) ?

554 Problem Prove that
logs 1+ log,;3 > 2.

555 Problem Solve the equation

4.9¢°1 =321

556 Problem Solve the equation

5-145(0.2?=26
y

557 Problem Solve the equation

! 25¢—12.2X— (6.25)(0.16)* = 0
e

n
558 Problem Solve the equation

logs(3*—8) =2—x

559 Problem Solve the equation

log, (X% — 6x+7) = log,(x— 3)

560 Problem Solve the equation

logz(2—x) —logz(2+x) —logzx+1=0

561 Problem Solve the equation

2logy(2x) = log,(X% 4 75)

562 Problem Solve the equation

1
log,(2x) = 7 logy(x~ 15)*
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563 Problem Solve the equation

logox  logg4x
10942~ l0g;48x

564 Problem Solve the equation

logzx=1+1og, 9

565 Problem Solve the equation

25°%% = 5.4 450025

Answers

496 T, T, T;)F, T, T;)F, F

497 (1) -5, (2)-5, (3)—-3, 4) -3
1,101

498 (02,3526 %

513 (1) v/3, (2) 81, (3) 64 (4) 5, (532, (6) logy32, (7)
log, 3, logz 2, 0, (8) log 7,1, (9) 0, (10) log; 2, (11) logy 2, (12)

logs 4,logs 3, (13) 81, (14)v/5
537 1

538 F; F; T

539 (1) 14, (2)3, (3) 3. (4) §

540 31000

566 Problem Solve the equation

¥0g102X _ g

567 Problem Solve the equation

‘X— 3‘(X278X+15)/(X72) -1

568 Problem Solve the equation

%+271
2x4+1

l0gay 1

541 10

,(5)2,(6)6, (752, (8)—4,(9) | 542 3

b
543 §

545 33

548 2083

17
550 &7

569 Problem Solve the equation

l0gg, X = logg, X

570 Problem Solve
log, x+1ogsy+logyz=2,

logzx+1oggy+loggz=2,

logyx+10g;6y+10g162= 2.

571 Problem Solve the equation

XOAslogﬁ(xz—x) — 300994

544 3534102 +25—3

546 (1) N~9PY/S,(2) 0, (3) 1 (4) 2, BN, (6) 0, (7) 1313

547 (1) About 107.37 km (2) 42 times.

549 a=4,b=3,c=24
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Circular Functions

9.1 The Winding Function

Recall that a circle of radiushas a circumference off2 units of length. Hence a unit circle, i.e., one with- 1, has
circumference 2.

572 Definition A radianis a%Tth part of the circumference of a unit circle.

1 radian

Figure 9.1: A radian.

Smce%T ~ 0.16, aradianis abouéz__> of the circumference of the unit circle. A quadrant or quaptat of a circle has arc
length of 7 radians. A semicircle has arc Ieng&zﬁ = rrradians.

1. Aradian is simply a real number!
2. If a central angle of a unit circle cuts an arc of x radianseh the central angle measures x radians.

3. The sum of the internal angles of a triangleisadians.

Suppose now that we cut a unit circle into a “string” and usegtring to mark intervals of lengthr®on the real line. We put
an endpoint 0, mark off intervals to the right of O with endyeiat 21,471,677, . .., etc. We start again, this time going to the
left and marking off intervals with endpoints am, —4r, —67m,. .., etc., as shewn in figur@ 2.

/N NNV NV VNV VIV VN

—6rr -4 -2 0 2 41 61T

Figure 9.2: The Real Line modula®2

116
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We have decomposed the real line into the union of disjotetirals
... U[—61%, —4n{U[—4, —2r{uU[—27T, 0[U[0; 2r{u[ 21T, 4Tt[U[ 41T, 61U . .

Observe that each real number belongs to one, and only ohes tntervals, that is, there is a unique intdgguch that if
x € R thenx € [211k; (2k+ 2) r1]. For example 10@ [30rT;, 32m{ and—9 € [—47T, —271].

There was no need for us to taB@s point of departure. We could have started with any reallmema, as
shewn in figuré.3.

/N NNV NV VNV VIV VN

e
uz+e
uy+e
ug+e

T 7
o IN N
= S| |

Figure 9.3: The Real Line modula® general version.

— . . . . a—b
573 Definition Given two real numbera andb, we say thag is congruent to modulo 2, writtena=b mod 2, if az—n

. . a—b. . . .
is an integer. Ifﬁ is not an integer, we say thatandb areincongruenimodulo 2t and we writea % b mod 2.
S5n—(-7m _ 12m

— — i Sm—2m __ 3m _
> = =5 = 6, an integer. However, B 2m mod 2ras>%" = 57 =

NIlw

For example, 5= —7m mod 2, since
which is not an integer.

3

574 Definition If a=b mod 21, we say that andb belong to the sameesidue class mod 2. We also say tha andb are
representativesf the same residue class modulw. 2

575 Theorem Given a real numbaeg, all the numbers of the form-+ 271k, k € Z belong to the same residue class moduto 2

Proof: Take two numbers of this formfa2rk; and a+ 27ky, say, with integersikks,. Then

(a+2mk;) — (a+ 211ky)
21

=ki —k,
which being the difference of two integers is an integersBhiews that a 21k, = a+ 21k, mod 2T, [

576 Example Takex= 3. Then

T = Zi2m = 0 mod2n
_ _ 5
= I-2m = -3 mod2t
_ _ 13
= Z+4m = T mod2r
_ _ 11
= £-4mn = -3 mod2r
Thus all of
m7 5m 13 11m
3’3’ 3’ 3" 3

belong to the same residue class mad 2

Ifa=b mod 2tthen there exists an integer k such that & + 27ik.




Solution:

Solution:—5—7T =21
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Given a real number, it is clear that there are infinitely many representatiiedb® class to whick belongs, as we can add
any integral multiple of 2rto x and still lie in the same class. However, exactly one repitasigexg lies in the interval0, 2],
as we saw above. We call the canonicalrepresentative of the class (to whixbelongs modulo #).

To find the canonical representative of the class, @fe simply look for the integet such that Rt < x < (2k+ 2) . Then
then 0< x— 2kt < 2irand sox— 271k is the canonical representative of the class.of

577 Definition We will call the procedure of finding a canonical represawmdor the class ok, reductionmodulo 2.

578 Example Reduce 5r mod 2.

Solution: Since 4 < 511 < 671, we have 3t = 57— 4= m mod 2. Thusrtis the canonical representative of the class to
which 5 belongs, modulo &.

To speed up the computations, we may avail of the fact tilat20 mod 27, that is, any integral multiple of72is congruent
to0 mod 2t

T
> radians
Quadrant Il \ Quadrant | %/
e
| ®
| e
| o)
3]
z
e
3
mradians< — — ——— Oradians g
|
[
Quadrant Il 3T ! . Quadrant IV
> radians

Figure 9.4: The unit circle on the Cartesian Plane.

579 Example Reduce@T modulo 2.

200m _ 196m+4m it 4m
== 7 :28n+7: 7 mod 2rT.

580 Example Reduce—57n modulo 2.

5m 9
7 === mod 2rt.

581 Example Reduce 7 mod2.
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Solution: Since Zr < 6.29 < 7 < 4, the largest even multiple af smaller than 7 is &, whence =7 — 2 mod 2.

Place now the centre of a unit circle at the origin of the Gaate Plane. Choosing the poifit 0) as our departing point (a
completely arbitrary choice), we traverse the circumfeesof the unit circle counterclockwise (again, the choice is
completely arbitrary). If we traverse 0 units, we are stil[;r0), on the positive portion of the-axis. If we traverse a number

of units in the interva] 0 ’—21[ we are in the first quadrant.

Figure 9.5:¢ : R — R2, € (x) = M.

If we have traversed exactlg units, we are af0, 1), on the positive portion of the-axis. Traversing a number of units in the
interval} 7 n[, puts us in the second quadrant. If we travel examtiynits, we are af¢—1,0), the negative portion of the
x-axis. Traversing a number of units in the interyat; 37" [ puts us in the third quadrant. Traversing exaéj—[wnits puts us

at the point0, —1), the negative portion of thgaxis. Travelling a number of units in the inten}%’—T ;27'[[, puts us in the

fourth quadrant. Finally, travelling exactly@inits brings us back t@l, 0). So, after one revolution around the unit circle, we
are back in already travelled territory. See figaré

If we traverse the unit circlelockwise then the arc length is measured negatively.

We now define a functio : R — R? in the following fashion. Given a real numberlet xp be its canonical representative
modulo 2. Starting at1,0), traverse the circumference of the unit cirggeunits counterclockwise. Your final destination is
a point on the Cartesian Plane, calMt We let% (x) = M. See figuré.5. The functiorf¢’ is called thewinding function

582 Example In what quadrant doé&’(—@-[) lie?

Solution: Observe that

—280m—3m
5

_ 3
= —56m— 3L

— 3n

— 3
= 2n-3%

= %” mod 2.

. 283m, . .
Since I €]m, 37, %”(—Tn) lies in quadrant 1.

583 Example In what quadrant doeg'(451) lie?
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Solution: Since 7k ‘;—5711 < 718, 142 < 451 < 144, and hence 45% 451— 1421 mod 2. Now,
451— 142m~4.89¢ } 37” ;27'[[, and so#’(451) lies in the fourth quadrant.

584 Example In which quadrant doeg'(11%) lie?

Solution: We multiply the inequality 2 71 < 4 through byrt, obtaining 21 < 1 < 411, whence the largest even multiple of
less tharve? is 27t. Thereforer® = 2 — 2m mod 2rt. Now we claim that

MT<Tm—2m< 3271

The sinistral inequality is easily deduced from the obvimesjuality 37 < 2. The dextral inequality is deduced from the fact
that 2 < 3.571. The inequalityrr < 1 — 27'r< I js thus proven, which means the{ 1) lies in the third quadrant.

585 Example Find the members of the s¢f + %” -k e Z}} that belong to the interva8, 10rt].

Solution: The problem is asking for all integérsuch that

m ki
< — 4 — .
87T_2+ 3 < 10r.

Now,
k
8n< 7+ 5 <10m < 8m —g<?"<10n——
= Wogou
<= 225<k< 285.

Sincek is an integerk € {23,24, 25,26,27,28}. The required elements are thus

mo26m  55m
1 237‘[ 49 273 T 6’
23 6
T 24w 17m m, 2m_1%m
273 T3 2 3 2
m 251 53m m 28w 59m
23 6 23 6

586 Example Is 2765n e{I+Y¥:kez}?
Solution: The problem is asking whether there is an intégerch that
2751  m  km

6 23
Solving fork we findk = 136 which is an integer. The answer is affirmative and indeed,

2757T_7_T+1367T
6 2 3
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Homework

587 Problem True or False.

6. x € [-1;0[ then% (x) is in quadrant
IV.

588 Problem Reduce the following real
numbers mod & Determine the quadrant

in which their image unde#” would lie.

3
1., =2 8. 1,
% 9. 2
2. _3771; L
5 10. 3;
3 T
5”7 11. 4
8
. == 12. 5;
4 57’
57 :
5 Tn; 13. 6,;
5 61 14. 100,;
© 79’ 15. —-3.14;
790
7. 7; 16. —3.15

589 Problem Find all the members of the
set{ZnJr g k€ Z} that lie in the interval
(@) [0; mf; (ii) [~ 0[.

9.2 Cosines and Sines: Definitions

590 Problgm Is3k
m m
iy - ?
5o {7+ 5 keZ}?ls

251 3 3k
- _ _ 2
0 6{4 +5 lkeZ}7

591 Problem Prove that congruence
modulo 2t is reflexive, that is, ifh € R, then
a=a mod 2.

592 Problem Prove that congruence
modulo 2tis symmetric, that is, i, b € R,
and ifa=b mod 2rthenb=a mod 2.

593 Problem Prove that congruence
modulo 2tis transitive, that is if if
a,b,ceR,thena=b mod2tandb=c
mod 2rTimply a=c¢ mod 2.

Figure 9.6: Geometric construction of the cosine and sinetfons.

Consider any real numbear We find its canonical representatix¢ mod 27 and use this to fin&’(x) = M, as in figured.6.

We now project the poiril so obtained ont€ andSon the axes. Theosinefunction

R -1;1
= | ) is given by

X = COSX

cogx) = cosx = OC (the algebraic length of the segm@It, that is, the signed distance fradto C) and thesinefunction

R — [—1;1]

is given by sirix) = sinx = OS(the algebraic length of the segme§).

X +—  sinx

1. The farthest right M can go is td, 0) and the farthest left is to—1,0). Thus—1 < cosx < 1. Similarly, the
farthest up M can go is t@0,1) and the farthest down it can go is (6, —1). Hence—1 < sinx < 1.
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2. The sine and cosine functions are defined for all real numbe

3. Ifa=b mod 2rthencosa = cosb andsina = sinb. In other words, the cosine and sine functions are
periodic with period2r, that is
sin(2m+ x) = sinx vVx € R, (9.1)

coq2m+X) = cosx Vx € R. (9.2
4. The point M has abscissasx and ordinatesinx, that is, M= (cosx, sinx).
R = [-1;1 R — [-1;]] o L
5. The functions and are surjective (onto) but not injective (one-to-one).
X +—  COSX X +—  sinx

We may now compute some simple sines and cosines.

594 Example If x =0 then the poinM is (1,0). Thus cosG= 1, sin0= 0. See figure.7.

t t 1 T
I I | |
I M I

I I | I\/II
I I | |

i . mo_ in3m
Figure 9.7: cos@=1,sin0=0 Figure 9.8: cog =0,sinJ =1. Figure 9.9: cosr= —1,sint=0. E?ure 9.10: CO% =0sin7 =

595 ExampleIf x= gthe pointM is (0,1). From this we gather that cgs= 0 and sirj = 1. See figuré.8.

596 Example If x= rrthen the poinM is (—1,0). Thus cost= —1, sinrt= 0. See figured.9.
597 ExampleIf x= 3?71 the pointM is (0, 1). From this we gather that cé§ =0and sin%’T = —1. See figur®.10

598 Definition If K # —1, we write siff x,cos x to denote(sinx)¥, (cosx)K, respectively. sin!x,cos 1x, a are reserved for
when we study inversion later in these notes.

The following relation, known as thieythagorean Relatiois fundamental in the study of circular functions.

599 Theorem (Pythagorean Relation)Let x be any real number. Then
cog x4+ sirfx= 1. (9.3)
Proof: Let%(x) =M = (cosx,sinx), as in figured.11, where O= (0,0), and SC are the projections of M onto

the axes. IMOCM, cosx = OC, andsinx = OS=CM. AsAOCM is a right triangle and OM= 1, by the
Pythagorean Theorem, we have

co€x+sirfx=0C?>+CM? =0OM? =12 =1,

which completes the prodf]
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Pay attention to the notatiocog x for (cosx)? and respectively tgin?x for (sinx)2. Do not confuse these
with cosx® andsinx?. For example, if x= rthencog m= (—1)? = 1 andsir? m= 0% = 0. Since? (1) lies in the
third quadrant,cosm? < 0 andsin7? < 0. Hencecos 1T # cosm? andsir? 11 # sinr.

From the Pythagorean Relation,
cosx = +/1—sirfx

and
sinx = £1/1— cogx.

The ambiguity in sign is resolved by specifying in which quead%’ (x) lies, see figur®.12

i

|

! (—+) (++)

M / (cosx, sinx)

. W

: (_a _) (+a _)

¥

Figure 9.11: Pythagorean Relation. Figure 9.12: Signs of cos and sin.

600 Example Let 37” < X< 2mand cox = % Find sinx.

Solution: ¥ (x) lies in the fourth quadrant, where sirc 0. We have

. 8 2V 2
sinx=—v1—cogx= _\/;: —T\/_.

601 Example Given that] < x < 11, and that six = g find cos.

Solution: Sincer” (X) lies in the second quadrant, the cosine is negative. Hence

2
cosx=—V1-sifx=—/1- (g) :—g.

602 Theorem (Symmetry Identities) Let x € R. Then the following are identities.

cog —X) = COsX, (9.4)
sin(—x) = —sinx, (9.5)
cog7T— X) = — COSX, (9.6)

sin(m— x) = sinx, (9.7)
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cog 7T+ X) = — COSX, (9.8)

sin(1m+ x) = —sinx, (9.9)

Proof: The first identity says that the cosine is an even functianstitond that the sine is an odd function. The
third and fourth identities are “supplementary angle” idéres. The fifth and the sixth identities are a “reflexion
about the origin.” All of these identities can be derived ate from figured.13 0

(coqTm—X),sin(rr—Xx)) (cosx, sinx)

(coq T+ X), sin(1mm+x)) (cog—x),sin(—x))

Figure 9.13: Identities deduced from symmetry.

Only the first two and the last two are worth committing to mgmo

By the 2r-periodicity of the cosine and sine we have

coq2nk+X) = cosx, Vxe Rvke Z (9.10)
sin(2mk+ x) = sinx, Vx e Rvk € Z. (9.11)
Now,
cog(2k+ 1) T+ X) = cog 27K + 1T+ X) = CO 7T+ X) = — COX
and

sin((2k+ 1)+ x) = sin(2mk + 11+ X) = sin(7+ X) = — sinXx,
whence the following corollary is proved.
603 Corollary Letx € Randk € Z. Then
cog((2k+ 1)+ Xx) = — cosx (9.12)
and

sin((2k+ 1)+ x) = —sinx (9.13)

In other words, if we add even multiples mfto a real number, we get back the same cosine and the sine @aheumber. If
we add odd multiples aoft to a real number, we get minus the cosine or sine of the reabeum

604 Example Write
Sin(32m+ x) — 18 co$19rm— X) 4 cog 5671+ X) — 9sin(X+ 1771)

in the formasinx+ bcosx.
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Solution: The even multiples af addends give
Sin(32m+ x) = sinx

and
cog5671T+ X) = COSX.

Examining the odd multiples of addends we see that ¢&Sm— x) = — cog—Xx). But co§—X) = cosx, as the cosine is an
even function and so

c0oq19m— X) = — COSX.

Similarly,
sin(171+ x) = — sinx.

Upon gathering all of these equalities, we deduce that

sin(32rr+ x) — 18 co$19m— x)
+cog567m+ X) — 9sin(x+ 17m)

sinx — 18(— cosx)
+cosx— 9sinx

= —8sinXx+ 19 cox.

605 Example Prove that cog = sinf = @

Figure 9.14: cod =sinj =1. V3 sinf— 1
5 6 2

Solution: ¢ (g) is half-way betweefg” (0) and% (7—2-[). ThusAOCM in figure9.14is an isosceles right triangle. As
OC=CM, we have
mnoo.m
cos =sin.
By the Pythagorean Relation,
co§7ZT+sin2g: 1,

and so ZCO?S’ZT = 1. Since? (%) lies in the first quadrant, we take the positive square roetdétuce co§ = 4 This
implies that sirf = 4

V3

1 V3
=

606 Example Prove that cos;rT =5

and that sin73—T =

m . T
M = (cos—,sin—
( 47 4)

A
D .
B —

O C
/ K ©
Figure 9.15: co§ = 1 and sin¥ = Figure 9.16: co§ = *2 and



126 Chapter 9

Solution: In figured.15, A= (cos,sing), B= (0,0) andC = (1,0). SinceBA=BC = 1, ABACis isosceles. Thus
/A = /C. Moreover, since the sum of the angles of a triangle iadians and centralB measuresq radians, the triangle is
equilateral. LeD denote the foot of the perpendicular frano the sideBC. SinceABAC s equilateralD is halfway of the

distance betweeB andC, which means that % Thus

Ccos- = 1
=3
Also, taking the positive square root (why?)
L TT m 1\? V3
—=4/1-cof - =4/1- (] =
sin 3 co 3 < 2> >
as we wanted to shew.
607 Example Prove that cosg = %3 and that sin67—T = :_ZL

Solution: Reflect the poirk = (cosg, sin§) about thex-axis to the poin€ = (cosg, —sing), as in figured. 16 Observe that
since/DBA= /CBD= gthenLCBA: g ThusAABCIs equilateral, and sAD = % which implies that

We deduce that

m LT 1\? V3
cosg = 1—S|r12€_ 1—(5) =

The student will do well in memorising the special valueswdsi above, which are conveniently gathered in the tabteabel

X | Sinx | cosx
0| O 1
m| 1 V3
6 2 2
m| V2 | V2
1 2 2
m| V3 1
3 2 2
7] 1 0
} m ., T
608 Example Find cosé—g) and sw(—E).
Solution: Sincex — cosx is an even function, we have
m. /3

cos(—g) = cos(g) =5

Sincex — sinx is an odd function, we have

sin(—g):—sin(g):—:—zl.

609 Example Find cos%n and sin%n.
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Solution: By the reflexion about the origin identities
cos%T = cog M+ 7—6T) = —cosg = —?
and
sin7—n =sin(m+ 7—T) — _sinl = 1
6 6’ 6 2
610 Example
c0327T = cos(n n) = cos( n) — _cost = 1
3 3/ 3/ 3
and
. m V3
sin 3= sm(n— §) = —sm(—§) = sm§ =7
611 Example Find the exact value of
cos 3271
3
Solution:
cos(—%#m) = cos(3)
= cog10m+ &)
= cog %)
- _1
= 2
Aliter:
cos(—#m) = cos(3Z)
= coqlln—1%)
= —cog-§)
= —cos(3)
- _1
= 2
612 Example Find the exact value of
sin —3—171
3
Solution:
sin(—3n) = —sin(3E)
= —sin(10m+ %)
= —sin(3)
— _¥3
= 2
613 Theorem (Complementary Angle Identities) The following identities hold:
T .
cos(E —X) =sinx¥xeR (9.14)
i
sm(z—x) =cosxVxeR (9.15)
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Proof: We will prove the result for x [0; Z[. The extension of these identities to all real numbers dépen
Theorent02and we leave it as an exercise. In fig@d7assume that arc MA (read counterclockwise) measures
x and that xe [0; 7[. Reflect point A= (cosx,sinx) about the line y= x, to point B= (sinx,cosx) as in figure

9.17. Arc BT (read counterclockwise) measures x, and so arc MA&sares — x. This means that

B = (coq 7 —x),sin(3 — X)), from where the Theorem follows foef0; 7[. Assume now that& [7; Z[. Then

7 —xe€ [0; 7], and so we apply the result just obtained}e- x:

cos(g— ) :sin(g— (7—21— )) = sinx,
() = cos( - (5 ) = com

So, we have established the result far j0; Z[. O

and

T B

c A

Figure 9.17: Complementary Angle Identities.

Using the complementary angle identities,

sin7—T = cos(7—T— E) = cos7—T = }
6 2 6/ 3 2
and
cos7—T = sin(E— E) = sinE = @
6 2 6/ T3 27
for instance.
614 Example Prove that
. T
sinx = cos(x— E) , WX eR.

Solution: Since the cosine is an even function,

o ) e (2 ) ().

615 Example Prove that the following hold identically.

COSX = sin(x+ g) , X e R.

. T
—sinx = cos(x+ E) , VX eR.
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Solution: Using the fact the fact that the cosine is an evenotfan, and using the complementary angle identity for thsree,
. T i
COSX = cog—X) = sin (E - (—X)) =sin (E + x) .

Since the sine is an odd function,

sinx= —sin(—x) = —cos(g— (—x)) = —003(7—2-[+x) .

616 Example Let0< 8 < 7. Given that sin® = cos® find sin 5.

Solution: Since sin@ = cos 3, these two quantities have the same sign. Since2@ < 1, then bothg” (20) and%é (36)
must be in quadrant I. By the complementary angle identitieshave sin8 = cog 7 — 26). Thus co$3 —26) = cos®, and
S0,7 —26 =360 0r50 = 7. Hence sin® = 1.

617 Example Write in the formasina + bsina:

sin(m—a) + cos(7—2T+ a) —coqm+a)

By reflexion about the origin, sim— a) = —sin(—a). Since the sine is an odd functionsin(—a) = —(—sina) = sina.
By the complementary angle identities, and since the siaa =dd function

003(7—2-[4— a) = cos(7—2-[— (—a)) =sin(—a) = —sina.

Finally, by reflexion about the origin, c@g+ a) = — cosa. Upon collecting all of these equalities,

. T
sin(m—a) + cos(E + a) —coqm+a) = cosa.

618 Example Given that
3sinx+4cox =5,

find sinx and cos.

Solution: We have
5—-4cox

3sinXx+4cox =5+ sinx= 3

Putting this in the identity cdx+ sirf x = 1 we obtain

2
cogx+ <5_4%() =1

25— 40cosx+ 16 co$x
9 =1

9co€ X+ 25— 40coxX+ 16cogx =9
25c0¢€x— 40cox+16=0
(5cosx—4)2=0

cog X+

COSX = —

gl b

Substituting this value we obtain

5—4cox _ 5-F

sinx =
inx 3 3
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619 Example Findk such that the expression
(sinx+ cosx)? + ksinxcosx = 1

becomes an identity.

Solution: We have
1 = (sinx+cosx)?+ ksinxcosx

Sin? X+ 2 sinxcosx + co€ x + ksinxcosx

1+ (k+ 2)sinxcosx

We thus havék + 2) sinxcosx = 0. This will hold for all real numbersif k= —2.

Homework

620 Problem Write in the formasinx+ bcosx, with real constanta, b.
A(X) = sin(f—x) + cog5m—X) + cos 3—n—x +sin 3—7T+x
N 2 2 2

621 Problem True or False.

1. sinlf =1/2. 10. (sinx+cosx)2 =1, Vx e R.

2. cog3 +99) =sin99. 11. cox=sin(x+ 7), ¥xe R.

3. c0$—1993 = c0s1993. 12. sik=cogx— J), VxR,

4. sin(—1993 = —sin1993. 13. sink= cogx+ %), ¥x € R.

5. If sinx= 1, thenx = 11/2. 14. 3 <cosf <1 vxeR

6. cogcosn) = cogcosO. 15. 1< —2cosi +3<5, ¥xe R.

7. VX€ER, sin2=2sinx 16. 3A € R such that the equation cws= A has exactly 7
8. Ix € R such that cos= 2. real solutions.

9. 3x € R such that cox = cosx? 17. cogx—sirfx=—1,¥xeR.

622 Problem Given that sitt = —0.8 and
% (t) lies in the fourth quadrant, find cbs

623 Problem Given that cosi = —0.9 and
% (u) lies in the second quadrant, find sin

624 Problem Given that sin = 4 and
% (1) lies in the first quadrant, find cos

625 Problem Given that cosi = 43 and
% (u) lies in the third quadrant, find sin

626 Problem Using the fact that
T = 1~ I, find cos®F and sireZ.

627 Problem Using the fact that
3T = 1— 7, find cos¥ and sin3.

628 Problem Find sir(%-r) and

31
COS(T).

629 Problem Find sir(%T) and

20m
cog 3 ).

630 Problem Find sir(%-r) and

17
cos(T).
631 Problem Find sin( —14571) and
15m
cos(—T).

632 Problem Find sir(%r) and

202
cog 3 ).

633 Problem Find sir(?) and

171
cos(T).

634 Problem If |sinB| < 1 and|cosf| > 0,
prove that

cos6 cosd 2
1—sin@ ' 1+sin@  cosH

holds identically.

635 Problem Given that

cosznf V-1
5 4
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find sin%Z, cos3F and sin¥t

636 Problem Given that cos +sina = A
and sinr cosa = B, prove thatA2 —2B =1

637 Problem Given that cos +sina = A
and sim cosa = B, prove that
sifa +cosa = A—AB.

638 Problem Demonstrate that for all real
numbers, the following is an identity
(sinx+ 4 cosx)? + (4sinx — cosx)? = 17

639 Problem Prove that
cost x—sin*x = co x— sirP x is an identity.

640 Problem Prove that

Vv 1+2sinxcosx = |sinx+cosx|, ¥Yxe€R.

641 Problem Prove thatVx € R,

sinx+ cog x+ 2(sinxcosx)? = 1.

642 Problem Prove, by recurrence, that
sin(x+nm) = (—1)"sinx,

and
cogx+nm) = (—1)"cosx.

643 Problem Prove thatvx € R,

sin® x+ co x+ 3(sinxcosx)? = 1.

644 Problem Prove that

sinx—cosx+1  sinx+1
sinx+cosx—1  cosx

Vx € R such that si+ cosx # 1 and
cosx # 0.

645 Problem (AHSME 1976) If
Sinx+ cosx = % andx €]0; m, find cos< and
sinx.

646 Problem (AIME 1983) Find the
minimum value of the function

9 six+4
X —— 277
Xsinx

over the interva]0; 1.
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9.3 The Graphs of Sine and Cosine

To obtain the graph of — sinx, we traverse the circumference of the unit circle, starting (1,0), in a levogyrate
(counterclockwise) sense, recording each time the alasofdbe point visited. See figufe18

/,7\__—_—_—_—_-_-::: S - | | ;
N\

Figure 9.18: The grapp= sinx for x € [0; 2r1.
Sincex — sinx s periodic with period Zrand an odd function, we may now graph- sinx for all values ofx. See figuré.19
647 Example Give a graphical argument justifying the |nequalﬁy< sinxfor0 < x< 7.

Solution: The equation of the straight line joinit@0) and(7,1) isy = %x. From the graphs below, the graphyof %x lies
below that ofy = sinx in the interval[0; J]. See figure.2Q

648 Example Graphx — 2sinx.

Solution: Recall that iff = f(x), theny = 2f(x) is a distortion of the graph gf= f(x), in which they-coordinate is doubled.
The graph ok — 2sinxis shewn in figuré®.21 Observe that-2 < 2sinx < 2, so the least value that— 2 sinx could attain is

—2 and the largest value is 2.

1

| |

t / t / y = sinx N
—3m2IET Y T 2m3n Y%I:

Flgure 9.20:2 £x<sinxfor0<x <
7.

solid y = 2sinx
dashedy = sinx

! N I
T
2

1 I I

e
!
T
1

NIy

Figure 9.19: The graph of— sinx. Figure 9.21x+— 2sinx

649 Definition The average between the least value and largest value ofesfadfr function itsamplitude.

R — [-1;1 R — [-1:1] 27
650 Theorem Let Ae R\ {0}. Then and have perio
X —  sinAx X — COSAX Al

Proof: Since x— sinx and x— cosx have perio®m, then, if Ac R\ {0} is constant, we have
. 2m . .
SinA | X+ Al = Sin(Ax= 211) = SinAX,

and

COsA <x+ 2—7T> = COgAX+ 27T) = COSAX,

A
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whence x- sinAx and x— cosAx have period at mo%.

. . 21 2 _
Could the period of X~ sinAx, A # 0 and x— cosAx, A # 0 besmallerthan — A ? Assumé® < P < |'°7\T is a period
for these functions. Theh< P|A| < 2mandsinAx= sinA(x+ P) andcosAx= cosA(x=+ P). In particular,

0 =sin0= sin+APR
This means thgtA|P is a zero of x— sinx. Since0 < |A|P < 2711, we must havéA|P = 1. Now

1= cos0= costAP = cos|A|P = cosT= —1,

- . . . .2
a contradiction. Thus the period of sinAx, A # 0 and x— cosAx, A # 0 is premselymrf, as we wanted to

shew.O

651 Example Graphx — sin 2.

Solution: Since-1 < sin2 < 1, the amplitude ok — sin 2xis Ea (2 Y_1 The period ofk — sin2xis 21T+ 2 = 1. Recall that
if y= f(2x), theny = f(2x) is a distortion of the graph of= f(x), in which thex-coordinate is halved. The graph of
X +— sin 2 is shewn in figuré.22

652 Example Graphx — sin (x+ 7—2T)

Solution: Recall that i > 0 the graph ok — f(x+ a) is a translatiora units to the left of the grapk— f(x). Now, the
cosine is an even function, and by the complementary angtgittes, we have

COSX = c0§ —X) = sin(g - (—x)) = sin(7—2T+x) )

and so this graph is the same as that of the cosine functiangf@ph ofy = sin(x+ ) = cosxis shewn in in figuré®.23

solid y = sin solid y = cosx
[ dashedyf sinx /(Ijilshedy: sinx
/\ ! \/\ 7\:\\ [ / —\\L ! K

T N T I T N4
XY N0 NS4
\2_, 3 4\ 6 —-6-5-4-3-2-=1 12 3 45 6

Figure 9.22:x— sin2 Figure 9.23x— cosx

653 Example Give a purely graphical argument (no calculators allow@adifying cos 1< sinl

Solution: Atx = 7, the graphs of the sine and the cosine coincide x#of7; 7], the values of the sine increase er@ to 1,
whereas the values of the cosine decrease ﬁé;rm 0. Sincef <1< 7, we have cosk sinl

654 Example Graphx— —2 cos)—z( +3

Solution: Since-1 < cosj < 1, we have K —2cos; + 3 < 5. The amplitude ok+— —2cos} + 3 is therefore'5—l 2. The

period ofx— — Zcosé +3is — 2 = 471. The graph is shewn in figu&24
2
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655 Example Draw the graph ok — —3sin}. What is the amplitude, period, and where is the first pasitaal zero of this
function?
Solution: Since-3 < —3sinx < 3, the amplitude ok — —3sin§1 is # = 3. The period is 21+ 1 — 87, and the first
positive zero occurs wheji= 1, i.e., atx = 471. A portion of the graph is shewn in figuge25

solid y = —2cos§ +3

dashedy = cosx

T T T T T T T T TN T

|
~12.11-10-9 -8 -7 6 -5 -4 -3 211 1 3 4 5 6 7 8 9 10711 12
-2

-3

Figure 9.24y = —2cos} +3
Figure 9.25;y = —3sin%

656 Example For which real numbersis log, x a real number?

Solution: If log,t is defined and real, them> 0,a # 1 andt > 0. Hence one must have cos- 0,cosx # 1 andx > 0. All this

happens when

Xe ]O;g[U]%n+2nn;2n(n+1)[U]2n(n+1);5?n+2nn[,

forn>0,neZ.
657 Example For which real numbersis log, cosx a real number?

Solution: In this case one must have- 0,x # 1 and cos > 0. Hence

xe ]o;1[u]1;g[u]37"+2nn;57”+2nn[,

forn>0,neZ.

658 Example Find the period ok — sin 2+ cos 3.

Solution: LetP be the period ok — sin2x+ cos X. The period ok — sin 2 is T and the period ok — cos X is %” Inone

full period of lengthP, bothx — sin 2 andx+— cos X must go through an integral number of periods. TRus sIT= ZT"‘ for
some positive integesandt. But then 3= 2t. The smallest positive solutions of thisss- 2,t = 3. The period sought is
thenP = st= 27

659 Example How many real numbenssatisfy

. X
=7
SINX 100°

Solution: Plainlyx = 0 is a solution. Also, ik > 0 is a solution, so is-x < 0. So, we can restrict ourselves to positive
solutions.

If xis a solution themx| = 100 sinx| < 100. So one can further restricto the interval0; 104. Decomposé0;10d into
2m-long intervals (the last interval is shorter):

10;10Q =]0; 2mju] 27, 471U 47T, 671 U - - - U] 287, 307]U] 3077, 100
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From the graphs of = sinx,y = x/100 we see that that the interJ@l 2r7] contains only one solution. Each interval of the
form]2nk; 2(k+1)m,k=1,2,...,14 contains two solutions. As 3i1< 100, the interva)30rt;, 100 contains a full wave,
hence it contains two solutions. Consequently, there ar@ 114+ 2= 31 positive solutions, and hence, 31 negative
solutions. Therefore, there is a total of 8B1+ 1 = 63 solutions.

Homework

660 Problem True or False. Use graphical
arguments for the numerical premises. No
calculators!

1. x+— cosX has period 3.
2. cos3>sinl.

3. The firstreal zero of — 2sinx+8
occurs ak = 1T

4. There is a real numbetrfor which the
graph ofx— 8+-cos7; touches the
X-axis.

661 Problem Graph portions of the
following. Find the amplitude, period, and
the location of the first positive real zero, if

there is one, of each function.

9.4 Inversion
. — [—1,1]

Since
X +—  sinx

1. X+ 3sinx 8. X+ COSIX
2. X+— sin&X 9. X+—
1
3 xis l—chos§X+
sin(—3x)

4. X+ 3sinX 10. ?H 1

7 COS5X—
5. Xx— 3cox 10
6. X+— cosX 11. X+ |sinx|
7. x— % cosx 12. x+— sin|x|

662 Problem Find the period of
X +— Sin3X+ cos X

663 Problem Find the period of
X +— sinx+cos X

664 Problem How many real solutions are
there to
sinx =loggx ?

665 Problem Letx > 0. Justify graphically
that
sinx < X.

Your argument must make no appeal to
graphing software.

666 Problem Letx € R. Justify graphically

that
2

X
1- — <cosx.
5=

Your argument must make no appeal to
graphing software.

is periodic, it is not injective, and hence it does not havemarse. We can, however, restrict the

domain and in this way obtain an inverse of sorts. The chditlesorestriction of the domain is arbitrary, but the intdrva

[ us 7T] is customarily used
2'2 '

667 Definition ThePrincipal Sine Function |

. T -
interval [_E; E]' With such restriction

is bijective with inverse

T

-1+l — |[—-=;=

The graph of [ ] [ 22
X —  arcsirx

mT

X — Sinx
mT

=55l = [FL+1

X — Sinx

T

—1:+1 =

[ '+ ] - [ 2' 2]

X —  arcsirx

is the restriction of the function+— sinx to the

T

. .. gl = L+l

is thus symmetric with the graph of 2 2 with respect to the
X —  Sinx

liney = x. See figure.26for the graph ofy = arcsirx. The notation sin' is often used to represent arcsin. The function

X — arcsirx is an odd function, that is,

arcsin—x) = —arcsirx, vx e [—1;1].

Also, [-Z; I is the smallest interval containing 0 where all the values:ef Sinx in the interval[—1; 1] are attained.

202

Moreover¥(x,y) € [-1;1 x [~ F; F],y =

arcsink <= x = siny.
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1. Whilst it is true thasinarcsix = x,Vx €

-1,
examplearcsinsin = arcsir(—3) = — 2 # 1.

R — R . L . .
2. is a 2r-periodic odd function with

X +— (arcsimsin)(x)

(arcsirosin)(x) = X it x e [0;3]

m—x ifxe [3;m].

The graph of ¥~ (arcsine sin)(x) is shewn in figur®.27.

; 1], the relationarcsinsirk = x is not always true. For

I
T2 solidy = arcsirx
+1 + _ ——dashed/ = sinx
g dottedy = x
— —
_m 1
2 4 2
_/”/ —-14+
n
1 2

Figure 9.26y = arcsinx

668 Theorem The equation
sinx=A

has (i) no real solutions {A| > 1, (i) the infinity of solutions
x=(—1)"arcsirA+nm, n€ Z,

if |A] < 1.

Proof: Since—1<sinx < 1for x € R, the first assertion is clear.

Figure 9.27:y = (arcsinosin)(x)

Now, let|A| < 1. In figure9.28(where we have chosé@< A < 1, the argument for-1 < A < 0 being similar),
the first two positive intersections ofyA with y= sinx occur at x= arcsinrA and x= m— arcsinA. Since the sine

function is periodic with perio@rr, this means that
X=arcsilrA+2rmm, ne Z

and

X = m—arcsilA+2rm= —arcsilA+ (2n+ )T, n€ Z
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are the real solutions of this equation. Both relations cershmmarised by writing

x = (—1)"arcsilA+nm, n € Z.

This proves the theoreml

)

NS
Nl ST
84

vuisore -

vuisose —1u -

Figure 9.28: The equation sin= A

669 Example Find all real solutions to sin= —3, and then find all solutions in the intervalr, 2],

Solution: The general solution to sin= —% is given by
x = (=1)"arcsin(—3)+nm

- (C(-g+m

= ()™ Z+nm

Now, if 07
12m< (1)t < 21
6 2
then 1 7 1
O N LGP Y o Sl
12— (-1) 6_n_2 (-1) A

The smallest 12 (—1)"11 canbeis 12- £ = 21 > 11. The larges#! — (—1)"11 can be is3/ + £ = 4! < 14. So possibly,
6 6= 0 6 2t6=73

1l1<n< 14
which means that = 12 orn=13.

Testingn =12, x= —§ 4+ 12r1= %7, which falls outside the interval and= g + 13m= 91 which falls in the interval. So

6 °
the only solution in the intervall2rr, 27] is Z2.

670 Example Find the set of all solutions of
. T
sin— = .
X

Are there any solutions in the intervil; 3] ?

Solution: We have

X—Z = (—1)”arcsin% +n= (—1)”g+ N
e
X2 = 1
(-1)"E+n
X2 = 6
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The expression on the right is negative for integess—1. Therefore

6
X==+ m,n:0,1,2,3,....

The set of all solutions is thus

6
1< (=1)"+6n <3
then
1< 0 <9
(=1"+6n "
1 < 1 < 3
6 (-1)"+6n 2’
2 n
3< 6n+(—1)" <86,
2 n n
3~ (-D)"<bn<b6-(-1)

The smalles§ — (—1)" can be is—3 and the largest 6 (—1)" can be is 7. Hence we must tessuch that-1 < 6n < 7, that
is,n=0andn=1.1f n=0, thenx=v6€]1;3[. If n=1, thenx = \/g €]1;3[. So the solutions belonging {t; 3] are

x=+/6 andx = \/é.

671 Example Find the set of all real solutions to

_ V2
x+1 2

sin

Solution: We have
2

. 2
i (—1)”arcsm<§) +m,neZ,

which is equivalent to each of the following equations

2 n Tt
xr1 g™
2x+1 1

whence the solution set is

672 Example Find the set of all real solutions to

2sirfx—sinx—1=0.
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Solution: Factorising
0= 2sirfx— sinx— 1= (2sinx+ 1)(sinx— 1)

Hence either sikR= —% and so
.1
X = (—1)“arcsm§ +m=(-1)"(—)+m=(-1)

or sinx=1 and so T
x=(—1)"arcsin 14+ m= (—1)“5 + m.

The solution set is therefore

{(—1)”+1g+ m, (—1)”7—2T+ m,ne Z} .

0m — [-1]

673 Definition ThePrincipal Cosine Function is the restriction of the function— cosx to the

X +— Cosx
interval[0; 1. With such restriction
0 — [-1]]
X +— Cosx

is bijective with inverse
-1 — [0

X — arcco«

1. The notatiorcos ! is often used to represeatccos

2. Whilst it is true thatosarccog = x,Vx € [—1; 1], the relationarccoscog = x is not always true. For

examplearccoscog? = arcco$—§’) = 3 I
3. X+— arccox is neither an even nor an odd even function.

R — R . L . .
4. is a 2m-periodic even function with

X — (arcco®cog(x)

. x ifxe0;m
(arcsiro cog)(x) =
—x if xe[-m0].

ol

. V(x,y) € [—1;1 x [0; 1], y = arccox <= X = COsy.

»

The graph ok — arccox is shewn in figuré.29

For convenience, we provide the following table.

X | arcsirx | arccox X arcsink | arccox
T
0 0 3
T T
1 3 0 -1 -3
1 g n _1 _n 2n
2 6 3 2 6 3
V2 by by _ V2 _m 3n
2 4 4 2 4 4
V3 n by _V3| _nm 5m
2 3 6 2 3 6

. The graphs of x> Cosx and x— arccox are symmetric with respect to the line=yx.
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674 Theorem The equation
cosx=A
has (i) no real solutions {fA| > 1, (i) the infinity of solutions

X=+arccoA+2nm, n€ 7,
if |Al <1

Proof: Since—1 < cosx < 1for x € R, the first assertion is clear. Now, Ig& < 1. In figure9.30(where we

have chosef < A< 1, the argument for-1 < A < 0 being similar), the two intersections ofyA with y= cosx
closest to x= 0 occur at x= arcco and x= — arcco. Since the cosine function is periodic with perird

this means that

X=arccCoN+2rmm, ne Z
and

X= —arcCoA+2m, n€ Z

are the real solutions of this equation. Both relations cershmmarised by writing

X=FarccoR+2nm, ne Z.

This proves the theoreml

T solidy = arccox
\ T dashed/ = cosx

1 +1 N

N
I\)|:l/

\B029Je —
\B029Ie

Figure 9.29:y = arccos<

Figure 9.30: The equation crs- A

675 Example Find the set of all real solutions to

2sirfx+3cox—3=0.

Solution: Since the equation has a cosine to the first poweswysite the equation in terms of cosine only, obtaining

0 =2sirfx+3cox—3

= 2(1-co€x)+3cox—3
= 2cogx—3cox+1

= (2cosx—1)(cosx—1)

Thus either cos= % in which case

1
x:iarccosﬁ+2nn:i7—;+2nn
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or cox= 1 in which case
X = tarccosH 2rm = 2m.

The solution set is -
{i§ +21m, 21, n € Z} .

676 Example Find the solutions of the equation
109, /5 ginx (1 +COSX) = 2

in the intervall0; 2r1].

Solution: If the logarithmic expression is to make sensenti2sinx > 0, v/2sinx # 1 and 14+ cosx > 0. For this we must
have
XG}O'I—T{U I 3m U 3—”'7‘[
"4 4’ 4 4"
Now, if X belongs to this set
109, /5 6jn (1 + COSX) = 2 <= 25irfx = 14 COSX.

Using sirfx = 1 — co€x, the last equality occurs if and only if
(2cox—1)(cosx+1) =0.
If cosx+ 1 =0, thenx = 11, a value that must be discarded (why?). Ifxes%, thenx = I, which is the only solution in
[0;2m1].
677 Example Find the set of all the real solutions to
zsin2x+ 5(200s2><) -7
Solution: Observe that
25ir|2x + 5(2c052><) _7 = zsin2x+ 5(21—sinz><) _7
_ 25if12X+ 5(21 . ZfsinZX) 7
Siné x 10 _
2 + (25ir|2x) /

10
= u+—-"7.
u

with u = 25X From this, 0= u2 — 7u+ 10= (u—5)(u—2). Thus eitheu = 2,, meaning 9 — 2 which is to say
sinx = 1 orx= (—1)"(&F) +nm. When 3iPX — 5 one sees that Six = log, 5. Since the sinistral side of the last equality is
at most 1 and its dextral side is greater than 1, there areahoaets in this instance. The solution set is thus

{(—1)”(%1) +nm, ne Z} :

678 Example Find all the real solutions of the equation

co090 — sirP%00x — 1.
Solution: Transposing

cog0%0x — sinf9%0x 4 1.

The dextral side i$> 1 and the sinistral side is 1. Thus equality is only possible if both sides are equal to liciwventails
that cox =1 or cox= —1, whencex= rm,n € Z.
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679 Example Find all the real solutions of the equation
co00%x — sirP%01x = 1.
Solution: Sincgcosx| < 1 and|sinx| < 1, we have

1 = cog0Ly_ gjr00ly

co00Y —x) + sirP%%%(—x)

< |cog0Y —x)| 4 | sirPP9Y —x)|
= | €089 —x)| coF(—x) + | sint9%9 —x)| sir?(—x)
< coZ(—X) + Sirf(—x)

1

The inequalities are tight, and so equality holds throughble first inequality above is true if and only if desx) > 0 and
sin(—x) > 0. The second inequality is true if and onlyf fof—x)| = 1 or|sin(—x)| = 1. Hence we must have either
cog—x) = 1 or siN—x) = 1.This means = 2nrrorx = — 7 + 2nmtwheren € Z.

680 Example What is sin arcco%?

Solution: Put = arcco§ Then4 = cogt with t € [0; 7]. In the interval0; 7], sint is positive. Hence

2
sint =+y/1—cofy= — §

681 Example What is sin arccc(s—%)?

Putt = arccog—3). Then—32 = cogt with y € [Z; 1. In the interval Z; i1}, sint is positive. Hence

/ 2
sint = v/1—cogt = — —§ 2\/_0

682 Example Letx €] — %; 0[. Express sinarccos®@s a function ok.

Solution: First notice thatee] — 1;0[, which means that arccog&|J; i, an interval where the sine is positive. Put
t = arccos®. Then 5% = cog. Finally,

sint = v/1— co2t = /1 — 25x2.

683 Example Prove that

arcsirx+ arccox = g,Vx e-1;1.

Solution: By the complementary angle identity for the cesin
m . . .
cos(z - arcsmx) = sin(arcsirn) = x

Since—7 < arcsinx < 7, we have — arcsirx € [0; 1. This means that

T _ m .
Cos(E _ arcsm() = X <= 5 — arcsin = arcco,

whence the desired result follows.
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684 Problem True or False.
arcsing = 1.

If arccosx= — 3, thenx = — %.
If arcsirx > 0 thenx € [0; J].
arccos cos-3) = 3.

arccos cos-¢) = —4.

arcsinygy, + arccosyggy = 7.
3x € R such that arcsin > 1.
—1<arccox <1, VxeR.
sinarcsix = x, Vx e R.

. arccofcosx) = x, Vx € [0;1].

© ©No A~ PR

=
o

685 Problem Find all the real solutions to
2sinx+ 1 = 0in the interval— 1z 11].

686 Problem Find the set of all real
solutions to

sin<3 — 721) =0.

687 Problem Find the set of all real
solutions of the equation

—2sirfx—cosx+1=0.

688 Problem Find all the real solutions to

691 Problem Find the set of all real
solutions to 4
cosX= —.
3

692 Problem Find the set of all real
solutions to

4sirf2x—3=0.

693 Problem Find all real solutions
belonging to the intervdl-2; 2], if any, to
the following equations.

1. 4sifx—3=0
2. 2sifx=1

3. cosZ = -3
4. sind=1
14sinx

5. =
1—cosx

694 Problem Find sinarccog.
695 Problem Find cosarcsif-3).

696 Problem Find sinarccos-3).

sin3 = —1. Find all the solutions belonging 697 Problem Find arcsirisin5);

to the interval98rt; 100r1].

689 Problem Find the set of all real
solutions to

5c0€x—2cosx—7=0.

690 Problem Find the set of all real
solutions to

sinxcosx = 0.

arccogcos 10

698 Problem Find all the real solutions of
the following equations.

1
1. cox+—— = 3.
cosX

N

. 2C08 X+ cofx—2cosx—1=0.
. 6cog (5 —%)—cos(Sx—g) =2

. 4co$x—2(v/2+1)cosx++/2=0.

A~ W

9.5 The Circular Functions

We define theangent, secant, cosecaardcotangendf x € R as follows.

The circles below have all radius 1.

sinx m
tanx=——,X# =4+, neZ
COSX’ # 2 b) b)

1 T
SeX=——, X# =+ TN, NE Z,
COSX 7’é2+

1
CSCX= ——,X#ATN, NEZ
SInX’ ;é b b

1 COSX
CotX= — = ——

tanx  sinx’ X7 m, neZ.

5. 4coéx—17cogx+4=0.

6. (2cosx+1)%2 —4cogx+
(sinx)(2cosx+1)+1=0.

7. 4sirfx—2(v/3—/2)sinx= /6.
8. —2sirfx+ 19|sinx| +10=0.
699 Problem Demonstrate that
arccosx+arccog—x) =1, vxe [—1;1],

arcsirk = —arcsin—x), vxe [—1;1].

700 Problem Shew that

arcsink = arccosy/ 1—x2, ¥x € [0; 1],

arcco = arcsim/1—x2, ¥x € [0; 1].

701 Problem Let0< x < 1. Find
cos arcsin8and cos arccos@s functions
of x.

702 Problem Let —} < x < 0. Find
sin arcsin& and sin arccos?as functions
of x.

703 Problem Find real constanta, b such
that

(arcsiresin)(x) = ax+b, ¥xe [%T; %n}.
704 Problem Prove that
R — R .
isa
X +— (arcco®cos)(X)

2m-periodic even function and graph a
portion of this function foix e [—2rt, 2.

(9.16)

(9.17)

(9.18)

(9.19)
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cosine ® sine ®
secant ) tangent [®)

cosecant @) cotangent O

- -
NI N

1. The image of % tanx over its domaiR — {5 + mm, ne Z} isR.

2. The image of x> cotx over its domaiR — {rm, n€ Z} isR.

3. The image of x> secx over its domaiR — {Z + mm, ne€ Z} is] — oo; 1] U[1;400].
4. The image of x> cscx over its domaifR — {rm, n€ Z} is | — co; —1] U [1;+00].

705 Example Given that tax = —3 and% () lies in the fourth quadrant, find sirand cos.

Solution: In the fourth quadrant sinc 0 and cos > 0. Now, —3 = tanx = §g‘s>f( entails sink = —3cosx. As sirfx+cogx=1

One gathers 9cés+ co$x =1 or co§x— 1ip- Choosing the positive root, crs- ﬁ) . Finally,

sinX= —3coX = 3v10
- - 10 -

706 Example Given that cok = 4 and¥%’ (x) lies in the third quadrant, find the values of fasinx, cosx, cscx, secx.

Solution: From cox = 4, we have cos = 4sinx. Using this and sifix+ co€x = 1, we gather sifix+ 16sirf x = 1, and since
% (x) lies in the third quadrant, sin= —¥L7. Moreover, cog = 4sinx = — 4. Finally, tarx = & = 1

\/7 cotx — 4°
17
cscx—m —V 7andsex_ﬁ— R
m

- R—{z+m,nezZ} — R _

707 Theorem The function 2 is an odd function.
X —  tanx
Proof: If x# 5+m,neZ
sin(—x) sinx
tan(—x) = =— = —tan
(=) cog—x) COSX %

which proves the assertionl

CrR-{"imnezy -~ R
708 Theorem The function 2 is periodic with periodt.
X — tanx
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Proof: Since
_sin(x4+m)  —sinx
© cogX+m  —cosX

tan(x+ ) tanx,

the period is at mostr.

Assume now thdl < P < rris a period for x— tanx. Thentanx = tan(x+ P) Vx € R and in particular,

sinP

0=tan0=tanP = ——
cosP’

which entails thasinP = 0. But then P would be a positive zero ofxsinx smaller tharvt, a contradiction.
Hence the period of x> tanx is exactlyrt, which completes the prodil

How to graphx — tanx? We start withx € [0; Z[ and then appeal to theoref7and theoren708to extend this construction
forall x € R.

In figure9.31, chooseB such that the measure of a8 (measured counterclockwise) kePointA = (1,0), and point

B = (sinx,cosx). Since point8 and(1,t) are collinear, the gradient (slope) of the line joiniiig0) andB is the same as that
joining (0,0) and(1,t). Computing gradients, we have

sinx—0 t—

cox—0 1-0’

whence = tanx. We have thus produced a line segment measuring tawe let x vary from 0 torr/2 we obtain the graph of
x— tanx for x € [0; 5.

3

I
NS

Figure 9.31: Construction of the graph xf- tanx
forx e [0, Z1.
Figure 9.32:y = tanx

Since cos = 0 atx= 7(2n+ 1), n € Z, x+— tanx has poles at the points= 7(2n+ 1), n € Z. The graph ok — tanx is
shewn in figured.32
We now define the Principal Tangent function and the arctantfan.

709 Definition ThePrincipal Tangent Functiorx — Tan x is the restriction of the functiorn+— tanx to the interval
T, L
1— > 5[' With such restriction

T T
=gl = F
X — Tan X
is bijective with inverse
T
R -—==
= ]=3i3l

X +— arctarx
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The graph ok — arctarxis shewn in figuré®.33 Observe that the lings= 47 are asymptotes to— arctarx.

y = arctarx

Figure 9.33:y = arctarx

1. ¥x e R, tan(arctar{x)) = x.

R—{7—2T+nn,neZ} 5 R

2. is an oddm-periodic function.

X — (arctamtan)(x)

710 Theorem The equation
tanx=A, Ae R

has the infinitely many solutions
X = arctarA+nm,ne Z.

Proof: Since the graph of % tanx is increasing i — 7; 7|, it intersects the graph of ¥ A at exactly one point,
tanx = A= x = arctam
if x €] — 7; 3[. Since x— tanx is periodic with periodt, each of the points
X=arctalA+nmne Z

is also a solutiond

711 Example Solve the equation
tarfx=3

Solution: Either tax = /3 or tarx = —+/3. This means that= arctan/3+ m= % + rmor
x = arctarf—v/3) + = —J + rm. We may condense this by writing= +Z + rm,n € Z.

712 Example Solve the equatioftanx)S™ = (cotx)°°s,
Solution: For the tangent and cotangent to be defined, we nawsk # 5F, n € Z. Then
; 1
tanx)S"™ = (cotx)®O¥* = ——
(tam) ™™ = (o) = (o

implies
(tanx)sinercosx -1
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Thus either tar = 1, in which casex= J +nt, n € Z or sinx+ cosx = 0, which implies tarx = —1, but this does not give
real values for the expressions in the original equatiore §diution is thus

m
x=Z+n7T, nez.

713 Example Find sinarctas.

Solution: Put = arctar% Then3 = tant,t €]0; 7 and thus sih > 0. We have— sint = cost. As
1=coSt+sirft = Zsin2t+sin2t,

we gather that sfit = 13 Taking the positive square root sig: -2 13

714 Example Find the exact value of tan arcc(es%).

Solution: Put = arcco$——) As the arccosine of a negative numbeg, (7, 71. Now, cog = % and so

/ 4 zf
sint =

We deduce that tan= St = —2./6.

cost

715 Example Letx € [0; 1]. Prove that
arcsink = arctanL.

V1—x2

Solution: Sincex € [0; 1], arcsinx € [0; 7[. Putt = arcsirx, then sirt = x, and co$ > 0 sincet € [0; Z[. Now,

cost = v/1—sirft =v1—x2 and

Sincet € [0; [ this implies that
X
t = arctan——

V1—x2’

from where the desired equality follows.

716 Theorem The following Pythagorean-like Relation holds.

tarf x+ 1= secx, VXER\{(2n+1)7—ZT, nczj. (9.20)

Proof: This immediately follows fromin’ x4 cog x = 1 upon dividing through bgog x. [

717 Example Given that tax + cotx = a, write tarf x+ cot x as a polynomial ira.

Solution: Using the fact that taatotx = 1, and the Binomial Theorem:

(tanx+cotx)® = tarPx+ 3tarf xcotx+ 3tanxcof x + cot x
= tarPx+ sir x4+ 3tanxcotx(tanx + cotx)
= tarPx+ sir’x+ 3(tanx + cotx)

It follows that
tarP x + co x = (tanx + cotx)® — 3(tanx+ cotx) = a® — 3a.
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Aliter: Observe thas? = (tanx + cotx)? = tar? x+ cof x+ 2, hence tafx+ cof x = a® — 2. Factorising the sum of cubes

tarf x+ cof x = (tanx+ cotx) (tarf x— 1+ cof x) = a(a® — 1 — 2)

which equalsa® — 3a, as before.

718 Example Prove that
2siny+3

2tany + 3seq -
whenever the expression on the sinistral side be defined.

cosy,

Solution: Decomposing the tangent and the secant as caseebtain,

2siny+3 _ 2siny+3
2tany +3sey 2§i’ﬂ+%
2sinycosy+ 3cosy
2siny+3
(cosy)(2siny+ 3)
2siny+3

= cosy,

as we wished to shew.

719 Example Prove the identity
tanA+tanB  secA+sed

secA—sed tanA-—tanB’
whenever the expressions involved be defined.

Solution: We have

secA—sedB

tanA —tanB

tanA+tanB (tanA+tanB) (tanA—tanB) (secAJr secB)

secA—sedB secA+ sedB

_ (tarfA—tar’B)) /secA+sed
~ \se@A—se@B/ \ tanA—tanB

se@A—seéB
secCA+sedB

tanA—tanB’
as we wished to shew.

<(se@A— 1) — (seéB— 1)) <f§n<ﬁ4_-tsae;§)

720 Example Given that sitA+ cscA = T, express sitA+ cs¢ A as a polynomial iff .

Solution: First observe that
T2 = (sinA+cscA)? = sirf A+ cs@ A+ 2sinA

hence
SiPA+csGA=T2-2.

By the Binomial Theorem

T4 = (sinA+cscA)?

CSCA,

= sin*A+4sirP AcscA+ 6SirFAcs@A + 4sinAcsGA + cs¢A

= siffA+cs¢A+ 6+ 4(sifA+cs@A)
= siftA4cs¢A+6+4(T?—2),

whence siflA+ cs¢A=T4—4T +2.
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721 Problem Complete the following table.
X | sinx | cosx |tanx | cotx | secx | csex || X | Sinx | cosx | tanx | cotx | sex | csex
0| O 1 0 | o 1 | Tl 12 [V3/2]1/V3| V3 |2/V3| 2
Tive/2ivezi2| 1 1 | V2 | v2| 3 |V32| 12| V3 |1/V3| 2 |2/V3
711 0 |0 | 0| o | 1 || &
3n 51
4 6
yais
T 6
5n an
4 3
3n sn
2 3
n Un
4 6
2n
722 Problem True or False. 730 Problem Solve the following 735 Problem Letx €]0;1]. Prove that
1. tarx= cotl, ¥xe R\ {0}. equannsg. VI X
) - —2= arccox = arctan——— = arccot .
2. 3x€ R such that sex= 3. 1. secx—sex-2=0 X V1-x2
3 L arcsin 2. tarx+-cotx =2
. arctanl= .
ErCCOSl o 3. tank=1 736 Problem Letx > 0. Prove that
4. X~ tanX has periodr. 4. 2se@x+tarx—3=0 . « 1
5. 2co—sinx =0 arctarx = arcsmﬁ = arccosﬁ.
723 Problem Given that csg = —1.5 and 6. tanx+T) =1
% (x) lies on the fourth quadrant, find
sin(x)cosxand tar. q 7. 3cofx+5csx+1=0 737 Problem Letx > 0. Prove that
8. 2seéx=5tanx 1 X
arccotx = arcsin——— = arccos—.
_ V1tx2 V112
724 Problem Given that tarx = 2 and 9. tan’-x+se<j?x =17 1+x 1+x
% (X) lies on the third quadrant, find sin 10. 6co$x+sinx—5=0

and cox.

725 Problem Given that six = t2 and
% (X) lies in the second quadrant, find cos
and tarx.

726 Problem Letx < —1. Find sinarcses
as a function ok.

727 Problem Find cosarctaf--3).

728 Problem Find arctaritan(—6)),
arccot(cot(—10)).

729 Problem Give a sensible definition of
the Principal Cotangent, Secant, and
Cosecant functions, and their inverses.
Graph each of these functions.

731 Problem Prove that
tanx — cot(f— ) .
2 ;

cotx = tan<7—2Tf ) .

732 Problem Prove that ifx € R then

1
arctark+ arccot; =

where sgiix) = —1 if x < 0, sgnx)
x> 0, and sgi0) = 0.

gsgr(XL

=1if

733 Problem Graphx — (arctarptan)(x)

734 Problem Letx €]0;1[. Prove that

2

arcsirnx = arccot

738 Problem Prove the following identities.
Assume, whenever necessary, that the given
expressions are defined.

1.

sinxtanx = secx — cosx
tar? x+ 1 = (tanx+ 1)(seé x — tanx)

1 1
1+tarfx = : _
+ 2—-2sinx  242sinx
seca sina .
——> _—_ _sirfa
tana -+ cota
l-sina  cosa
cosa  1+sina
1+ 3co€x)?
7seéx— 6tarfx -+ 9coLx = (1+3cosx)”
coZ X
1—tarft
=7 = codt —sinft
1-+tarét
1+tanB B
TIANSFTE® _ (14 secB)(1+ cscB)

1+tanB—sedB
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9.6 Addition Formulae

Why bother? In this section we prove several important formulee .

We will now derive the following formulee.

coga + 3) = cosa cosB F sina sin
sin(a + 3) = sina cosP & sinf cosa
tan(a + B) = tana +tanf
17 tanatanB

We begin by proving
739 Theorem Let (a,b) € R?. Then coga— b) = cosacosb + sinasinb.

Proof: Consider the points ¢gosb, sinb) and B(cosa, sina) in figure9.34 Their distance is

/(cosb—cosa)2+ (sinb—sina)2 = +/cofb—2coshcosa+coga+ sirb— 2sinbsina+ sirfa

= /2—2(cosacosb+ sinasinb).

If we rotate A b radians clockwise td(4,0), and B b radians clockwise td @oga— b),sin(a— b)) as in figure
9.35 the distance is preserved, that is, the distance’d6A&', which is

\/(coga—b) — 1) +sirf(a—b) = \/1— 2coga—b) + cog(a—b) +sirf(a—b) = /2— 2coga—b),

then equals the distance of A to B. Therefore we have

\/2—2(cosacosb+ sinasinb) = \/2—2cofa—b) = 2-2(cosacosb+ sinasinb) =2—2coga—b)
—> coga—h)=cosacosb+ sinasinb.

O B a—b

Figure 9.34: Theoreri39. Figure 9.35: Theorem39.

740 Corollary coqa+ b) = cosacosb — sinasinb.

(9.21)

(9.22)

(9.23)

Proof: This follows by replacing b by-b in Theorenv 39, using the fact that x> cosx is an even function and

socog —b) = cosb, and that x— sinx is an odd function and ssin(—b) = —sinb:

coga+b) =coga— (—b)) = cosacoq —b) + sinasin(—b) = cosacosb — sinasinb.
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741 Theorem Let (a,b) € R2. Then sirfa+ b) = sinacosb + sinbcosa.

Proof: We use the fact thatinx = cos( 5

sinfa+b) =

m
——X

) and thatcosx = sin (

T

5 x). Thus

cos(g —(a+ b))

oo (7-2) -5

cos(E - a) cosb+ sin(E — a) sinb

2 2

sinacosb + cosasinb,

proving the addition formula. For the difference formulae have

sin(a— b) = sin(a+ (—b)) = sinacog—b) + sin(—b) cosa = sinacosb — sinbcosa.

O

742 Theorem Let (a,b) € R2. Then taia+b) =

tana =+ tanb

Proof: Using the formuleae derived above,

tana+tb)

" 1xtanatanb’

sin(atb)

co§a+b)
sinacosb -+ sinbcosa

cosacosb F sinasinb’

Dividing numerator and denominator lzpsacosb we obtain the result]

By lettinga+ b= A a— b= Bin the above results we obtain the following corollary.

743 Corollary

COosSA+cosB = Zcos(
COSA—cosB = —Zsin(—
SinA+sinB = Zsin(

SinA—sinB = Zsin(

744 Example Given that coa= —.1 andim< a < 37” and that sit = .2 and 0< b < 7, find coga+ b).

Solution: Sincez’ (a) is in the third quadrant, sem= —+/1— (.1)2= —/0.99. As% (b) is in the first quadrant,

A

+B cos A-B
2 2
A+B) . A—B)
Sin

2 2
A+B cos A—-B
2 2
A-B cos A+B
2 2

cosh = /1 —(.2)2=+/0.96. By the addition formula for the cosine

coga+b)

745 Example Write sin5«cosx as a sum of sines.

cosacosh — sinasinb
(—.1)(v/0.96) — (—v/0.99)(.2)
.2¢/.99— .1/.96.

(9.24)

(9.25)

(9.26)

(9.27)
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Solution: We have
sin6x = sin(5x+ X) = sin 5xcosx+ sinxcos X

sin4x = sin(5x — x) = sin 5xcosx — sinxcos 5

Adding both equalities and dividing by 2, we gather,

. 1. 1.
sin5xcosx = Esm X+ ésmélx.

746 Example Solve the equation
sinBx+sin4x = 0.

Solution: As sin &+ sin4x = 2 sin 5xcosx we must have either sinx5= 0 or cox = 0. Thus

m m
X=—, X=Fx-+m,necZ.
5 27L

747 Example Write sinxsin2x as a sum of cosines.

Solution: We have
C0S X = 02X+ X) = COS XCOSX — Sin 2Xsinx,

COSX = €O 2X — X) = COS XCOSX+ Sin SinX.

Subtracting both equalities cos3 cosx = —2 sin Xsinx, whence

sin sinx = 1 cosX+ }cosx.
2 2
748 Example Find the exact value of C(%.

Solution: Observe thalfé = % + %. Using the addition formulee

7
cosi = cos(§+7%)
= cosjcosy —singsing
3
3R - (H)(Z)

— V26
= Z

749 Example (i) Write v/3cosx+ sinx in the formAcosx— 8), with —F < 6 < 7. (i) Use the preceding identity in order to
solve the equation
V3cosc+sinx = —1.

(iii) Find all the solutions in the interva0; 2.

Solution: First observe th# +# 0, sincey/3 cosx+ sinx is not identically 0. We have
Acogx— 6) = AcosxcosB + Asinxsin6.

If the expression on the dextral side of the above equality i equal to,/3 cosx+ sinx thenAcosf = /3 andAsind = 1.
This entails that ta@l = @ and sof = . This in turn yieldsA = 2. Hence

) T
V/3cosK+ sinx = Zcos(x— 6) )
Now, if 2cos(x— Z) = —1, then

1
x—7—6T: iarcco$—§)+2nn, nez,




Addition Formulae 153

mo2m
x_gi?Jann,neZ,

which is the same family as= %” + 2nm,x= —Z + 2nmrand the solutions if0; 2r1 are clearlyx = %" andx = 37”

Aliter: Write the equation ag/3cosx+ 1= —sinx and square
3co€x+ 2v/3cosx+ 1= sir’x.

Using sirfx = 1 — co€x we obtain
3co€x+ 2v3cosx+1=1—cosx,

or
(cosx)(4cosx+2v/3) = 0.

This equation has solutions= + 7 + 2nrandx = i%" + 2nm. Testingx = 7 in the original equation/3cosx+sinx = —1
we see that it is not a solution, hence the fammity 7 + 2nTis not part of the solution set of the original equation. Tame
happens when we test= —%", so we must also discard this family. The two remaining fasjk = %" +2nm,

X = — 7 + 2nmagree with our previous solution.

750 Example Obtain a formula for caqgi+ b+ c) in terms of cosines and sinesab, andc.

Solution: Using the addition formula twice

coga+b+c)

cosacogb+ c) —sinasin(b+c)

= cosa(coshcost — sinbsinc)—
—sina(sinbcosc + sinccosh)

= cosacoshcosc— cosasinbsinc—

—sinasinbcosc — sinacosbsinc

751 Example (Canadian Mathematical Olympiad 1984)Given any 7 real numbers, prove that there are two of themxsay
andy, such that

X—Yy 1
0< < —.
~1l+xy~ /3
T
: : : -5zl - R
Solution: Let the numbers kg, k=1,2,...,7. There existdy suchay = tanby, since 2°2 is a bijection.
X — tanx

Divide the interval — 7; Z[ into six subintervals, each of lengh Since we have By’s and 6 subintervals, two of thg’s,
saybs andby, must lie in the same subinterval. Assumimg> by we then have & bs— by < g. Sincex — tanx is an
increasing function,

tan 0< tan(bs — by) < tan7—6T,

which is to say,
tanbg — tanby 1

~ 1l+tanbstanby — /3

A

This implies that

as— & 1
< A

1+asa ~ V3

0<

which completes the proof.

752 Example Prove that if
a-b b-c c-a

1tab 11bc Itca
for real numbers, b, c, then at least two of the numbeas, c are equal.

)
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Solution:3u,v,wwith —Z < u,v,w < 7 such that = tanu, b = tanv,c = tanw (why?). The given equation becomes

tanu — tanv tanv — tanw tanw — tanu
1+tanutanv  1-+tanvtanw 1+ tanwtanu

=0.

Using the addition for the tangents, the preceding reldas@ayuivalent to
tan(u — v) +tan(v—w) + tan(w—u) = 0.
Applying tanX 4 tanY = (tan(X +Y))(1— tanXtanY) with X = u—vandY = v—w, we obtain
(tan(u—w))(1—tanu— v)tan(v—w)) + tanw—u) = 0.

Factorising the above expression,
(tan(u—w))(tan(u—v))(tanlv—w)) = 0.

This implies that one of the tangents in this product must.tfgiice
—T<U—W,U—V,V—W< TI,

this means that one of these differences must be exactlyi@hwiturn implies that two of the numbeasb, c are equal.

753 Example Prove that

arctan®th if ab< 1,
arctara-+arctarb = ¢ Z(sgr(a)) if ab=1,

arctan@t8 + T(sgn@)) if ab>1.

Solution: Puix = arctara,y = arctarb. If (x,y) €] — Z; Z[? andx+y # @T,n € Z, then

tanx+tany  a+b
1—tanxtany 1—ab’

tanx+y) =
Now, — 1T < X+ Y < 1. Conditioning orx we have,

X=0

T T
—§<x+y<§<:> orx>0andy < 7 —x

orx<Oandy>—7—x

The above choices hold if and only if
a=0

ora>0andb< i .

1

ora<Oandb> 2

Hence, ifab< 1, thenx+y €] — Z; 7| and thus

X-+y = arctarftan(x+y)) = arda”%’

If ab> 1 anda > 0 thenx+y €]7; ri{ and thus

xty—arctanit? oo
y= l—ab

If ab> 1 anda < 0, thenx+y €] — i, — J[ and thus

xty—arctanit?
y= l—-ab

The casab = 1 is left as an exercise.
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754 Example Solve the equation arccrs- arcsin% + arcco§4.

Solution: Observe that arccos [0; 1] and that since both @ arcsin% < g and 0< arccos}1 < g we have
0< arcsin% + arccoé4 < 1. Hence, we may take cosines on both sides of the equationtsaiho

X = cogarccox)
= cogarcsin + arccos;)

= (cosarcsi)(cosarccog) — (sinarcsing)(sinarccos) .

= 6 12
755 Example (Machin’s Formula) Prove that

T_ 4arcta . arctani
7= "5 239

Solution: Observe that

darctart = 2arctart +2arctarg

1,1

= 2arctan>3
1-1.1

55

= 2arctan

= arctan3; +arctan
5.5

— arctani2;i2
1I-%p

= arctarg2d.

Also
20 1 15— 739
arctangig — arctan;zg = arctan%
= arctanl

T

= 7

Upon assembling the equalities, we obtain the result.

Homework
756 Problem Demonstrate the identity
sin(a+ b) sin(a— b) = sifa— sifb = co¥b— cofa

757 Problem Prove that for all real numbers

cos(Zx— 4—”) +CcoSX+ cos(2x+ 4—”) =0.

3 3
758 Problem Using the fact that 760 Problem Write sinxsin2 as a sum of | 763 Problem Write using only one
i =% — %, find the exact value of the cosines. arctangent: arctah—arctan;.
following.
1. cost/12 761 Problem Write cosxcos & as a sum of [ 764 Problem Write using only one
2. sinm/12 cosines. arctangent: arccdt-2) —arctar(—%).

759 Problem Write cota-+b) in terms of | 762 Problem Write using only one arcsine| 765 problem Write sinxcos X as a sum of
cotaand cob. arccosg — arccos;. sines.
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766 Problem Write sinxsin2xsin3x as a
sum of sines.

767 Problem Given real numbera, b with
0<a< m/2andm< b< 3m/2 and given
that sira= 1/3 and cod = —1/2, find
coga—h).

768 Problem Solve the equation
cosx+cosX=0..

769 Problem Solve the equation

arcsir(tanx) = x.

770 Problem Solve the equation

arccox = arcsin(1—x).

771 Problem Solve the equation

s
arctarx+arctanX = 7

772 Problem Prove the identity

costx = %(cos4<+4c052<+3).

773 Problem Prove the identities

_sin(a+b)
tana-+tanb = m7
cota+cotb = sin(a+b)

(sina)(sinb)

9.7 Polar Co-Ordinates

774 Problem Giventhat0< a,B,y < 3
and satisfy

sina = 12/13 cosp = 8/17,siny = 4/5,
find the value of sita + 3 —y) and
coja — B +2y).

775 Problem Establish the identity

sin(a—b)sin(a+b)

1_tarPacob cos'asir’ b

776 Problem Find real constanta, b,c
such that

sin — v/3cos X = asin(bx+c).
Use this to solve the equation

sinX—v3cosX = —v2.

777 Problem Solve the equation

sinx+cosXx= -1

778 Problem Simplify:

. 17
sm(arcsec§ —arctar{— §)).

779 Problem Shew that if cofa+b) =0
then sir{fa+2b) = sina.

780 Problem Leta+b+c= 7. Write
cosacosbcosc as a sum of sines.

781 Problem Shew that the amplitude of
X — asinAx+bcosAxis va2 +b?.

782 Problem Solve the equation

cosX—sinx=1.

783 Problem Leta+ b+ c = . Simplify

sirfa+ sin? b+ sin? c — 2 cosacosbcosc.

784 Problem Prove that if
cota+cscacosbsea = cotb+ cosacschsecc,
then eithema— b = ki, or

at+b+c=mn+2mmrora+b—c=m+2nm
for some integerk, m n.

785 Problem Prove that if
tana+ tanb+ tanc = tanatanbtanc,

thena+ b+ c = kit for some integek.

786 Problem Prove that if any of

a+b+c at+b—-c, a—b+cora—b-cis
equal to an odd multiple af, then

co a+cos b+cos c+2cosacosbcosc=1,

and that the converse is also true.

We now consider an alternative system of co-ordinatess 3ystem will be useful in parametrising figures having @ntr
symmetry. We associate the Cartesian p@iry) with the polar poin{r; 8) through the equations

X=rcosh, y=rsind,x2+y?=r2.

Observe that the polar co-6rdinates of a point is not unigunee sin and cos are periodic with periad 2

We now consider several examples.

787 Example The Cartesian co-ordinates of the polar pé@w/3; 2) arex = 2v/3cos¥ = —/3 andy = 21/3sinZl = 3.

Figure 9.36: Exampl&88




Polar Co-0rdinates 157

788 Example The region
{(r;0):1<|r|<2, 0<0

IN
ol 3
——

appears in figuré.36

We can also graph in polar coordinates. Just like there andiés of curves which everyone must know in Cartesian
co-odrdinates (e.g., quadratic curves, power functioxigopential functions, trigonometric functions, etc. gtk are families
of curves in polar co-0rdinates that are so common thatli@nity with them is desired.

We make the following remarks.

1. Quite often a polar equation has the farm f(6).

2. If the chang# «—— — 0 leaves the equation unchanged, then the graph has symmi#itmesapectd = 0, that is, the
X-axis.

3. Ifthe changd# «—— mm— O leaves the equation unchanged, then the graph has symnigtmespect = 7—2T that is, the

y-axis.
4. If the change «—— —r leaves the equation unchanged, then the graph is symmietritt the origin.

Some examples appear below.

Figure 9.37r = 1+ cosf Figure 9.381 = 1+ sinf Figure 9.391 = cos B sinf

An important family is that of théimagons with equation
r=a+bcosd or r=a+bsinb

If a > b, the limacgon is loopless, & = b, then the limacon has a cusp (and we callébadiod) and ifa < b then the limagon
has a loop.

3 3
2 4+ 2 4+
) f\ . ,f\
| | | | | | |
I I I I I I I
3 2 a4\ 1 2 S 3 23X 1 2 /3
2 = 2
-3 -3

Figure 9.40r = 2+ cosf Figure 9.41r = 1.5+ 1.5cosf Figure 9.42r = 1+ 2cosf
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Here are they are again with the cosine replaced by a sine.

Figure 9.43r = 2+sinf

Another important family are the roses.

with n even.

Figure 9.461 = cos B

Another important family are the roses.

with n odd.

Figure 9.49r = cos@

Here are some of the form

with n even.

Figure 9.52r =sin 20

Figure 9.44r = 1.5+ 1.5sin@

Here are some ofdha f

r = cosné,
3
2
1
1 %% 1
-3 -2 -{ 102
2 4
-3

Figure 9.47r = cos 8

Here are some ofdha f

r =cosné,

Figure 9.451 = 1+ 2sinf

3 2 a4 1 2

Figure 9.501 = cos 3

r =sinn@,

Figure 9.53r = sin46

3
, 4
1
=
3 -2 -1 12
2 +
-3

Figure 9.48r1 = cos&®

Figure 9.51r = cos

Figure 9.54r = sin69
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Here are some of the form

r =sinn@,
with n odd.
3 3
2 4 2 4
1 1 1
| | | | | | | | |
T T T T T T T T T
-3 -2 =1 4+ 1 2 3 -3 -2 =1 1 2 3 2 3
2 4 2 4
-3 -3
Figure 9.55r = sinf Figure 9.56r = sin30 Figure 9.57r = sin50
The last example we will consider are tleenniscates.
3 3 3
2 4 2 4 2 4
1+ 1 4 1 4
o — — — —
3 -2 -1 J 1 2 3 3 2 4~ 1 2 3 3 -2 -1 ™1 2 3
-2 4+ -2 —+ -2 4+
-3 -3 -3

Figure 9.5812 = cos D Figure 9.59r2 = sin20 Figure 9.6012 = —sin29
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Answers

587 F, T,F,F,T, T

588 1. ¥, quadrantll;

2. 17, quadrant Il ;
10.

11.

3. 4, quadrant Ill;

8
4. =7 quadrant I;

o 12. 6, quadrant IV,
5. —, quadrant lll;
8 13. 100- 30m, quadrant
6 .
6. 7—7; quadrant I; v,
6 14. 2ir—3.14, quadrant III;
T
7. 7,quadrant|l; 15. 2m—3.15, quadrant I
9 ) 35. 3. 5. . 595 00 %5 5% 4 5
590 Yes; No.

8. 1, quadrant I;
9. 2, quadrant Il;

3, quadrant I,

4, quadrant Ill; (xii) 5,
quadrant 1V,

621 F,F, T, T;)F, T, F,F,T;,F, T, T;F, T, F; F

622 cost = 0.6
623 sinu=+/.19

624 cost = %ﬁ

625 sinu= —\/Té

5m_ _ \/3
626 cosyf = —%°,

3m _
627 cosSf = —¥F

628 sin(3) = 1

629 sin(2J") = V2

630 sin(177) = Y2 and co$177) —

631 sin(=1) =

Y2 and cog=15T) — Y2

632 sin(292%) = —¥3 and co$2%2) = — 1

2
633 sin(11) — Y2 and co$177) — — V2

646 Hint: Use the Arithmetic-Geometric-

Mean Inequality

%’3 > +v/ab, for non-negative real numbeash.

660 F,F,F, F

684 F,F;, T, T;)F T, T,;F, T, F
Sm _m

686 {{5+ 5, neZ}

687 {+2I +2m,2m,n € Z}.

688 {(—1)"1 X+ W nez};
{(=)"17 4 O n = 295 296,297,298 29

9,300}

689 {(2n+1)mne Z}
690 ,NeZ}
691 0

692 {—Z +nm, & +nr}

693 (1) {—%.7}; (2 {—Z. Z}; (3) No solutions in this interval; (4)

All the solutlons belong to this |ntervélﬁw
-3.3}

694 242

695 ¥

696 2

697 5—2rm;, 41— 10

722 F;F;F;F

723 sinx= — 3, cosx = ‘/Tg,tanx: %g

724 sinx = f%g,cosx: —@

725 cosx= —/1—t4 tanx = — \/%

726 sinarcsex = —/1— %

727 3Y10

728 2m—6; 41— 10

758 cogqm/12) = (\@Jr 1), sin(r/12) = @(\/éfl)_

759 cotacolbol

760 1cosx— Jcosx

761 1cosX+ §cos&

762 farcsin%

763 arctand;.

764 m-+arctang

765 1sin— Jsinx
766 %sin2X+ 3 sindx— 5 sin6x

767 —(2 + )

768 x=+J+nm x=+F+2nm neZ
769 x=0.

770 x=0o0rx=1.

771 x = VI3
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Complex Numbers

A.1 Arithmetic of Complex Numbers

One uses the symbbto denote thémaginary unit i= v/—1. Theni? = —1.
789 Example Find/—25.

Solution:y/—25= 5i.
Sincei® =1,it =i,i?= —1,i® = —i,i* = 1,i° =1, etc., the powers dfrepeat themselves cyclically in a cycle of period 4.

790 Example Findil934
Solution: Observe that 1934 4(483) +2 and sd'%34=i? = —1,

791 Example For any integrabr one has

7O (14 +i%+i%) =i (1+i—1—i) =0.

If a,b are real numbers then the object bi is called acomplex nhumbelOne uses the symb@l to denote the set of all
complex numbers. & b,c,d € R, then the sum of the complex numbers bi andc + di is naturally defined as

(a+bi)+ (c+di)= (a+c)+ (b+d)i (A1)
The product ok + bi andc+ di is obtained by multiplying the binomials:

(a+bi)(c+di) = ac+adi+ bci+ bdiZ = (ac— bd) + (ad+ be)i (A.2)

792 Example Find the sum4+ 3i) + (5— 2i) and the product4 + 3i)(5 — 2i).

Solution: One has
(4+3i))+(5-2)=9+i

and
(4+3i)(5—2i) = 20— 8i + 15 — 612 = 20+ 7i + 6= 26+ 7i.

793 Definition Letze C,(a,b) € R? with z= a+ bi. Theconjugatez of zis defined by

z=atbi=a—bi (A.3)

161
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794 Example The conjugate of § 3i is5+ 3i = 5— 3i. The conjugate of 2 4iis2 —4i = 2+ 4i.

The conjugate of a real number is itself, that is, €&, thena = a. Also, the conjugate of the conjugate of a
number is the number, that B= z

795 Theorem The functionz: C — C, z— zis multiplicative, that is, iz, z, are complex numbers, then
nL=72 (A.4)
Proof: Letz =a+ bi,z = c+diwhere ab,c,d are real numbers. Then

7z; = (a+bi)(c+di)
= (ac—bd)+ (ad+ bc)i
= (ac—bd)— (ad+ be)i

Also,
7% = (atbi)(c+di
= (a—bi)(c—di)
= ac—adi—bci+ bd?
= (ac—bd)— (ad+ be)i,

which establishes the equality between the two quantifies.

. 2430 . .
796 Example Express the quotler§+—5: in the forma+- bi.

Solution: One has
2+3i 243 3+5 -9+19 _9+ 19
3-5 3—-5 3+5 @ 34 <~ 34 34

797 Definition Themodulusa+ bi| of a+ bi is defined by

|a+bi| = 1/ (a+ bi)(a+bi) = v/a2+b? (A.5)

Observe that — |Z] is a function mapping’ to [0;+oo].

798 Example Find |7+ 3i].

Solution: |7+ 3i| = /(7+3i)(7—3i) = V72+ 32 = /58.

799 Example Find |v/7 + 3i|.

Solution:|v/7+3i = /(V7+3i) (V7 - 3) = VT F = 4.
800 Theorem The functionz — |z, C — R is multiplicative. That is, ifz,z, are complex numbers then

|2125| = ||| 22| (A.6)
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Proof: By Theoren¥95 conjugation is multiplicative, hence

2z = Vazzz
Vauznn -z
= Vaznznn
Uz zn

|21|| 22|

whence the assertion follows.

801 Example Write (22 +32)(5% + 72) as the sum of two squares.

Solution: The idea is to write?2- 3% = |24 3i|?, 5%+ 7% = |54 7i|? and use the multiplicativity of the modulus. Now

(2243 (52477 = [2+3i5+7if
= [(243)(5+70)?
= |-11+29
= 112429

A.2 Equations involving Complex Numbers
Recall that ifux? 4+ vx4w = 0 with u # 0, then the roots of this equation are given by @eadratic Formula

)= - 4 VP duw (A7)
2u 2u
The quantity? — 4uwunder the square root is called ttiiscriminantof the quadratic equatiome 4 vx+w = 0. If u,v,w are
real numbers and this discriminant is negative, one obtainglex roots.
Complex numbers thus occur naturally in the solution of qatidequations. Sindé = —1, one sees that=i is a root of the
equatiorx? + 1 = 0. Similary,x = —i is also a root ok® + 1.

802 Example Solve 2+ 6x+5=0

Solution: Using the quadratic formula

6 V-4 3 .1
B
In solving the problems that follow, the student might prisbim the following identities.
& —t? = (s—t)(s+1) (A.8)
Kt = (F—th)(+tK), ke N (A.9)
S —t3= (s—t)(P+st+t?) (A.10)
S +13= (s41)(£ —st+t?) (A.11)

803 Example Solve the equatior* — 16 = 0.

Solution: One hag* — 16 = (x> — 4) (x> 4+ 4) = (x— 2)(x+2)(x* + 4). Thus eithex = —2,x = 2 orx?> +- 4= 0. This last
equation has root$2i. The four roots ok* — 16 =0 are thux = —2,x = 2,x = —2i,x = 2i.
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804 Example Find the roots ok® — 1= 0.

Solution:x3 — 1= (x— 1)(x>+x+1). If x # 1, the two solutions ta® + x-+ 1= 0 can be obtained using the quadratic

formula, gettingk = —% +i ?

805 Example Find the roots ok®+ 8= 0.

Solution:x3 + 8 = (x+2) (x> — 2x+4). Thus eithex = —2 orx? — 2x+ 4= 0. Using the quadratic formula, one sees that the

solutions of this last equation axe= 1+iv/3.
806 Example Solve the equatior* + 9x2 + 20 = 0.

Solution: One sees that

X492 +20= (x*+4)(x*+5)=0
Thus eithex? + 4 = 0, in which casex= +2i or X2 + 5= 0 in which case = +i\/5. The four roots arg = +2i, +i\/5

Homework

807 Problem Perform the following operations. Write your result
in the forma+- bi, with (a, b) € R?.

1. v/36++/-36
(4+8i)—(9—3i)+5(2+i)—8i
4450 +6i% + 73
i(1+1)+2i%(3—4i)
(8—9i)(10+11i)
j1990 , {1991, {1992, {1993
2—i
2+i

1-i 1+i
9. (5+2i)2+(5—-2i)?
10. (1+1i)3

N oakrounN

808 Problem Find real numbers, b such that
(a—2)+ (5b+3)i=4-2i

809 Problem Write (22 +32)(3? + 72) as the sum of two squares.

810 Problem Prove tha(1+i)? = 2i and that{1—i)? = —2i. Use

this to write
(1—+i)2004
(1—1)2000

in the forma+ bi, (a,b) € R?.

811 Problem Prove tha(1+iv/3) = 8. Use this to prove that
(1+iv3)%0=2%.

812 Problem Find |5+ 7i|, [v/5+ 7|, |5+iv/7| and|v/5+iV7|.

813 Problem Prove that ifk is an integer then
(4k+1)i% + (4k+2)i%HL ¢ (4k+3)i%+2 ¢ (ak+4)i%+3 = —2—2i,

Use this to prove that

1+42i+3i%+4i%+... +199519941 19961995 = _998—994.

814 Problem If zandZ are complex numbers with eithgt = 1 or
|Z| = 1, prove that

z—-7

1-27 ’ =1

815 Problem Prove that ifz,Z andw are complex numbers with
|7 =|Z] = |w| =1, then

|2Z +zw+Zw| = |2+ 7 +w|

816 Problem Prove that ifn is an integer which is not a multiple of
4 then

1n+in+i2n+i3n —0.
Now let

1000 2000

f(X) = (1+x4+x2)10%0= a5+ ay X+ - - - + apooX

By consideringf (1) + f (i) + f(i%) + f(i%), find

8o +3a4+ag+ -+ 32000

817 Problem Find all the roots of the following equations.
X*+8=0

X2 +49=0

X2 —4x+5=0

x> —3x+6=0

xX*-1=0

X' +2¢-3=0

x3-27=0

X¥-1=0

X —64=0

© 0o N o O~ wNPR
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Binomial Theorem

B.1 Pascal’s Triangle

It is well known that
(a+Db)%=a®42ab+b? (B.1)

Multiplying this last equality bya+ b one obtains
(a+b)3 = (a+b)%(a+b) = a+ 3a’b + 3ab? + b1

Again, multiplying
(a+b)® =a’+3a%b+ 3ab? 4 b? (B.2)

by a+ b one obtains
(a+b)* = (a+b)*(a+b) = a* + 4a®b + 6a%b? + 4ab® + b*

Dropping the variables, a pattern with the coefficients gq@gra pattern calldéascal’s Triangle.

Pascal’s Triangle

1 10 45 120 210 252 210 120 45 10 1

Notice that each entry different from 1 is the sum of the twighbours just above it.
Pascal’s Triangle can be used to expand binomials to vapowers, as the following examples shew.

818 Example
(4x+5)° = (4x)343(4x)°(5) + 3(4x)(5)2+5°
= 643+ 240+ 30+ 125
819 Example
(2x=yA)* = (20%+4(203(—y?) + 6(20)(—y?)*+

+A(2X)(=y?)3 + (—y2)*
= 16¢— 323y2 + 243y — 8xyP +yB

165
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820 Example
(2+0)° = 2545(2)4i)+10(2)3(i)%+
+10(2)2(1)3+5(2)(i)* +i°
= 32+80i—80—40i + 10+
= —38+39
821 Example

(V3+vB)* = (V3)'+4(v3)*(v5)

+6(V3)2(v5)? +4(V3)(V5)* + (VB)*

= 941215+ 90+ 2015+ 25
= 124+32/15

822 Example Given thata— b= 2,ab= 3 finda® — b®.

Solution: One has

whencea3 — b® = 26.

g = 28

= (a—b)®
= a*>—3a’b+3ab?— b =a®—b®— 3ab(a—b)
= a’-b%-18

Aliter: Observe that 4 2° = (a—b)? = a? + b? — 2ab= a? — b? — 6, whencea? + b? = 10. This entails that

as before.

B.2 Homework

823 Problem Expand

a®—b® = (a—b)(a®+ab+b?) = (2)(10+ 3) = 26,

825 Problem Compute(x+ 2y+ 32)2.

1. (x—4y)3
2. (C+y2)* 826 Problem Given thata+2b = —8, ab= 4, find (i) a2+ 4b?, (ii)
3. (2+3%)° a8+ 86%, (iil) ~ 4 —.
) a 2b
4, (2i—3)*
5. (2i+3)*+(2-3)" 827 Problem The sum of the squares of three consecutive positive
6. (2i+3)*—(2i—3)* integers is 21170. Find the sum of the cubes of those three
7. (V3-V2)3 consecutive positive integers.
8. (V3+v23+(v/3-v2)?
9. (V3+ V23— (V3-v2)3 828 Problem What is the coefficient ak*y® in
(xv2-y)1%?
824 Problem Prove that
(a+b+c)? =a?+b?+c2+2(ab+bc+ca) Answer: 840,
Prove that

(a+b+c+d)? = a?+b? + 2 + d? + 2(ab+ac+ ad+ bc+ bd +cd)

Generalise.

829 Problem Expand and simplify

(V1-x2+1)7 - (V12 —1)".
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Sequences and Series

C.1 Sequences

830 Definition A sequence of real numbers is a function whose domain is thef satural numbers and whose output is a
subset of the real numbers. We usually denote a sequenceslnyf thre notations

aOﬂal’a27""
or

{an}n o -

Sometimes we may not start atr0. In that case we may write

amaamlva(ﬂwLZa"'v

or
{an}nsm ,

where m is a non-negative integer.

We will be mostly interested in two types of sequences: sacggethat have an explicit formula for theith term and
sequences that are defined recursively.

831 Example Letay=1— z—ln,n =0,1,.... Then{as} %, is a sequence for which we have an explicit formula forrttta
term. The first five terms are

ag = 1-% = 0,
W= 1 - b
s
g = 1-3 = §
w-1h -

832 Example Let

1
Xo=1 X = (1+ﬁ>xn1, n=212,....
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Then{xn o is a sequence recursively defined. The texmso, ..., xs are
x = (I+Hx = 2
2o = (1+3H)x = 3
X3 = (1+3)x = 4
xs = (1+3)xs = 5
x5 = (1+2)xa = 6.

You might conjecture that an explicit formula fey is x, = n+ 1, and you would be right!

833 Definition A sequencean} %, is said to bencreasingif a, < ay,1 Vne€ N* andstrictly increasingf a, < an1 Vne N?
Similarly, a sequencéan}*, is said to bedecreasingf a, > an;1 Vn € N° andstrictly decreasingf a, > an1 Vn € N*

A sequence isnonotonidf is either increasing, strictly increasing, decreasmgstrictly decreasing.

834 Example Recallthat0=1,1!'=1,2!=1-2=2,3!=1-2-3 =6, etc. Prove that the sequenge=n!,n=0,1,2,...is
strictly increasing fon > 1.

Solution: Fom > 1 we have

Xn=nl=n(n—1)! =nX_1 > Xp_1,
sincen > 1. This proves that the sequence is strictly increasing.

1 : . .
835 Example Prove that the sequengg=2+ —,n=0,1,2,...is strictly decreasing.

2n’
Solution: We have
1 1

Xn+1 - Xn == 2 + ﬁ - 2 + ?

_ 1 1

~ ontl on

1
= on+1
< 0,

whence
Xnt1— %0 <0 == Xny1 < Xn,

i.e., the sequence is strictly decreasing.

2

836 Example Prove that the sequengg= ,n=1,2 ...is strictly increasing.

n°+1 1
Solution: First notice that— —n+— Now,
XnJrl—Xn == (n+1+i) - (n'i‘})
L n+11 n
= e
B 1
B (n+1)
> 0,

1Some people call these sequentes-decreasing.
2Some people call these sequeniteseasing.
3Some people call these sequenoes-increasing.
4Some people call these sequendesreasing.
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since from 1 we are subtracting a proper fraction less thaiehce
Xn+1—Xn >0 = Xnp1 > Xn,

i.e., the sequence is strictly increasing.

837 Definition A sequencex,}, %, is said to beboundedf eventually the absolute value of every term is smallentha
certain positive constant. The sequenceriboundedf given an arbitrarily large positive real number we canapw find a
term whose absolute value is greater than this real number.

838 Example Prove that the sequengg=n!.n=0,1,2,... is unbounded.

Solution: LetM > 0 be a large real number. Then its integral padt satisfies the inequalityl — 1 < |[M| <M and so
[M] +1> M. We have
Xmj+1 = (M + Dl = (IM]+ D([M))([M] =1)---2-1> M,

since the first factor is greater thishand the remaining factors are positive integers.
n+1 .
839 Example Prove that the sequeneg = 0 n=12,...,is bounded.

. n+1 1 . 1 . .
Solution: Observe that, = % =1+-. Smceﬁ strictly decreases, each termapfbecomes smaller and smaller. This

. 1 .
means that each term is smaller that= 1+ > Thusa, < 2 forn > 2 and the sequence is bounded.

Homework
840 Problem Find the first five terms of the following sequences| are bounded or unbounded.
O x=1+(-2)"n= O anﬁll)n’”: O % =nn=0,1,2,... n=0,12,...
0,1,2,... FT
T 234,.. 0 % = (=1)"n, 0 %= (-1,
O % =1+(-3)",n= n=0,12,... n=0,1,2,...
0,1,2,... 1\N 1 o ’1
0 xp=nl+1n= H x”:(1+ﬁ) n= U %=-,n=012... 0 % =1- 5.
0,1,2,... 12,..., n n=01.72
|:| xn: R P Rt A
n+1 1
841 Problem Decide whether the following sequences are n=012... O xn=1+ on
eventually monotonic or non-monotonic. Determine whethey O xn=n—n, n=0,12,...

C.2 Convergence and Divergence

We are primarily interested in the behaviour that a sequéagg’ "}, exhibits as gets larger and larger. First some shorthand.

842 Definition The notatiom — - means that the natural numbeincreases or tends towardso, that is, that it becomes
bigger and bigger.

843 Definition We say that the sequen¢e, }, %, convergesto a limit L, writtenx, — L asn — oo, if eventually all terms
after a certain term are closerltdy any preassigned distance. A sequence which does notrgensgesaid taliverge.

To illustrate the above definition, some examples are inrorde

5This definition is necessarily imprecise, as we want to keaftars simple. A more precise definition is the following: say that a sequenag,n =
0,1,2,... convergedo L (writtency — L) asn — +oo, if Ve > 03N € N such thafc, — L| < € Vn> N. We say that a sequendg,n=0,1,2,... diverges to}c
(written d — +) asn — +oo, if YM > 0 3N € N such thad, > M Vn > N. A sequencef,,n=0,1,2,... diverges to— if the sequence-f,,n=0,1,2,...
converges tot.
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844 Example The constant sequence
1,1,11,...

convergesto 1.

845 Example Consider the sequence
1

5 5 PR gy

1
n

NI =
wl =

. 1 1
We claim thatﬁ — 0 asn — +o. Suppose we wanted terms that get closer to 0 by at |leaé801= 15 We only need to

look at the 100000-term of the sequeni%:é—oz % Since the terms of the sequence get smaller and smalleteamy

after this one will be within00001 of 0. We had to wait a long time—till after the 10000Qettm—Dbut the sequence
eventually did get closer tha0001 to 0. The same argument works for any distance, no nmettesmall, so we can
eventually get arbitrarily close to.

846 Example The sequence
0,1,4,9,16,...,n% ...

diverges to+, as the sequence gets arbitrarily lafge.
847 Example The sequence
1,-1,1,-11,-1,....(-D",...

has no limit (diverges), as it bounces back and forth freinto +1 infinitely many times.

848 Example The sequence
0,-1,2,-3,4,-5,....(-1)"n,...,

has no limit (diverges), as it is unbounded and alternatek aad forth positive and negative values..

Figure C.1: Theorer49.

When is it guaranteed that a sequence of real numbers hagaWa have the following result.

6A rigorous proof is as follows. 1€ > 0 is no matter how small, we need only to look at the terms Ntef[% + 1] to see that, indeed, if > N, then

&*1<1* 1 ce
noN (41 T

Here we have used the inequality
t—1<[t] <t, VteR.

A rigorous proof is as follows. IM > 0 is no matter how large, then the terms after | /M| + 1 satisfy 6 > N)
th=n2>N2= (VM| +1)2> M.
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849 Theorem Every bounded increasing sequedeg} ., of real numbers converges to its supremum. Similarly, every
bounded decreasing sequence of real numbers convergestfntum.

Proof: The idea of the proof is sketched in figurel. By virtue of Axion??, the sequence has a supremum s.
Every term of the sequence satisfigsias. We claim that eventually all the terms of the sequencelasercto s

than a preassigned small distanee> 0. Since s- € is not an upper bound for the sequence, there must be a term
of the sequence, sayawith s— & < ag, by virtue of the Approximation Property Theor@m Since the sequence

is increasing, we then have

S—fganoﬁano+1§ano+2§ano+2§---Ssa

which means that after theyfth term, we get to withig of s.

To obtain the second half of the theorem, we simply applytenfalf to the sequence-an} 1%, O

Homework
850 Problem Give plausible arguments to convince yourself that] ad (%)” — +00 asn — +o
1
0 x» —0asn— fo O the sequencé—2)",n=0,1,... diverges as — -+oo
0 2" — 4w asn — +o n
1 0 o —0asn— o
0 &5 —0asn— +ow ;
0 ™ —1lasn— +o 0 & — 4wasn— 4w
0 (%)n — 0asn— 4o O the sequencet(—1)",n=0,1,... diverges as — +oo

C.3 Finite Geometric Series
851 Definition A geometric sequena® progressioris a sequence of the form
a, ar,ar?, ar®, ar?,.. .,

that is, every term is produced from the preceding one byipiyilhg a fixed number. The numbeiis called thecommon
ratio.

O Trivially, if a = 0, then every term of the progressiorlisa rather uninteresting case.
O If ar # 0, then the common ratio can be found by dividing any term bintiéch immediately precedes it.

O The n-th term of the progression
a, ar,ar?, ar®, ar®,...,

isar"1,

852 Example Find the 35-th term of the geometric progression

1 5 8
N,
Solution: The common ratio is2 + % = —2/2. Hence the 35-th term %(—2\/5)34 = 2—5; = 11258999068426242.

853 Example The fourth term of a geometric progression is 24 and its gbvenm is 192Find its second term.
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Solution: We are given thatr® = 24 andar® = 192 for somea andr. Clearly,ar # 0, and so we find

6
£:r3:£2:8’
ar3 24

whencer = 2. Now,a(2)3 = 24, giving a= 3. The second term is thus = 6.
854 Example Find the sum
2422428424 ... 4254
Estimate (without a calculator!) how big this sum is.
Solution: Let
S=2422428 424 4 2%

Observe that the common ratio is 2. We multiglipy 2 and notice that every term, with the exception of the Espearing on
this new sum also appears on the first sum. We sub&fom 2S;

S = 2 + 022 4 28 4 2 4 .. 4 2%
2S = 22 + 2 + 22 + . 4 2% 4 2
25-S = —2425

ThusS= 2% — 2. To estimate this sum observe thaf 2 1024~ 10°. Therefore
255 — (210)6.(25) = 32(219)6 ~ 32(10%)° = 32x 1018 =3.2 x 10'°.
The exact answer (obtained via Mag@, is
255 _ 2 — 36893488147419103230

My pocket calculator yields.889348815« 10*°. Our estimate gives the right order of decimal places.

1. If achess player is paii2 for the first square of a chess boaf¥ for the second squar&g for the third
square, etc., after reaching tt&l-th square he would be paB689348814741910323Query: After
which square is his total more th&100000@

2. From the above example, the sum of a geometric progresstbrpositive terms and common ratior1
grows rather fast rather quickly.

855 Example Sum

2 2 2 2
3ttt Tawm
Solution: Put
2 2 2 2
S=3tmtE T T3m
Then
1 2 2 2 2
38*324'?4'34"‘"4'3100
Subtracting,

It follows that
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The sum of the first two terms of the series in exar@plas % + 3—22 = g, which, though close th is not as
close as the sum of the fii89 terms. A geometric progression with positive terms and commatio0 <r < 1
has a sum that grows rather slowly.

To close this section we remark that the approximati=21000 is a useful one. It is nowadays used in computer lingo,
where a kilobyte is 1024 bytes—"kilo” is a Greek prefix mearfithousand.”

856 Example Without using a calculator, determine which number is larg&° or 3°°°.

Solution: The idea is to find a power of 2 close to a power of 3e @madily sees that2= 8 < 9 = 32. Now, raising both sides

to the 250-th power,
2750 _ (23)250 - (32)250 _ 3500

The inequality just obtained is completely useless, it dadsanswer the question addressed in the problem. Howeeer, w
may go around this with a similar idea. Observe that8y/2: for, if 9 > 8/2, squaring both sides we would obtain:8128,
a contradiction. Raising & 8v/2 to the 250-th power we obtain

35002 (32)250 < (8\/5)250 — 2875 < 2900

whence 2%is greater.

You couldn’t solve exampi56 using most pockets calculators and the mathematical tamidwave at your
disposal (unless you wereally clever!). Later in this chapter we will see how to solve thisiglem using

logarithms.
Homework
857 Problem Find the 17-th term of the geometric sequence 862 Problem In this problem you may use a calculator. Legend
2 2 2 says that the inventor of the game of chess asked the Emgeror o
317 360 3150 China to place a grain of wheat on the first square of the cbasgb

2 on the second square, 4 on the third square, 8 on the fourdnesq
etc.. (1) How many grains of wheat are to be put on the lastt{p4-
square?, (2) How many grains, total, are needed in ordetigfysa
the greedy inventor?, (3) Given that 15 grains of wheat weigh
approximately one gramme, what is the approximate weighkgij

858 Problem The 6-th term of a geometric progression is 20 and
the 10-th is 320. Find the absolute value of its third term.

859 Problem Find the sum of the following geometric series. of wheat needed?, (4) Given that the annual production ofinise
1. 350 million tonnes, how many years, approximately, are edéd
143432433 4...43%9 order to satisfy the inventor (assume that production ofavkeays
constant.
2. fy#1
1+y+y2 +y3 4+ +y %0
3. Ify#£1, 863 Problem Prove that
I-y+y =y +y =y —y Pyt 101 5101
ArA i 4y 142.543.58244.551...4 995100995 5 -1
4. Ify£1, 4 16

1+y2+y +yP oyt
864 Problem Shew that
860 Problem A colony of amoebdsis put in a glass at 2 : 00 PM.
One second later each amoeba divides in two. The next se@nd] 1+ x4+ - - +x1923= (1+x)(14+52) (1+x*) - - (1+x258) (1+4x512).
present generation divides in two again, etc.. After oneuteinthe
glass is full. When was the glass half-full?

865 Problem Prove that

861 Problem Without using a calculator: which number is greate]
230 or 3022 L+ 44380 = (53T + 1) (B4 x + 1) 08 3 +1) (6 +x+1).

=

8Why are amoebas bad mathematicians? Because they dividatiplyh
9 Depending on your ethnic preference, the ruler in this gnobinight be an Indian maharajah or a Persian shah, but nevienarican businessman!!!




174 Appendix C

C.4 Infinite Geometric Series

866 Definition Let
Ssy=a+ar+ar’+---+ar"?!

be the sequence of partial sums of a geometric progressiesaywthat thénfinite geometric sum
atar+ar’+---+ar"trar+ ..

convergedo a finite numbesif s, — s| — 0 asn — +. We say that infinite sum
atar+ar’+.--+ar"trar ..

divergesf there is no finite number to which the sequence of partisisaonverges.
867 Lemma If 0 < a < 1thena" — 0asnh— 0.

Proof: Observe that by multiplying through by a we obtain
O<a<l—=— 0<a’<a— 0<a’<a® = ...

and so

-1

O<..<ad<a"l<. . <al<a’<a<i,

that is, the sequence is decreasing and bounded. By Theéxt8the sequence converges to its infimum
info>pa” =0. 0

868 Theorem Leta, ar, ar?, ... with |r| # 1, be a geometric progression. Then

1. The sum of its firsh terms is
1 a—ar

atar+ar’+---+ar g

2. If |r| < 1, the infinite sum converges to

atartar’4..o=_—
1-r

3. If |r] > 1, the infinite sum diverges.

Proof: Put

S=a+tar+ar’+---+ar" L.
Then

rS=ar+ar’+ar’+---+ar".
Subtracting,

S—rS=S1-r)=a—ar".
Sincelr| # 1 we may divide both sides of the preceding equality in ordettain

_a—ar"
Co1-r"’

proving the first statement of the theorem.

Now, ifr| < 1, then|r|" — 0 as n— +oo by virtue of Lemm®&67, and if|r| > 1, then|r|" — +c as n— +. The
second and third statements of the theorem follow from this.

We have thus created a dichotomy amongst infinite geomaeitris sif their common ratio is smaller thdn
in absolute value, the infinite geometric sum convergese@iise, the sum diverges.
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869 Example Find the sum of the infinite geometric series

3 3 3 3

B 55 5
Solution: We have = 3,r = —1 in TheorenB68 Therefore
3 3,3 3, % _1
5 54 55 56 B 1—(—:—5L) 50

870 Example Find the rational number which is equivalent to the repegdiecimal 02345.

Solution:
23 45 45 23 4o 23 1 129

0.2345— ] _2 1 129
TR, ST 1-.1 100 220 550

T1 100 1P
Note: The geometric series above did not start till the sé¢erm of the sum.

871 Example A celestial camel is originally at the poi(®,0) on the Cartesian Plane. The camel is told by a Djinn that if it
wanders 1 unit right, A2 unit up, ¥4 unit left, 1/8 unit down, %16 unit right, and so, ad infinitum, then it will find a houris.
What are the coordinate points of the houris?

Solution: Let the coordinates of the houris@€Y). Then

wol, 11,1 4
a5
and 1
11 1 1 . 2
Y=S—ZmtE - (T &
2 BB 2 1-(-1) 5

872 Example What is wrong with the statement

1
1424224284+ .= ——_ =17
+2+2°4+2°+ 15
Notice that the sinistral side is positive and the dextrde $§ negative.

Solution: The geometric sum diverges, as the common rago-2li, so we may not apply the formula for an infinite geometric
sum. There is an interpretation (calleanvergence in the sense of Abalhere statements like the one above do make sense.

Homework
873 Problem Find the sum of the given infinite geometric series. 4.
V3,V 2VE,
1. o : AR
§+1+§+... 5. 2
5-1 5-1
2. l+—\/_2 +<—\/—2 )+
0.9+ 0.03+0.001+--- 6
3 1+10+10° +10° + - --
3+2V2 3-2V2 7
+ 4+ 5
3-2V2 3+2V2 1-x+2 =34, X<l
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8. /3 /3 1. 03
3 3 —
0. 3. 025
g B PSEL 4. 2175
5. 0428571

with |y| < [x].

874 Problem Give rational numbers (that is, the quotient of two
integers), equivalent to the repeating decimals below.

Answers

840 (1)2,-1,5,-7,17:(2) 2, ¥2,5/4,7/8,17/16;(3) 2, 2,3, 7, 25; (4) 13, 1/5, 1/25, /119, Y721, (5) 2, 94,
64/27, 625256, 77763125

841 (1) Strictly increasing, unbounded (2) non-monotonic,aunided (3) strictly decreasing, bounded (4) strictly
increasing, bounded (5) strictly increasing, unbound&dyén-monotonic, bounded, (7) strictly increasing, bathd8)
strictly decreasing, bounded

2
857 -3

858 One s given thaar® = 20 andar® = 320. Hencear?| = g

101 4102
859 (1)3‘51 358948993845926294385124,(i-gyl— [ “y (4)‘T

875 Problem Give an example of an infinite series with all positive
terms, adding to 666.

860 At2:00:59 PM (the second just before 2: 01 PM.)

861 230

862 (1) 283 = 9223372036854775808, (254 1 = 18446744073709551614, (31x 1015 kg, or 1200 billion tonnes
(4) 3500 years

873 () 8. 2. (3 LOPN2 14y 2VBHIBVZ (5) 348 (o) diverges, (1 Ly, 8) 3. 9) 15

874 103,235,383, @32 53
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