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David A. Santos
dsantos@ccp.edu

Things to do:

• Weave functions into counting,à la twelfold way. . .
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Chapter 1
Generating Functions

1.1 Ordinary Generating Functions

Suppose we desire to change a dollar bill with pennies, nickels, dimes, quarters and half-dollars. In how many ways can wedo
this?

This problem is equivalent to finding the number of nonnegative solutions to the equation

x+5y+10z+25w+50v = 100.

It is easy to see that this is the same as asking for the coefficient ofx100 in the expansion of

C(x) = (1+x+x2 +x3 + . . .)
·(1+x5 +x10+x15+ . . .)
·(1+x10+x20+x30+ . . .)
·(1+x25+x50+x75+ . . .)
·(1+x50+x100+x150+ . . .)

= 1
(1−x)(1−x5)(1−x10)(1−x25)(1−x50)

.

We call the functionC theordinary generating functionof the change-making problem. We see that in general, the coefficient
of xn in the expansion ofC(x) gives us the number of nonnegative solutions to the equation

x+5y+10z+25w+50v = n.

In general, we call the function

G(x) =
∞�

n=0

anxn

theordinary generating functionof the sequencea0,a1,a2, . . . .

1 Example Devise a pair of dice with exactly the same outcomes as ordinary dice (the sum 2 comes out once, etc.), but which
are not ordinary dice.

Solution: Think of the ordinary die as the polynomial

x+x2 +x3 +x4 +x5 +x6.

The outcomes of the ordinary pair of dice occur then as the terms of

(x+x2 +x3 +x4 +x5 +x6)2,

that is, the coefficients of the polynomial

x2 +2x3 +3x4 +4x5 +5x6 +6x7 +5x8 +4x9 +3x10+2x11+x12

v



vi Chapter 1

tell us that 2 occurs once, 3 occurs twice, etc..
We are thus looking forai andb j such that

(xa1 + · · ·+xa6)(xb1 + · · ·+xb6) = (x+ · · ·+x6)(x+ · · ·+x6),

i.e., an alternate factorisation for the dextral side of this equality. Now

x+ · · ·+x6 = x
1−x6

1−x

= x
1−x3

1−x
(1+x3)

= x(1+x+x2)(1+x)(1−x+x2).

The factors we seek must multiply to
x2(1+x+x)2(1+x)2(1−x+x2)2.

Each factor must have anx (the condition of havingpositiveentries) and each factor must have a 1+ x and 1+ x+ x2 (the
condition of having 6 faces, meaning that the value ax= 1 is 6). The only free choice is on the distribution of the two 1−x+x2

factors. If we give one to each we get ordinary dice so we must try the other way. Thus we take the polynomials

x(1+x+x2)(1+x) = x+2x2 +2x3 +x4

and
x(1+x+x2)(1+x)(1−x+x2)2 = x+x3 +x4 +x5 +x6 +x8.

Therefore, if one die reads
1,2,2,3,3,4

and the other reads
1,3,4,5,6,8,

we meet the conditions of the problem.

2 Example Prove that the positive integers cannot be partitioned intoa finite number of setsS1,S2, . . . ,Sn each of which is an
infinite arithmetic progression each with different commondifference.

Solution: Assume on the contrary that
N = S1∪S2∪·· ·∪Sn,

with Sk = {ak +dk,ak +2dk,ak +3dk, . . . ,},1≤ k≤ n,d1 > d2 > d3 > · · · > dn. Then�
m∈N

zm =
�
m∈S1

zm+
�
m∈S2

zm+ · · ·+
�
m∈Sn

zm,

that is to say,
z

1−z
=

za1

1−zd1
+

za2

1−zd2
+ · · ·+ zan

1−zdn
.

Lettingz→ e2π i/d1, the sinistral side is finite, but the dextral side is infinite. This contradiction establishes the claim.

3 Example Partition the non-negative integers into two sets,A andB, such that every positive integer is expressible bya+
a′;a < a′;a,a′ ∈ A in the same number of ways as byb+b′;b < b′;b,b′ ∈ B.

Solution: Consider the generating functions

A(x) =
�
a∈A

xa andB(x) =
�
b∈B

xb.

Observe that the conditions stipulate

A(x)+B(x) =
1

1−x

vi



OGFs and Linear Equations vii

and
A2(x)−A(x2) = B2(x)−B(x2).

Thus
(A(x)−B(x))(A(x)+B(x)) = A(x2)−B(x2),

and so
A(x)−B(x) = (1−x)(A(x2)−B(x2)).

Iterating gives

A(x)−B(x) =
N−1�
n=0

(1−x2n
)(A(x2n

)−B(x2N
)),

and lettingN → ∞ gives

A(x)−B(x) =
∞�

n=0

(1−x2n
).

This product, when multiplied out, gives+xk if k is the sum of an even number of distinct powers of 2 and−xk if k is and odd
number of them. This means that
A = Set of all integers with an even number of 1 digits in its binary representation.
B = Those with an odd number of 1 digits.
So

A = 0,3,5,6,9,10,12,15, . . .,

B = 1,2,4,7,8,11,13,14, . . ..

1.2 OGFs and Linear Equations

We now present some examples of how ordinary generating functions can be used to find integral solutions to linear equations.

4 Example Find the number of integer solutions of

x1 +x2 +x3 +x4 = 69,

with x1 ≥ 0,x2 > 3,x3 > 55,x4 > 0.

Solution: We are asking for the coefficient ofx69 in the expansion of

(1+x+x2 +x3 + . . .) · · ·(x4 +x5 +x6 + . . .)

·(x56+x57+x58+ . . .)(x+x2 +x3 + . . .).

But this expression equals
1

1−x
· x4

1−x
· x56

1−x
· x
1−x

=
x61

(1−x)4 .

By the Generalised Binomial Theorem, the coefficient ofx8 in the expansion of(1−x)−4 is

(−1)8�−4
8 �=

(−4)(−5)(−6)(−7)(−8)(−9)(−10)(−11)
8!

= 165.

5 Example Find the generating function for the number of integer solutions of

x1 +x2 +x3 +x4 +x5 = n

with 0≤ xk ≤ 4 for all k . Then, find the number of integer solutions tox1 +x2 + · · ·+x5 = 10 with 0≤ xk ≤ 4.

vii



viii Chapter 1

Solution: The generating function is easily seen to be

(1+x+x2 +x3 +x4)5 = (1−x)−5(1−x5)5.

For the second part of the problem, we want the coefficient ofx10 in the expansion of the above generating function. But by
the Generalised Binomial Theorem, this is�−5

10��5
0�+ �−5

5 ��51�+ �−5
0 ��5

2�.

6 Example Find the generating function for the number of integer solutions of

x1 +x2 +x3 +x4 = n

if x1 ≥ 0,x2 ≥ 2,x3 ≥ 8,0≤ x4 > 4.

Solution: We want
(1+x+x2 + · · ·)(x2 +x3 +x4 + · · ·)(x8 +x9 +x10+ · · ·)(x5 +x6 +x7 + · · ·)

which simplifies to
x15

(1−x)4 .

7 Example Find the generating function for the number of integer solutions of

x1 +x2 +x3 +x4 = n

with 0≤ x1 ≤ x2 ≤ x3 ≤ x4.

Solution: Make the change of variablesy1 = x1,y2 = x2−x1,y3 = x3−x2,y4 = x4−x3. Thenx1 +x2 +x3 +x4 = 4y1 +3y2 +
2y3 +y4. Thus we want nonnegative solutions to the equation

4y1 +3y2 +2y3 +y4 = n.

The generating function for the number of solutions of this last equation is easily seen to be

(1+x4 +x8 + · · ·)(1+x3 +x6 + · · ·)(1+x2 +x4 + · · ·)(1+x+x2 +x3 + · · ·)

which in turn equals
1

1−x4 · 1
1−x3 · 1

1−x2 · 1
1−x

.

8 Example Find the generating function for the number of integral solutions to

x1 +x2 + · · ·+xr = n,

with xk ≥ k.

Solution: The generating function is seen to be

(x+x2 + · · ·)(x3 +x4 + · · ·) · · ·(xr +xr+1 + · · ·) =
xr(r+1)/2

(1−x)r .

viii



Difference Calculus ix

1.3 Difference Calculus

We define theforward difference operatoras
∆ f (x) = f (x+1)− f (x).

For example:
∆x2 = (x+1)2−x2 = 2x+1.

∆2x = 2x+1−2x = 2x.

∆sinx = sin(x+1)−sinx

= sin(x+
1
2

+
1
2
)−sin(x+

1
2
− 1

2
)

= sin(x+
1
2
)cos(

1
2
)+sin(

1
2
)cos(x+

1
2
)

−sin(x+
1
2
)cos(

1
2
)+sin(

1
2
)cos(x+

1
2
)

= 2sin(
1
2
)cos(x+

1
2
).

We define theiterated differencesby the recursion

∆1 = ∆, ∆n = ∆(∆n−1) for n > 1.

We also define theforward unit pushoperator as
E f(x) = f (x+1).

For example,Ex2 = (x+1)2 = x2 +2x+1. We note in passing, that∆ = E−1. For example,

∆x2 = (E−1)x2

= Ex2−x2

= (x+1)2−x2.

If m> 0 is a positive integer, we define

x(m) = x(x−1)(x−2) · · ·(x−m+1).

We definex(0) = 1. Observe that
x(m+1) = x(m)(x−m) (∗).

How must we definex(m) for negative integerm? Letm= −1 in (∗). We get

x(0) = x(−1)(x+1)

Sincex(0) = 0 we obtainx(−1) = 1
x+1. By recursion we see that

x(m) =
1

(x+1)(x+2) · · ·(x+m)

for negative integerm.
With x(n) and the operator∆ we obtain formulæ analogous to the differentiation formulæ. We can prove that∆x(n) = nx(n−1).

To see this, assume first thatn is a positive integer. Then

∆x(n) = (x+1)(n)−x(n)

= (x+1)(x)(x−1) · · ·(x+1−n+1)

−x(x−1) · · ·(x−n+1)

= x(n−1)((x+1)− (x−n+1))

= x(n−1)n,

ix



x Chapter 1

as wanted. Ifn is a negative integer, the proof is similar.
The operatorsE and∆ are quite useful in obtainingn-th terms of sequences.

Let u0,u1,u2,u3, · · · be a sequence. We see that
u1 = Eu0

u2 = Eu1 = E2u0

u3 = Eu2 = E2u1 = E3u0

and in general,uk = Eku0. Now, asE = ∆+1, we obtainuk = (1+∆)ku0, and upon using the Binomial Theorem,

uk =
k�

j=0

�k
j�∆ ju0.

We need thus to find the quantities∆ ju0, j = 0,1,2, · · · .
But on considering the following array

u0 u1 u2 . . .
u1−u0 u2−u1 u3−u2 . . .

u2−2u1 +u0 u3−2u2 +u1 . . .

which can be written as
u0 u1 u2 u3 . . .

∆u0 ∆u1 ∆u2 . . .
∆2u0 ∆2u1 ∆2u2 . . .

∆3u0 ∆3u1 . . .

Thus the sought quantities are on the first diagonal of the above array.
We now present a few examples

9 Example Find then-th term of the sequence 4,14,30,52,80,114, · · · , assuming that it grows polynomially.

Solution: We form the difference table
4,14,30,52,80,114, . . .

10,16,22,28,34, . . .

6,6, ,6,6, . . .

0,0,0, . . .

Thusu0 = 4,∆u0 = 10,∆2u0 = 6,∆3u0 = 0 for j ≥ 3. Now, by the Binomial Theorem,

un = Enu0 = (1+∆)nu0

= 1·u0 + �n
1�∆1u0 + �n

2�∆2u0 + �n
3�∆3u0 + · · ·

= u0 + �n
1�∆u0 + �n

2�∆2u2

= 4+ �n
1�10+ �n

2�6

= 4+10n+3n(n−1)

= 3n2 +7n+4.

10 Example Find then-th term of 8,16,0,−64,−200,−432, . . ., assuming that it grows polynomially.

x



Difference Calculus xi

Solution: Form the table of differences
8,16,0,−64,−200,−432, . . .

8,−16,−64,−136,−232, . . .

−24,−48,−72,−96, . . .

−24,−24,−24, . . .

Thusu0 = 8,∆u0 = 8,∆2u0 = −24,∆3u0 = −24 and∆ ju0 = 0 for j ≥ 4. Hence by the Binomial Theorem, and sinceun =
Enu0 = (1+∆)nu0,

un = (1+∆)nu0 = �n
0�u0 + �n

1�∆u0 + �n
2�∆2u0 + �n

3�∆3u0 + · · ·

= 8+8n−24
n(n−1)

2
−24

n(n−1)(n−2)

6
= 8+8n−12n(n−1)−4n(n−1)(n−2)

11 Example Evaluate 1
1−∆ n2.

1
1−∆

= (1++∆+∆2 +∆3 + · · ·)n2

= (1+∆+∆2 +∆3 + · · ·)[n(2) +n(1)]

= n(2) +n(1) +2n(1) +1+2+0

= n(2) +3n(1) +3

12 Example Evaluate 1
E2−5E+6

n.

1
E2−5E +6

n =
1

(E−2)(E−3)
n

= −(
1

E−2
− 1

E−3
)n

= − 1
E−2

n+
1

E−3
n

= − 1
∆−1

n+
1

∆−2
n

=
1

1−∆
n+

−1
2

1− ∆
2

n

= (1+∆+∆2 +∆3 + · · ·)n(1)

−(
1
2
)(1+

∆
2

+
∆2

4
+

∆3

8
+ · · ·)n

= n(1) +1− 1
2

9n(1) +
1
2
)

=
1
2

n(1) +
3
4

13 Example Find
1

1−∆
k(3).

xi



xii Chapter 1

Solution: Expanding 1
1−∆ in powers of∆,

1
1−∆

k(3) = (1+∆+∆2 +∆3 +∆4 + · · ·)k(3)

= k(3) +∆k(3) +∆2k(3) +∆3k(3) +∆4k(3) + · · ·
= k(3) +3k(2) +6k(1) +6+0+0+ · · ·
= k(3) +3k(2) +6k(1) +6.

1.4 Sum Calculus

The operator∆ is analogous to the differential operator. What is the analogue for integration? Of course, we know from
Calculus that summation and integration are related, and integration is the inverse (in some way) of differentiation. We are thus
going to attach the symbol1∆ = ∆−1 with the meaning “summation”, i.e.∆−1 =�. In analogy to integration, we have

∆−1x(n) =
�

x(n) =
x(n+1)

n+1
+C n∈ Z, n 6= −1,

whereC is the summation constant. For example,∆−1x(5) = x(6)/6+C and∆(−2)x(5) = ∆−1(x(6)/6+C) = x(7)/42+C1x(1)+C2.

Now, what is analogous to definite integration? It must be�n
k=1ak. We first find the “indefinite integral” forak. In analogy

to differential Calculus, we seek for a sequence whose first order difference isak. Let ∆yk = ak. Thenyk+1−yk = ak. Summing
from k = 1 to k = n, yn+1 − y1 = �n

k=1ak, which is the quantity we want. Thus ifyk = ∆−1ak, then�n
k=1ak = yk ��n+1

1 =
yn+1−y1.

We now observe that we can sum a series by extending the difference array upwards.

0 u0 u0 +u1 u0 +u1 +u2 u0 +u1 +u2 +u3

u0 u1 u2 u3 u4

We just have to find then-th term of the sequence of partial sums.

14 Example Find a closed form for�n
k=1k2.

Solution: The sequence of partial sums is
0
12 = 1
12 +22 = 5
12 +22 +32 = 14
12 +22 +32 +42 = 30
12 +22 +32 +42 +52 = 55, etc.
We form the difference table for this sequence

0,1,5,14,30,55, . . . ,

1,4,9,16,25, . . . ,

3,5,7,9, . . . ,

2,2,2, . . . ,

0,0, . . . .

xii



Sum Calculus xiii

Thusu0 = 0,∆1u0 = 1,∆2u0 = 3,∆3u0 = 2,∆ ju0 = 0 for j ≥ 4 and so,

n�
k=1

k2 = un

= (1+∆)nu0

= u0 + �n
1�∆u0 + �n

2�∆2u0 + �n
3�∆3u0

= n+
3(n−1)

2
+

n(n−1)(n−2)

3

= n(1+
3(n−1)

2
+

(n−1)(n−2)

3

= n(
6+9(n−1)+2(n−1)(n−2)

6
)

=
n
6
(6+9n−9+2n2−6n+4)

=
n
6
(2n2 +3n+1)

=
n(n+1)(2n+1)

6

as it is well known.

15 Example Find a closed form for�n
k=1k(k+1).

Solution: Hereu0 = 0,u1 = 2,u2 = 8,u3 = 20 and we form the difference array

0, 1, 5, 14, 30, 55, . . . ,

1, 4, 9, 16, 25, . . . ,

3, 5, 7, 9, . . . ,

2, 2, 2, . . . ,

and sou0 = 0,∆u0 = 2,∆2u0 = 4,∆3u0 = 2 whence

n�
k=1

k(k+1) = un = (1+∆)nu0

= 1+ �n
1�u0 + �n

2�∆2u0 + �n
3�∆3u0

= 1+2n+2n(n−1)+
n(n−1)(n−2)

3
.

! The above method only works for sequences that grow polynomially, andhence their differences will ultimately be 0. For if one
tries to use this to sum�n

k=1k2k, one obtains a false result (say)

n�
k=1

k2k = p(n), (false).

where p is a polynomial. The sinistral side is>> n2n as n→ ∞ but the dextral side is<< ndegree ofp.

The right formula can be obtained as follows. Let

f (x) =

n�
k=1

xk =
xn+1−x

x−1
=

xn+1

x−1
− x

x−1

xiii
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Differentiating,

f (x) =

n�
k=1

kxk−1

=
(n+1)xn(x−1)−xn+1

(x−1)2 − x−1−x

(x−1)2

=
nxn+1− (n+1)xn +1

(x−1)2

Letting x= 2,
n�

k=1

k2k−1 = n2n+1− (n+1)2n +1

or
n�

k=1

k2k = n2n+2− (n+1)2n+1 +2.

Or one can also argue as follows. We have

S = 1·2+2·22 +3·23 + · · ·+n·2n

2S = 1·22 +2·23 +3·24 + · · ·+(n−1)2n +n·2n+1

Upon subtraction, S= n ·2n+1−2n−2n−1−·· ·−22−2. After summing the geometric series, S= n2n+1−2n+1 + 2, which is the
same formula as above.

16 Example Find
1

E2−2E +1
k2.

Solution: Observe thatE2−2E +1 = (1+∆)2−2(1+∆)+1 = ∆2. Also,k2 = k(2) +k(1). Thus

1
E2−2E +1

k2 = ∆−2k(2) +k(1)

= ∆−1(
k(3)

3
+

k2

2
+C1)

=
k(4)

12
+

k(3)

6
+C1k(1) +C2.

17 Example Expressk3 in the formAk(3) +Bk(2) +Ck(1) +D.

Solution: We want to expressk3 as

k3 = A(k)(k−1)(k−2)+B(k)(k−1)+Ck+D.

Letting k = 0, we findD = 0. Lettingk = 1, we findC = 1. Lettingk = 2, we findB = 3. Now, A = 1 because the degrees of
both expressions is 3, and so the leading coefficients on bothsides of the equality must agree. Hence

k3 = k(3) +3k(2) +k(1).

18 Example Find the sum�n
k=1k2.

Solution: First we expressk2 as falling factorials,

k2 = Ak(2) +Bk(1) +C

xiv



Homogeneous recurrences xv

which is the same as
k2 = A(k)(k−1)+Bk+C.

Let k = 0.
02 = A(0)(−1)+B(0)+C = C

Thusc = 0. Let k = 1.
12 = A(1)(0)+B(1)+C = B

ThusB = 1. Let k = 2.
22 = A(2)(1)+B(2)+C = 2A+2

ThusA = 1.
Substituting inA,B, andC, we obtain

k2 = k(2) +k(1).

n�
k=1

k2 =
�

k = 1nk(2) +k(1)

=
k(3)

3
+

k(2)

2

�����n+1

1

=
(n+1)(3)

3
+

(n+1)(2)

2
− 1(3)

3
− 1(2)

2

=
(n+1)(n)(n−1)

3
+

n(n+1)

2

=
2n(n+1)(n−1)+3n(n+1)

6

=
[n(n+1)][2(n−1)+3]

6

=
n(n+1)(2n+1)

6

1.5 Homogeneous recurrences

If a recurrence relation has the form

a0yn+k +a1yn−1+k +a2yn−2+k + · · ·+anyk = 0,

with constantsak, we call such a recurrencelinear and homogeneous. Since by means of the push operator we can express this
as

(a0En +a1En−1 + · · ·+an−1E +an)yk = 0,

we just have to determine the roots of the polynomial inE. We get several cases depending on the roots being all real and
distinct, real and repeated, or complex. We will examine these different cases in the examples that follow.

19 Example Solve the following difference equation:

yk+2−5yk+1 +6yk = 0.

Solution: Using the push operator,

yk+2−5yk+1 +6yk = E2yk−5Eyk +6yk

= (E2−5E +6)yk

= (E−3)(E−2)yk

Thusyk = A·2k +B·3k for some constantsA andB.

20 Example Solve the initial value difference equation:yk+2−6yk+1 +8yk = 0 if y0 = 3 andy1 = 2.
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Solution: Using the push operator,

yk+2−6yk+1 +8yk = E2yk−6Eyk +8yk

= (E2−6E +8)yk

= (E−4)(E−2)yk

Thusyk = A ·2k +B ·4k for some constantsA andB. Fromy0 = 3 andy1 = 2, we plugk = 0 andk = 1 into the equation to get
3 = A·20 +B·20 = A+B and 2= A·21 +B·41 = 2A+4B. We solve these equations to getA = 5 andB = −2. Thus

yk = 5·2k−2·4k.

21 Example Solve the difference equationyk+2−2yk+1 +5yk = 0.

The equation can be written as(E2−2E +5)yk = 0. It follows that the solutions are(1+2i)k and(1−2i)k. Putting these into
polar form, we get

1+2i =
√

5(
1√
5

+
2√
5

i) =
√

5(cosΘ+ i sinΘ) =
√

5eiΘ

1−2i =
√

5(
1√
5
− 2√

5
i) =

√
5(cosΘ− i sinΘ) =

√
5e−iΘ

where tanΘ = 2.
It follows that the two linearly independent solutions are

(
√

5eiΘ)k = (
√

5)kekiΘ = 5
k
2 ekiΘ = 5

k
2 (coskΘ+ i sinkΘ)

and
(
√

5e−iΘ)k = (
√

5)ke−kiΘ = 5
k
2 e−kiΘ = 5

k
2 (coskΘ+ i sinkΘ).

Here we have used Euler’s Formulaeiθ = cosθ + i sinθ . The general solution can be written as

yk = 5
k
2 (AcoskΘ+BsinkΘ).

22 Example Solve the difference equationyk+2−4yk+1 +4yk = 0 for y0 = 1 andy1 = 3.

Solution: Using the push operator,E2yk−4Eyk +4yk = 0. This can be factored as(E−2)(E−2)yk = 0. The general solution
is thus

yk = A2k +Bk2k.

Substituting fory0 andy1 into the equation above, we get the following:

1 = A20 +B(0)(20) = A

and
3 = A21 +B(1)(21) = 2A+2B.

Solving the equations, we getA = 1 andB = 1
2. Thus

yk = 2k +k2k−1.

23 Example Solve the recurrence
yn+3−2yn+2−yn+1 +2yn = 0.
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Solution: We must solve
(E3−2E2−E +2)yn = (E−1)(E +1)(E−2)yn = 0.

The general solution is
yn = A+B(−1)n +C(2)n.

24 Example Solve the recurrence
yn+3 +6yn+2 +12yn+1 +8yn = 0.

Solution: We see that this is equivalent to(E +2)3yn = 0. The solution is thus given by

yn = A(−2)n +Bn(−2)n +Cn2(−2)n.

25 Example Solve the recurrence given by

(E−2)(E−3)(E−8)1994yn = 0.

Solution: The solution is readily seen to be

yn = A(2)n +B(3)n +C18n +C2n8n +C3n28n + · · ·+C1994n
19938n.

26 Example Solveyk+4 +12yk+2−64yk = 0.

Solution: The equation is converted into(E4 + 12E2−64)yk = 0, which can factored as(E2 + 16)(E2−4)yk = 0. This can
be factored again as(E2 + 16)(E−2)(E + 2)yk = 0. Factor this two more times into(E2− (4i)2)(E−2)(E + 2)yk = 0, then
(E−4i)(E +4i)(E−2)(E +2)yk = 0. The general solution foryk is

yk = A2k +B(−2)k +C(4i)k +D(−4i)k.

27 Example Solve the difference equation 2yk+1 +3yk = 0.

Solution: This is the same as(2E+3)yk = (1
2)(E+ 3

2)yk = 0. Dividing by 1
2 gives(E+ 3

2)yk = 0. The solution isyk = A(−3
2)k.

28 Example Solve the recursionyk+3−8yk = 0.

Solution: We have

yk+3−8yk = (E3−8)yk

= (E−2)(E2 +2E +4)yk

= (E−2)(E2 +2E +1+3)yk

= (E−2)((E +1)2 +3)yk

= (E−2)((E +1)2− (i
√

3)2)yk

= (E−2)(E +1− i
√

3)(E +1+ i
√

3)yk

Thus
yk = A2k +B(i −1)k +C(−1− i)k.
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1.6 Inhomogeneous recurrences

We now consider the case when the difference equation is non-homogeneous.
We shall need several formal operator methods for our task. We first prove the following result.

29 Theorem (Exponential shift) Let F be a polynomial inn. Letφ(E) be a polynomial on the push operator. Then a particular
solution to the equation

φ(E)yn = αnF(n)

is given by

yparticular= αn 1
φ(αE)

F(n).

Proof Let φ(E) = �m
j=0a jE j . Then

φ(E)αnF(n) =
m�

j=0

a jE
jαnF(n)

=
m�

j=0

a jαn+ jF(n+ j)

= αn
m�

j=0

a jα jE jF(n)

= αnφ(αE)F(n).

We conclude thatφ(E)αnF(n) = αnφ(αE)F(n). Thus

1
φ(E)

αnF(n) = αn 1
φ(αE)

F(n).

30 Corollary If φ(α) 6= 0, thenyn = αn

φ(n) is a particular solution to

φ(E)yn = αn.

31 Example Solve the recursion
yn+2−5yn+1 +4yn = 2·3n−4·7n.

Solution: Using the push operator, the equation is equivalent to

(E2−5E +4)yn = 2·3n−4·7n.

The homogeneous solution is given byyn = A+B4n. To find a particular solution to the inhomogeneous case, we write

yn =
1

E2−5E +4
2·3n− 1

E2−5E +4
4·7n

and use the Theorem of the Exponential shift

yparticular = 3n 1
32−5(3)+4

2−7n 1
72−5(7)+4

4

= −3n− 2
97n.

The complete solution is given by the sum of the homogeneous and the particular solution

yn = A+B4n−3n− 2
9

7n.
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32 Example (Putnam 1980) For which real numbersa does the sequence defined by the initial conditionu0 = a and the
recursionun+1 = 2un−n2 haveun > 0 for all n≥ 0? (Express the answer in simplest form.)

Solution: We will shew thatun > 0 for all n≥ 0 if and only if a≥ 3. Let ∆un = un+1−un. The difference equation takes the
form (1−∆)un = n2. Sincen2 is a polynomial, a particular solution is

un = (1+∆)−1n2 = (1+∆+∆2 + · · ·)n2 = n2 +(2n+1)+2

or
un = n2 +2n+3.

Hence, the complete solution isun = n2+2n+3+k·2n, sincevn = k·2n is the solution of the associated homogeneous difference
equationvn+1−2vn = 0. The desired solution withu0 = a is un = n2 +2n+3+(a−3)2n. Since limn→∞[2n/(n2 +2n+3)] =
+∞,un will be negative for large enoughn if a−3 < 0. Conversely, ifa−3≥ 0, it is clear that eachun > 0.

33 Example Find a particular solution for the recursion

yn+2−5yn+1 +4yn = n2 ·3n.

Solution: A particular solution is given by

yn =
1

E2−5E +4
n23n.

Using the exponential shift theorem,

yn = 3n 1
(3E)2−5(3E)+4

n2

= 3n 1
(3E−4)(3E−1)n

2

= 3n −1/3
3E−1 n2 +3n 1/3

3E−4 n2

= 3n · −1/3
2+3∆ n(2) +n(1) +3n · 1/3

3∆−1 n(2) +n(1)

= −3n−1

2 (1− 3
2∆+ 9

4∆2 + · · ·)n(2) +n(1)

−3n−1(1+3∆+9∆2 + · · ·)n(2) +n(1)

= −3n−1

2 (n(2)− 1
2n(1) +3)

−3n−1(n(2) +4n(1) +21).

34 Example Find a particular solution for the recursion

yn−3yn−1 = 3n.

Solution: The equation is(E−3)yn−1 = 3n. A particular solution is given by

yn−1 =
1

E−3
3n.

Using the exponential shift theorem,

yn−1 = 3n 1
3E−3

1 = 3n−1∆−11 = 3n−1(n(1) +C),

whereC is a constant. Since the homogeneous solution is of the formA3n the general solution isyn−1 = A3n + n3n−1 or
yn = A3n +n3n. (Notice howC3n and other constants×3n were absorbed inA.)

35 Example Solve the recursion
yn−3yn−1 = n+2.
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Solution: A particular solution is given byyn−1 = 1
E−3n(1) + 2 = −1

2 · · · 1
1−∆/2n(1) + 2 = −1

2(1+ ∆/2+ ∆2/4+ · · ·)n(1) + 2 =

−n/2−5/4. Thus the general solution is given by

yn−1 = A3n−n/2−5/4

or

yn = A3n−n/2−7/4.

36 Example Solve the recursion

yn−2yn−1 +yn−2 = 2n.

Solution: A particular solution is given byyn−2 = 1
(E−1)2 2n = 2n 1

(2−1)2 1 = 2n, where we have used the corollary to the expo-
nential shift theorem. It follows that the general solutionto the recursion is given byyn−2 = A+Bn+2n or, what is the same,
yn = A+Bn+2n+2.

37 Example Solve the recursionyn−2yn−1 +yn−2 = 4.

Solution: A particular solution is given byyn−2 = 1
(E−1)2 4 = ∆−24 = 2n(2) +Cn(1) +C1 = 2n2 +Cn+C1. The general solution

is thus given byyn−2 = A+Bn+2n2.

1.7 Generalised Binomial Theorem

If x is any real number, we may define formally the symbol�xn�,n∈ N as�x
n�=

x(x−1)(x−2) · · ·(x− (n−1))

n!
.

Thus �xn� is a polynomial of degreen in x. We take the convention that�xn�= 0 if n is not a nonnegative integer. Ifn = 0, we
define�x0� as 1.

One formula which is particularly helpful is theupper negationformula:�−x
n �= (−1)n�x+n−1

n � n∈ Z,n≥ 0. (1.1)

Its proof is easy: �−x
n �=

(−x)(−x−1) · · ·(−x−n+1)

n!
.

Factorising the−1’s, the above equals

(−1)n (x)(x+1) · · ·(x+n−1)

n!
,

which is the same as

(−1)n�x+n−1
n �.

38 Example Prove that �
k≤m

(−1)k �a
k�= (−1)m�a−1

m �, m∈ N.
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Solution: Using upper negation twice and the result from example (3.8) we find�
k≤m

(−1)m�a
m� =

�
k≤m

�k−a−1
k �

= �−a+m
m �

= (−1)m�a−1
m �,

as wanted.
Using Taylor’s Theorem, we can prove a more general version of the Binomial Theorem. For generalα ∈ R and|x| < 1,

theGeneralised Binomial Theoremholds:

(1+x)α =
∞�

k=0

�α
k�xk.

Albeit we will not prove the Generalised Binomial Theorem here, we will give an example of its use.

39 Example Find the coefficient ofx1006 in the expansion of

x1000

(1−5x2)10 .

Solution: By the Generalised Binomial Theorem

x1000

(1−5x2)10 =
∞�

k=0

�−10
k �(−5)kx1000+2k.

Thus we needk = 3 and the coefficient sought is

(−5)3�−10
3 �= −125

(−10)(−11)(−12)
3!

= 27500.

1.8 Formal Power Series

We now study power seriesformally, that is, we do not worry about questions of convergence. If we have two power series

A(x) =
∞�

n=0

anxn andB(x) =
∞�

n=0

bnxn,

their sum is given by

A(x)+B(x) =
∞�

n=0

(an +bn)x
n.

Their productA(x)B(x) can be computed using theAbel-Cauchy convolution formula:

A(x)B(x) =
∞�

n=0 � n�
k=0

akbn−k	xn.

Some power series occur so often that the student will do wellin memorising them. The most common are

1
1−x

= 1+x+x2 +x3 + · · · (1.2)

1
1+x

= 1−x+x2−x3 + · · · (1.3)

log
1

1−x
= x+

x2

2
+

x3

3
x4

4
+ · · · (1.4)
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log(1+x) = x− x2

2
+

x3

3
+

x4

4
+

x5

5
+ · · · (1.5)

ex = 1+x+
x2

2!
+

x3

3!
+

x4

4!
+

x5

5!
+ · · · (1.6)

sinx = x− x3

3!
+

x5

5!
− x7

7!
+ · · · (1.7)

cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ · · · (1.8)

40 Example Obtain1.5from 1.3.

Solution: Integrating term by term 

y

0

1
1+x

dx=



y

0
(1−x+x2−x3 +x4−·· ·) dx,

whence

log(1+y) = y− y2

2
+

y3

3
− y4

4
+

y5

5
−·· ·

41 Example Obtain1.8from 1.7.

Solution: Differentiating term by term
d
dx

sinx =
d
dx

(x− x3

3!
+

x5

5!
− x7

7!
+ · · ·)

we obtain

cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ · · · ,

as wanted.

42 Example Find the power series expansion of arctanx.

Solution: We have
1

1+y2 = 1−y2 +y4−y6 +y8−·· ·

Integrating term by term



x

0

dy
1+y2 =



x

0
(1−y2 +y4−y6 +y8−·· ·) dx,

which is to say

arctanx = x− x3

3
+

x5

5
− x7

7
+ · · ·

43 Example In the expansion of
(1+x+x2 +x3)4,

1. Find the coefficient ofx6.

2. Find the coefficient ofx24.
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Solution: (1) As 1−x4 = (1−x)(1+x+x2 +x3), we have

(1+x+x2 +x3)4 = (1−x4)4(1−x)−4.

From this, the exponent 6 can be obtained in two ways:x0x6 andx4x2. Using the Binomial Theorem (and generalised Binomial
Theorem) we see that the coefficient sought is�4

0��−4
6 �− �4

1��−4
2 �.

(2) The exponent 24 can be obtained from(1− x4)4(1− x)−4 in five ways: fromx0x24, x4x20, x8x16, x12x12, and fromx16x8.
Using the Abel-Cauchy convolution identity, the numericalvalue of this coefficient is�4

0��−4
24�− �4

1��−4
20�+ �4

2��−4
16�− �4

3��−4
12�+ �4

4��−4
8 �.

44 Example Prove that for integern≥ 1, �2n
n�=

n�
k=0

�n
k�� n

n−k�.

Solution: The strategy is to split�nk�� n
n−k� into �nk� and � n

n−k�. By the Binomial Theorem,�2n
n � is the coefficient ofn is the

expansion of(1+x)2n. As (1+x)2n = (1+x)n(1+x)n, using the Abel-Cauchy convolution, the coefficient ofxn on the dextral
side is�n

k=0 �nk�� n
n−k�, and so the identity is established.

45 Example Find a closed form for �
k≤n

k�n
k�2

.

Solution: The strategy is to splitk�nk�2 = k�nk�� n
n−k� into k�nk� and � n

n−k�. Now, k�nk� occurs in the derivative of(1+x)n, as

nx(1+x)n−1 =
�
k≤n

k�n
k�xk.

The term� n
n−k� occurs, of course, in the binomial expansion

(1+x)n =
�
k≤n

� n
n−k�xn−k.

If we multiply these two sums together using the Abel-Cauchyconvolution formula, the coefficient ofxn in the expansion of

nx(1+x)n−1(1+x)n

is �
k≤n

k�n
k�� n

n−k�.

But this coefficient, is the same as the coefficient ofxn in the expansion of

nx(1+x)2n−1,

that is,n�2n−1
n−1 �. Therefore �

k≤n

k�n
k�2

= n�2n−1
n−1�.

Although we said that we were going to consider power series formally, we mention in passing the importantAbel’s Limit
Theorem.
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Abel’s Limit Theorem: Let r > 0, and suppose that�n≥0anrn converges. Then�n≥0anxn converges absolutely for|x| < r,
and

lim
x→r−

�
n≥0

anxn =
�
n≥0

anrn.

Abel’s Limit Theorem can also be extended to cover the case when one is in a region of the complex plane.

46 Example Find the exact numerical value of �
n≥1

(−1)n−1

n
.

Solution: This alternating series converges by Leibniz’s Test. Consider more generally

f (x) =
�
n≥1

(−1)n−1xn

n
= log(1+x),

by (3.4.4). We see thatf (1) = log2. Thus

1− 1
2

+
1
3
− 1

4
+ · · · = log2,

by Abel’s Limit Theorem.

47 Example Prove that
π
4

= 1− 1
3

+
1
5
− 1

7
+

1
9
−·· ·

Solution: The given alternating series converges by Leibniz’s Test. The result follows immediately from example (3.28) by
lettingx→ 1.

48 Example Find the exact numerical value of �
n≥0

(n+1)2

n!
.

Solution: Let

f (x) = xex =
�
n≥0

xn+1

n!
.

Then

f ′(x) = xex +ex =
�
n≥0

(n+1)xn

n!
.

Multiplying by x,

x f ′(x) = x2ex +xex =
�
n≥0

(n+1)xn+1

n!
.

Differentiating this last equality,

x f ′′(x)+ f ′(x) = 2xex +x2ex +xex +ex =
�
n≥0

(n+1)2xn

n!
.

Lettingx→ 1, we obtain �
n≥0

(n+1)2

n!
= 2e+e+e+e= 5e.

xxiv



Series Multisection xxv

1.9 Series Multisection

In what follows we will needDeMoivre’s Theorem: if n is a natural number, then

(cosx+ i sinx)n = cosxn+ i sinxn.

Consider the polynomial
1−xn = (1−x)(1+x+x2 + · · ·+xn−1).

Its n rootsεk,k = 0,1,2, . . . ,n−1 are thenth roots of unity

εk = cos
2πk
n

+ i sin
2πk
n

= e2π ik/n, k = 0,1, . . . ,n−1.

For example, the roots ofx3−1= 0 are cos2π·0
3 + i sin2π·0

3 = 1,cos2π·1
3 + i sin2π·1

3 =−1/2+ i
√

3/2, and cos2π·2
3 + i sin2π·2

3 =

−1/2− i
√

3/2. Suppose thatεn = 1 butε 6= 1. Then

1+ ε + ε2 + ε3 + · · ·+ εn−1 =
εn−1
ε −1

= 0.

Hence

1+x+x2 + · · ·+xn−1 = � 0 x = cos2πk
n + i sin2πk

n 1≤ k≤ n−1
n x= 1.

The above identity is quite useful for “multisecting” a power series. For example, suppose we wanted to find the sum of
every third term of�27

k=0 �27
k �, starting with the first one, that is,S=�9

k=0 �27
3k�. Then we use the fact that forε1 =−1/2+ i

√
3/2

andε2 = −1/2− i
√

3/2 we have
ε3

k = 1, and 1+ εk + ε2
k = 0, k = 1,2.

Thus
(∗) εs

k + εs+1
k + εs+2

k = 0, k = 1,2, s∈ Z.

From this

(1+1)27 = �27
0�+ �27

1�+ �27
2�+ �27

4�+ · · ·+ �27
26�+ �27

27�
(1+ ε1)

27 = �27
0�+ �27

1�ε1 + �27
2�ε2

1 + �27
3�ε3

1 + · · ·+ �27
27�ε27

1

(1+ ε2)
27 = �27

0�+ �27
1�ε2 + �27

2�ε2
2 + �27

3�ε3
2 + · · ·+ �27

27�ε27
2

Summing column-wise and noticing that because of(∗) only the terms 0,3,6, . . . ,27 survive,

227+(1+ ε1)
27+(1+ ε2)

27 = 3�27
0�+3�27

3�+3�27
6�+ · · ·+3�27

27�.

By DeMoivre’s Theorem,(1−1/2+ i
√

3/2)27 = cos9π + i sin9π = −1 and(1−1/2− i
√

3/2)27 = cos45π + i sin45π = −1.
Thus �27

0�+ �27
3�+ �27

6�+ · · ·+ �27
27�=

1
3
(227−2).

The above procedure can be generalised as follows. Suppose that

f (x) =
∞�

k=0

ckx
k.

If ω = e2π i/q,,q∈ N,q > 1, thenωq = 1 and 1+ω +ω2 +ω3 + · · ·+ωq−1 = 0. Then in view of

1
q

�
1≤b≤q

ωkb = � 1 if q dividesk,
0 else,

we have
∞�

n=0
n≡a mod q

cnxn =
1
q

q�
b=1

ω−ab f (ωbx). (1.9)
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We may use complex numbers to select certain sums of coefficients of polynomials. The following problems use the fact thatif
k is an integer

ik + ik+1 + ik+2 + ik+3 = ik(1+ i + i2 + i3) = 0 (1.10)

49 Example Find the sum of all the coefficients once the following product is expanded and like terms are collected:

(1−x2 +x4)109(2−6x+5x9)1996.

Solution: Put
p(x) = (1−x2 +x4)109(2−6x+5x9)1996.

Observe thatp(x) is a polynomial of degree 4·109+9·1996= 18400. Thusp(x) has the form

p(x) = a0 +a1x+a2x2 + · · ·+a18400x
18400.

The sum of all the coefficients ofp(x) is
p(1) = a0 +a1 +a2 + · · ·+a18400,

which is alsop(1) = (1−12 +14)109(2−6+5)1996= 1. The desired sum is thus 1.

50 Example Let
(1+x4 +x8)100 = a0 +a1x+a2x2 + · · ·+a800x

800.

Find:

➊ a0 +a1 +a2 +a3 + · · ·+a800.

➋ a0 +a2 +a4 +a6 + · · ·+a800.

➌ a1 +a3 +a5 +a7 + · · ·+a799.

➍ a0 +a4 +a8 +a12+ · · ·+a800.

➎ a1 +a5 +a9 +a13+ · · ·+a797.

Solution: Put
p(x) = (1+x4 +x8)100 = a0 +a1x+a2x2 + · · ·+a800x

800.

Then

➊

a0 +a1 +a2 +a3 + · · ·+a800 = p(1) = 3100.

➋

a0 +a2 +a4 +a6 + · · ·+a800 =
p(1)+ p(−1)

2
= 3100.

➌

a1 +a3 +a5 +a7 + · · ·+a799 =
p(1)− p(−1)

2
= 0.

➍

a0 +a4 +a8 +a12+ · · ·+a800 =
p(1)+ p(−1)+ p(i)+ p(−i)

4
= 2·3100.

➎

a1 +a5 +a9 +a13+ · · ·+a797 =
p(1)− p(−1)− ip(i)+ ip(−i)

4
= 0.
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51 Example Let
(1+x+x2)n = a0 +a1x+a2x2 + · · ·+a2nx2n.

Find formulæ for

1.
2n�

k=0

ak

2.
�

0≤k≤n/2

a2k

3.
�

1≤k≤n/2

a2k−1

4. a0 +a4 +a8 + · · ·

5. a1 +a5 +a9 + · · ·

Solution: Let f (x) = (1+x+x2)n.
(1) Clearlya0 +a1 +a2 +a3 +a4 + · · · = f (1) = 3n.
(2) We have

f (1) = a0 +a1 +a2 +a3 + · · ·
f (−1) = a0−a1 +a2−a3 + · · ·

Summing these two rows,
f (1)+ f (−1) = 2a0 +2a2 +2a4 + · · · ,

whence

a0 +a2 +a4 + · · · = 1
2
( f (1)+ f (−1)) =

1
2
(3n +1).

(3) We see that
f (1)− f (−1) = 2a1 +2a3 +2a5 + · · ·

Therefore

a1 +a3 +a5 + · · · = 1
2
( f (1)− f (−1)) =

1
2
(3n−1).

(4) Since we want the sum of every fourth term, we consider thefourth roots of unity, that is, the complex numbers withx4 = 1.
These are±1,±i. Now consider the equalities

f (1) = a0 +a1 +a2 +a3 +a4 +a5 +a6 +a7 +a8 +a9 + · · ·
f (−1) = a0−a1 +a2−a3 +a4−a5 +a6−a7 +a8−a9 + · · ·
f (i) = a0 + ia1−a2− ia3 +a4 + ia5−a6− ia7 +a8 + ia9 + · · ·
f (−i) = a0− ia1−a2 + ia3 +a4− ia5−a6 + ia7 +a8− ia9 + · · ·

Summing these four rows,
f (1)+ f (−1)+ f (i)+ f (−i) = 4a0 +4a4 +4a8 + · · · ,

whence

a0 +a4 +a8 + · · · = 1
4
( f (1)+ f (−1)+ f (i)+ f (−i)) =

1
4
(3n +1+ in +(−i)n).

(5) Consider the equalities

f (1) = a0 +a1 +a2 +a3 +a4 +a5 +a6 +a7 +a8 + · · ·
− f (−1) = −a0 +a1−a2 +a3−a4 +a5−a6 +a7−a8 + · · ·
−i f (i) = −ia0 +a1 + ia2−a3− ia4 +a5 + ia6−a7− ia8 + · · ·
i f (−i) = ia0 +a1− ia2−a3 + ia4 +a5− ia6−a7 + ia8 + · · ·

Adding
f (1)− f (−1)− i f (i)+ i f (i) = 4a1 +4a5 +4a9 + · · · ,

whence

a1 +a5 +a9 + · · · = 1
4 
3n−1− in+1− (−i)n+1�.
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52 Example Find the exact numerical value of

665�
k=0

�1995
3k �.

Solution: Since we want every third term starting with the zeroth one, we consider the cube roots of unity, that is,ω3 = 1.
These areω = −1/2−

√
3/2,ω2 = −1/2+

√
3/2 andω3 = 1. If ω 6= 1, then 1+ω +ω2 = 0. If ω = 1,1+ω +ω2 = 3. Thus

if k is not a multiple of 3, 1k +ωk +ω2k = 0, and ifk is a multiple of 3, then 1k +ωk +ω2k = 3. By the Binomial Theorem we
then have

(1+1)1995+(1+ω)1995

+(1+ω2)1995 =
�

k≤1995

(1k +ωk +ω2k)�1995
k �

=
�

k≤665

3�1995
3k �.

But (1+ω)1995= (−ω2)1995= −1, and(1+ω2)1995= (−w)1995= −1. Hence�
k≤665

�1995
3k �=

1
3
(21995−2).

1.10 Miscellaneous examples

53 Example Shew that the series obtained from the harmonic series by deleting all the terms that contain at least one 0
converges.

Solution: LetS be the set of integers that do not have any 0 in their decimal representation. Take anyn ∈ S with k digits.
Thenn≥ 10k−1 and there are 9k possiblen. Therefore, the series satisfies�

n∈S

1
n

=
∞�

k=1

�
10k−1≤n<10k

n∈S

1
n

≤
∞�

k=1

9k

10k−1

= 90.

Hence the sum is majorised by a converging geometric series and its sum is at most 90.

54 Example Let α(n) denote the number of zeroes thatn has, for exampleα(660006) = 3. ForN ∈ N, evaluate

L = lim
N→∞

lnS(N)

lnN

where

S(N) =
N�

n=1

666α(n).

Solution: Supposen hask digits, i.e. 10k−1 ≤ n < 10k. Let us count how manyk-digit numbers have exactlyj,0≤ j ≤ k−1
digits. We can choose the first digit from the left in 9 distinct ways (it cannot be 0). Of the remainingk−1 slots, we can choose
j of them to contain thej 0’s in �k−1

j � ways. The remainingk−1− j can be filled in 9k−1− j ways (they cannot be 0). Thus,
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there are 9k− j �k−1
j �k-digit numbers having exactlyj 0’s. Therefore

N�
n=1

666α(n) =
�

1≤k≤log10N

�
10k−1≤n<10k

666α(n)

=
�

1≤k≤log10N

�
0≤ j≤k−1

�
10k−1≤n<10k

α(n)= j

666α(n)

=
�

1≤k≤log10N

�
0≤ j≤k−1

9k− j �k−1
j �666j

=
�

1≤k≤log10N

9(666+9)k−1

= 9
675[log10N]+1−1

674
.

So
lnS(N) ∼ [log10N] ln675,

whence
L = log10675.

Homework

55 Problem Find the ordinary generating functions for the following sequences.

1. an = 1,n = 0,1,2, . . .

2. an = n,n = 0,1,2, . . .

3. an = n2,n = 0,1,2, . . .

4. an = 1/n!,n = 0,1,2, . . .

5. an = 1/(2n)! if n≥ 0 is even andan = 0 if n≥ 1 is odd.

6. an = 1/(3n)! if n is a multiple of 3 andan = 0 otherwise.

56 Problem Find the generating function of the sequence of the central binomial coefficients�2n
n�, n≥ 0.

57 Problem Let n be a positive integer. What is the ordinary generating function for the binomial coefficients�n
k�, 0≤ k≤ n?

58 Problem A sequencea0 = 1,a1,a2, . . . satisfies �
k≤n

akan−k = 1

for everyn≥ 1. Find its generating function.

59 Problem Let k be a fixed positive integer. Prove that�
a1+a2+···+ak=n

a j∈N

a1a2 · · ·ak =
n(n2−12) · · ·(n2− (k−1)2)

(2k−1)!
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(Hint: Prove that the ordinary generating function of the sinistral side is xk

(1−x)2k .)

60 Problem Find the generating function for the number of selections ofr distinct integers from{1,2, . . . ,n} such that|x−y|>
2 for all x,y selected.

61 Problem Find the ordinary generating function for the number of waysof puttingk identical balls inn different boxes such
that, no box contains more than one ball, and no two empty boxes are adjacent.

62 Problem Find the generating function for the number of ways of choosing r distinct integers from{1,2, . . . ,n} no two of
them consecutive.

63 Problem Find the ordinary generating function for the number of waysa roll of n distinct dice will produce a sum ofr.

64 Problem Use induction to prove theFactorial Binomial Theorem

(x+y)(n) =
n�

k=0

�n
k�x(k)y(n−k), n∈ N.

65 Problem Find the value of
1

3+∆
k(2).

(Hint: 1
3+∆ = 1/3

1+∆/3.)

66 Problem Prove that
n�

k=1

k =
n(n+1)

2

using finite differences.

67 Problem Prove that
n�

k=1

k3 =
n2(n+1)2

4
,

and thus
(1+2+3+ · · ·+n)2 = 13 +23 + · · ·+n3.

68 Problem Assuming that�∞
k=0xk = 1

1−x for |x| < 1, find the exact numerical value of

∞�
n=1

n
2n ,

∞�
n=2

n(n−1)

3n ,

and
∞�

n=1

1
(n+1)3n .

69 Problem Prove that
n�

k=1

k(k+1)(k+2) =
(n+3)(n+2)(n+1)(n)

4
.
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70 Problem Find a closed form for �
k≤n

1
(k+1)(k+2)(k+3)(k+4)

71 Problem (AIME 1994) The functionf has the property that, for each real number

f (x)+ f (x−1) = x2.

If f (19) = 94, what is the remainder whenf (94) is divided by 1000?

72 Problem Find the solution to the recursion

an = nan−1, n > 1, a1 = 343.

73 Problem (Putnam 1969) The terms of a sequenceTn satisfy

TnTn+1 = n (n = 1,2,3, · · ·)

and

lim
n→∞

Tn

Tn+1
= 1.

Shew thatπT2
1 = 2.

74 Problem (AHSME 1992) The increasing sequence of positive integersa1,a2,a3, · · · has the property thatan+2 = an +an+1

for all n≥ 1. If a7 = 120, thea8 is what number?

75 Problem (AHSME 1992) For a finite sequence

A = (a1,a2,a3, · · · ,an)

of numbers, theCes̀aro sumof A is defined to be

S1 +S2 +S3 + · · ·+Sn

n
,

whereSk = a1 +a2 +a3 + · · ·+ak(1≤ k≤ n). If the Ces̀aro sum of the 99-term sequence(a1,a2,a3, · · · ,a99) is 1000, what is
the Ces̀aro sum of the 100-term sequence(1,a1,a2,a3, · · · ,a99)?

76 Problem (AHSME 1993) Consider the non-decreasing sequence of positive integers

1,2,2,3,3,3,4,4,4,4,5,5,5,5,5, · · ·

in which then-th positive integer appearsn times. The remainder when the 1993-th term is divided by 5 is what number?

77 Problem (AHSME 1993) Let a1,a2,a3, · · ·ak be a finite arithmetic sequence witha4 + a7 + a10 = 17 anda4 + a5 + a6 +
· · ·+a14 = 77. If ak = 13, thenk =?

78 Problem (AHSME 1994) In the sequence

· · · ,a,b,c,d,0,1,1,2,3,5,8, · · ·

each term is the sum of the two terms to its left. Finda.

79 Problem (AHSME 1994) Find the sum of the arithmetic series

20+20
1
5

+20
2
5

+ · · ·+40.
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80 Problem (Putnam 1948) Let an be a decreasing sequence of positive numbers with limit 0 such thatbn = an−2an+1 +
an+2 ≥ 0 for all n. Prove that

∞�
n=1

nbn = a1.

81 Problem (Putnam 1952) Let a j( j = 1,2, · · · ,n) be arbitrary numbers. Prove that

a1 +
n�

i=2

ai

i−1�
j=1

(1−a j) = 1−
n�

j=1

(1−a j).

82 Problem Prove that �
k≥0

�n+k
2k ��2k

k �(−1)k =
�0n�

n+1

for nonnegative integern.

83 Problem Prove that �
k≥0

�n+k
n+2k��2k

k �(−1)k

k+1
= �n−1

m−1�,

for natural numbersn andm.

84 Problem Prove that

(1−4x)−1/2 =
�
n≥0

�2n
n�xn.

85 Problem Simplify �
n≥0

�2n−1
n �xn.

86 Problem Find the coefficient ofx9 in the expansion of

x
1+x2 +x4 .

87 Problem Prove that
1

(1−x)k+1 =
�
n≥0

�n+k
n �xn.

(Hint: Use the Generalised Binomial Theorem).

88 Problem Prove that

arcsinx = x+
1
2
· x3

3
+

1·3
2·4

x5

5
+

1·3·5
2·4·6

x7

7
+ · · ·

(Hint: Use the Generalised Binomial Theorem to expand1√
1−x2

)

89 Problem Find a closed form for �
k≥0

kxk.
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90 Problem Find the exact numerical value of �
k≥0

k
2k .

91 Problem Find a closed form for �
k≥0

k2xk.

92 Problem Find the exact numerical value of �
k≥0

k2

2k .

93 Problem Prove that �
k≤n

�2k
k ��2n−2k

n−k �= 4n.

94 Problem Prove that

1− 1
4

+
1
7
− 1

10
+ · · · = 1

3 �log2+
π√
3�.

(Hint: Expand(1+x3)−1) into a power series. Integrate(1+x3)−1 using partial fractions. Use Abel’s Limit Theorem.)

95 Problem Prove that �
k≤n

� n
k+1��nk� =

n(n+1)

2
.

96 Problem Let f (x) = 1+x+x2 + · · ·+xn. Find a closed formula for�
k≤n

k2

by considering

lim
x→1−

d
dx

(x
d
dx

f (x)).

97 Problem Prove that �
k≤n

2k+1

k+1
�n
k�=

3n+1−1
n+1

.

98 Problem Prove that �
k≤n

�n
k�� n

r +k�=
(2n)!

(n− r)!(n+ r)!
.

99 Problem Prove that �
k≤n

(2k+1)�n
k�= 2n(n+1).

100 Problem Prove that
∞�

n≥1

sinn
n

=
π −1

2
.

(Hint: Expand log(1−ei) and consider real and imaginary parts. Use Abel’s Limit Theorem.)
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101 Problem (AHSME 1989) Find
49�

k=0

(−1)k �99
2k�.

102 Problem Let
(1+x2 +x4)100 = a0 +a1x+ · · ·+a400x

400.

Find
a0 +a3 +a6 + · · ·+a399.

103 Problem Find the exact numerical value of
664�
k=0

�1995
3k+1�.

104 Problem Find a closed form for �
n≥0

x3n

(3n)!

105 Problem Find a closed form for �
n≥0

x3n+1

(3n+1)!
.

106 Problem For a set with one hundred elements, how many subsets are there whose cardinality is a multiple of 3?

107 Problem Prove that �
1≤k≤n/2

(−1)k+1� n
2k−1�= 2n/2sin

nπ
4

and �
0≤k≤n/2

(−1)k+1�n
2k�= 2n/2cos

nπ
4

.

Answers

71 561

74 194

75 991

76 3

77 18

78 −3

79 3030
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