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Chapter

Generating Functions

1.1 Ordinary Generating Functions

Suppose we desire to change a dollar bill with pennies, tick@mes, quarters and half-dollars. In how many ways cadave
this?
This problem is equivalent to finding the number of nonnegagblutions to the equation

X+ 5y+ 10z+ 25w+ 50v = 100
It is easy to see that this is the same as asking for the ceeffiofx'°° in the expansion of

CX) = (L4+x+x2+x3+..)
(A xO04x154..)
(L4 X0 x20 45304 )
(14X x0 4 x5 )
-(1+X50+X100—|-X150+...)

1
(1-x)(1-x°)(1—x10)(1—x25) (1—x°0) -

We call the functiorC the ordinary generating functioof the change-making problem. We see that in general, thificieat
of X" in the expansion oE(x) gives us the number of nonnegative solutions to the equation

X+5y+10z+425w+50v=n.
In general, we call the function
G(x) = anx"
n=0
theordinary generating functionf the sequencay, as, a, .. ..

1 Example Devise a pair of dice with exactly the same outcomes as argltfiee (the sum 2 comes out once, etc.), but which
are not ordinary dice.

Solution: Think of the ordinary die as the polynomial
X432 433 X 43 458,
The outcomes of the ordinary pair of dice occur then as thegseaf
(X243 x4 +x6)?,
that is, the coefficients of the polynomial

32+ 2 + 3+ 4 + 558 + 6x7 + 5 + 4x® + 3x10+ 2x 4 12
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Chapter 1

tell us that 2 occurs once, 3 occurs twice, etc..
We are thus looking fog; andb; such that

(R 4o 538) (P - x08) = (x4 (X -+ 58,
i.e., an alternate factorisation for the dextral side of #guality. Now
1—x8
1-x
1-x3
1+
X 17x( +Xx°)
X(L+X+X2) (14 %) (1 — x+°).

The factors we seek must multiply to
X2 (L4 x+X)%(1+Xx)2(1—x+x3)%

Each factor must have an(the condition of havingositiveentries) and each factor must have & £ and 1+ x+ x? (the
condition of having 6 faces, meaning that the value=al is 6). The only free choice is on the distribution of the twe X+ x?
factors. If we give one to each we get ordinary dice so we nmyshe other way. Thus we take the polynomials

X(L4 X4 X) (14 X) = x+ 2 + 23 +x¢
and
X(L4+X4+X3) (14+X) (1 =X+ X2)2 = x4+ + X+ X0+ 38 18,

Therefore, if one die reads
1,2,2,3.3,4

and the other reads
1,3,4,5,6,8,

we meet the conditions of the problem.

2 Example Prove that the positive integers cannot be partitionedarfinite number of setS;, S,
infinite arithmetic progression each with different comndifference.

Solution: Assume on the contrary that
N=SUSU---US,

with § = {ax + dk, ak + 2dx, a + 3dx, ..., },1 < k<n,d;y > dy >d3 > --- > dy. Then

Y=Y M+ Y

meN meS; meS, meS,

that is to say,
z b 2 Zon

1z 1A 1@ " Ti A

..., S, each of which is an

Lettingz — /% the sinistral side is finite, but the dextral side is infiniféis contradiction establishes the claim.

3 Example Partition the non-negative integers into two sétsand B, such that every positive integer is expressibleaby

a;a< d;aa € Ain the same number of ways asby-b';b < b';b, b/ € B.

Solution: Consider the generating functions

AX) => x*andB(x) = > x°.

acA beB

Observe that the conditions stipulate
1
A B(X) = ——
(¥)+B() = 17—

Vi



OGFs and Linear Equations vii

and
A?(x) — A(x%) = B(x) — B(x?)
Thus
(A(X) = B(X))(A(X) +B(x)) = AX¢) — B(X),
and so

Iterating gives

and lettingN — oo gives

A(x)—B(x) = [Ja-%).

n=0

This product, when multiplied out, givesxX if k is the sum of an even number of distinct powers of 2 antiif k is and odd
number of them. This means that
A = Set of all integers with an even number of 1 digits in itsdmnrepresentation.
B = Those with an odd number of 1 digits.
So
A=0,35,6,9,10,12,15,.. .,

B=1,2,4,7,8111314,....

1.2 OGFsand Linear Equations

We now present some examples of how ordinary generatingitursccan be used to find integral solutions to linear equatio

4 Example Find the number of integer solutions of
X1+ X2 + X3+ X4 = 69,

with X3 > 0,X > 3,x3 > 55,X4 > 0.

Solution: We are asking for the coefficientxéf in the expansion of
(A4+X+X 4+ ) (¢ +x8+ )

(BT 8 ) (XX L),

But this expression equals
1 X X% x x81

1-x 1-x 1-x 1-x (1—-x*

By the Generalised Binomial Theorem, the coefficientbih the expansion ofl —x)~ is

() - CHDOLTIL B0 g

8 )~ 8!

5 Example Find the generating function for the number of integer sohs of
X1 +X2+X3+Xa+X=n

with 0 < xx < 4 for allk. Then, find the number of integer solutionsxot xo + - - + x5 = 10 with 0< x < 4.

vii



Viii Chapter 1

Solution: The generating function is easily seen to be
(1+x+X2+ 3 +x% = (1—x) 73 (1-x°)5.

For the second part of the problem, we want the coefficiertbih the expansion of the above generating function. But by
the Generalised Binomial Theorem, this is

(10)(6) () () () )

6 Example Find the generating function for the number of integer sohs of
XL +X2+X3+X4 =N

if X >0,%>2X%X3>80<x4>4.

Solution: We want
(L4X+3 4 )4+ 4+ ) 08+ 3+ x4+ )8+ X+ )

which simplifies to

(1-x)*

7 Example Find the generating function for the number of integer sohs of
X1 +X2+X3+X4=nN

with 0 < x3 < X2 < X3 < Xa.

Solution: Make the change of variablgs= X1,¥2 = X2 — X1,Y3 = X3 — X2,Ya = X4 — X3. Thenxy + Xz + X3+ Xq = 4y1 + 3y2 +
2y3+ Y. Thus we want nonnegative solutions to the equation

4y1+3y2+2y3+Yya=n.
The generating function for the number of solutions of thig lequation is easily seen to be
L8+ A8+ A )L+ 4

which in turn equals
1 1 1 1

1-x4 1-x3 1-x2 1-x

8 Example Find the generating function for the number of integral sohs to
Xy +Xp+ -+ X =N,

with x¢ > k.

Solution: The generating function is seen to be

(X+X2+-")(X3+X4+~~)~~(Xr+Xr+1+-~):




Difference Calculus iX

1.3 Difference Calculus
We define thdorward difference operatoas
Af(X) = f(x+1) — f(x).

For example:
A = (x+1)2 —x% =2x+ 1.

A =2 X=X,

Asinx = sin(x+ 1) —sinx
= sin(x+}+})—sin(x+}—})
B 2 2 2 2
. 1 1 .1 1
= S|n(x+é)cos(é)+sm(§)cos(x+é)
. 1 1 .1 1
—S|n(x+§)cos(é)+S|n(§)cos(x+§)

1 1
= 25|n(§)cos(x+ i)'
We define theterated differenceby the recursion
At=p, A=AV forn> 1.

We also define théorward unit pusthoperator as
Ef(x) = f(x+1).

For exampleExX? = (x+1)% = x> 4+ 2x+ 1. We note in passing, that= E — 1. For example,

M = (E-1)%°
= EX-X

If m> 0 is a positive integer, we define
XM = x(x—1)(x—2)--- (x—m+1).

We definex© = 1. Observe that
XM = x(M) (x — m) (%).

How must we defina(™ for negative integem? Letm= —1 in (x). We get

X0 = x"Y(x+1)

1

Sincex(? = 0 we obtainx(-1) = o

By recursion we see that

W(m) _ 1
(X+1)(x+2)---(x+m)

for negative integem.
With x(" and the operatak we obtain formulae analogous to the differentiation formulge can prove thaix™ = nx"-1.
To see this, assume first thats a positive integer. Then

MY = (x+1)™ X"
xX+1)(x)(x=1)---(x+1—n+1)
—X(x—=1)---(x—n+1)
= X" V((x+1) - (x—n+1))
n-1)

= x("Dp,




X Chapter 1

as wanted. Ih is a negative integer, the proof is similar.
The operator& andA are quite useful in obtaining-th terms of sequences.
Letug,us,Up, U3, --- be a sequence. We see that

ur =Euw
Uy = Eup = E2ug
Uz = Ewp = E2u; = E3ug
and in generaly, = EXup. Now, asE = A+ 1, we obtairu, = (1+A)kuo, and upon using the Binomial Theorem,
U = i (k> Ajuo.
=0\

We need thus to find the quantitidéug, j = 0,1,2,---.
But on considering the following array

Uo up V) ...
U1 — Up U — Up Us—Uus...
U — 2u1 + Ug Uz — 2u2 + Uug
which can be written as
Uo Uz Uz Us...
Aug Aug Aup ...
AZUO Azul A2U2 ..
A3Uo A3U1 ce

Thus the sought quantities are on the first diagonal of theeahoray.
We now present a few examples

9 Example Find then-th term of the sequence$4,30,52 80,114 ---, assuming that it grows polynomially.

Solution: We form the difference table
4,14,30,52,80,114, ...
10,16,22,28,34, ...
6,6,,6,6,...
0,0,0,...

Thusug = 4, Aug = 10,A%ug = 6,A3ug = O for j > 3. Now, by the Binomial Theorem,

Uh=E" = (1+A)"uo

n n n
= l-up+ <1>AluO+ (2>A2uO+ <3>A3UO+~~
n n
= A N?
Uo + <1> Up + (2> us
n n
- 4 1
+ (1) 0+ <2>6

= 4+410n+3n(n—-1)
= 3’4 7n+4

10 Example Find then-th term of 8 16,0, —64, —200,—432 ..., assuming that it grows polynomially.

X



Difference Calculus Xi

Solution: Form the table of differences
8,16,0,—64,—200,—432 ...

8,—16,—64,—136 —232....
24,48, —72,—96, ...
24,24 24, ...
Thusup = 8,Aug = 8,A2up = —24,A%uy = —24 andAlug = 0 for j > 4. Hence by the Binomial Theorem, and singe=

E"up = (1+A)nU0,
B n ~(n n n\ .» n\ .3
up=(14+4)"uyp = (O>uo+(1>Auo+(2>A uo+(3>A Up +

_ 8+8n—24n(n2_ 1) _24n(n—1()5(n—2)

= 8+8n—-12n(n—1)—4n(n—1)(n—2)

1 2
11 Example Evaluate;=;n-.

= (L++AFAZ AR

= (1484024203 +--)[n@ 4 n@)]
= n@4n®pon¥ 14240
= n@ 43043

1
12 Example Evaluateg;—gz—5 n.

1 1

—NnN — N

EZ_5E16 E-2)(E-3)
1 1

(g3 g 3"

I S

= TE2"TE_3

1

1
= Ta_1i"tas"

o1}
- 1-A 1-4

= (A+A+A?+A3+..)nW

1 A A2 A3
~(G)A+ 5+ +g N

2 478
1 1
_ Wi lgwyt
n'Y + 29n +2)
1 3
n@ 2
2" tg

n

13 Example Find
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Solution: Expandingl_l—A in powers ofj,

1o = (L+A+A2 403+ A%+ KO

= k& +28k® 1+ A% 1+ A%KE) £ A%O) ...
= K& 4+3k? +6kY +6+0+0+--
= k®4+3k@ 16kl +6.

1.4 Sum Calculus

The operatoA is analogous to the differential operator. What is the anado@r integration? Of course, we know from
Calculus that summation and integration are related, aediation is the inverse (in some way) of differentiatiore #ve thus
going to attach the symb@ = A~1 with the meaning “summation”, i.d~1 = 3" . In analogy to integration, we have

x(n+1)

A =3 X = o1 TC  nezZnz-l

whereC is the summation constant. For example!x® = x(® /64-C andA(-2x® = A~1(x(6) /64+-C) = x(7) /424+-CyxV +C,.
Now, what is analogous to definite integration? It mus@%zlak. We first find the “indefinite integral” foax. In analogy
to differential Calculus, we seek for a sequence whose fidgralifference igy. Let Ayx = ax. Thenyy, 1 — Yk = a. Summing
fromk=1tok=n, Yni1—Y1 = > ;& Which is the quantity we want. Thus yk = A 1a, then> & = yk|2Jrl =
Yn+1— VY1
We now observe that we can sum a series by extending theatifferarray upwards.

0 U Uo + Up Uo + U + Uz Uo+ Uy + Uz + U3
Uo up (85) U3 Uz

We just have to find tha-th term of the sequence of partial sums.

14 Example Find a closed form fop_,_, k2.

Solution: The sequence of partial sums is

0
12=1
12422=5

12422432 =14
12422432+ 42=30
12 4+ 22432 + 42 1 52 = 55, etc.
We form the difference table for this sequence
0,1,5,14,30,55,. ..,
1,4,9,16,25,...,
3,5,7,9,...,

2.2,2,...,

0,0,....

Xii



Sum Calculus Xiii

Thusug = 0,Alug = 1, A%up = 3,A3ug = 2,Alug = 0 for j > 4 and so,

n
Zkz = Un
k=1

= (1+4)"uw

n n n
= U+ <1> Aug + ( Dug + <3> A3ug

3(n—1) N n(n—1)(n—2)

N

- M 3
_ n(:H_S(nz—l)4_(n—1)3(n—2)
_ r](6+9(n—1)+§(n—1)(n—2))

_ g(6+9n—9+2n2—6n+4)
= g(2n2+3n+ 1)

n(n+1)(2n+1)
6

as it is well known.

15 Example Find a closed form fop_p_, k(k+1).

Solution: Heraup = 0,u; = 2,up = 8,u3z = 20 and we form the difference array
0,1,5,14, 30,55, ...,

1, 4,9 16, 25, ...,
3570, ...,
and soug = 0,Aug = 2, A2up = 4, A3up = 2 whence
(1+24)"uo

n n\ . n\ .3
1+ (1>Uo+ (Z)A Uo + <3)A Uo

nin—1)(n—2)
—a

n
> k(k+1) = uq
k=1

= 1+2n+2n(n—-1)+

The above method only works for sequences that grow polynomiallfyearue their differences will ultimately be 0. For if one
tries to use this to surEEzl k2K, one obtains a false result (say)

n
Z k2K = p(n), (false).
k=1
where p is a polynomial. The sinistral sidezis> n2" as n— oo but the dextral side isc< ndegree ofp,

The right formula can be obtained as follows. Let




Xiv Chapter 1

Differentiating,
n
f) = > k&t
k=1
(N+1)x"(x—1) —x"1  x—1-x
- (x=1)  (x=1)72
X1 (n+ 1)x"+1
- (x—1)2
Letting x= 2,

n
Z kK= 2™l (n+1)2"+1
k=1
or

n
D kK =n2™2— (n+1)2" 2.
k=1

Or one can also argue as follows. We have

S = 1.2+42.2243.2%+...4n.2"
2S = 1.2242.2843.2°4... 4 (n—-1)2"4n. 2™
Upon subtraction, S=n-2™1_2n_on-1_..._22_ 2 After summing the geometric series=$2"1 — 2"*1 4 2 which is the
same formula as above.
16 Example Find
1
—C
E2-2E4+1

Solution: Observe thd? — 2E +1= (1+A)? —2(1+A) + 1= A2 Also, k? = k@ + k), Thus

1

= K = A %k@ kD
E2—2E+1k ATk +K

k(3) k2
= Ail(? + E +C1)

k4  k®

= 4 1)
12—|— 6 +C1k'Y +Co.

17 Example Express in the formAk® + Bk2 4+ CkV) +-D.
Solution: We want to express as

k= A(k)(k—1)(k—2) +B(k)(k— 1) +Ck+D.

Lettingk = 0, we findD = 0. Lettingk = 1, we findC = 1. Lettingk = 2, we findB = 3. Now, A = 1 because the degrees of
both expressions is 3, and so the leading coefficients ondidés of the equality must agree. Hence

K =Kk +3k@ k@),

18 Example Find the sund_;_; k2.

Solution: First we expres¢ as falling factorials,

K2 = Ak? + Bk +C

Xiv



Homogeneous recurrences XV

which is the same as
k? = A(k)(k— 1) 4+ Bk+C.

Letk=0.
0*=A(0)(-1)+B(0)+C=C
Thusc=0. Letk=1.
12 =A(1)(0)+B(1) +C=B
ThusB=1 Letk=2.
22=A(2)(1)+B(2)+C=2A+2

ThusA=1.
Substituting inA, B, andC, we obtain
K2 =k® + k.

Zn: K= ) k=12 4k
k=1

K3 k@™
- 372

(n+1)<3> (n+1)(2) 18 1
B 3 2 3 2
_ (+HYMm®-1) n(n+1)
N 3 + 2
_2n(n+1)(n—1)+3n(n+1)
N 6
_ [n(n+D)][2(n—1)+3]

6

_ n(n+1)(2n+1)
Sl —

1.5 Homogeneousrecurrences
If a recurrence relation has the form

aoYnik +a1yn-14k +a2Yn-24k + - +anyk =0,

with constantsy, we call such a recurrendieear and homogeneousSince by means of the push operator we can express this
as
(80E"+aE" 4 +an1E+an)yk =0,

we just have to determine the roots of the polynomiaEinWe get several cases depending on the roots being all rdal an
distinct, real and repeated, or complex. We will examinasd¢hdifferent cases in the examples that follow.

19 Example Solve the following difference equation:
Yit2 — SYk+1+ 6yk = 0.
Solution: Using the push operator,

Ykr2 = SY¥ki1+6¥k = EZyk—SEWk+ 6yk
= (E?—5E+6)yk
(E—3)(E—-2)y

Thusyy = A- 2+ B- 3 for some constanta andB.

20 Example Solve the initial value difference equatioyk. » — 6yk1+ 8yk = 0 if yp = 3 andy; = 2.

XV



XVi Chapter 1

Solution: Using the push operator,

Yki2 —6Yki1+ 8V = E2yk—6Eyk+8yk
= (E?—6E+8)yk
= (E-4)(E-2)w

Thusyy = A- 2¢+ B 4K for some constanta andB. Fromyp = 3 andy; = 2, we plugk = 0 andk = 1 into the equation to get
3=A-2+B-2°=A+Band 2= A-2' + B-4! = 2A+ 4B. We solve these equations to get= 5 andB = —2. Thus

yk=5-2K—2.4

21 Example Solve the difference equatioR o — 2yk; 1+ 5yk = 0.

The equation can be written 882 — 2E + 5)y, = 0. It follows that the solutions argl + 2i)k and (1 — 2i)X. Putting these into
polar form, we get

142 = \/E(% - %i) = v/5(cos® +isin®) = v/5¢®
1-2i = \@(% —~ jgi) = v/5(cos® — i sin®) = v/5e1®

where tar® = 2.
It follows that the two linearly independent solutions are

(VBEO)K = (v/B)keki® — 551® — 55 (cosk® + i SinkO)

and
(VBe 1)k = (V/B)ke KO = 536K® _ 55 (cosk® + i sinko).

Here we have used Euler's Forma4 = cos@ + isin6. The general solution can be written as

Y = 52 (Acosk® -+ Bsink®).

22 Example Solve the difference equation 2 — 4yk+1+4yk = 0 foryp = 1 andy; = 3.

Solution: Using the push operat&?yy — 4Eyi + 4y = 0. This can be factored & — 2)(E — 2)yx = 0. The general solution
is thus
yi = A2 4 BI2¥.

Substituting foryg andy; into the equation above, we get the following:
1=A24+B(0)(2%) =A

and
3=A2'+ B(1)(2') = 2A+2B.

Solving the equations, we gat=1 andB = % Thus

Yk = 2K + koK1,

23 Example Solve the recurrence
Y43 — 2Yni2 —Ynt1+2¥n =0.

XVi



Homogeneous recurrences XVii

Solution: We must solve
(E3—2E?—E+2)yn=(E—1)(E4+1)(E—2)y,=0

The general solution is
Yn=A+B(-1)"+C(2)".

24 Example Solve the recurrence
Yn+3+6Yni2+12Yni1+8yn =0

Solution: We see that this is equivalent®-+ 2)3y, = 0. The solution is thus given by

yn=A(—2)"+Bn(—2)"+Cr?(-2)".

25 Example Solve the recurrence given by

(E—2)(E—3)(E—8)1°%, =0.

Solution: The solution is readily seen to be

Yo =A(2)"+ B(3)" +C18" +Con8" 4 C3n?8" + - - - ++ Crgoan 99",

26 Example Solveyy 4+ 12y 0 —64yx=0

Solution: The equation is converted intB* + 12E2 — 64)y, = 0, which can factored ag=? 4 16)(E? — 4)yx = 0. This can
be factored again a&2 + 16)(E — 2)(E + 2)yk = 0. Factor this two more times intE? — (4i)?)(E — 2)(E + 2)yx = 0, then
(E —4i)(E+4i)(E —2)(E + 2)yx = 0. The general solution foy is

Yic = A2X 4+ B(—2)K +C(4i)* + D(—4i)¥.

27 Example Solve the difference equatioy 1+ 3yx =0

Solution: This is the same 48E + 3)yi = (3)(E + 3 )y« = 0. Dividing by 3 gives(E + 3)yx = 0. The solution isjx = A(—3).

28 Example Solve the recursiog ;3 —8yx =0

Solution: We have

E3—8)yi
E— 2(|52+2E+4)yk
E —2)(E242E + 14 3)yk
(
(
(

Y3 — 8Yk (
(E-2)
(E-2)
= (E-2) (E+1) +3)vk
(E-2)
(E-2)

E—2)((E+1)2—(iV3)?)yk
E—2)(E+1—-iV3)(E+1+iv3)yk

Thus
vk = A2X + B(i — 1)K+ C(—1-D) .

XVii



Xviii Chapter 1

1.6 Inhomogeneous recurrences

We now consider the case when the difference equation isyooregeneous.
We shall need several formal operator methods for our tagkfilt prove the following result.

29 Theorem (Exponential shift) LetF be a polynomial im. Let ¢(E) be a polynomial on the push operator. Then a particular
solution to the equation

@(E)yn=a"F(n)
is given by

1
Yparticular= a” o(aE) F(n).

Proof Let @(E) = >T"a;E!. Then

@(E)a"F (n)

m .
> aEla"F(n)
=0

m .
= ) aa™F(n+])
=0

m
= a") ajalElF(n)
=0

= a"p(aE)F(n).
We conclude thap(E)a"F(n) = a"e(aE)F(n). Thus
1 a1
@a F(nj=a 7(p(aE)F(n)'

30 Corollary If @(a) # 0, theny, = % is a particular solution to

n

QO(E)Yn =a.

31 Example Solve the recursion
Yni2—SYni1+4yn=2-3"—4.7".

Solution: Using the push operator, the equation is equivaée
(E>?~5E+4)yn,=2-3"—4.7".
The homogeneous solution is givenyy= A+ B4". To find a particular solution to the inhomogeneous case, ite w

1 1
=23 547"
Y= E2 514 E2_5E 14
and use the Theorem of the Exponential shift
n 1

1
Yparticular = 3 32_5(3)4_42*7“72—5(7)—%4
_ _3n_27n
57 -

4

The complete solution is given by the sum of the homogeneoddtee particular solution

2
Yo=A+B4 -3 7",

XVili



Inhomogeneous recurrences Xix

32 Example (Putnam 1980) For which real numbersa does the sequence defined by the initial conditign= a and the
recursionun,1 = 2u, — n® haveu, > 0 for alln > 0? (Express the answer in simplest form.)

Solution: We will shew thati, > 0 for alln > 0 if and only ifa > 3. LetAu, = un+1 — Uy. The difference equation takes the
form (1—A)u, = n?. Sincen? is a polynomial, a particular solution is

U= (14+8) 1’ = (1+A+A%+--)n*=n’+(2n+1)+2

or
Un=Nn?+2n+3.

Hence, the complete solutionug = n? +2n+3+k- 2", sincev, = k- 2"is the solution of the associated homogeneous difference
equationvn 1 — 2vn = 0. The desired solution withp = ais Uy = N? +2n+ 3+ (a— 3)2". Since lim_«[2"/(n? +2n+3)] =
+00, U, Will be negative for large enoughif a— 3 < 0. Conversely, ifa— 3 > 0, it is clear that eachy, > 0.

33 Example Find a particular solution for the recursion

Yni2 —SYnr1+4yn = n?.3".

Solution: A particular solution is given by
1 27N

hWmEsE 4"

Using the exponential shift theorem,

W = 3 EEsEE
= 3t ——n
(3E—4)(3E—1)
_ 3n%ﬁ n2_|_3n33é%34 n2
= 3. 2:'7/32 n® +n® 4 3n. % n® 4+ n®
—3;*1(1_ 3N+ 902 4. )n@ 4 n@)
_3n*1(1_|_3A_|_ OA2 ... )n(2) +n@
= %“(m ) —1n¥ 43)
—31(n@ 4 4n® 4 21).

n2

34 Example Find a particular solution for the recursion
Yn—3yn-1=3".
Solution: The equation i€E — 3)y,_1 = 3". A particular solution is given by

1 .,
Yn-1= gig .

Using the exponential shift theorem,

Yn-1= 3“3?131 =3"Ia 11 =3"1(n® 4 ),

whereC is a constant. Since the homogeneous solution is of the f8the general solution ig,_1 = A3"+n3"1 or
yn = A3"+n3". (Notice howC3" and other constants3" were absorbed iA.)

35 Example Solve the recursion
Yn—3Yn-1=n+2.

XiX
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Solution: A particular solution is given by, = g25n@ +2= =L ... TaphM +2=—3(1+8/2+07/4+ - )nW 2=
—n/2—5/4. Thus the general solution is given by

Yn-1=A3"—n/2-5/4

or
Yn=A3"—n/2—7/4.

36 Example Solve the recursion

Yn—2n-1+Yn2=2"
Solution: A particular solution is given by,_» = ﬁz” =2" (2_11)21 = 2", where we have used the corollary to the expo-

nential shift theorem. It follows that the general soluttorthe recursion is given by, » = A+ Bn+ 2" or, what is the same,
Yn = A+Bn+2"t2,

37 Example Solve the recursiog, — 2yn_1+Yn_2 = 4.
Solution: A particular solution is given by » = =154 =A"24=2n(? +-CnM) +-C; = 2n? +Cn+C;. The general solution

(E-1)
is thus given by,_» = A+ Bn+ 2n?.

1.7 Generalised Binomial Theorem

If xis any real number, we may define formally the sym@]r)l neNas

<x> X(X—=1)(x—2)---(x—(n—1))

n n!

Thus (ﬁl is a polynomial of degrea in x. We take the convention th{iﬁ) = 0 if nis not a nonnegative integer. rif= 0, we
define(p) as 1.
One formula which is particularly helpful is thgper negatioriormula:

—X =(=1)" X+n-1 nez,n>0. (1.1)
(n) = (27

n

Its proof is easy:

n!

(—x) (=X)(=x—=1)---(=x—n+1)

Factorising the-1's, the above equals

which is the same as

38 Example Prove that

XX
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Solution: Using upper negation twice and the result frormgxe (3.8) we find
Camf@) k—a—1
() - 2076
k<m k<m
—a+m
m
_amfa-1
con(®Y):
as wanted.

Using Taylor's Theorem, we can prove a more general versigheoBinomial Theorem. For generale R and|x| < 1,
the Generalised Binomial Theoreholds: N
o
1+x)% = g
(ESUEDY <k>x

k=0

Albeit we will not prove the Generalised Binomial Theoremeyave will give an example of its use.

39 Example Find the coefficient 0k'°%¢in the expansion of
1000
1_5a)10

Solution: By the Generalised Binomial Theorem

XlOOO ® -10 ‘
A _ 5Ky 1000+ 2
(1-5@)0 2)( k >( )X

Thus we needt = 3 and the coefficient sought is

(—5)3(_§0> = —125(_10)(_31!1)(_12) = 27500

1.8 Formal Power Series

We now study power seridsrmally, that is, we do not worry about questions of convergenceelhave two power series

Z ax" andB(x Z bnX",

n=0

their sum is given by
Z an -+ by)X

Their productA(x)B(x) can be computed using tidel-Cauchy convolution formula

A(x)B Z <Z by k) X",

n=0

Some power series occur so often that the student will doiwellemorising them. The most common are

1

— =1 GEEC NI 1.2

T x = XXX+ (1.2)
=1-— 2_)(3 1.

Tox = X -xAs (1.3)
1 X2 x3xt

oo =xt7 37+ (24
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log(1+x) =x X2+X3+X4+X5+
9 XT3t
o3 0
e"=1+x+5+§+m+a+-~
VR S Y
SINX =X — o 5 = 2y
2 A 6
cosx:1—2|+a—§+

40 Example Obtainl.5from 1.3

Solution: Integrating term by term

y 1 y
—dx= [ A—x+xX—-x+x*—-.)d
L Tix A( + + ) dx,
whence 2 By
_y Y Y Y.y
log(1+y) =y > + 3 2 + 5
41 Example Obtainl.8from 1.7.
Solution: Differentiating term by term
—smx—g (x X—3+X—5 X—7—|—
d ~dx 3 5 7
we obtain
. 2 A 46
COSX=1— E + E — 5 +
as wanted.
42 Example Find the power series expansion of arctan
Solution: We have L
=1— — ...
Ty VY =y 4y

Integrating term by term

[ i [ampey -y ox

o 1+y2
which is to say

arctarx = x X + S +
B 3 5 7
43 Example In the expansion of
(1+ x4+ +x3)4

1. Find the coefficient of®.

2. Find the coefficient of?4.

(1.5)

(1.6)

(1.7)

(1.8)

XXii
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Solution: (1) As 1-x* = (1—x)(1+x+x2+x3), we have
A+x+x2 4+ = (1-x)*1—x) 4

From this, the exponent 6 can be obtained in two wa{%® andx*x2. Using the Binomial Theorem (and generalised Binomial
Theorem) we see that the coefficient sought is

A\ (4 (B (-4

0 6 1 2 )
(2) The exponent 24 can be obtained fréin- x*)*(1 — x)~* in five ways: fromx®24, x*x?0, x8x16 x12x12 and fromx'6x8.
Using the Abel-Cauchy convolution identity, the numeriealue of this coefficient is

(6) (o)~ () (o) + () (26) - (5) (22) + () (5

44 Example Prove that for integen > 1,

(-2 06"

Solution: The strategy is to splif;) (,",) into (i) and(,",). By the Binomial Theorem(znn) is the coefficient of is the

expansion of 1+x)2". As (1+x)?" = (1+x)"(1+x)", using the Abel-Cauchy convolution, the coefficienkdbn the dextral
side isY"_o (§) (1) @and so the identity is established.

)

k<n

45 Example Find a closed form for

Solution: The strategy is to spk(ﬂ)z = k(i) (") intok(y) and(,,",). Now, k(}) occurs in the derivative dfl +x)", as
nX(1+x)" =" k(E) XK.
k<n

The term(,,", ) occurs, of course, in the binomial expansion

1+x)"=>" <ni k> XK,

k<n

n
n—

If we multiply these two sums together using the Abel-Caunbiyvolution formula, the coefficient of in the expansion of

nx(1+x)"(14+x)"

2 (")

But this coefficient, is the same as the coefficientbih the expansion of

nx(1+x)21,

Zk<n)2 _ n<2n— 1)
ot k n—1

Although we said that we were going to consider power sedagdlly, we mention in passing the importakttel’s Limit
Theorem.

thatis,n(%"). Therefore

XXili
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Abel’sLimit Theorem: Letr > 0, and suppose that . ,anr" converges. Thed . anx" converges absolutely fgx| <,

and
lim Zanxn = Zanr”.

X—I—
n>0 n>0

Abel’s Limit Theorem can also be extended to cover the caswalne is in a region of the complex plane.

46 Example Find the exact numerical value of

Solution: This alternating series converges by LeibnigstTConsider more generally

m@:§:t£§ﬁgzmmumx

n>1

by (3.4.4). We see thdt(1) = log2 Thus

1 1 1
l1--+=-—>+---=log2
2tz gt =095
by Abel’s Limit Theorem.
47 Example Prove that
E—l_}+}_}+}_
4 3 5 7 9

Solution: The given alternating series converges by Leibriiest. The result follows immediately from example (3.B8
lettingx — 1.

48 Example Find the exact numerical value of

Z (n+1)2
n>0 nt
Solution: Let
X1
f) =xg'=> =
e n!
Then
n
f'(x) =x&'+&=>" (nJrnll)X
n>0 ’

Multiplying by X,

Differentiating this last equality,

24N
xt(x) + /() :2xe?‘+x2e?‘+xe?‘—|-e":z%.

n>0

Lettingx — 1, we obtain

n—+1)2
Z( Jr: ) —2e+etete=>5e
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1.9 Series Multisection

In what follows we will needdeMoivre’s Theoremif nis a natural number, then
(cosx+isinx)" = cosxn+isinxn.
Consider the polynomial
1—X"= (1= X)(14+x+x2+---+x"1).
Its nrootsgg, k=0,1,2,...,n—1 are thenth roots of unity

21K 21K
ek—cosTJrlsm . =&/ k=0,1,...,n— 1.

For example, the roots af — 1 =0 are co$%° +isinZ3% = 1,cos?! +isin#! = —1/2+i/3/2, and co$%2 +isin2%2 =
—1/2—iv/3/2. Suppose that" = 1 bute # 1. Then

en—1
l+et+e?+ed+  +e"t="—1=

Hence
0 x=cos?® tisinZ®1<k<n-1

2 n-1__
14+X+X4---+X _{n w1

The above |dent|t is qune useful for “multisecting” a povmnes For example, suppose we wanted to find the sum of
every third term ogk o( ) starting with the first one, that iS= Zk 0( ) Then we use the fact that fef = —1/2+i/3/2
ande; = —1/2—iv/3/2 we have

§=1and 1+ &+¢& =0, k=12

Thus
(+) g+t ret?=0k=12 scZ.
Fromthis 27\ (27\ (2 27 27\ (27
27 _
aa = () (3)+ (5)+(§) -+ (20)+ (57
27\ (27 27 2 2
1 27 _ 2 3., . 27
(14 &) o) Fl)at{,)ea+r{g)eat—+()a
2 2 2 2 2
1+e? = ()7 )t ()E+ (5 )8+ ()8

Summing column-wise and noticing that becauséxgpfonly the terms (8,6, ...,27 survive,

227+(1+£1)27+(1+82)27=3(207> +3<237> +3<267) +~~-+3<Z).

By DeMoivre’s Theorem(1—1/2+i1/3/2)?" = cos 9+ isin9m= —1 and(1—1/2—iv/3/2)?" = cos 451+ isin45m= —

Thus
() ()3

The above procedure can be generalised as follows. Suppatse t
= Z Cka.
k=0

If w=€?% qeN,q>1,thenw’=1and 14+ w+ w?+ w’+---+ w% 1 =0. Then in view of

1 Z { 1 if gdividesk,

1<b<q 0 else
we have
<] 1 q
e =) w (). (1.9)
n=0 q b=1
n=a modq
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We may use complex numbers to select certain sums of coeffiadé polynomials. The following problems use the fact that
kis an integer
Kk k2 k8 — ki 4i24i%) =0 (1.10)

49 Example Find the sum of all the coefficients once the following prade@xpanded and like terms are collected:

(1—x2+x4)109(2 x4 5x9)199,
Solution: Put
P(X) = (1—x2+x*)199(2 — B+ 5x)19%
Observe thap(x) is a polynomial of degree-4.09+9-1996= 18400 Thusp(x) has the form
p(X) = ag+ arx+ axX® + - - - + a1g400-4%

The sum of all the coefficients gf(x) is
P(l) =ap+ay +ax+ - +aisa00

which is alsop(1) = (1— 12+ 141992 — 6+ 5)19%= 1. The desired sum is thus 1.

50 Example Let
(1+x*+x8)1%0 = ag + agx+ apx? + - - + ago®®.

Find:

0 ap+ai+ax+as+---+asoo
U ag+ax+as+as+---+agoo.
U ag+az+as+az+---+aygo.
O ap+as+ag+aio+---+agoo.

U a+as+ag+aus+- - +aror

Solution: Put
p(X) = (1+x* +x8) 190 = gy + ayx+apx® + - - - + ago®.
Then
0
ao+ay+a+ag+-+ago= p(1) = 3.
: 1 1
%+@+m+%+m+%m=ﬂl%gll:§®
: 1 1
m+%+%+w+m+w%=ﬂl%g:l=0
: 1 1)+ p(i i
— | —I
ot 24 g PLERCD ERO R i
D 1 1 . . . .
— p(—1) —1p(l 1P(—1
1+ 8+ 8+ agg -+ argr— R P PO HIPTD g

4
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51 Example Let
(14 x+X3)" = ag +arx+ apx® + - + apnx®™.

Find formulee for
2n
1. Zak
k=0
2. Z agk

0<k<n/2

3. Z aogk—1

1<k<n/2
4. aptas+agt-
5.a;+as+ag+--

Solution: Letf(x) = (1+x-+x%)".
(1) Clearlyap+ a3 +ap+az+au+--- = f(1) = 3"
(2) We have
f(1) = atat+atagt:-
f(=1) = a-ata—a+--
Summing these two rows,
f(1)+f(-1) =2a9+2ax+2a4+-- -,

whence
B0+t aut = 2(f(1)+ (1) = 53 +1)
(3) We see that
f(1)— f(-1) =2a1+2a3+2a5+- -
Therefore

m+%+%+~:;un_m4»:;@_n

(4) Since we want the sum of every fourth term, we considefdheh roots of unity, that is, the complex numbers wifh= 1.
These aret1, +i. Now consider the equalities

f(l) = atatataztayt+ast+astartagtag+:--
f(-1) = ap—ay+tax—at+ay—ast+ag—ay+ag—ag+---
f(i) = a+tiag—ax—iagt+as+ias—ag—iay+ag+iag+---
f(—i) = ap—iay—ap+iaz+as—ias—ae+iar+ag—iag+---

Summing these four rows,
F()+ F(=1)+ (i) + f (i) = 40+ 4au+dag + -
whence

%+m+%+m:%ﬁ@ﬁ%@ﬂ+f@+“4»:%QM&+W+FﬂW

(5) Consider the equalities

f(1) = ataitatagtastast+agtartagt
—pta—pt+taz—yt+ag—agt+ar—ag+---
—lagt+a;+iap—az—iast+as+iag—ay—iag+---
if (=) = lagt+ay—iap—ag+iag+ag—iag—ay+iag+---

L
)
P

=
=
N

I

Adding
f(1)—f(=1)—if(i)+if(i)=4ay+4das+4ag+-- -,
whence
aj+ag+ag+---= %‘r (3n—1—i”+1—(—i)”+1),

XXVil
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52 Example Find the exact numerical value of

(%)

k=0

Solution: Since we want every third term starting with theotle one, we consider the cube roots of unity, thatsd = 1.
These ar@o = —1/2—/3/2,w? = —1/2++/3/2 andw® = 1. If w# 1, then 1+ w+ w? =0. If w=1,1+ w+ w? = 3. Thus
if kis not a multiple of 3, 14 wX+ w? = 0, and ifk is a multiple of 3, then 4+ wk + w? = 3. By the Binomial Theorem we
then have

(14 1)19954 (14 2)19%
1
(14 )19 - ¥ (1k+wk+w2k)< 995)
k
k<1995
199
e
oes \ K

But (14 )19 = (—w?)19%= —1 and(1+ w?)19% = (—w)19%5 = —1. Hence

Z (12:35) _ %(21995_2).

k<665

1.10 Miscellaneous examples

53 Example Shew that the series obtained from the harmonic series tstidglall the terms that contain at least one 0
converges.

Solution: Let.” be the set of integers that do not have any 0 in their decinpaesentation. Take anye . with k digits.
Thenn > 10¢ 1 and there arekpossiblen. Therefore, the series satisfies

1 > 1
DR D DD D=
ne. k=1 1ok-1<nc1ck

ne.y

> i
< =
~10<1

= 9

o

Hence the sum is majorised by a converging geometric sanggsasum is at most 90.

54 Example Let a(n) denote the number of zeroes tingtas, for exampler (660006 = 3. ForN € N, evaluate

. InS(N)
L= lim
N—o0 InN

where

N
S(N) = 666",
n=1

Solution: Suppose hask digits, i.e. 161 < n < 10¢. Let us count how mank-digit numbers have exactly0 < j <k—1
digits. We can choose the first digit from the left in 9 distinys (it cannot be 0). Of the remainikg- 1 slots, we can choose
j of them to contain thg Q’s in ("}1) ways. The remaining— 1— j can be filled in 11 ways (they cannot be 0). Thus,
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there are 9 (kjl) k-digit numbers having exactly0’s. Therefore

N
Z 666°(" = Z Z 6667 (N
n—1

1<k<logigN 10k 1<n< 10k

S YD S L

1<k<logipN 0<j<k—1 jo—1cpoagk
a(n)=j

- 3> DA <k_ 1> 666
= > 9(666+9)!

1<k<log;oN
967§|0910N]+l -1
o 674 ’
So
INS(N) ~ [log;oN]In675
whence
L == |Oglo675

Homewor k

55 Problem Find the ordinary generating functions for the followingsences.
1. ay=1n=0,12,...

ahn=nn=0,12,...

an=n’n=0,12,...

an=1/n,n=0,1,2,...

. an=1/(2n)l'if n>0is even an@,=0if n> 1is odd.

o oA w N

. @&, =1/(3n)!'if n is a multiple of 3 anda, = 0 otherwise.

56 Problem Find the generating function of the sequence of the cenimahtial coefficients

<2n) , n>o0.
n

57 Problem Letnbe a positive integer. What is the ordinary generating fomckdr the binomial coefficients

<E) 0<k<n?

58 Problem A sequencep = 1,a;,ay,... satisfies
D aan k=1
k<n

for everyn > 1. Find its generating function.

59 Problem Let k be a fixed positive integer. Prove that

- n(n?—1?)...(n*— (k—1)?)
D wdk= (2k—1)!
aqt+ag+--+a=n
ajeN
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(Hint: Prove that the ordinary generating function of thastral side isﬁﬁ.)

60 Problem Find the generating function for the number of selectionsdi$tinct integers fror{ 1,2, ..., n} such thatx—y| >
2 for all x,y selected.

61 Problem Find the ordinary generating function for the number of wafysuttingk identical balls im different boxes such
that, no box contains more than one ball, and no two emptysareadjacent.

62 Problem Find the generating function for the number of ways of chogsidistinct integers fror{1,2,...,n} no two of
them consecutive.

63 Problem Find the ordinary generating function for the number of waysll of n distinct dice will produce a sum of

64 Problem Use induction to prove thEactorial Binomial Theorem

n

x+y)W=3" <E) xMyK neN.

k=0

65 Problem Find the value of

1
_— k2.
3+A
fe 1 1/3
(Hint: 377 = l+/A/3')
66 Problem Prove that .
Zk: n(n+1)
2

using finite differences.

67 Problem Prove that

and thus
(142434 +n2=134+254... 4.

68 Problem Assuming tha_y_,x* = 1 for |x| < 1, find the exact numerical value of

. n
> o

n=1

2. n(n—1)
Z 3n

n=2

and

> 1
Z (n+1)3"

n=1

69 Problem Prove that .

n+3)(n+2)(n+1)(n)
1 .

(k1) (k+2) = &
k=1
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70 Problem Find a closed form for

1
Z (k+1)(k+2)(k+3)(k+4)

k<n

71 Problem (AIME 1994) The functionf has the property that, for each real number
f(x)+ f(x—1) =2

If f(19) = 94, what is the remainder whei(94) is divided by 10007?

72 Problem Find the solution to the recursion

an=na,_1, n>1 a; =343

73 Problem (Putnam 1969) The terms of a sequendg satisfy
TnTn+l:n (n:172731'“)

and T
lim "

=1
n—oo Tn+1

Shew thatiT? = 2.

74 Problem (AHSME 1992) The increasing sequence of positive integarsy, ag, - - - has the property that,. > = an+an1
foralln> 1. If a; = 120, theag is what number?

75 Problem (AHSME 1992) For a finite sequence

A= (a-l7a27a37"' 7an)
of numbers, th&€esaro sumof A is defined to be

S+S+S+-+S

n

where§ =ai;+ax+az+---+a(1 < k<n). If the Cesiro sum of the 99-term sequen@a, az,as, - - - ,ago) is 1000, what is
the Cegro sum of the 100-term sequer{deay, ay, a3, - ,a99)?

76 Problem (AHSME 1993) Consider the non-decreasing sequence of positive integers
1721 27 37 373747474747 57 57575757 e

in which then-th positive integer appearstimes. The remainder when the 1993-th term is divided by Shiatmumber?

77 Problem (AHSME 1993) Let aj,ap, a3, --ax be a finite arithmetic sequence with + a7 + a;p = 17 andas + a5 + ag +
<o+ ap="77If ag =13, thenk =7

78 Problem (AHSME 1994) In the sequence
,a,b,C,d,O,1,1,2,3,5,8,"'

each term is the sum of the two terms to its left. Fand

79 Problem (AHSME 1994) Find the sum of the arithmetic series

20+20%+2o§+-~+40.

XXXI



XXXil

Chapter 1

80 Problem (Putnam 1948) Let a, be a decreasing sequence of positive numbers with limit @ sath, =

ans2 > 0 for all n. Prove that

81 Problem (Putnam 1952) Leta;(j=1,2,---,n) be arbitrary numbers. Prove that
n
a1+2a.H (1-aj) =1-JJ(@-ay.
i=2 j=1 =1

82 Problem Prove that
0
n+k)\ /2k (—1)k = (n)
2 2k k n+1

k>0

for nonnegative integen.

83 Problem Prove that

= (- ()

for natural numbera andm.

84 Problem Prove that

85 Problem Simplify
<2n—1> n
> ()
n>0 n
86 Problem Find the coefficient ok® in the expansion of
X

14+ X2 4x4

87 Problem Prove that

w5 )7

n>0
(Hint: Use the Generalised Binomial Theorem).

88 Problem Prove that

arcsink = x+1 X3+1.3X5+1'3.5X7
2 3 245 2467

(Hint: Use the Generalised Binomial Theorem to exp%)
—X

89 Problem Find a closed form for

> kX

k>0

an—2ap,1+

XXXil
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90 Problem Find the exact numerical value of

91 Problem Find a closed form for

k>0
92 Problem Find the exact numerical value of )
k'
7k.
k202
93 Problem Prove that
2k\ /2n—2k
> k K )=
k<n n-
94 Problem Prove that
1 }4—} i4— —}<Io 2+£>
4777107 T 3\9 T 5)

(Hint: Expand(1+ x®)~1) into a power series. Integraté+ x3) ! using partial fractions. Use Abel’s Limit Theorem.)

95 Problem Prove that

n
96 Problem Let f(x) =1+ X+ X2+ ---+X". Find a closed formula for

DL

k<n

by considering

. d d
Am i Xax T )-

Z 2k+l <n) 3n+1 -1
o k+1\k n+1

= (05

97 Problem Prove that

98 Problem Prove that

99 Problem Prove that
3 (@2k+1) (E) —2"(n+ ).

k<n

100 Problem Prove that

(Hint: Expand lod1 — ei) and consider real and imaginary parts. Use Abel’s Limit Theo)

XXXili



XXXV Chapter 1

101 Problem (AHSME 1989) Find

102 Problem Let
(1432 4+ x40 = ag + ayx+ - -+ auoox* .

Find
A +ag+3as+ -+ a9

%‘ 1995
3k+1)

k=0

103 Problem Find the exact numerical value of

104 Problem Find a closed form for

X3n

105 Problem Find a closed form for

X3n+1
(Bn+ 1)1

n>0
106 Problem For a set with one hundred elements, how many subsets agawhesse cardinality is a multiple of 3?

107 Problem Prove that

kel N _ on/26in 7T
PG <2k—1> 2"2sin-

1<k<n/2

vk MY _oon2 g T
> (=Y <2k) 22 cos .

0<k<n/2

and

Answers
71 561

74 194

75 991

76 3

77 18

78 -3

79 3030
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