
Freeto
photo

opyan
ddistr
ibute

Mar
h
14,200
7Ver
sion

Pro
ba

bi
lit

y

Pro
ba

bi
lit

y
Elem

en
tar

y

Pro
ba

bi
lit

y
Elem

en
tar

y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

Elem
en

tar
y

Pro
ba

bi
lit

y
Elem

en
tar

y
Pro

ba
bi

lit
y

dgjmrw
David A. SANTOS dsantos�

p.edu

♠ ♣ ♦ ♥

mailto:dsantos@ccp.edu


ContentsPrefa
e iiTo the Student iv1 Preliminaries 11.1 Sets . . . . . . . . . . . . . . . . . . . . . . 11.2 Sample Spa
es and Events . . . . . . . . . . 31.3 Combining Events . . . . . . . . . . . . . . . 51.4 Fun
tions . . . . . . . . . . . . . . . . . . . 72 Counting 122.1 In
lusion-Ex
lusion . . . . . . . . . . . . . . 122.2 The Produ
t Rule . . . . . . . . . . . . . . . 172.3 The Sum Rule . . . . . . . . . . . . . . . . . 232.4 Permutations without Repetitions . . . . . . . 262.5 Permutations with Repetitions . . . . . . . . 292.6 Combinations without Repetitions . . . . . . 322.7 Combinations with Repetitions . . . . . . . . 402.8 Binomial Theorem . . . . . . . . . . . . . . 432.9 Mis
ellaneous Counting Problems . . . . . . . 47

3 Dis
rete Probability 663.1 Probability Spa
es . . . . . . . . . . . . . . 663.2 Uniform Random Variables . . . . . . . . . . 693.3 Independen
e . . . . . . . . . . . . . . . . . 783.4 Binomial Random Variables . . . . . . . . . . 823.5 Geometri
 Random Variables . . . . . . . . . 843.6 Poisson Random Variables . . . . . . . . . . 874 Conditional Probability 964.1 Conditional Probability . . . . . . . . . . . . 964.2 Conditioning . . . . . . . . . . . . . . . . . 984.3 Bayes' Rule . . . . . . . . . . . . . . . . . . 1025 Expe
tation and Varian
e 1095.1 Expe
tation and Varian
e . . . . . . . . . . . 1095.2 Indi
ator Random Variables . . . . . . . . . . 1135.3 Conditional Expe
tation . . . . . . . . . . . 1156 Markov Chains 1176.1 Dis
rete Time Sto
hasti
 Pro
esses . . . . . . 1176.2 Long Run Probabilities . . . . . . . . . . . . 1187 Uniform Continuous Random Variables 120



Prefa
e
These notes started during the Spring of 2002. The 
ontents are mostly dis
rete probability, suitable for studentswho have mastered only elementary algebra. No 
al
ulus is needed, ex
ept perhaps in a very few optional exer
ises.Sin
e a great number of the audien
e of this 
ourse 
omprises future elementary s
hool tea
hers, I have in
luded agreat deal of preliminary an
illary material, espe
ially in the areas of arithmeti
 and geometri
 sums and divisibility
riteria. It has been my experien
e that many of these future tea
hers do a
tually enjoy learning the fundamentalsof number theory and divisibility through probability problems. The response overall, has been positive.I would appre
iate any 
omments, suggestions, 
orre
tions, et
., whi
h 
an be addressed at the email below.David A. Santosdsantos�

p.edu

Things to do:� Weave fun
tions into 
ounting, à la twelfold way. . .� Write a 
hapter on expe
tation and in
lude 
onditional expe
tation.� Write a 
hapter on Markov Chains.� Write a 
hapter on Games.� Make use of indi
ator random variables.� Write a se
tion on the Pas
al distribution.

ii
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t to the terms and 
onditions set forth in the Open Publi
ation Li
ense,version 1.0 or later (the latest version is presently available at http://www.open
ontent.org/openpub/THIS WORK IS LICENSED AND PROVIDED �AS IS� WITHOUT WARRANTY OF ANY KIND, EXPRESSOR IMPLIED, INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITYAND FITNESS FOR A PARTICULAR PURPOSE OR A WARRANTY OF NON-INFRINGEMENT.THIS DOCUMENT MAY NOT BE SOLD FOR PROFIT OR INCORPORATED INTO COMMERCIAL DOC-UMENTS WITHOUT EXPRESS PERMISSION FROM THE AUTHOR(S). THIS DOCUMENT MAY BE FREELYDISTRIBUTED PROVIDEDTHE NAMEOF THE ORIGINAL AUTHOR(S) IS(ARE) KEPT AND ANY CHANGESTO IT NOTED.
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iv
To the StudentThese notes are provided for your bene�t as an attempt to organise the salient points of the 
ourse. They are avery terse a

ount of the main ideas of the 
ourse, and are to be used mostly to refer to 
entral de�nitions andtheorems. The number of examples is minimal, and here you will �nd few exer
ises. The motivation or informalideas of looking at a 
ertain topi
, the ideas linking a topi
 with another, the worked-out examples, et
., are givenin 
lass. Hen
e these notes are not a substitute to le
tures: you must always attend to le
tures. The order ofthe notes may not ne
essarily be the order followed in the 
lass.There is a 
ertain algebrai
 �uen
y that is ne
essary for a 
ourse at this level. These algebrai
 prerequisiteswould be di�
ult to 
odify here, as they vary depending on 
lass response and the topi
 le
tured. If at any stageyou stumble in Algebra, seek help! I am here to help you!Tutoring 
an sometimes help, but bear in mind that whoever tutors you may not be familiar with my 
onventions.Again, I am here to help! On the same vein, other books may help, but the approa
h presented here is at timesunorthodox and �nding alternative sour
es might be di�
ult.Here are more re
ommendations:� Read a se
tion before 
lass dis
ussion, in parti
ular, read the de�nitions.� Class provides the informal dis
ussion, and you will pro�t from the 
omments of your 
lassmates, as well asgain 
on�den
e by providing your insights and interpretations of a topi
. Don't be absent!� On
e the le
ture of a parti
ular topi
 has been given, take a fresh look at the notes of the le
ture topi
.� Try to understand a single example well, rather than ill-digest multiple examples.� Start working on the distributed homework ahead of time.� Ask questions during the le
ture. There are two main types of questions that you are likely to ask.1. Questions of Corre
tion: Is that a minus sign there? If you think that, for example, I have missedout a minus sign or wrote P where it should have been Q,1 then by all means, ask. No one likes to 
arryan error till line XLV be
ause the audien
e failed to point out an error on line I. Don't wait till the endof the 
lass to point out an error. Do it when there is still time to 
orre
t it!2. Questions of Understanding: I don't get it! Admitting that you do not understand something is an a
trequiring utmost 
ourage. But if you don't, it is likely that many others in the audien
e also don't. Onthe same vein, if you feel you 
an explain a point to an inquiring 
lassmate, I will allow you time in thele
ture to do so. The best way to ask a question is something like: �How did you get from the se
ondstep to the third step?� or �What does it mean to 
omplete the square?� Asseverations like �I don'tunderstand� do not help me answer your queries. If I 
onsider that you are asking the same questionstoo many times, it may be that you need extra help, in whi
h 
ase we will settle what to do outside thele
ture.� Don't fall behind! The sequen
e of topi
s is 
losely interrelated, with one topi
 leading to another.� The use of 
al
ulators is allowed, espe
ially in the o

asional lengthy 
al
ulations. However, when graphing, youwill need to provide algebrai
/analyti
/geometri
 support of your arguments. The questions on assignmentsand exams will be posed in su
h a way that it will be of no advantage to have a graphing 
al
ulator.� Presentation is 
riti
al. Clearly outline your ideas. When writing solutions, outline major steps and write in
omplete senten
es. As a guide, you may try to emulate the style presented in the s
ant examples furnishedin these notes.1My do
toral adviser used to say �I said A, I wrote B, I meant C and it should have been D!



1 Preliminaries
1.1 Sets1 De�nition By a set we will understand any well-de�ned 
olle
tion of obje
ts. These obje
ts are 
alled the elementsof the set. A subset is a sub-
olle
tion of a set. We denote that the set B is a subset of A by the notation B ⊆ A.If a belongs to the set A, then we write a ∈ A, read �a is an element of A.� If a does not belong to the set A, wewrite a 6∈ A, read �a is not an element of A.�Notation: We will normally denote sets by 
apital letters, say A, B, Ω, R, et
. Elements will bedenoted by lower
ase letters, say a, b, ω, r, et
. The following sets will have the spe
ial symbolsbelow.

N = {0, 1, 2, 3, . . .} denotes the set of natural numbers.
Z = {. . . , −3, −2, −1, 0, 1, 2, 3, . . .} denotes the set of integers.
R denotes the set of real numbers.
∅ denotes the empty set.

☞ Observe that ∅ ⊆ N ⊆ Z ⊆ R,and that the empty set is always a subset of any set.2 Example There are various ways to allude to a set:� by a verbal des
ription, as in �the set A of all integers whose absolute value is stri
tly less than 2.� by a mathemati
al des
ription, as in A = {x ∈ Z : |x| < 2}. This is read �the set of x in Z su
h that |x| isstri
tly less than 2.�� by listing the elements of the set, as in A = {−1, 0, 1}.Noti
e that the set A is the same in all three instan
es above.3 De�nition Given a parti
ular situation, the universe or universal set is the set 
ontaining all the points under
onsideration. For any parti
ular situation, its universe will be denoted by Ω unless otherwise noted.14 Example Let Ω = {1, 2, . . . , 20}, that is, the set of integers between 1 and 20 in
lusive. A subset of Ω is
E = {2, 4, 6, . . . , 20}, the set of all even integers in Ω. Another subset of Ω is P = {2, 3, 5, 7, 11, 13, 17, 19},the set of primes in Ω. Observe that, for example, 4 ∈ E but 4 6∈ P.1The 
apital Greek letter omega. 1



2 Chapter 15 De�nition The 
ardinality of a set A, denoted by 
ard (A) is the number of elements that it has. If the set Xhas in�nitely many elements, we write 
ard (X) = ∞.6 Example If A = {−1, 1} then 
ard (A) = 2. Also, 
ard (N) = ∞.7 De�nition The set of all subsets of a set A is the power set of A, denoted by 2A. In symbols
2A = {X : X ⊆ A}.2

8 Example Find all the subsets of {a, b, c}.
◮Solution: They are

S1 = ∅

S2 = {a}

S3 = {b}

S4 = {c}

S5 = {a, b}

S6 = {b, c}

S7 = {c, a}

S8 = {a, b, c}

◭9 Example Find all the subsets of {a, b, c, d}.
◮Solution: The idea is the following. We use the result of example 8. Now, a subset of {a, b, c, d}either 
ontains d or it does not. This means that {a, b, c, d} will have 2 × 8 = 16 subsets. Sin
ethe subsets of {a, b, c} do not 
ontain d, we simply list all the subsets of {a, b, c} and then to ea
hone of them we add d. This gives

S1 = ∅

S2 = {a}

S3 = {b}

S4 = {c}

S5 = {a, b}

S6 = {b, c}

S7 = {c, a}

S8 = {a, b, c}

S9 = {d}

S10 = {a, d}

S11 = {b, d}

S12 = {c, d}

S13 = {a, b, d}

S14 = {b, c, d}

S15 = {c, a, d}

S16 = {a, b, c, d}

◭Reasoning indu
tively, as in the last two examples, we obtain the following theorem.2This is read �the 
olle
tion of X su
h that X is a subset of A.Free to photo
opy and distribute



Sample Spa
es and Events 310 Theorem If 
ard (A) = n < ∞, then 
ard �2A
�

= 2n.Proof: We use indu
tion. Clearly a set A with n = 1 elements has 21 = 2 subsets: ∅ and Aitself. Assume every set with n − 1 elements has 2n−1 subsets. Let B be a set with n elements.If x ∈ B then B \ {x} is a set with n − 1 elements and so by the indu
tion hypothesis it has 2n−1subsets. For ea
h subset S ⊆ B \ {x} we form the new subset S ∪ {x}. This is a subset of B. Thereare 2n−1 su
h new subsets, and so B has a total of 2n−1 + 2n−1 = 2n subsets. ❑A di�erent argument will be given in Theorem 53.
. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 1.1.1 Given the set A = {a, b}, �nd 2A and
ard �2A

�.Problem 1.1.2 Let A be the set of all 3-element subsets of
{1, 2, 3, 4}. List all the elements of A and �nd 
ard (A).Problem 1.1.3 List all the elements of the set

A = {x ∈ Z : x
2

< 6},

that is, the set of all integers whose squares are stri
tly lessthan 6. Is the set A the same as the set
B = {t ∈ Z : t

2
< 9}?Problem 1.1.4 How many subsets does the set ∅ have?How many subsets does a set with 10 elements have?Problem 1.1.5 Is there a di�eren
e between the sets ∅ and

{∅}?
1.2 Sample Spaces and Events11 De�nition A situation depending on 
han
e will be 
alled an experiment.12 Example Some experiments in our probability 
ontext are

➊ rolling a die,
➋ �ipping a 
oin,
➌ 
hoosing a 
ard from a de
k, ➍ sele
ting a domino pie
e.

➎ spinning a roulette.
➏ forming a 
ommittee from a given group of people.13 De�nition A set Ω 6= ∅ is 
alled a sample spa
e or out
ome spa
e. The elements of the sample spa
e are 
alledout
omes. A subset A ⊆ Ω is 
alled an event. In parti
ular, ∅ ⊆ Ω is 
alled the null or impossible event.14 Example If the experiment is �ipping a fair 
oin and re
ording whether heads H or tails T is obtained, thenthe sample spa
e is Ω = {H, T }.

15 Example If the experiment is rolling a fair die on
e and observing how many dots are displayed, then thesample spa
e is Ω = {1, 2, 3, 4, 5, 6}. The event of observing an even number of dots is E = {2, 4, 6} and theFree to photo
opy and distribute



4 Chapter 1event of observing an odd number of dots is O = {1, 3, 5}. The event of observing a prime number s
ore is
P = {2, 3, 5}.
16 Example If the experiment 
onsists of tossing two (distinguishable) di
e (say one red, one blue), then thesample spa
e 
onsists of the 36 ordered pairs

(1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6),

(2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6),

(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6),

(4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6),

(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6),

(6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6).Here we re
ord �rst the number on the red die and then the number on the blue die in the ordered pair (R, B).The event S of obtaining a sum of 7 is the set of ordered pairs
S = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}.

17 Example An experiment 
onsists of the following two stages: (1) �rst a fair die is rolled and the number ofdots re
orded, (2) if the number of dots appearing is even, then a fair 
oin is tossed and its fa
e re
orded, and ifthe number of dots appearing is odd, then the die is tossed again, and the number of dots re
orded. The samplespa
e for this experiment is the set of 24 points
{ (1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, H), (2, T),

(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (4, H), (4, T),

(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6), (6, H), (6, T) }.

18 Example An experiment 
onsists of drawing one 
ard from a standard (52-
ard) de
k and re
ording the 
ard.Free to photo
opy and distribute



Combining Events 5The sample spa
e is the set of 52 
ards
{ A♣, 2♣, 3♣, 4♣, 5♣, 6♣, 7♣, 8♣, 9♣, 10♣, J♣, Q♣, K♣,

A♦, 2♦, 3♦, 4♦, 5♦, 6♦, 7♦, 8♦, 9♦, 10♦, J♦, Q♦, K♦,

A♥, 2♥, 3♥, 4♥, 5♥, 6♥, 7♥, 8♥, 9♥, 10♥, J♥, Q♥, K♥,

A♠, 2♠, 3♠, 4♠, 5♠, 6♠, 7♠, 8♠, 9♠, 10♠, J♠, Q♠, K♠ }.

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 1.2.1 An experiment 
onsists of �ipping a fair
oin twi
e and re
ording ea
h �ip. Determine its samplespa
e. Problem 1.2.2 In the experiment of tossing two distin-guishable di
e in example 16, determine the event X of get-ting a produ
t of 6, the event T of getting a sum smallerthan 5, and the event U of getting a produ
t whi
h is amultiple of 7.
1.3 Combining Events19 De�nition The union of two events A and B is the set

A ∪ B = {x : x ∈ A or x ∈ B}.Observe that this �or� is in
lusive, that is, it allows the possibility of x being in A, or B, or possibly both A and B.The interse
tion of two events A and B, is
A ∩ B = {x : x ∈ A and x ∈ B}.The di�eren
e of events A set-minus B, is
A \ B = {x : x ∈ A and x 6∈ B}.Figures 1.1 through 1.3 represent these 
on
epts pi
torially, through the use of Venn Diagrams.

A BFigure 1.1: A ∪ B

A BFigure 1.2: A ∩ B

A BFigure 1.3: A \ B

Ac

A

Figure 1.4: Ac

Free to photo
opy and distribute



6 Chapter 120 Example Let A = {1, 2, 3, 4, 5, 6}, and B = {1, 3, 5, 7, 9}. Then
A ∪ B = {1, 2, 3, 4, 5, 6, 7, 9}, A ∩ B = {1, 3, 5}, A \ B = {2, 4, 6}, B \ A = {7, 9}.21 De�nition Two events A and B are disjoint or mutually ex
lusive if A ∩ B = ∅.22 De�nition Let A ⊆ Ω. The 
omplement of A with respe
t to Ω is Ac = {ω ∈ Ω : ω 6∈ A} = Ω \ A. This issometimes written as ∁ΩA.Observe that Ac is all that whi
h is outside A. The 
omplement Ac represents the event that A does not o

ur.We represent Ac pi
torially as in �gure 1.4.

A ∩ B

A ∩ Bc

Ac
∩ B

(A ∪ B)c

Figure 1.5: Two sets.

Ac
∩ Bc

∩ C

Ac
∩ B ∩ C

A ∩ B ∩ C

A ∩ Bc
∩ Cc

A ∩ Bc
∩ C

A ∩ B ∩ Cc
Ac

∩ B ∩ Cc

(A ∪ B ∪ C)c

Figure 1.6: Three sets.
The various interse
ting regions for two and three sets 
an be seen in �gures 1.5 and 1.6.23 Example Let Ω = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} be the universal set of the de
imal digits and let A =

{0, 2, 4, 6, 8} ⊆ Ω be the set of even digits. Then Ac = {1, 3, 5, 7, 9} is the set of odd digits.Free to photo
opy and distribute



Fun
tions 7Observe that
(Ac) ∩ A = ∅. (1.1)The following equalities are known as the De Morgan Laws, and their truth 
an easily be illustrated via VennDiagrams.

(A ∪ B)c = Ac ∩ Bc, (1.2)
(A ∩ B)c = Ac ∪ Bc. (1.3)

24 Example Let A, B, C be events. Then, as a fun
tion of A, B, C,
➊ The event that only A happens is A ∩ Bc ∩ Cc .
➋ The event that only A and C happen, but not B is

A ∩ Bc ∩ C.
➌ The event that all three happen is A ∩ B ∩ C.
➍ The event that at least one of the three events o

ursis A ∪ B ∪ C.
➎ The event that none of the events o

urs is

(A ∪ B ∪ C)
c

= A
c ∩ B

c ∩ C
c
,

where the equality 
omes from the De Morgan's Laws.
➏ The event that exa
tly two of A, B, C o

ur is

(A ∩ B ∩ C
c
) ∪ (A ∩ B

c ∩ C) ∪ (A
c ∩ B ∩ C).

➐ The event that no more than two of A, B, C o

ur is
(A ∩ B ∩ C)c .

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 1.3.1 In how many ways 
an {1, 2, 3} be writtenas the union of two or more non-empty and disjoint sub-sets?Problem 1.3.2 What is a simpler name for (Ac)c?Problem 1.3.3 What is a simpler name for (A ∪ B) ∩ B?Problem 1.3.4 What is a simpler name for (A ∪ Bc)∩ B?Problem 1.3.5 Write (A ∪ B) as the union of two disjointsets.Problem 1.3.6 Write (A∪B) as the union of three disjointsets.Problem 1.3.7 Let A, B be events of some sample spa
e Ω.Write in symbols the event �exa
tly one of A or B o

urs.�

Problem 1.3.8 Let A, B be events of some sample spa
e
Ω. If A ∩ B = ∅, what is (Ac ∪ Bc)c?Problem 1.3.9 Let A, B, C be events of some sample spa
e
Ω. Write in symbols

➊ the event that at least two of the three events o

urs.
➋ the event that at most one of the three events o

urs.Problem 1.3.10 Given sets X, Y, Z as follows.

X = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15},

Y = {2, 4, 6, 8, 10, 12, 14, 16},

Z = {2, 3, 5, 7, 11, 13, 17},

➊ Determine X \ Z.
➋ Determine Y \ Z.
➌ Determine (X \ Z) ∩ (Y \ Z).

1.4 Functions25 De�nition By a fun
tion f : Dom (f) → Target (f) we mean the 
olle
tion of the following ingredients:
➊ a name for the fun
tion. Usually we use the letter f.
➋ a set of inputs 
alled the domain of the fun
tion. The domain of f is denoted by Dom (f).Free to photo
opy and distribute



8 Chapter 1
➌ an input parameter , also 
alled independent variable or dummy variable. We usually denote a typi
al inputby the letter x.
➍ a set of possible outputs of the fun
tion, 
alled the target set of the fun
tion. The target set of f is denotedby Target (f).
➎ an assignment rule or formula, assigning to every input a unique output. This assignment rule for f isusually denoted by x 7→ f(x). The output of x under f is also referred to as the image of x under f, and isdenoted by f(x).The notation3

f :
Dom (f) → Target (f)

x 7→ f(x)read �the fun
tion f, with domainDom (f), target set Target (f), and assignment rule f mapping x to f(x)� 
onveysall the above ingredients. See �gure 1.7.
domain imagerule target setb

b

b

b

b

b

b

b

Figure 1.7: The main ingredients of a fun
tion.26 De�nition The image Im (f) of a fun
tion f is its set of a
tual outputs. In other words,Im (f) = {f(a) : a ∈ Dom (f)}.Observe that we always have Im (f) ⊆ Target (f).It must be emphasised that the uniqueness of the image of an element of the domain is 
ru
ial. For example, thediagram in �gure 1.8 does not represent a fun
tion. The element 1 in the domain is assigned to more than oneelement of the target set. Also important in the de�nition of a fun
tion is the fa
t that all the elements of thedomain must be operated on. For example, the diagram in 1.9 does not represent a fun
tion. The element 3 in thedomain is not assigned to any element of the target set.
27 Example Find all fun
tions with domain {a, b} and target set {c, d}.3Noti
e the di�eren
e in the arrows. The straight arrow −→ is used to mean that a 
ertain set is asso
iated with another set, whereasthe arrow 7→ (read �maps to�) is used to denote that an input be
omes a 
ertain output.Free to photo
opy and distribute



Fun
tions 9
3 8
1 2
2 4

16Figure 1.8: Not a fun
tion.
1
0

3

4

8Figure 1.9: Not a fun
tion.
◮Solution: There are 22 = 4 su
h fun
tions, namely:

➊ f1 given by f1(a) = f1(b) = c. Observe that Im (f1) = {c}.
➋ f2 given by f2(a) = f2(b) = d. Observe that Im (f2) = {d}.
➌ f3 given by f3(a) = c, f3(b) = d. Observe that Im (f3) = {c, d}.
➍ f4 given by f4(a) = d, f4(b) = c. Observe that Im (f4) = {c, d}.

◭28 Example Consider the sets A = {1, 2, 3}, B = {1, 4, 9}, and the rule f given by f(x) = x2, whi
h means that ftakes an input and squares it. Figures 1.10 through 1.11 give three ways of representing the fun
tion f : A → B.
f :

{1, 2, 3} → {1, 4, 9}

x 7→ x2Figure 1.10: Example 28.
f :

0BB�1 2 3

1 4 9

1CCA
Figure 1.11: Example 28.

3 9

2 4

1 1

Figure 1.12: Example 28.29 De�nition A fun
tion is inje
tive or one-to-onewhenever two di�erent values of its domain generate two di�erentvalues in its image. A fun
tion is surje
tive or onto if every element of its target set is hit, that is, the target set isthe same as the image of the fun
tion. A fun
tion is bije
tive if it is both inje
tive and surje
tive.
30 Example The fun
tion α in the diagram 1.13 is an inje
tive fun
tion. The fun
tion represented by thediagram 1.14, however is not inje
tive, sin
e β(3) = β(1) = 4, but 3 6= 1. The fun
tion γ represented byFree to photo
opy and distribute
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α

1 2
2 8
3 4Figure 1.13: An inje
-tion.

β

2 2
1 4

3Figure 1.14: Not an in-je
tion
2
1

3
2
4

γ

Figure 1.15: A surje
-tion 8

δ

2 2
1 4

Figure 1.16: Not a sur-je
tiondiagram 1.15 is surje
tive. The fun
tion δ represented by diagram 1.16 is not surje
tive sin
e 8 is part of thetarget set but not of the image of the fun
tion.31 Theorem Let f : A → B be a fun
tion, and let A and B be �nite. If f is inje
tive, then 
ard (A) ≤ 
ard (B).If f is surje
tive then 
ard (B) ≤ 
ard (A). If f is bije
tive, then 
ard (A) = 
ard (B).Proof: Put n = 
ard (A), A = {x1, x2, . . . , xn} and m = 
ard (B), B = {y1, y2, . . . , ym}.If f were inje
tive then f(x1), f(x2), . . . , f(xn) are all distin
t, and among the yk. Hen
e n ≤ m.If f were surje
tive then ea
h yk is hit, and for ea
h, there is an xi with f(xi) = yk. Thus thereare at least m di�erent images, and so n ≥ m. ❑32 De�nition A permutation is a fun
tion from a �nite set to itself whi
h reorders the elements of the set.
☞ By ne
essity then, permutations are bije
tive.33 Example The following are permutations of {a, b, c}:

f1 :

0BB�a b c

a b c

1CCA f2 :

0BB�a b c

b c a

1CCA .The following are not permutations of {a, b, c}:
f3 :

0BB�a b c

a a c

1CCA f4 :

0BB�a b c

b b a

1CCA .

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Free to photo
opy and distribute



Fun
tions 11Problem 1.4.1 Find all fun
tions from {0, 1, 2} to {−1, 1}.How many are inje
tive? How many are surje
tive?Problem 1.4.2 Find all fun
tions from {−1, 1} to {0, 1, 2}.How many are inje
tive? How many are surje
tive? Problem 1.4.3 List all the permutations of {1, 2} to itself.Problem 1.4.4 List all the permutations of {1, 2, 3} to it-self.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . Answers . . . . . . . . . . . . . . . . . . . . . . . . . . . .1.1.1 2A = {∅, {a}, {b}, A} so 
ard �2A

�
= 4.1.1.2 {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, and {2, 3, 4}, when
e
ard (A) = 4.1.1.3 A = {−2, −1, 0, 1, 2}. Yes.1.1.4 20 = 1, namely itself. 210 = 1024.1.1.5 Yes. The �rst is the empty set, and has 0 elements.The se
ond is a set 
ontaining the empty set, and hen
e it has

1 element.1.2.1 {HH, HT, TH, TT }1.2.2 We have
X = {(1, 6), (2, 3), (3, 2), (6, 1)}

T = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (3, 1)}

U = ∅1.3.1 There are four ways:
➊ {1} ∪ {2, 3}

➋ {2} ∪ {1, 3}

➌ {3} ∪ {1, 2}

➍ {1} ∪ {2} ∪ {3}1.3.2 A1.3.3 B1.3.4 A ∩ B1.3.5 One possible answer is A ∪ (B \ A). Another one is
B ∪ (A \ B).1.3.6 (A \ B) ∪ (B \ A) ∪ (A ∩ B)1.3.7 (A ∩ Bc) ∪ (Ac ∩ B) = (A ∪ B) \ (A ∩ B).1.3.8 By the De Morgan Laws,

(A
c ∪ B

c
)

c
= (A

c
)

c ∩ (B
c
)

c
= A ∩ B = ∅.1.3.9 We have

➊ (A∩B∩Cc)∪(A∩Bc ∩C)∪(Ac ∩B∩C)∪(A∩B∩C).

➋ (A ∩ Bc ∩ Cc) ∪ (Ac ∩ Bc ∩ C) ∪ (Ac ∩ Bc ∩ C) ∪
(Ac ∩ Bc ∩ Cc).1.3.10 We have

➊ {1, 4, 6, 8, 9, 10, 12, 14, 15}

➋ {4, 6, 8, 10, 12, 14, 16}

➌ {4, 6, 8, 10, 12, 14}1.4.1 There are 23 = 8 su
h fun
tions:
➊ f1 given by f1(0) = f1(1) = f1(2) = −1

➋ f2 given by f2(0) = 1, f2(1) = f2(2) = −1

➌ f3 given by f3(0) = f3(1) = −1, f3(2) = 1

➍ f4 given by f4(0) = −1, f4(1) = 1, f4(2) = −1

➎ f5 given by f5(0) = f5(1) = f5(2) = 1

➏ f6 given by f6(0) = −1, f6(1) = f6(2) = 1

➐ f7 given by f7(0) = f7(1) = 1, f7(2) = −1

➑ f8 given by f8(0) = 1, f8(1) = −1, f8(2) = 1Of these, 0 are inje
tive, and 6, f2 , f3 , f4 , f6 , f7 and f8 aresurje
tive.1.4.2 There are 32 = 9 su
h fun
tions:
➊ f1 given by f1(−1) = f1(1) = 0

➋ f2 given by f2(−1) = f2(1) = 1

➌ f3 given by f3(−1) = f3(1) = 2

➍ f4 given by f4(−1) = 0, f4(1) = 1

➎ f5 given by f5(−1) = 1, f5(1) = 0

➏ f6 given by f6(−1) = 0, f6(1) = 2

➐ f7 given by f7(−1) = 2, f7(1) = 0

➑ f8 given by f8(−1) = 1, f8(1) = 2

➒ f9 given by f9(−1) = 2, f6(1) = 1Of these, 6, f4 , f5 , f6 , f7 , f8 and f9 are inje
tive, and 0 aresurje
tive.1.4.3 There are two.
f1 :

0B�1 2

1 2

1CA f2 :

0B�1 2

1 2

1CA1.4.4 There are six.
f1 :

0B�1 2 3

1 2 3

1CA f2 :

0B�1 2 3

1 3 2

1CA f3 :

0B�1 2 3

3 1 2

1CA
f4 :

0B�1 2 3

3 2 1

1CA f5 :

0B�1 2 3

2 1 3

1CA f6 :

0B�1 2 3

2 3 1

1CAFree to photo
opy and distribute



2 Counting
2.1 Inclusion-ExclusionIn this se
tion we investigate a tool for 
ounting unions of events. It is known as The Prin
iple of In
lusion-Ex
lusion or Sylvester-Poin
aré Prin
iple.34 Theorem (Two set In
lusion-Ex
lusion)
ard (A ∪ B) = 
ard (A) + 
ard (B) − 
ard (A ∩ B)Proof: We have

A ∪ B = (A \ B) ∪ (B \ A) ∪ (A ∩ B),and this last expression is a union of disjoint sets. Hen
e
ard (A ∪ B) = 
ard (A \ B) + 
ard (B \ A) + 
ard (A ∩ B) .But
A \ B = A \ (A ∩ B) ⇒ 
ard (A \ B) = 
ard (A) − 
ard (A ∩ B) ,

B \ A = B \ (A ∩ B) ⇒ 
ard (B \ A) = 
ard (B) − 
ard (A ∩ B) ,from where we dedu
e the result. ❑In the Venn diagram 2.1, we mark by R1 the number of elements whi
h are simultaneously in both sets (i.e., in
A∩B), by R2 the number of elements whi
h are in A but not in B (i.e., in A\B), and by R3 the number of elementswhi
h are B but not in A (i.e., in B \ A). We have R1 + R2 + R3 = 
ard (A ∪ B), whi
h illustrates the theorem.

R1R2 R3

A B

Figure 2.1: Two-set In
lusion-Ex
lusion
1018 6

6

A B

Figure 2.2: Example 35.
35 Example Of 40 people, 28 smoke and 16 
hew toba

o. It is also known that 10 both smoke and 
hew. Howmany among the 40 neither smoke nor 
hew? 12



In
lusion-Ex
lusion 13
◮Solution: Let A denote the set of smokers and B the set of 
hewers. Then
ard (A ∪ B) = 
ard (A) + 
ard (B) − 
ard (A ∩ B) = 28 + 16 − 10 = 34,meaning that there are 34 people that either smoke or 
hew (or possibly both). Therefore thenumber of people that neither smoke nor 
hew is 40 − 34 = 6.Aliter: We �ll up the Venn diagram in �gure 2.2 as follows. Sin
e 
ard (A ∩ B) = 10, we put a
10 in the interse
tion. Then we put a 28 − 10 = 18 in the part that A does not overlap B and a
16 − 10 = 6 in the part of B that does not overlap A. We have a

ounted for 10 + 18 + 6 = 34people that are in at least one of the set. The remaining 40 − 34 = 6 are outside these sets. ◭36 Example How many integers between 1 and 1000 in
lusive, do not share a 
ommon fa
tor with 1000, thatis, are relatively prime to 1000?
◮Solution: Observe that 1000 = 2353, and thus from the 1000 integers we must weed outthose that have a fa
tor of 2 or of 5 in their prime fa
torisation. If A2 denotes the set of thoseintegers divisible by 2 in the interval [1; 1000] then 
learly 
ard (A2) = T

1000

2
U = 500. Simi-larly, if A5 denotes the set of those integers divisible by 5 then 
ard (A5) = T

1000

5
U = 200. Also
ard (A2 ∩ A5) = T

1000

10
U = 100. This means that there are 
ard (A2 ∪ A5) = 500 + 200 − 100 =

600 integers in the interval [1; 1000] sharing at least a fa
tor with 1000, thus there are 1000−600 =

400 integers in [1; 1000] that do not share a fa
tor prime fa
tor with 1000. ◭We now dedu
e a formula for 
ounting the number of elements of a union of three events.
R1R2

R3

R4

R5

R6 R7

A B

C

Figure 2.3: Three-set In
lusion-Ex
lusion
Free to photo
opy and distribute



14 Chapter 237 Theorem (Three set In
lusion-Ex
lusion) Let A, B, C be events of the same sample spa
e Ω. Then
ard (A ∪ B ∪ C) = 
ard (A) + 
ard (B) + 
ard (C)

−
ard (A ∩ B) − 
ard (B ∩ C) − 
ard (C ∩ A)

+
ard (A ∩ B ∩ C)Proof: Using the asso
iativity and distributivity of unions of sets, we see that
ard (A ∪ B ∪ C) = 
ard (A ∪ (B ∪ C))

= 
ard (A) + 
ard (B ∪ C) − 
ard (A ∩ (B ∪ C))

= 
ard (A) + 
ard (B ∪ C) − 
ard ((A ∩ B) ∪ (A ∩ C))

= 
ard (A) + 
ard (B) + 
ard (C) − 
ard (B ∩ C)

−
ard (A ∩ B) − 
ard (A ∩ C)

+
ard ((A ∩ B) ∩ (A ∩ C))

= 
ard (A) + 
ard (B) + 
ard (C) − 
ard (B ∩ C)

− (
ard (A ∩ B) + 
ard (A ∩ C) − 
ard (A ∩ B ∩ C))

= 
ard (A) + 
ard (B) + 
ard (C)

−
ard (A ∩ B) − 
ard (B ∩ C) − 
ard (C ∩ A)

+
ard (A ∩ B ∩ C) .This gives the In
lusion-Ex
lusion Formula for three sets. See also �gure 2.3.
❑

☞ In the Venn diagram in �gure 2.3 there are 8 disjoint regions: the 7 that form A ∪ B ∪ C andthe outside region, devoid of any element belonging to A ∪ B ∪ C.
38 Example How many integers between 1 and 600 in
lusive are not divisible by neither 3, nor 5, nor 7?Free to photo
opy and distribute
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◮Solution: Let Ak denote the numbers in [1; 600] whi
h are divisible by k. Then
ard (A3) = T600

3
U = 200,
ard (A5) = T600

5
U = 120,
ard (A7) = T600

7
U = 85,
ard (A15) = T600

15
U = 40
ard (A21) = T600

21
U = 28
ard (A35) = T600

35
U = 17
ard (A105) = T600

105
U = 5By In
lusion-Ex
lusion there are 200+120+85−40−28−17+5 = 325 integers in [1; 600] divisibleby at least one of 3, 5, or 7. Those not divisible by these numbers are a total of 600 − 325 = 275.

◭39 Example In a group of 30 people, 8 speak English, 12 speak Spanish and 10 speak Fren
h. It is known that
5 speak English and Spanish, 5 Spanish and Fren
h, and 7 English and Fren
h. The number of people speakingall three languages is 3. How many do not speak any of these languages?

◮Solution: Let A be the set of all English speakers, B the set of Spanish speakers and C the setof Fren
h speakers in our group. We �ll-up the Venn diagram in �gure 2.4 su

essively. In theinterse
tion of all three we put 8. In the region 
ommon to A and B whi
h is not �lled up we put
5−2 = 3. In the region 
ommon to A and C whi
h is not already �lled up we put 5−3 = 2. In theregion 
ommon to B and C whi
h is not already �lled up, we put 7 − 3 = 4. In the remaining partof A we put 8 − 2 − 3 − 2 = 1, in the remaining part of B we put 12 − 4 − 3 − 2 = 3, and in theremaining part of C we put 10 − 2 − 3 − 4 = 1. Ea
h of the mutually disjoint regions 
omprise atotal of 1+2+3+4+1+2+3 = 16 persons. Those outside these three sets are then 30−16 = 14.

◭

31

3

1

2

2 4

A B

C

Figure 2.4: Example 39.
1520

x

u

y

z tMovies Reading
Sports

Figure 2.5: Example 40.Free to photo
opy and distribute



16 Chapter 240 Example A survey shews that 90% of high-s
hoolers in Philadelphia like at least one of the following a
tiv-ities: going to the movies, playing sports, or reading. It is known that 45% like the movies, 48% like sports,and 35% like reading. Also, it is known that 12% like both the movies and reading, 20% like only the movies,and 15% only reading. What per
ent of high-s
hoolers like all three a
tivities?
◮Solution: We make the Venn diagram in as in �gure 2.5. From it we gather the followingsystem of equations

x + y + z + 20 = 45

x + z + t + u = 48

x + y + t + 15 = 35

x + y = 12

x + y + z + t + u + 15 + 20 = 90The solution of this system is seen to be x = 5, y = 7, z = 13, t = 8, u = 22. Thus the per
entwanted is 5%. ◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.1.1 Consider the set
A = {2, 4, 6, . . . , 114}.

➊ How many elements are there in A?
➋ How many are divisible by 3?
➌ How many are divisible by 5?
➍ How many are divisible by 15?
➎ How many are divisible by either 3, 5 or both?
➏ How many are neither divisible by 3 nor 5?
➐ How many are divisible by exa
tly one of 3 or 5?Problem 2.1.2 Consider the set of the �rst 100 positiveintegers:

A = {1, 2, 3, . . . , 100}.

➊ How many are divisible by 2?
➋ How many are divisible by 3?
➌ How many are divisible by 7?
➍ How many are divisible by 6?
➎ How many are divisible by 14?
➏ How many are divisible by 21?
➐ How many are divisible by 42?
➑ How many are relatively prime to 42?

➒ How many are divisible by 2 and 3 but not by 7?
➓ How many are divisible by exa
tly one of 2, 3 and 7?Problem 2.1.3 A survey of a group's viewing habits overthe last year revealed the following information:
➊ 28% wat
hed gymnasti
s
➋ 29% wat
hed baseball
➌ 19% wat
hed so

er
➍ 14% wat
hed gymnasti
s and baseball
➎ 12% wat
hed baseball and so

er
➏ 10% wat
hed gymnasti
s and so

er
➐ 8% wat
hed all three sports.Cal
ulate the per
entage of the group that wat
hed none ofthe three sports during the last year.Problem 2.1.4 Out of 40 
hildren, 30 
an swim, 27 
anplay 
hess, and only 5 
an do neither. How many 
hildren
an swim and play 
hess?Problem 2.1.5 At Medieval High there are forty students.Amongst them, fourteen like Mathemati
s, sixteen like the-ology, and eleven like al
hemy. It is also known thatseven like Mathemati
s and theology, eight like theology andFree to photo
opy and distribute



The Produ
t Rule 17al
hemy and �ve like Mathemati
s and al
hemy. All threesubje
ts are favoured by four students. How many studentslike neither Mathemati
s, nor theology, nor al
hemy?Problem 2.1.6 How many stri
tly positive integers lessthan or equal to 1000 are
➊ perfe
t squares?
➋ perfe
t 
ubes?
➌ perfe
t �fth powers?
➍ perfe
t sixth powers?
➎ perfe
t tenth powers?
➏ perfe
t �fteenth powers?
➐ perfe
t thirtieth powers?
➑ neither perfe
t squares, perfe
t 
ubes, perfe
t �fthpowers?Problem 2.1.7 An auto insuran
e 
ompany has 10, 000poli
yholders. Ea
h poli
y holder is 
lassi�ed as� young or old,� male or female, and� married or single.Of these poli
yholders, 3000 are young, 4600 are male, and

7000 are married. The poli
yholders 
an also be 
lassi-�ed as 1320 young males, 3010 married males, and 1400young married persons. Finally, 600 of the poli
yholdersare young married males. How many of the 
ompany's pol-i
yholders are young, female, and single?Problem 2.1.8 (AHSME 1988) X, Y , and Z are pairwisedisjoint sets of people. The average ages of people in the sets
X, Y , Z, X ∪ Y , X ∪ Y , and Y ∪ Z are given below:Set X Y Z X ∪ Y X ∪ Z Y ∪ ZAverage Age 37 23 41 29 39.5 33

What is the average age of the people in the set X ∪ Y ∪ Z?Problem 2.1.9 Ea
h of the students in the maths 
lasstwi
e attended a 
on
ert. It is known that 25, 12, and 23students attended 
on
erts A, B, and C respe
tively. Howmany students are there in the maths 
lass? How many ofthem went to 
on
erts A and B, B and C, or B and C?Problem 2.1.10 The �lms A, B, and C were shewn in the
inema for a week. Out of 40 students (ea
h of whi
h saweither all the three �lms, or one of them, 13 students saw�lm A, 16 students saw �lm B, and 19 students saw �lm C.How many students saw all three �lms?Problem 2.1.11 Would you believe a market investigatorthat reports that of 1000 people, 816 like 
andy, 723 like i
e
ream, 645 
ake, while 562 like both 
andy and i
e 
ream,
463 like both 
andy and 
ake, 470 both i
e 
ream and 
ake,while 310 like all three? State your reasons!Problem 2.1.12 (AHSME 1991) For a set S, let
ard �2S

� denote the number of subsets of S. If A, B, C,are sets for whi
h
ard �2A
�

+ 
ard �2B
�

+ 
ard �2C
�

= 
ard �2A∪B∪C
�and 
ard (A) = 
ard (B) = 100,then what is the minimum possible value of
ard (A ∩ B ∩ C)?Problem 2.1.13 (Lewis Carroll in A Tangled Tale.)In a very hotly fought battle, at least 70% of the 
om-batants lost an eye, at least 75% an ear, at least 80% anarm, and at least 85% a leg. What 
an be said about theper
entage who lost all four members?

2.2 The Product Rule41 Rule (Produ
t Rule) Suppose that an experiment E 
an be performed in k stages: E1 �rst, E2 se
ond, . . . , Eklast. Suppose moreover that Ei 
an be done in ni di�erent ways, and that the number of ways of performing Ei isnot in�uen
ed by any prede
essors E1, E2, . . . , Ei−1. Then E1 and E2 and . . . and Ek 
an o

ur simultaneously in
n1n2 · · · nk ways.42 Example In a group of 8 men and 9 women we 
an pi
k one man and one woman in 8 · 9 = 72 ways. Noti
ethat we are 
hoosing two persons.
Free to photo
opy and distribute



18 Chapter 243 Example A red die and a blue die are tossed. In how many ways 
an they land?
◮Solution: If we view the out
omes as an ordered pair (r, b) then by the multipli
ation prin
iplewe have the 6 · 6 = 36 possible out
omes

(1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6)

(2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6)

(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6)

(4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6)

(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6)

(6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6)The red die 
an land in any of 6 ways,
6and also, the blue die may land in any of 6 ways
6 6 .

◭44 Example A multiple-
hoi
e test 
onsists of 20 questions, ea
h one with 4 
hoi
es. There are 4 ways ofanswering the �rst question, 4 ways of answering the se
ond question, et
., hen
e there are 420 = 1099511627776ways of answering the exam.
45 Example There are 9 · 10 · 10 = 900 positive 3-digit integers:

100, 101, 102, . . . , 998, 999.For, the leftmost integer 
annot be 0 and so there are only 9 
hoi
es {1, 2, 3, 4, 5, 6, 7, 8, 9} for it,
9 .There are 10 
hoi
es for the se
ond digit
9 10 ,Free to photo
opy and distribute



The Produ
t Rule 19and also 10 
hoi
es for the last digit
9 10 10 .

46 Example There are 9 · 10 · 5 = 450 even positive 3-digit integers:
100, 102, 104, . . . , 996, 998.For, the leftmost integer 
annot be 0 and so there are only 9 
hoi
es {1, 2, 3, 4, 5, 6, 7, 8, 9} for it,

9 .There are 10 
hoi
es for the se
ond digit
9 10 .Sin
e the integer must be even, the last digit must be one of the 5 
hoi
es {0, 2, 4, 6, 8}

9 10 5 .

47 De�nition A palindromi
 integer or palindrome is a positive integer whose de
imal expansion is symmetri
 andthat is not divisible by 10. In other words, one reads the same integer ba
kwards or forwards.148 Example The following integers are all palindromes:
1, 8, 11, 99, 101, 131, 999, 1234321, 9987899.

49 Example How many palindromes are there of 5 digits?
◮Solution: There are 9 ways of 
hoosing the leftmost digit.

9 .1A palindrome in 
ommon parlan
e, is a word or phrase that reads the same ba
kwards to forwards. The Philadelphia street nameCama
 is a palindrome. So are the phrases (if we ignore pun
tuation) (a) �A man, a plan, a 
anal, Panama!� (b) �Sit on a potato pan!,Otis.� (
) �Able was I ere I saw Elba.� This last one is attributed to Napoleon, though it is doubtful that he knew enough English toform it.Free to photo
opy and distribute



20 Chapter 2On
e the leftmost digit is 
hosen, the last digit must be identi
al to it, so we have
9 1 .There are 10 
hoi
es for the se
ond digit from the left
9 10 1 .On
e this digit is 
hosen, the se
ond digit from the right must be identi
al to it, so we have only

1 
hoi
e for it,
9 10 1 1 .Finally, there are 10 
hoi
es for the third digit from the right,
9 10 10 1 1 ,whi
h give us 900 palindromes of 5-digits. ◭50 Example How many palindromes of 5 digits are even?

◮Solution: A �ve digit even palindrome has the form ABCBA, where A belongs to {2, 4, 6, 8},and B, C belong to {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Thus there are 4 
hoi
es for the �rst digit, 10 for these
ond, and 10 for the third. On
e these digits are 
hosen, the palindrome is 
ompletely determined.Therefore, there are 4 × 10 × 10 = 400 even palindromes of 5 digits. ◭51 Example How many positive divisors does 300 have?
◮Solution: We have 300 = 3 · 2252. Thus every fa
tor of 300 is of the form 3a2b5c, where
0 ≤ a ≤ 1, 0 ≤ b ≤ 2, and 0 ≤ c ≤ 2. Thus there are 2 
hoi
es for a, 3 for b and 3 for c. Thisgives 2 · 3 · 3 = 18 positive divisors. ◭52 Example How many paths 
onsisting of a sequen
e of horizontal and/or verti
al line segments, ea
h segment
onne
ting a pair of adja
ent letters in �gure 2.6 spell BIPOLAR?
◮Solution: Split the diagram, as in �gure 2.7. Sin
e every required path must use the R, we
ount paths starting from R and rea
hing up to a B. Sin
e there are six more rows that we 
antravel to, and sin
e at ea
h stage we 
an go either up or left, we have 26 = 64 paths. The otherhalf of the �gure will provide 64 more paths. Sin
e the middle 
olumn is shared by both halves, wehave a total of 64 + 64 − 1 = 127 paths. ◭We now prove that if a set A has n elements, then it has 2n subsets. To motivate the proof, 
onsider the set

{a, b, c}. To ea
h element we atta
h a binary 
ode of length 3. We write 0 if a parti
ular element is not in the setand 1 if it is. We then have the following asso
iations:Free to photo
opy and distribute
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B

B I B

B I P I B

B I P O P I B

B I P O L O P I B

B I P O L A L O P I B

B I P O L A R A L O P I BFigure 2.6: Problem 52.

B

B I

B I P

B I P O

B I P O L

B I P O L A

B I P O L A RFigure 2.7: Problem 52.
∅ ↔ 000,

{a} ↔ 100,

{b} ↔ 010,

{c} ↔ 001,

{a, b} ↔ 110,

{a, c} ↔ 101,

{b, c} ↔ 011,

{a, b, c} ↔ 111.Thus there is a one-to-one 
orresponden
e between the subsets of a �nite set of 3 elements and binary sequen
esof length 3.53 Theorem (Cardinality of the Power Set) Let A be a �nite set with 
ard (A) = n. Then A has 2n subsets.Proof: We atta
h a binary 
ode to ea
h element of the subset, 1 if the element is in the subsetand 0 if the element is not in the subset. The total number of subsets is the total number of su
hbinary 
odes, and there are 2n in number. ❑54 Theorem Let A, B be �nite sets with 
ard (A) = n and 
ard (B) = m. Then� the number of fun
tions from A to B is mn.� if n ≤ m, the number of inje
tive fun
tions from A to B is m(m − 1)(m − 2) · · · (m − n + 1). If n > mthere are no inje
tive fun
tions from A to B.Proof: Ea
h of the n elements of A must be assigned an element of B, and hen
e there are
m · m · · · m︸ ︷︷ ︸

n fa
tors = mn possibilities, and thus mn fun
tions.If a fun
tion from A to B is inje
tive thenwe must have n ≤ m in view of Theorem 31. If to di�erent inputs we must assign di�erent outputsthen to the �rst element of A we may assign any of the m elements of B, to the se
ond any ofthe m − 1 remaining ones, to the third any of the m − 2 remaining ones, et
., and so we have
m(m − 1) · · · (m − n + 1) inje
tive fun
tions. ❑Free to photo
opy and distribute



22 Chapter 255 Example Let A = {a, b, c} and B = {1, 2, 3, 4}. Then a

ording to Theorem 54, there are 43 = 64 fun
tionsfrom A to B and of these, 4 · 3 · 2 = 24 are inje
tive. Similarly, there are 34 = 81 fun
tions from B to A, andnone are inje
tive.
. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.2.1 A true or false exam has ten questions.How many possible answer keys are there?Problem 2.2.2 Out of nine di�erent pairs of shoes, in howmany ways 
ould I 
hoose a right shoe and a left shoe, whi
hshould not form a pair?Problem 2.2.3 In how many ways 
an the following prizesbe given away to a 
lass of twenty boys: �rst and se
ondClassi
al, �rst and se
ond Mathemati
al, �rst S
ien
e, and�rst Fren
h?Problem 2.2.4 Under old hardware, a 
ertain programmea

epted passwords of the form

eellwhere
e ∈ {0, 2, 4, 6, 8}, l ∈ {a, b, c, d, u, v, w, x, y, z}.The hardware was 
hanged and now the software a

eptspasswords of the form

eeelll.How many more passwords of the latter kind are there thanof the former kind?Problem 2.2.5 A li
ense plate is to be made a

ording tothe following provision: it has four 
hara
ters, the �rst two
hara
ters 
an be any letter of the English alphabet and thelast two 
hara
ters 
an be any digit. One is allowed to re-peat letters and digits. How many di�erent li
ense plates
an be made?Problem 2.2.6 In problem 2.2.5, how many di�erent li-
ense plates 
an you make if (i) you may repeat letters butnot digits?, (ii) you may repeat digits but not letters?, (iii)you may repeat neither letters nor digits?Problem 2.2.7 An alphabet 
onsists of the �ve 
onsonants{p, v, t, s, k} and the three vowels {a, e, o}. A li
ense plateis to be made using four letters of this alphabet.
➊ How many letters does this alphabet have?

➋ If a li
ense plate is of the form CCVV where C de-notes a 
onsonant and V denotes a vowel, how manypossible li
ense plates are there, assuming that youmay repeat both 
onsonants and vowels?
➌ If a li
ense plate is of the form CCVV where C de-notes a 
onsonant and V denotes a vowel, how manypossible li
ense plates are there, assuming that youmay repeat 
onsonants but not vowels?
➍ If a li
ense plate is of the form CCVV where C de-notes a 
onsonant and V denotes a vowel, how manypossible li
ense plates are there, assuming that youmay repeat vowels but not 
onsonants?
➎ If a li
ense plate is of the form LLLL where L denotesany letter of the alphabet, how many possible li
enseplates are there, assuming that you may not repeatletters?Problem 2.2.8 A man lives within rea
h of three boys's
hools and four girls' s
hools. In how many ways 
an hesend his three sons and two daughters to s
hool?Problem 2.2.9 How many distin
t four-letter words 
an bemade with the letters of the set {c, i, k, t}

➊ if the letters are not to be repeated?
➋ if the letters 
an be repeated?Problem 2.2.10 How many distin
t six-digit numbers thatare multiples of 5 
an be formed from the list of digits

{1, 2, 3, 4, 5, 6} if we allow repetition?Problem 2.2.11 Telephone numbers in Land of the Fly-ing Camels have 7 digits, and the only digits available are
{0, 1, 2, 3, 4, 5, 7, 8}. No telephone number may begin in 0,
1 or 5. Find the number of telephone numbers possible thatmeet the following 
riteria:

➊ You may repeat all digits.
➋ You may not repeat any of the digits.
➌ You may repeat the digits, but the phone number mustbe even.
➍ You may repeat the digits, but the phone number mustbe odd.
➎ You may not repeat the digits and the phone numbersmust be odd.Free to photo
opy and distribute



The Sum Rule 23Problem 2.2.12 How many 5-lettered words 
an be madeout of 26 letters, repetitions allowed, but not 
onse
utiverepetitions (that is, a letter may not follow itself in the sameword)?Problem 2.2.13 How many positive integers are there hav-ing n ≥ 1 digits?Problem 2.2.14 How many n-digits integers (n ≥ 1) arethere whi
h are even?Problem 2.2.15 How many n-digit nonnegative integersdo not 
ontain the digit 5?Problem 2.2.16 How many n-digit numbers do not havethe digit 0?Problem 2.2.17 There are m di�erent roads from town Ato town B. In how many ways 
an Dwayne travel from townA to town B and ba
k if (a) he may 
ome ba
k the way hewent?, (b) he must use a di�erent road of return?Problem 2.2.18 How many positive divisors does 283952have? What is the sum of these divisors?Problem 2.2.19 How many fa
tors of 295 are larger than
1, 000, 000?Problem 2.2.20 How many positive divisors does 360have? How many are even? How many are odd? How

many are perfe
t squares?Problem 2.2.21 (AHSME 1988) At the end of a profes-sional bowling tournament, the top 5 bowlers have a play-o�. First # 5 bowls #4. The loser re
eives the 5th prizeand the winner bowls # 3 in another game. The loser ofthis game re
eives the 4th prize and the winner bowls # 2.The loser of this game re
eives the 3rd prize and the winnerbowls # 1. The loser of this game re
eives the 2nd prize andthe winner the 1st prize. In how many orders 
an bowlers#1 through #5 re
eive the prizes?Problem 2.2.22 The number 3 
an be expressed as a sumof one or more positive integers in four ways, namely, as 3,
1 + 2, 2 + 1, and 1 + 1 + 1. Shew that any positive integer
n 
an be so expressed in 2n−1 ways.Problem 2.2.23 Let n = 231319. How many positive inte-ger divisors of n2 are less than n but do not divide n?Problem 2.2.24 Let n ≥ 3. Find the number of n-digitternary sequen
es that 
ontain at least one 0, one 1 andone 2.Problem 2.2.25 In how many ways 
an one de
ompose theset

{1, 2, 3, . . . , 100}into subsets A, B, C satisfying
A ∪ B ∪ C = {1, 2, 3, . . . , 100} and A ∩ B ∩ C = ∅

2.3 The Sum Rule56 Rule (Sum Rule: Disjun
tive Form) Let E1, E2, . . . , Ek, be pairwise mutually ex
lusive events. If Ei 
an o

urin ni ways, then either E1 or E2 or, . . . , or Ek 
an o

ur in
n1 + n2 + · · · nkways.

☞ Noti
e that the �or� here is ex
lusive.57 Example In a group of 8 men and 9 women we 
an pi
k one man or one woman in 8 + 9 = 17 ways. Noti
ethat we are 
hoosing one person.
58 Example There are �ve Golden retrievers, six Irish setters, and eight Poodles at the pound. In how manyways 
an two dogs be 
hosen if they are not the same kind?Free to photo
opy and distribute



24 Chapter 2Solution: We 
hoose: a Golden retriever and an Irish setter or a Golden retriever and a Poodle or an Irish setterand a Poodle.One Golden retriever and one Irish setter 
an be 
hosen in 5 · 6 = 30 ways; one Golden retriever and one Poodle
an be 
hosen in 5 · 8 = 40 ways; one Irish setter and one Poodle 
an be 
hosen in 6 · 8 = 48 ways. By the sum rule,there are 30 + 40 + 48 = 118 
ombinations.59 Example To write a book 1890 digits were utilised. How many pages does the book have?
◮Solution: A total of

1 · 9 + 2 · 90 = 189digits are used to write pages 1 to 99, in
lusive. We have of 1890 − 189 = 1701 digits at ourdisposition whi
h is enough for 1701/3 = 567 extra pages (starting from page 100). The book has
99 + 567 = 666 pages. ◭60 Example The sequen
e of palindromes, starting with 1 is written in as
ending order

1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 22, 33, . . .Find the 1984-th positive palindrome.
◮Solution: It is easy to see that there are 9 palindromes of 1-digit, 9 palindromes with 2-digits,
90 with 3-digits, 90 with 4-digits, 900 with 5-digits and 900 with 6-digits. The last palindrome with
6 digits, 999999, 
onstitutes the 9 + 9 + 90 + 90 + 900 + 900 = 1998th palindrome. Hen
e, the
1997th palindrome is 998899, the 1996th palindrome is 997799, the 1995th palindrome is 996699,the 1994th is 995599, et
., until we �nd the 1984th palindrome to be 985589. ◭61 Example The integers from 1 to 1000 are written in su

ession. Find the sum of all the digits.
◮Solution: When writing the integers from 000 to 999 (with three digits), 3×1000 = 3000 digitsare used. Ea
h of the 10 digits is used an equal number of times, so ea
h digit is used 300 times.The the sum of the digits in the interval 000 to 999 is thus

(0 + 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9)(300) = 13500.Therefore, the sum of the digits when writing the integers from 000 to 1000 is 13500 + 1 = 13501.Aliter: Pair up the integers from 0 to 999 as
(0, 999), (1, 998), (2, 997), (3, 996), . . . , (499, 500).Ea
h pair has sum of digits 27 and there are 500 su
h pairs. Adding 1 for the sum of digits of

1000, the required total is
27 · 500 + 1 = 13501.

◭Free to photo
opy and distribute



The Sum Rule 2562 Example How many 4-digit integers 
an be formed with the set of digits {0, 1, 2, 3, 4, 5} su
h that no digitis repeated and the resulting integer is a multiple of 3?
◮Solution: The integers desired have the form D1D2D3D4 with D1 6= 0. Under the stipulated
onstraints, we must have

D1 + D2 + D3 + D4 ∈ {6, 9, 12}.We thus 
onsider three 
ases.Case I: D1 + D2 + D3 + D4 = 6. Here we have {D1, D2, D3, D4} = {0, 1, 2, 3, 4}, D1 6= 0. Thereare then 3 
hoi
es for D1. After D1 is 
hosen, D2 
an be 
hosen in 3 ways, D3 in 2 ways, and
D1 in 1 way. There are thus 3 × 3 × 2 × 1 = 3 · 3! = 18 integers satisfying 
ase I.Case II: D1 + D2 + D3 + D4 = 9. Here we have {D1, D2, D3, D4} = {0, 2, 3, 4}, D1 6= 0 or
{D1, D2, D3, D4} = {0, 1, 3, 5}, D1 6= 0. Like before, there are 3 ·3! = 18 numbers in ea
h possibility,thus we have 2 × 18 = 36 numbers in 
ase II.Case III: D1 + D2 + D3 + D4 = 12. Here we have {D1, D2, D3, D4} = {0, 3, 4, 5}, D1 6= 0 or
{D1, D2, D3, D4} = {1, 2, 4, 5}. In the �rst possibility there are 3 · 3! = 18 numbers, and in these
ond there are 4! = 24. Thus we have 18 + 24 = 42 numbers in 
ase III.The desired number is �nally 18 + 36 + 42 = 96. ◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.3.1 How many di�erent sums 
an be thrownwith two di
e, the fa
es of ea
h die being numbered
0, 1, 3, 7, 15, 31?Problem 2.3.2 How many di�erent sums 
an be thrownwith three di
e, the fa
es of ea
h die being numbered
1, 4, 13, 40, 121, 364?Problem 2.3.3 How many two or three letter initials forpeople are available if at least one of the letters must be aD and one allows repetitions?Problem 2.3.4 How many stri
tly positive integers haveall their digits distin
t?Problem 2.3.5 The Morse 
ode 
onsists of points anddashes. How many letters 
an be in the Morse 
ode if noletter 
ontains more than four signs, but all must have atleast one?Problem 2.3.6 An n × n × n wooden 
ube is painted blueand then 
ut into n3 1 × 1 × 1 
ubes. How many 
ubes (a)are painted on exa
tly three sides, (b) are painted in exa
tly

two sides, (
) are painted in exa
tly one side, (d) are notpainted?Problem 2.3.7 (AIME 1993) How many even integersbetween 4000 and 7000 have four di�erent digits?Problem 2.3.8 All the natural numbers, starting with 1,are listed 
onse
utively
123456789101112131415161718192021 . . .Whi
h digit o

upies the 1002nd pla
e?Problem 2.3.9 All the positive integers are written in su
-
ession.

123456789101112131415161718192021222324 . . .Whi
h digit o

upies the 206790th pla
e?Problem 2.3.10 All the positive integers with initial digit
2 are written in su

ession:

2, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 200, 201, . . . ,Find the 1978-th digit written.Free to photo
opy and distribute



26 Chapter 2Problem 2.3.11 (AHSME 1998) Call a 7-digit telephonenumber d1d2d3 − d4d5d6d7 memorable if the pre�x se-quen
e d1d2d3 is exa
tly the same as either of the se-quen
es d4d5d6 or d5d6d7 or possibly both. Assuming thatea
h di 
an be any of the ten de
imal digits 0, 1, 2, . . . , 9,�nd the number of di�erent memorable telephone numbers.Problem 2.3.12 Three-digit numbers are made using thedigits {1, 3, 7, 8, 9}.
➊ How many of these integers are there?
➋ How many are even?
➌ How many are palindromes?
➍ How many are divisible by 3?Problem 2.3.13 (AHSME 1989) Five people are sittingat a round table. Let f ≥ 0 be the number of people sittingnext to at least one female, and let m ≥ 0 be the numberof people sitting next to at least one male. Find the numberof possible ordered pairs (f, m).Problem 2.3.14 How many integers less than 10000 
anbe made with the eight digits 0, 1, 2, 3, 4, 5, 6, 7?

Problem 2.3.15 (ARML 1999) In how many ways 
anone arrange the numbers 21, 31, 41, 51, 61, 71, and 81 su
hthat the sum of every four 
onse
utive numbers is divisibleby 3?Problem 2.3.16 Let S be the set of all natural numberswhose digits are 
hosen from the set {1, 3, 5, 7} su
h that nodigits are repeated. Find the sum of the elements of S.Problem 2.3.17 Find the number of ways to 
hoose a pair
{a, b} of distin
t numbers from the set {1, 2, . . . , 50} su
hthat

➊ |a − b| = 5

➋ |a − b| ≤ 5.Problem 2.3.18 (AIME 1994) Given a positive integer
n, let p(n) be the produ
t of the non-zero digits of n. (If nhas only one digit, then p(n) is equal to that digit.) Let

S = p(1) + p(2) + · · · + p(999).Find S.
2.4 Permutations without Repetitions63 De�nition We de�ne the symbol ! (fa
torial), as follows: 0! = 1, and for integer n ≥ 1,

n! = 1 · 2 · 3 · · · n.

n! is read n fa
torial.64 Example We have
1! = 1,

2! = 1 · 2 = 2,

3! = 1 · 2 · 3 = 6,

4! = 1 · 2 · 3 · 4 = 24,

5! = 1 · 2 · 3 · 4 · 5 = 120.

Free to photo
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Permutations without Repetitions 2765 Example We have
7!

4!
=

7 · 6 · 5 · 4!

4!
= 210,

(n + 2)!

n!
=

(n + 2)(n + 1)n!

n!
= (n + 2)(n + 1),

(n − 2)!

(n + 1)!
=

(n − 2)!

(n + 1)(n)(n − 1)(n − 2)!
=

1

(n + 1)(n)(n − 1)
.

66 De�nition Let x1, x2, . . . , xn be n distin
t obje
ts. A permutation of these obje
ts is simply a rearrangementof them.67 Example There are 24 permutations of the letters in MATH, namely
MATH MAHT MTAH MTHA MHTA MHAT

AMTH AMHT ATMH ATHM AHTM AHMT

TAMH TAHM TMAH TMHA THMA THAM

HATM HAMT HTAM HTMA HMTA HMAT

68 Theorem Let x1, x2, . . . , xn be n distin
t obje
ts. Then there are n! permutations of them.Proof: The �rst position 
an be 
hosen in n ways, the se
ond obje
t in n − 1 ways, the third in
n − 2, et
. This gives

n(n − 1)(n − 2) · · · 2 · 1 = n!.

❑69 Example The number of permutations of the letters of the word RETICULA is 8! = 40320.
70 Example A bookshelf 
ontains 5 German books, 7 Spanish books and 8 Fren
h books. Ea
h book is di�erentfrom one another.Free to photo
opy and distribute
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➊ How many di�erent arrangements 
an be done ofthese books?
➋ How many di�erent arrangements 
an be done ofthese books if books of ea
h language must be nextto ea
h other?
➌ How many di�erent arrangements 
an be done of these books if all the Fren
h books must be next toea
h other?

➍ How many di�erent arrangements 
an be done ofthese books if no two Fren
h books must be next toea
h other?
◮Solution:

➊ We are permuting 5 + 7 + 8 = 20 obje
ts. Thusthe number of arrangements sought is 20! =

2432902008176640000.
➋ �Glue� the books by language, this will assurethat books of the same language are together. Wepermute the 3 languages in 3! ways. We per-mute the German books in 5! ways, the Span-ish books in 7! ways and the Fren
h books in

8! ways. Hen
e the total number of ways is
3!5!7!8! = 146313216000.

➌ Align the German books and the Spanish books�rst. Putting these 5 + 7 = 12 books 
reates
12 + 1 = 13 spa
es (we 
ount the spa
e beforethe �rst book, the spa
es between books and thespa
e after the last book). To assure that all theFren
h books are next ea
h other, we �glue� themtogether and put them in one of these spa
es.Now, the Fren
h books 
an be permuted in 8!ways and the non-Fren
h books 
an be permuted

in 12! ways. Thus the total number of permuta-tions is
(13)8!12! = 251073478656000.

➍ Align the German books and the Spanish books�rst. Putting these 5 + 7 = 12 books 
reates
12 + 1 = 13 spa
es (we 
ount the spa
e beforethe �rst book, the spa
es between books and thespa
e after the last book). To assure that no twoFren
h books are next to ea
h other, we put theminto these spa
es. The �rst Fren
h book 
an beput into any of 13 spa
es, the se
ond into any of
12, et
., the eighth Fren
h book 
an be put intoany 6 spa
es. Now, the non-Fren
h books 
an bepermuted in 12! ways. Thus the total number ofpermutations is

(13)(12)(11)(10)(9)(8)(7)(6)12!,whi
h is 24856274386944000.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.4.1 How many 
hanges 
an be rung with a pealof �ve bells?Problem 2.4.2 A bookshelf 
ontains 3 Russian novels, 4German novels, and 5 Spanish novels. In how many waysmay we align them if
➊ there are no 
onstraints as to grouping?
➋ all the Spanish novels must be together?
➌ no two Spanish novels are next to one another?Problem 2.4.3 How many permutations of the word IM-PURE are there? How many permutations start with Pand end in U? How many permutations are there if the Pand the U must always be together in the order PU? Howmany permutations are there in whi
h no two vowels (I, U,E) are adja
ent?

Problem 2.4.4 How many arrangements 
an be made ofout of the letters of the word DRAUGHT, the vowels neverseparated?Problem 2.4.5 (AIME 1991) Given a rational number,write it as a fra
tion in lowest terms and 
al
ulate the prod-u
t of the resulting numerator and denominator. For howmany rational numbers between 0 and 1 will 20! be the re-sulting produ
t?Problem 2.4.6 (AMC12 2001) A spider has one so
kand one shoe for ea
h of its eight legs. In how many dif-ferent orders 
an the spider put on its so
ks and shoes, as-suming that, on ea
h leg, the so
k must be put on before theshoe?Problem 2.4.7 How many trailing 0's are there when
1000! is multiplied out?Free to photo
opy and distribute



Permutations with Repetitions 29Problem 2.4.8 In how many ways 
an 8 people be seatedin a row if
➊ there are no 
onstraints as to their seating arrange-ment?
➋ persons X and Y must sit next to one another?
➌ there are 4 women and 4 men and no 2 men or 2

women 
an sit next to ea
h other?
➍ there are 4 married 
ouples and ea
h 
ouple must sittogether?
➎ there are 4 men and they must sit next to ea
h other?

2.5 Permutations with RepetitionsWe now 
onsider permutations with repeated obje
ts.71 Example In how many ways may the letters of the word
MASSACHUSETTSbe permuted?

◮Solution: We put subs
ripts on the repeats forming
MA1S1S2A2CHUS3ET1T2S4.There are now 13 distinguishable obje
ts, whi
h 
an be permuted in 13! di�erent ways by Theorem68. For ea
h of these 13! permutations, A1A2 
an be permuted in 2! ways, S1S2S3S4 
an bepermuted in 4! ways, and T1T2 
an be permuted in 2! ways. Thus the over 
ount 13! is 
orre
tedby the total a
tual 
ount

13!

2!4!2!
= 64864800.

◭A reasoning analogous to the one of example 71, we may prove72 Theorem Let there be k types of obje
ts: n1 of type 1; n2 of type 2; et
. Then the number of ways in whi
hthese n1 + n2 + · · · + nk obje
ts 
an be rearranged is
(n1 + n2 + · · · + nk)!

n1!n2! · · · nk!
.73 Example In how many ways may we permute the letters of the word MASSACHUSETTS in su
h a waythat MASS is always together, in this order?

◮Solution: The parti
le MASS 
an be 
onsidered as one blo
k and the 9 letters A, C, H, U, S,

E, T, T, S. In A, C, H, U, S, E, T, T, S there are four S's and two T 's and so the total number ofpermutations sought is
10!

2!2!
= 907200.

◭Free to photo
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30 Chapter 274 Example In how many ways may we write the number 9 as the sum of three positive integer summands?Here order 
ounts, so, for example, 1 + 7 + 1 is to be regarded di�erent from 7 + 1 + 1.
◮Solution: We �rst look for answers with

a + b + c = 9, 1 ≤ a ≤ b ≤ c ≤ 7and we �nd the permutations of ea
h triplet. We have
(a, b, c) Number of permutations
(1, 1, 7)

3!

2!
= 3

(1, 2, 6) 3! = 6

(1, 3, 5) 3! = 6

(1, 4, 4)
3!

2!
= 3

(2, 2, 5)
3!

2!
= 3

(2, 3, 4) 3! = 6

(3, 3, 3)
3!

3!
= 1Thus the number desired is

3 + 6 + 6 + 3 + 3 + 6 + 1 = 28.

◭75 Example In how many ways 
an the letters of the wordMURMUR be arranged without letting two letterswhi
h are alike 
ome together?
◮Solution: If we started with, say , MU then the R 
ould be arranged as follows:M U R R ,M U R R ,M U R R .In the �rst 
ase there are 2! = 2 of putting the remaining M and U, in the se
ond there are 2! = 2and in the third there is only 1!. Thus starting the word with MU gives 2 + 2 + 1 = 5 possiblearrangements. In the general 
ase, we 
an 
hoose the �rst letter of the word in 3 ways, and these
ond in 2 ways. Thus the number of ways sought is 3 · 2 · 5 = 30. ◭Free to photo
opy and distribute



Permutations with Repetitions 3176 Example In how many ways 
an the letters of the word AFFECTION be arranged, keeping the vowels intheir natural order and not letting the two F's 
ome together?
◮Solution: There are 9!

2!
ways of permuting the letters of AFFECTION. The 4 vowels 
anbe permuted in 4! ways, and in only one of these will they be in their natural order. Thus thereare 9!

2!4!
ways of permuting the letters of AFFECTION in whi
h their vowels keep their naturalorder.Now, put the 7 letters of AFFECTION whi
h are not the two F's. This 
reates 8 spa
es in betweenthem where we put the two F's. This means that there are 8 · 7! permutations of AFFECTIONthat keep the two F's together. Hen
e there are 8 · 7!

4!
permutations of AFFECTION where thevowels o

ur in their natural order.In 
on
lusion, the number of permutations sought is

9!

2!4!
−

8 · 7!

4!
=

8!

4!

�
9

2
− 1

�
=

8 · 7 · 6 · 5 · 4!

4!
· 7

2
= 5880

◭77 Example How many arrangements of �ve letters 
an be made of the letters of the word PALLMALL?
◮Solution: We 
onsider the following 
ases:

➊ there are four L's and a di�erent letter. The di�erent letter 
an be 
hosen in 3 ways, so thereare 3 · 5!

4!
= 15 permutations in this 
ase.

➋ there are three L's and two A's. There are 5!

3!2!
= 10 permutations in this 
ase.

➌ there are three L's and two di�erent letters. The di�erent letters 
an be 
hosen in 3 ways (either P and A; or P and M; or A and M), so there are 3 · 5!

3!
= 60 permutations in this
ase.

➍ there are two L's, two A's and a di�erent letter from these two. The di�erent letter 
an be
hosen in 2 ways. There are 2 · 5!

2!2!
= 60 permutations in this 
ase.

➎ there are two L's and three di�erent letters. The di�erent letters 
an be 
hosen in 1 way.There are 1 · 5!

2!
= 60 permutations in this 
ase.

➏ there is one L. This for
es having two A's and two other di�erent letters. The di�erent letters
an be 
hosen in 1 way. There are 1 · 5!

2!
= 60 permutations in this 
ase.The total number of permutations is thus seen to be

15 + 10 + 60 + 60 + 60 + 60 = 265.

◭Free to photo
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32 Chapter 2
. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.5.1 In how many ways may one permute theletters of the word MEPHISTOPHELES?Problem 2.5.2 How many arrangements of four letters
an be made out of the letters of KAFFEEKANNE with-out letting the three E's 
ome together?Problem 2.5.3 How many numbers 
an be formed with thedigits

1, 2, 3, 4, 3, 2, 1so that the odd digits o

upy the odd pla
es?Problem 2.5.4 The password of the anti-theft devi
e of a
ar is a four digit number, where one 
an use any digit inthe set
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.A. ➊ How many su
h passwords are possible?

➋ How many of the passwords have all their digitsdistin
t?B. After an ele
tri
al failure, the owner must reintrodu
ethe password in order to dea
tivate the anti-theft de-vi
e. He knows that the four digits of the 
ode are
2, 0, 0, 3 but does not re
all the order.

➊ How many su
h passwords are possible usingonly these digits?
➋ If the �rst attempt at the password fails, theowner must wait two minutes before a se
ondattempt, if the se
ond attempt fails he must wait

four minutes before a third attempt, if the thirdattempt fails he must wait eight minutes before afourth attempt, et
. (the time doubles from oneattempt to the next). How many passwords 
anthe owner attempt in a period of 24 hours?Problem 2.5.5 In this problem you will determine howmany di�erent signals, ea
h 
onsisting of 10 �ags hung ina line, 
an be made from a set of 4 white �ags, 3 red �ags,
2 blue �ags, and 1 orange �ag, if �ags of the same 
olourare identi
al.

➊ How many are there if there are no 
onstraints on theorder?
➋ How many are there if the orange �ag must always be�rst?
➌ How many are there if there must be a white �ag atthe beginning and another white �ag at the end?Problem 2.5.6 In how many ways may we write the num-ber 10 as the sum of three positive integer summands? Hereorder 
ounts, so, for example, 1 + 8 + 1 is to be regardeddi�erent from 8 + 1 + 1.Problem 2.5.7 Three distinguishable di
e are thrown. Inhow many ways 
an they land and give a sum of 9?Problem 2.5.8 In how many ways 
an 15 di�erent re
ruitsbe divided into three equal groups? In how many ways 
anthey be drafted into three di�erent regiments?

2.6 Combinations without Repetitions78 De�nition Let n, k be non-negative integers with 0 ≤ k ≤ n. The symbol �n

k

� (read �n 
hoose k�) is de�nedand denoted by �
n

k

�
=

n!

k!(n − k)!
=

n · (n − 1) · (n − 2) · · · (n − k + 1)

1 · 2 · 3 · · · k
.

☞ Observe that in the last fra
tion, there are k fa
tors in both the numerator and denominator.Also, observe the boundary 
onditions�
n

0

�
=

�
n

n

�
= 1,

�
n

1

�
=

�
n

n − 1

�
= n.
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Combinations without Repetitions 3379 Example We have �
6

3

�
= 6·5·4

1·2·3 = 20,�
11

2

�
= 11·10

1·2 = 55,�
12

7

�
= 12·11·10·9·8·7·6

1·2·3·4·5·6·7 = 792,�
110

109

�
= 110,�

110

0

�
= 1.

☞ Sin
e n − (n − k) = k, we have for integer n, k, 0 ≤ k ≤ n, the symmetry identity�
n

k

�
=

n!

k!(n − k)!
=

n!

(n − k)!(n − (n − k))!
=

�
n

n − k

� .This 
an be interpreted as follows: if there are n di�erent ti
kets in a hat, 
hoosing k of them outof the hat is the same as 
hoosing n − k of them to remain in the hat.80 Example �
11

9

�
=

�
11

2

�
= 55,�

12

5

�
=

�
12

7

�
= 792.

81 De�nition Let there be n distinguishable obje
ts. A k-
ombination is a sele
tion of k, (0 ≤ k ≤ n) obje
tsfrom the n made without regards to order.82 Example The 2-
ombinations from the list {X, Y, Z, W} are
XY, XZ, XW, YZ, YW, WZ.

83 Example The 3-
ombinations from the list {X, Y, Z, W} are
XYZ, XYW, XZW, YWZ.Free to photo
opy and distribute



34 Chapter 284 Theorem Let there be n distinguishable obje
ts, and let k, 0 ≤ k ≤ n. Then the numbers of k-
ombinationsof these n obje
ts is �n

k

�.Proof: Pi
k any of the k obje
ts. They 
an be ordered in n(n − 1)(n − 2) · · · (n − k + 1), sin
ethere are n ways of 
hoosing the �rst, n − 1 ways of 
hoosing the se
ond, et
. This parti
ular
hoi
e of k obje
ts 
an be permuted in k! ways. Hen
e the total number of k-
ombinations is
n(n − 1)(n − 2) · · · (n − k + 1)

k!
=

�
n

k

�
.

❑85 Example From a group of 10 people, we may 
hoose a 
ommittee of 4 in �10

4

�
= 210 ways.

86 Example In a group of 2 
amels, 3 goats, and 10 sheep in how many ways may one 
hoose 6 animals if
➊ there are no 
onstraints in spe
ies?
➋ the two 
amels must be in
luded?
➌ the two 
amels must be ex
luded?
➍ there must be at least 3 sheep? ➎ there must be at most 2 sheep?

➏ Joe Camel, Billy Goat and Samuel Sheep hate ea
hother and they will not work in the same group. Howmany 
ompatible 
ommittees are there?
◮Solution:

➊ There are 2 + 3 + 10 = 15 animals and we must
hoose 6, when
e �15

6

�
= 5005

➋ Sin
e the 2 
amels are in
luded, we must 
hoose
6−2 = 4 more animals from a list of 15−2 = 13animals, so �13

4

�
= 715

➌ Sin
e the 2 
amels must be ex
luded, we must
hoose 6 animals from a list of 15 − 2 = 13, so�
13

6

�
= 1716

➍ If k sheep are 
hosen from the 10 sheep, 6 − kanimals must be 
hosen from the remaining 5

animals, hen
e�
10

3

��
5

3

�
+

�
10

4

��
5

2

�
+

�
10

5

��
5

1

�
+

�
10

6

��
5

0

�
,whi
h simpli�es to 4770.

➎

�
10

2

��
5

4

�
+

�
10

1

��
5

5

�
= 235

➏ A 
ompatible group will either ex
lude all thesethree animals�whi
h 
an be done in �
12

6

�
=

924 ways�or in
lude exa
tly one of them�whi
h 
an be done in �3

1

��
12

5

�
= 2376. Thusthe total is 2376 + 924 = 3300.

◭Free to photo
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Combinations without Repetitions 3587 Example To 
ount the number of shortest routes from A to B in �gure 2.8 observe that any shortest pathmust 
onsist of 6 horizontal moves and 3 verti
al ones for a total of 6 + 3 = 9 moves. Of these 9 moves on
e we
hoose the 6 horizontal ones the 3 verti
al ones are determined. Thus there are �9

6

�
= 84 paths.

88 Example To 
ount the number of shortest routes from A to B in �gure 2.9 that pass through point O we
ount the number of paths from A to O (of whi
h there are �5

3

�
= 20) and the number of paths from O to B(of whi
h there are �4

3

�
= 4). Thus the desired number of paths is �5

3

��
4

3

�
= (20)(4) = 80.

A

B

Figure 2.8: Example 87.
b

A

O

B

Figure 2.9: Example 88.
95509550

14406

9550

14266

14266 14266

without a 7 without an 8

without a 9

Figure 2.10: Example 89.
89 Example Consider the set of 5-digit positive integers written in de
imal notation.1. How many are there?2. How many do not have a 9 in their de
imal represen-tation?3. How many have at least one 9 in their de
imal repre-sentation?4. How many have exa
tly one 9?5. How many have exa
tly two 9's?6. How many have exa
tly three 9's?

7. How many have exa
tly four 9's?8. How many have exa
tly �ve 9's?9. How many have neither an 8 nor a 9 in their de
imalrepresentation?10. How many have neither a 7, nor an 8, nor a 9 in theirde
imal representation?11. How many have either a 7, an 8, or a 9 in their de
i-mal representation?
◮Solution:Free to photo
opy and distribute



36 Chapter 21. There are 9 possible 
hoi
es for the �rst digitand 10 possible 
hoi
es for the remaining digits.The number of 
hoi
es is thus 9 · 104 = 90000.2. There are 8 possible 
hoi
es for the �rst digitand 9 possible 
hoi
es for the remaining digits.The number of 
hoi
es is thus 8 · 94 = 52488.3. The di�eren
e 90000 − 52488 = 37512.4. We 
ondition on the �rst digit. If the �rstdigit is a 9 then the other four remaining dig-its must be di�erent from 9, giving 94 = 6561su
h numbers. If the �rst digit is not a 9, thenthere are 8 
hoi
es for this �rst digit. Also,we have �4

1

�
= 4 ways of 
hoosing where the

9 will be, and we have 93 ways of �lling the
3 remaining spots. Thus in this 
ase there are
8·4·93 = 23328 su
h numbers. In total there are
6561+23328 = 29889 �ve-digit positive integerswith exa
tly one 9 in their de
imal representa-tion.5. We 
ondition on the �rst digit. If the �rst digitis a 9 then one of the remaining four must be a
9, and the 
hoi
e of pla
e 
an be a

omplished in�

4

1

�
= 4 ways. The other three remaining digitsmust be di�erent from 9, giving 4 · 93 = 2916su
h numbers. If the �rst digit is not a 9, thenthere are 8 
hoi
es for this �rst digit. Also, wehave �4

2

�
= 6 ways of 
hoosing where the two

9's will be, and we have 92 ways of �lling thetwo remaining spots. Thus in this 
ase there are
8 · 6 · 92 = 3888 su
h numbers. Altogether thereare 2916 + 3888 = 6804 �ve-digit positive inte-gers with exa
tly two 9's in their de
imal repre-sentation.6. Again we 
ondition on the �rst digit. If the �rstdigit is a 9 then two of the remaining four mustbe 9's, and the 
hoi
e of pla
e 
an be a

om-

plished in �
4

2

�
= 6 ways. The other two re-maining digits must be di�erent from 9, giving

6 ·92 = 486 su
h numbers. If the �rst digit is nota 9, then there are 8 
hoi
es for this �rst digit.Also, we have �4

3

�
= 4 ways of 
hoosing wherethe three 9's will be, and we have 9 ways of �llingthe remaining spot. Thus in this 
ase there are

8 ·4 ·9 = 288 su
h numbers. Altogether there are
486 + 288 = 774 �ve-digit positive integers withexa
tly three 9's in their de
imal representation.7. If the �rst digit is a 9 then three of the remain-ing four must be 9's, and the 
hoi
e of pla
e 
anbe a

omplished in �4

3

�
= 4 ways. The otherremaining digit must be di�erent from 9, giving

4 · 9 = 36 su
h numbers. If the �rst digit isnot a 9, then there are 8 
hoi
es for this �rstdigit. Also, we have �4

4

�
= 4 ways of 
hoos-ing where the four 9's will be, thus �lling all thespots. Thus in this 
ase there are 8 · 1 = 8 su
hnumbers. Altogether there are 36 + 8 = 44 �ve-digit positive integers with exa
tly three 9's intheir de
imal representation.8. There is obviously only 1 su
h positive integer.

☞Observe that 37512 = 29889 +

6804 + 774 + 44 + 1.9. We have 7 
hoi
es for the �rst digit and 8
hoi
es for the remaining 4 digits, giving 7 ·84 =

28672 su
h integers.10. We have 6 
hoi
es for the �rst digit and 7
hoi
es for the remaining 4 digits, giving 6 ·74 =

14406 su
h integers.11. We use in
lusion-ex
lusion. From �gure 2.10,the numbers inside the 
ir
les add up to 85854.Thus the desired number is 90000 − 85854 =

4146.

◭90 Example Find the number of surje
tions from A = {a, b, c, d} to B = {1, 2, 3}.
◮Solution: The tri
k here is that we know how to 
ount the number of fun
tions from one�nite set to the other (Theorem 54). What we do is over 
ount the number of fun
tions, and thensieve out those whi
h are not surje
tive by means of In
lusion-Ex
lusion. By Theorem 54, thereare 34 = 81 fun
tions from A to B. There are �3

1

�
24 = 48 fun
tions from A to B that miss oneelement from B. There are �3

2

�
14 = 3 fun
tions from A to B that miss two elements from B. ThereFree to photo
opy and distribute



Combinations without Repetitions 37are �3

0

�
04 = 4 fun
tions from A to B that miss three elements from B. By In
lusion-Ex
lusionthere are

81 − 48 + 3 = 36surje
tive fun
tions from A to B. ◭In analogy to example 90, we may prove the following theorem, whi
h 
omplements Theorem 54 by �nding thenumber of surje
tions from one set to another set.91 Theorem Let A and B be two �nite sets with 
ard (A) = n and 
ard (B) = m. If n < m then there are nosurje
tions from A to B. If n ≥ m then the number of surje
tive fun
tions from A to B is
mn −

�
m

1

�
(m − 1)n +

�
m

2

�
(m − 2)n −

�
m

3

�
(m − 3)n + · · · + (−1)m−1

�
m

m − 1

�
(1)n.

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.6.1 Verify the following.
➊

�
20

3

�
= 1140

➋

�
12

4

��
12

6

�
= 457380

➌

�
n

1

��
n

n − 1

� = 1

➍

�
n

2

�
=

n(n − 1)

2

➎

�
6

1

�
+

�
6

3

�
+

�
6

5

�
= 25

➏

�
7

0

�
+

�
7

2

�
+

�
7

4

�
= 26 −

�
7

6

�Problem 2.6.2 A publisher proposes to issue a set of di
-tionaries to translate from any one language to any other.If he 
on�nes his system to seven languages, how many di
-tionaries must be published?Problem 2.6.3 From a group of 12 people�7 of whi
h aremen and 5 women�in how many ways may 
hoose a 
om-mittee of 4 with 1 man and 3 women?Problem 2.6.4 N friends meet and shake hands with oneanother. How many handshakes?Problem 2.6.5 How many 4-letter words 
an be made bytaking 4 letters of the word RETICULA and permutingthem?

Problem 2.6.6 (AHSME 1989) Mr. and Mrs. Zetawant to name baby Zeta so that its monogram (�rst, middleand last initials) will be in alphabeti
al order with no lettersrepeated. How many su
h monograms are possible?Problem 2.6.7 In how many ways 
an {1, 2, 3, 4} be writ-ten as the union of two non-empty, disjoint subsets?Problem 2.6.8 How many lists of 3 elements taken fromthe set {1, 2, 3, 4, 5, 6} list the elements in in
reasing order?Problem 2.6.9 How many times is the digit 3 listed in thenumbers 1 to 1000?Problem 2.6.10 How many subsets of the set {a, b, c, d, e}have exa
tly 3 elements?Problem 2.6.11 How many subsets of the set {a, b, c, d, e}have an odd number of elements?Problem 2.6.12 (AHSME 1994) Nine 
hairs in a roware to be o

upied by six students and Professors Alpha,Beta and Gamma. These three professors arrive beforethe six students and de
ide to 
hoose their 
hairs so thatea
h professor will be between two students. In how manyways 
an Professors Alpha, Beta and Gamma 
hoose their
hairs?Problem 2.6.13 There are E (di�erent) English novels, F(di�erent) Fren
h novels, S (di�erent) Spanish novels, and
I (di�erent) Italian novels on a shelf. How many di�erentpermutations are there if

➊ if there are no restri
tions?
➋ if all books of the same language must be together?Free to photo
opy and distribute
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➌ if all the Spanish novels must be together?
➍ if no two Spanish novels are adja
ent?
➎ if all the Spanish novels must be together, and all theEnglish novels must be together, but no Spanish novelis next to an English novel?Problem 2.6.14 How many 
ommittees of seven with agiven 
hairman 
an be sele
ted from twenty people?Problem 2.6.15 How many 
ommittees of seven with agiven 
hairman and a given se
retary 
an be sele
ted fromtwenty people? Assume the 
hairman and the se
retary aredi�erent persons.Problem 2.6.16 (AHSME 1990) How many of the num-bers

100, 101, . . . , 999,have three di�erent digits in in
reasing order or in de
reas-ing order?Problem 2.6.17 There are twenty students in a 
lass. Inhow many ways 
an the twenty students take �ve di�erenttests if four of the students are to take ea
h test?Problem 2.6.18 In how many ways 
an a de
k of playing
ards be arranged if no two hearts are adja
ent?Problem 2.6.19 Given a positive integer n, �nd the num-ber of quadruples (a, b, c, d, ) su
h that 0 ≤ a ≤ b ≤ c ≤
d ≤ n.Problem 2.6.20 There are T books on Theology, L bookson Law and W books on Wit
h
raft on Dr. Faustus' shelf.In how many ways may one order the books

➊ there are no 
onstraints in their order?
➋ all books of a subje
t must be together?
➌ no two books on Wit
h
raft are juxtaposed?
➍ all the books on Wit
h
raft must be together?Problem 2.6.21 From a group of 20 students, in howmany ways may a professor 
hoose at least one in orderto work on a proje
t?Problem 2.6.22 From a group of 20 students, in howmany ways may a professor 
hoose an even number numberof them, but at least four in order to work on a proje
t?Problem 2.6.23 How many permutations of the wordCHICHICUILOTEare there

➊ if there are no restri
tions?
➋ if the word must start in an I and end also in an I?
➌ if the word must start in an I and end in a C?
➍ if the two H's are adja
ent?
➎ if the two H's are not adja
ent?
➏ if the parti
le LOTE must appear, with the letters inthis order?Problem 2.6.24 There are M men and W women in agroup. A 
ommittee of C people will be 
hosen. In howmany ways may one do this if
➊ there are no 
onstraints on the sex of the 
ommitteemembers?
➋ there must be exa
tly T women?
➌ A 
ommittee must always in
lude George and Bar-bara?
➍ A 
ommittee must always ex
lude George and Bar-bara?Assume George and Barbara form part of the original setof people.Problem 2.6.25 There are M men and W women in agroup. A 
ommittee of C people will be 
hosen. In howmany ways may one do this if George and Barbara are feud-ing and will not work together in a 
ommittee? AssumeGeorge and Barbara form part of the original set of people.Problem 2.6.26 Out of 30 
onse
utive integers, in howmany ways 
an three be sele
ted so that their sum be even?Problem 2.6.27 In how many ways may we 
hoose threedistin
t integers from {1, 2, . . . , 100} so that one of them isthe average of the other two?Problem 2.6.28 How many ve
tors (a1, a2, . . . , ak) withintegral

ai ∈ {1, 2, . . . , n}are there satisfying
1 ≤ a1 ≤ a2 ≤ · · · ≤ ak ≤ n?Problem 2.6.29 A square 
hessboard has 16 squares (4rows and 4 
olumns). One puts 4 
he
kers in su
h a waythat only one 
he
ker 
an be put in a square. Determinethe number of ways of putting these 
he
kers if

➊ there must be exa
tly one 
he
ker per row and 
olumn.
➋ there must be exa
tly one 
olumn without a 
he
ker.
➌ there must be at least one 
olumn without a 
he
ker.Free to photo
opy and distribute



Combinations without Repetitions 39Problem 2.6.30 A box 
ontains 4 red, 5 white, 6 blue, and
7 magenta balls. In how many of all possible samples of size
5, 
hosen without repla
ement, will every 
olour be repre-sented?Problem 2.6.31 In how many ways 
an eight students bedivided into four indistinguishable teams of two ea
h?Problem 2.6.32 How many ways 
an three boys share �f-teen di�erent sized pears if the youngest gets seven pearsand the other two boys get four ea
h?those in whi
h thedigit 1 o

urs or those in whi
h it does not o

ur?Problem 2.6.33 Four writers must write a book 
ontain-ing seventeen 
hapters. The �rst and third writers mustea
h write �ve 
hapters, the se
ond must write four 
hap-ters, and the fourth must write three 
hapters. How manyways 
an the book be divided between the authors? What ifthe �rst and third had to write ten 
hapters 
ombined, butit did not matter whi
h of them wrote how many (i.e. the�rst 
ould write ten and the third none, the �rst 
ould writenone and the third one, et
.)?Problem 2.6.34 In how many ways 
an a woman 
hoosethree lovers or more from seven eligible suitors?Problem 2.6.35 (AIME 1988) One 
ommer
ially avail-able ten-button lo
k may be opened by depressing�in anyorder�the 
orre
t �ve buttons. Suppose that these lo
ksare redesigned so that sets of as many as nine buttons or asfew as one button 
ould serve as 
ombinations. How manyadditional 
ombinations would this allow?Problem 2.6.36 From a set of n ≥ 3 points on the plane,no three 
ollinear,

➊ how many straight lines are determined?
➋ how many straight lines pass through a parti
ularpoint?
➌ how many triangles are determined?
➍ how many triangles have a parti
ular point as a ver-tex?Problem 2.6.37 In how many ways 
an you pa
k twelvebooks into four par
els if one par
el has one book, anotherhas �ve books, and another has two books, and another hasfour books?Problem 2.6.38 In how many ways 
an a person invitethree of his six friends to lun
h every day for twenty days ifhe has the option of inviting the same or di�erent friendsfrom previous days?Problem 2.6.39 A 
ommittee is to be 
hosen from a setof nine women and �ve men. How many ways are there

to form the 
ommittee if the 
ommittee has three men andthree women?Problem 2.6.40 At a dan
e there are b boys and g girls.In how many ways 
an they form c 
ouples 
onsisting ofdi�erent sexes?Problem 2.6.41 From three Russians, four Ameri
ans,and two Spaniards, how many sele
tions of people 
an bemade, taking at least one of ea
h kind?Problem 2.6.42 The positive integer r satis�es
1�
9

r

� −
1�
10

r

� =
11

6

�
11

r

� .Find r.Problem 2.6.43 If 11

�
28

2r

�
= 225

�
24

2r − 4

�, �nd r.Problem 2.6.44 Compute the number of ten-digit numberswhi
h 
ontain only the digits 1, 2, and 3 with the digit 2 ap-pearing in ea
h number exa
tly twi
e.Problem 2.6.45 Prove Pas
al's Identity:�
n

k

�
=

�
n − 1

k − 1

�
+

�
n − 1

k

�
,for integers 1 ≤ k ≤ n.Problem 2.6.46 Give a 
ombinatorial interpretation ofNewton's Identity:�

n

r

��
r

k

�
=

�
n

k

��
n − k

r − k

� (2.1)for 0 ≤ k ≤ r ≤ n.Problem 2.6.47 Give a 
ombinatorial proof that for inte-ger n ≥ 1, �
2n

n

�
=

n∑

k=0

�
n

k

�2

.Problem 2.6.48 In ea
h of the 6-digit numbers
333333, 225522, 118818, 707099,ea
h digit in the number appears at least twi
e. Find thenumber of su
h 6-digit natural numbers.Problem 2.6.49 In ea
h of the 7-digit numbers

1001011, 5550000, 3838383, 7777777,ea
h digit in the number appears at least thri
e. Find thenumber of su
h 7-digit natural numbers.Free to photo
opy and distribute



40 Chapter 2Problem 2.6.50 (AIME 1983) The numbers 1447, 1005and 1231 have something in 
ommon: ea
h is a four-digitnumber beginning with 1 that has exa
tly two identi
al dig-its. How many su
h numbers are there?Problem 2.6.51 If there are �fteen players on a baseballteam, how many ways 
an the 
oa
h 
hoose nine playersfor the starting lineup if it does not matter whi
h positionthe players play (i.e., no distin
tion is made between playerA playing shortstop, left �eld, or any other positions as longas he is on the �eld)? How many ways are there if it doesmatter whi
h position the players play?Problem 2.6.52 (AHSME 1989) A 
hild has a set of 96distin
t blo
ks. Ea
h blo
k is one of two materials (plas-ti
, wood), three sizes (small, medium, large), four 
olours(blue, green, red, yellow), and four shapes (
ir
le, hexagon,square, triangle). How many blo
ks in the set are di�erentfrom the �plasti
 medium red 
ir
le� in exa
tly two ways?(The �wood medium red square� is su
h a blo
k.)Problem 2.6.53 There are four di�erent kinds of sweetsat a sweets store. I want to buy up to four sweets (I'm notsure if I want none, one, two, three, or four sweets) and

I refuse to buy more than one of any kind of sweet. Howmany ways 
an I do this?Problem 2.6.54 Suppose �ve people are in a lift. Thereare eight �oors that the lift stops at. How many distin
tways 
an the people exit the lift if either one or zero peopleexit at ea
h stop?Problem 2.6.55 If the natural numbers from 1 to
222222222 are written down in su

ession, how many 0'sare written?Problem 2.6.56 In how many ways 
an we distribute kidenti
al balls into n di�erent boxes so that ea
h box 
on-tains at most one ball and no two 
onse
utive boxes areempty?Problem 2.6.57 In a row of n seats in the do
tor'swaiting-room k patients sit down in a parti
ular orderfrom left to right. They sit so that no two of them are inadja
ent seats. In how many ways 
ould a suitable set of kseats be 
hosen?

2.7 Combinations with Repetitions92 Theorem (De Moivre) Let n be a positive integer. The number of positive integer solutions to
x1 + x2 + · · · + xr = nis �

n − 1

r − 1

�
.Proof: Write n as

n = 1 + 1 + · · · + 1 + 1,where there are n 1s and n − 1 +s. To de
ompose n in r summands we only need to 
hoose r − 1pluses from the n − 1, whi
h proves the theorem. ❑93 Example In how many ways may we write the number 9 as the sum of three positive integer summands?Here order 
ounts, so, for example, 1 + 7 + 1 is to be regarded di�erent from 7 + 1 + 1.
◮Solution: Noti
e that this is example 74. We are seeking integral solutions to

a + b + c = 9, a > 0, b > 0, c > 0.By Theorem 92 this is �
9 − 1

3 − 1

�
=

�
8

2

�
= 28.

◭Free to photo
opy and distribute



Combinations with Repetitions 4194 Example In how many ways 
an 100 be written as the sum of four positive integer summands?
◮Solution: We want the number of positive integer solutions to

a + b + c + d = 100,whi
h by Theorem 92 is �
99

3

�
= 156849.

◭95 Corollary Let n be a positive integer. The number of non-negative integer solutions to
y1 + y2 + · · · + yr = nis �

n + r − 1

r − 1

�
.Proof: Put xr − 1 = yr. Then xr ≥ 1. The equation

x1 − 1 + x2 − 1 + · · · + xr − 1 = nis equivalent to
x1 + x2 + · · · + xr = n + r,whi
h from Theorem 92, has �

n + r − 1

r − 1

�solutions. ❑96 Example Find the number of quadruples (a, b, c, d) of integers satisfying
a + b + c + d = 100, a ≥ 30, b > 21, c ≥ 1, d ≥ 1.

◮Solution: Put a ′ + 29 = a, b ′ + 20 = b. Then we want the number of positive integer solutionsto
a ′ + 29 + b ′ + 21 + c + d = 100,or

a ′ + b ′ + c + d = 50.By Theorem 92 this number is �
49

3

�
= 18424.

◭Free to photo
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42 Chapter 297 Example There are �ve people in a lift of a building having eight �oors. In how many ways 
an they 
hoosetheir �oor for exiting the lift?
◮Solution: Let xi be the number of people that �oor i re
eives. We are looking for non-negativesolutions of the equation

x1 + x2 + · · · + x8 = 5.Putting yi = xi + 1, then
x1 + x2 + · · · + x8 = 5 ⇒ (y1 − 1) + (y2 − 1) + · · · + (y8 − 1) = 5

⇒ y1 + y2 + · · · + y8 = 13,when
e the number sought is the number of positive solutions to
y1 + y2 + · · · + y8 = 13whi
h is �12

7

�
= 792. ◭98 Example Find the number of quadruples (a, b, c, d) of non-negative integers whi
h satisfy the inequality

a + b + c + d ≤ 2001.

◮Solution: The number of non-negative solutions to
a + b + c + d ≤ 2001equals the number of solutions to

a + b + c + d + f = 2001where f is a non-negative integer. This number is the same as the number of positive integersolutions to
a1 − 1 + b1 − 1 + c1 − 1 + d1 − 1 + f1 − 1 = 2001,whi
h is easily seen to be �2005

4

�. ◭99 ExampleHow many integral solutions to the equation
a + b + c + d = 100,are there given the following 
onstraints:

1 ≤ a ≤ 10, b ≥ 0, c ≥ 2, 20 ≤ d ≤ 30?Free to photo
opy and distribute



Binomial Theorem 43
◮Solution: We use In
lusion-Ex
lusion. There are �80

3

�
= 82160 integral solutions to

a + b + c + d = 100, a ≥ 1, b ≥ 0, c ≥ 2, d ≥ 20.Let A be the set of solutions with
a ≥ 11, b ≥ 0, c ≥ 2, d ≥ 20and B be the set of solutions with
a ≥ 1, b ≥ 0, c ≥ 2, d ≥ 31.Then 
ard (A) =

�
70

3

�, 
ard (B) =

�
69

3

�, 
ard (A ∩ B) =

�
59

3

� and so
ard (A ∪ B) =

�
70

3

�
+

�
69

3

�
−

�
59

3

�
= 74625.The total number of solutions to

a + b + c + d = 100with
1 ≤ a ≤ 10, b ≥ 0, c ≥ 2, 20 ≤ d ≤ 30is thus �

80

3

�
−

�
70

3

�
−

�
69

3

�
+

�
59

3

�
= 7535.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.7.1 How many positive integral solutions arethere to
a + b + c = 10?Problem 2.7.2 Three fair di
e, one red, one white, andone blue are thrown. In how many ways 
an they land sothat their sum be 10 ?Problem 2.7.3 Adena has twenty indistinguishable pie
esof sweet-meats that she wants to divide amongst her �vestep
hildren. How many ways 
an she divide the sweet-meats so that ea
h step
hild gets at least two pie
es of sweet-meats?

Problem 2.7.4 How many integral solutions are there tothe equation
x1 + x2 + · · · + x100 = nsubje
t to the 
onstraints

x1 ≥ 1, x2 ≥ 2, x3 ≥ 3, . . . , x99 ≥ 99, x100 ≥ 100?Problem 2.7.5 (AIME 1998) Find the number of orderedquadruplets (a, b, c, d) of positive odd integers satisfying
a + b + c + d = 98.

2.8 Binomial Theorem100 Theorem (Binomial Theorem) For n ∈ Z, n ≥ 0,

(x + y)n =

n∑

k=0

�
n

k

�
xkyn−k.Proof: Observe that expanding

(x + y)(x + y) · · · (x + y)
︸ ︷︷ ︸

n timesFree to photo
opy and distribute



44 Chapter 2
onsists of adding up all the terms obtained from multiplying either an x or a y from the �rstset of parentheses times either an x or a y from the se
ond set of parentheses et
. To get xk, xmust be 
hosen from exa
tly k of the sets of parentheses. Thus the number of xk terms is �n

k

�.It follows that
(x + y)n =

�
n

0

�
x0yn +

�
n

1

�
xyn−1 +

�
n

2

�
x2yn−2 + · · · +

�
n

n

�
xny0

=
∑n

k=0

�
n

k

�
xkyn−k.

(2.2)
❑

☞By setting x = y = 1 in 2.2 we obtain
2n =

�
n

0

�
+

�
n

1

�
+

�
n

2

�
+ · · · +

�
n

n − 1

�
+

�
n

n

�
,101 Example Expand (2 − x)5.

◮Solution: By the Binomial Theorem
(2 − x)5 =

5∑

k=0

25−k(−x)k

�
5

k

�
= 32 − 80x + 80x2 − 40x3 + 10x4 − x5.

◭Here is another proof of Theorem 53.102 Theorem Let n ∈ N. If A is a �nite set with n elements, then the power set of A has 2n di�erent elements,i.e., A has 2n di�erent subsets.Proof: A has exa
tly 1 =

�
n

0

� subset with 0 elements, exa
tly n =

�
n

1

� subsets with 1 ele-ments,. . . , and exa
tly 1 =

�
n

n

� subset with n elements. By the Binomial Theorem,�
n

0

�
+

�
n

1

�
+

�
n

2

�
+ · · · +

�
n

n

�
= (1 + 1)n = 2n.

❑103 Example (AIME 1989) Ten points are marked on a 
ir
le. How many distin
t 
onvex polygons of three ormore sides 
an be drawn using some (or all) of the ten points as verti
es? (Polygons are distin
t unless theyhave exa
tly the same verti
es.)Free to photo
opy and distribute



Binomial Theorem 45
◮Solution: Choosing k points 3 ≤ k ≤ 10 points will determine a k-sided polygon, sin
e thepolygons are 
onvex and thus have no folds. The answer is thus

10∑

k=3

�
10

k

�
= 210 −

�
10

0

�
−

�
10

1

�
−

�
10

2

�
= 1024 − 1 − 10 − 45 = 968.

◭104 Example Simplify
10∑

k=1

2k

�
11

k

�
.

◮Solution: By the Binomial Theorem, the 
omplete sum ∑11
k=0

�
11

k

�
2k = 311. The required sumla
ks the zeroth term, �11

0

�
20 = 1, and the eleventh term, �11

11

�
211 from this 
omplete sum. Therequired sum is thus 311 − 211 − 1. ◭105 Example Find the 
oe�
ient of x12 in the expansion of

(x2 + 2x)10.

◮Solution: We have
(x2 + 2x)10 =

10∑

k=0

�
10

k

�
(x2)k(2x)10−k =

10∑

k=0

�
10

k

�
210−kxk+10.To obtain x12 we need k = 2. Hen
e the 
oe�
ient sought is �10

2

�
28 = 11520 ◭We will now derive some identities for later use.106 Lemma �

n

k

�
=

n

k

�
n − 1

k − 1

�
.Proof: �

n

k

�
=

n!

k!(n − k)!
=

n

k
· (n − 1)!

(k − 1)!(n − k)!
=

n

k

�
n − 1

k − 1

�
.

❑107 Lemma �
n

k

�
=

n

k
· n − 1

k − 1
·
�

n − 2

k − 2

�
.Free to photo
opy and distribute



46 Chapter 2Proof: �
n

k

�
=

n!

k!(n − k)!
=

n(n − 1)

k(k − 1)
· (n − 2)!

(k − 2)!(n − k)!
=

n

k
· n − 1

k − 1
·
�

n − 2

k − 2

�
.

❑108 Theorem
n∑

k=1

k

�
n

k

�
pk(1 − p)n−k = np.Proof: We use the identity k

�
n

k

�
= n

�
n − 1

k − 1

�. Then
∑n

k=1 k

�
n

k

�
pk(1 − p)n−k =

∑n

k=1 n

�
n − 1

k − 1

�
pk(1 − p)n−k

=
∑n−1

k=0 n

�
n − 1

k

�
pk+1(1 − p)n−1−k

= np
∑n−1

k=0

�
n − 1

k

�
pk(1 − p)n−1−k

= np(p + 1 − p)n−1

= np.

❑109 Lemma
n∑

k=2

k(k − 1)

�
n

k

�
pk(1 − p)n−k = n(n − 1)p2.Proof: We use the identity

k(k − 1)

�
n

k

�
= n(n − 1)

�
n − 2

k − 2

�
.Then

∑n
k=2 k(k − 1)

�
n

k

�
pk(1 − p)n−k =

∑n
k=2 n(n − 1)

�
n − 2

k − 2

�
pk(1 − p)n−k

=
∑n−2

k=0 n(n − 1)

�
n − 2

k

�
pk+2(1 − p)n−1−k

= n(n − 1)p2
∑n−2

k=0

�
n − 1

k

�
pk(1 − p)n−2−k

= n(n − 1)p2(p + 1 − p)n−2

= n(n − 1)p2.

❑110 Theorem
n∑

k=0

(k − np)2

�
n

k

�
pk(1 − p)n−k = np(1 − p).Free to photo
opy and distribute



Mis
ellaneous Counting Problems 47Proof: We use the identity
(k − np)2 = k2 − 2knp + n2p2 = k(k − 1) + k(1 − 2np) + n2p2.Then

∑n
k=0(k − np)2

�
n

k

�
pk(1 − p)n−k =

∑n
k=0(k(k − 1) + k(1 − 2np)

+n2p2)

�
n

k

�
pk(1 − p)n−k

=
∑n

k=0 k(k − 1)

�
n

k

�
pk(1 − p)n−k

+(1 − 2np)
∑n

k=0 k

�
n

k

�
pk(1 − p)n−k

+n2p2
∑n

k=0

�
n

k

�
pk(1 − p)n−k

= n(n − 1)p2 + np(1 − 2np) + n2p2

= np(1 − p).

❑

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.8.1 Expand (a − 2b)5.Problem 2.8.2 Expand (2a + 3b)4.Problem 2.8.3 By alternately putting x = 1 and x = −1in 2.2 and adding and subtra
ting the 
orresponding quan-
tities, dedu
e the identities

2
n−1

=

�
n

0

�
+

�
n

2

�
+

�
n

4

�
+ · · · ,

2
n−1

=

�
n

1

�
+

�
n

3

�
+

�
n

5

�
+ · · · ,

2.9 Miscellaneous Counting Problems111 Example n equally spa
ed points 1, 2, . . . , n are marked on a 
ir
umferen
e. If 15 dire
tly opposite to 49,how many points are there total?
◮Solution: Points 16, 17, . . . , 48 are 33 in total and are on the same side of the diameterjoining 15 to 49. For ea
h of these points there is a 
orresponding diametri
ally opposite point.There are thus a total of 2 · 33 + 2 = 68 points. ◭112 Example An urn has 900 
hips, numbered 100 through 999. Chips are drawn at random and withoutrepla
ement from the urn, and the sum of their digits is noted. What is the smallest number of 
hips that mustbe drawn in order to guarantee that at least three of these digital sums be equal?Free to photo
opy and distribute
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◮Solution: There are 27 di�erent sums. The sums 1 and 27 only appear on
e (in 100 and 999),ea
h of the other 25 sums appears thri
e. Thus if 27 + 25 + 1 = 53 are drawn, at least 3 
hips willhave the same sum. ◭113 Example Little Dwayne has 100 
ards where the integers from 1 through 100 are written. He also has anunlimited supply of 
ards with the signs + and =. How many true equalities 
an he make, if he uses ea
h 
ardno more than on
e?
◮Solution: The shortest equality under the stated 
onditions must involve 3 numbers, and hen
ea maximum of 33 equalities 
an be a
hieved. The 33 equalities below shew that this maximum 
anbe a
hieved.

1 + 75 = 76 23 + 64 = 87 45 + 53 = 98

3 + 74 = 77 25 + 63 = 88 47 + 52 = 99

5 + 73 = 78 27 + 62 = 89 49 + 51 = 100

7 + 72 = 79 29 + 61 = 90 24 + 26 = 50

9 + 71 = 80 31 + 60 = 91 20 + 28 = 48

11 + 70 = 81 33 + 59 = 92 16 + 30 = 46

13 + 69 = 82 35 + 58 = 93 12 + 32 = 44

15 + 68 = 83 37 + 57 = 94 8 + 34 = 42

17 + 67 = 84 39 + 56 = 95 2 + 38 = 40

19 + 66 = 85 41 + 55 = 96 4 + 6 = 10

21 + 65 = 86 43 + 54 = 97 14 + 22 = 36

◭114 Example (Derangements) Ten di�erent letters are taken from their envelopes, read, and then randomlyrepla
ed in the envelopes. In how many ways 
an this repla
ing be done so that none of the letters will be inthe 
orre
t envelope?
◮Solution: Let Ai be the property that the i-th letter is put ba
k into the i-th envelope. We want
ard �Ac

1 ∩ Ac
2 ∩ · · · ∩ Ac

10

�
.Now, if we a

ommodate the i-th letter in its envelope, the remaining nine letters 
an be put in 9!di�erent ways in the nine remaining envelopes, thus 
ard (Ai) = 9!. Similarly 
ard (Ai ∩ Aj) = 8!,Free to photo
opy and distribute
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ard (Ai ∩ Aj ∩ Ak) = 7!, et
. for unequal i, j, k, . . .. Now, there are �10

1

� ways of 
hoosing i,�
10

2

� ways of 
hoosing di�erent pairs i, j, et
.. Sin
e
ard (A1 ∪ A2 ∪ · · · ∪ A10) + 
ard �Ac
1 ∩ Ac

2 ∩ · · · + ∩Ac
10

�
= 10!,by the In
lusion-Ex
lusion Prin
iple we gather that
ard �Ac

1 ∩ Ac
2 ∩ · · · ∩ Ac

10

�
= 10! −

��
10

1

�
9! +

�
10

2

�
8! −

�
10

3

�
7! + · · · −

�
10

9

�
1! +

�
10

10

�
0!

�
.

◭115 Example (AIME 1993) How many ordered four-tuples of integers (a, b, c, d) with 0 < a < b < c < d < 500satisfy satisfy a + d = b + c and bc − ad = 93?
◮Solution: Sin
e a + d = b + c, we 
an write the four-tuple (a, b, c, d) as (a, b, c, d) = (a, a +

x, a+y, a+x+y), with integers x, y, 0 < x < y. Now, 93 = bc−ad = (a+x)(a+y)−a(a+x+y) =

xy. Thus either (x, y) = (1, 93) or (x, y) = (3, 31). In the �rst 
ase
(a, b, c, d) = (a, a + 1, a + 93, a + 94)is in the desired range for 1 ≤ a ≤ 405. In the se
ond 
ase,
(a, b, c, d) = (a, a + 3, a + 31, a + 34)is in the desired range for 1 ≤ a ≤ 465. These two sets of four-tuples are disjoint, and so thesought number of four-tuples is 870. ◭116 Example A is a set of one hundred distin
t natural numbers su
h that any triplet a, b, c of A (repetitionsare allowed in a triplet) gives a non-obtuse triangle whose sides measure a, b, and c. Let S(A ) be the sumof the perimeters obtained by adding all the triplets in A . Find the smallest value of S(A ). Note: we 
ountrepetitions in the sum S(A ), thus all permutations of a triplet (a, b, c) appear in S(A ).

◮Solution: Let m be the largest member of the set and let n be its smallest member. Then
m ≥ n+99 sin
e there are 100 members in the set. If the triangle with sides n, n, m is non-obtusethen m2 ≤ 2n2 from where

(n + 99)2 ≤ 2n2 ⇐⇒ n2 − 198n − 992 ≥ 0 ⇐⇒ n ≥ 99(1 +
√

2) ⇐⇒ n ≥ 240.If n < 240 the stated 
ondition is not met sin
e m2 ≥ (n + 99)2 ≥ 2n2 and the triangle with sidesof length n, n, m is not obtuse. Thus the set
A = {240, 241, 242, . . . , 339}a
hieves the required minimum. There are 1003 = 1000000 triangles that 
an be formed with lengthin A and so 3000000 sides to be added. Of these 3000000/100 = 30000 are 240, 30000 are 241,et
. Thus the value required is

30000(240 + 241 + · · · + 339) = (30000)

�
100(240 + 339)

2

�
= 868500000.

◭Free to photo
opy and distribute



50 Chapter 2
. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 2.9.1 Prove that the sum of the digits appearingin the integers

1, 2, 3, . . . , 99 . . . 9︸ ︷︷ ︸
n 9 ′sis 9n10n

2
.Problem 2.9.2 Give a 
ombinatorial proof of Vander-monde's Convolution Identity:

n∑

k=0

�
r

k

��
s

n − k

�
=

�
r + s

n

�for positive integers r, s ≥ n.Problem 2.9.3 (The Lo
ker-room Problem) A lo
kerroom 
ontains n lo
kers, numbered 1 through n. Initiallyall doors are open. Person number 1 enters and 
loses allthe doors. Person number 2 enters and opens all the doorswhose numbers are multiples of 2. Person number 3 entersand if a door whose number is a multiple of 3 is open thenhe 
loses it; otherwise he opens it. Person number 4 entersand 
hanges the status (from open to 
losed and vi
eversa)of all doors whose numbers are multiples of 4, and so forthtill person number n enters and 
hanges the status of doornumber n. Whi
h lo
kers are now 
losed?Problem 2.9.4 Four 
omrades are ra
ing down a dustystair
ase. Oli goes down two steps at a time, Gooh three,

Phree four, and Ny
k �ve. If the only steps with all four'sfootprints are at the top and at the bottom, how many stepshave just one footprint?Problem 2.9.5 (AHSME 1992) For how many integersbetween 1 and 100 does
x

2
+ x − nfa
tor into the produ
t of two linear fa
tors with integer
oe�
ients?Problem 2.9.6 How many triplets (a, b, c) with a, b, c ∈

{1, 2, . . . , 101} simultaneously satisfy a < b and a < c?Problem 2.9.7 (Putnam 1987) The sequen
e of digits
12345678910111213141516171819202122 . . .is obtained by writing the positive integers in order. If the

10n digit of this sequen
e o

urs in the part in whi
h the
m-digit numbers are pla
ed, de�ne f : N → N by f(n) = m.For example f(2) = 2, be
ause the hundredth digit enters thesequen
e in the pla
ement of the two-digit integer 55. Find,with proof, f(1987).Problem 2.9.8 Let E = {(x, y) : x ∈ Z, y ∈ Z, x2 + y2 ≤
6}. Find 
ard (E) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . Answers . . . . . . . . . . . . . . . . . . . . . . . . . . . .2.1.1 Let Ak ⊆ A be the set of those integers divisible by k.
➊ Noti
e that the elements are 2 = 2(1), 4 = 2(2), . . . , 114 = 2(57). Thus 
ard (A) = 57.

➋ There are T 57
3

U = 19 integers in A divisible by 3. They are
{6, 12, 18, . . . , 114}.Noti
e that 114 = 6(19). Thus 
ard (A3) = 19.

➌ There are T 57
5

U = 11 integers in A divisible by 5. They are
{10, 20, 30, . . . , 110}.Noti
e that 110 = 10(11). Thus 
ard (A5) = 11

➍ There are T 57
15

U = 3 integers in A divisible by 15. They are {30, 60, 90}. Noti
e that 90 = 30(3). Thus 
ard (A15) = 3,and observe that by Theorem ?? we have 
ard (A15) = 
ard (A3 ∩ A5).
➎ We want 
ard (A3 ∪ A5) = 19 + 11 − 3 = 27.

➏ We want 
ard (A \ (A3 ∪ A5)) = 
ard (A) − 
ard (A3 ∪ A5)

= 57 − 27

= 30.Free to photo
opy and distribute
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➐ We want 
ard ((A3 ∪ A5) \ (A3 ∩ A5)) = 
ard ((A3 ∪ A5))

−
ard (A3 ∩ A5)

= 27 − 3

= 24.2.1.2 We have
➊ T

100

2
U = 50

➋ T
100

3
U = 33

➌ T
100

7
U = 14

➍ T
100

6
U = 16

➎ T
100

14
U = 7

➏ T
100

21
U = 4

➐ T
100

42
U = 2

➑ 100 − 50 − 33 − 14 + 16 + 7 + 4 − 2 = 28

➒ 16 − 2 = 14

➓ 522.1.3 52%2.1.4 222.1.5 Let A be the set of students liking Mathemati
s, B the set of students liking theology, and C be the set of studentsliking al
hemy. We are given that 
ard (A) = 14, 
ard (B) = 16,
ard (C) = 11, 
ard (A ∩ B) = 7, 
ard (B ∩ C) = 8, 
ard (A ∩ C) = 5,and 
ard (A ∩ B ∩ C) = 4.By the Prin
iple of In
lusion-Ex
lusion,
ard (Ac ∩ Bc ∩ Cc) = 40 − 
ard (A) − 
ard (B) − 
ard (C)

+
ard (A ∩ B) + 
ard (A ∩ C) + 
ard (B ∩ C)

−
ard (A ∩ B ∩ C) .Substituting the numeri
al values of these 
ardinalities
40 − 14 − 16 − 11 + 7 + 5 + 8 − 4 = 15.2.1.6 We have

➊ 31

➋ 10

➌ 3

➍ 3Free to photo
opy and distribute



52 Chapter 2
➎ 1

➏ 1

➐ 1

➑ 9602.1.7 Let Y, F, S, M stand for young, female, single, male, respe
tively, and let H stand for married.2 We have
ard (Y ∩ F ∩ S) = 
ard (Y ∩ F) − 
ard (Y ∩ F ∩ H)

= 
ard (Y) − 
ard (Y ∩ M)

−(
ard (Y ∩ H) − 
ard (Y ∩ H ∩ M))

= 3000 − 1320 − (1400 − 600)

= 880.2.1.8 342.1.9 30; 7; 5; 182.1.10 42.1.11 Let C denote the set of people who like 
andy, I the set of people who like i
e 
ream, and K denote the set of peoplewho like 
ake. We are given that 
ard (C) = 816, 
ard (I) = 723, 
ard (K) = 645, 
ard (C ∩ I) = 562, 
ard (C ∩ K) = 463,
ard (I ∩ K) = 470, and 
ard (C ∩ I ∩ K) = 310. By In
lusion-Ex
lusion we have
ard (C ∪ I ∪ K) = 
ard (C) + 
ard (I) + 
ard (K)

−
ard (C ∩ I) − 
ard (C ∩ K) − 
ard (I ∩ C)

+
ard (C ∩ I ∩ K)

= 816 + 723 + 645 − 562 − 463 − 470 + 310

= 999.The investigator mis
ounted, or probably did not report one person who may not have liked any of the three things.2.1.12 A set with k elements has 2k di�erent subsets. We are given
2

100
+ 2

100
+ 2


ard(C)
= 2


ard(A∪B∪C)
.This for
es 
ard (C) = 101, as 1 + 2
ard(C)−101 is larger than 1 and a power of 2. Hen
e 
ard (A ∪ B ∪ C) = 102. Usingthe Prin
iple In
lusion-Ex
lusion, sin
e 
ard (A) + 
ard (B) + 
ard (C) − 
ard (A ∪ B ∪ C) = 199,
ard (A ∩ B ∩ C) = 
ard (A ∩ B) + 
ard (A ∩ C) + 
ard (B ∩ C) − 199

= (
ard (A) + 
ard (B) − 
ard (A ∪ B))

+(
ard (A) + 
ard (C)

−
ard (A ∪ C)) + 
ard (B) + 
ard (C)

−
ard (B ∪ C) − 199

= 403 − 
ard (A ∪ B) − 
ard (A ∪ C) − 
ard (B ∪ C) .2Or H for hanged, if you prefer.Free to photo
opy and distribute



Mis
ellaneous Counting Problems 53As A ∪ B, A ∪ C, B ∪ C ⊆ A ∪ B ∪ C, the 
ardinalities of all these sets are ≤ 102. Thus
ard (A ∩ B ∩ C) = 403 − 
ard (A ∪ B) − 
ard (A ∪ C)

−
ard (B ∪ C) ≥ 403 − 3 · 102

= 97.By letting
A = {1, 2, . . . , 100}, B = {3, 4, . . . , 102},and

C = {1, 2, 3, 4, 5, 6, . . . , 101, 102}we see that the bound 
ard (A ∩ B ∩ C) = 
ard ({4, 5, 6, . . . , 100}) = 97 is a
hievable.2.1.13 Let A denote the set of those who lost an eye, B denote those who lost an ear, C denote those who lost an arm and
D denote those losing a leg. Suppose there are n 
ombatants. Then

n ≥ 
ard (A ∪ B)

= 
ard (A) + 
ard (B) − 
ard (A ∩ B)

= .7n + .75n − 
ard (A ∩ B) ,

n ≥ 
ard (C ∪ D)

= 
ard (C) + 
ard (D) − 
ard (C ∩ D)

= .8n + .85n − 
ard (C ∩ D) .This gives 
ard (A ∩ B) ≥ .45n,
ard (C ∩ D) ≥ .65n.This means that
n ≥ 
ard ((A ∩ B) ∪ (C ∩ D))

= 
ard (A ∩ B) + 
ard (C ∩ D) − 
ard (A ∩ B ∩ C ∩ D)

≥ .45n + .65n − 
ard (A ∩ B ∩ C ∩ D) ,when
e 
ard (A ∩ B ∩ C ∩ D) ≥ .45 + .65n − n = .1n.This means that at least 10% of the 
ombatants lost all four members.2.2.1 210 = 10242.2.2 I 
an 
hoose a right shoe in any of nine ways, on
e this has been done, I 
an 
hoose a non-mat
hing left shoe in eightways, and thus I have 72 
hoi
es.Aliter: I 
an 
hoose any pair in 9 × 9 = 81 ways. Of these, 9 are mat
hing pairs, so the number of non-mat
hing pairs is
81 − 9 = 72.2.2.3 = (20)(19)(20)(19)(20)(20) = 577600002.2.4 10353 − 10252 = 122500Free to photo
opy and distribute



54 Chapter 22.2.5 The number of di�erent li
ense plates is the number of di�erent four-tuples (Letter 1 , Letter 2 , Digit 1 , Digit 2). The�rst letter 
an be 
hosen in 26 ways, and so we have
26 .The se
ond letter 
an be 
hosen in any of 26 ways:
26 26 .The �rst digit 
an be 
hosen in 10 ways:
26 26 10 .Finally, the last digit 
an be 
hosen in 10 ways:
26 26 10 10 .By the multipli
ation prin
iple, the number of di�erent four-tuples is 26 · 26 · 10 · 10 = 67600.2.2.6 (i) In this 
ase we have a grid like
26 26 10 9 ,sin
e after a digit has been used for the third position, it 
annot be used again. Thus this 
an be done in 26 ·26 ·10 ·9 = 60840ways.(ii) In this 
ase we have a grid like
26 25 10 10 ,sin
e after a letter has been used for the �rst position, it 
annot be used again. Thus this 
an be done in 26 ·25 ·10 ·10 = 65000ways.(iii) After a similar reasoning, we obtain a grid like
26 25 10 9 .Thus this 
an be done in 26 · 25 · 10 · 9 = 58500 ways.2.2.7 [1℄ 8, [2℄ 5232 = 225, [3℄ 52 · 3 · 2 = 150, [4℄ 5 · 4 · 32 = 180, [5℄ 8 · 7 · 6 · 5 = 1680.2.2.8 4322.2.9 Solution:

➊ The �rst letter 
an be one of any 4. After 
hoosing the �rst letter, we have 3 
hoi
es for the se
ond letter, et
.. Thetotal number of words is thus 4 · 3 · 2 · 1 = 24.
➋ The �rst letter 
an be one of any 4. Sin
e we are allowed repetitions, the se
ond letter 
an also be one of any 4, et
..The total number of words so formed is thus 44 = 256.2.2.10 The last digit must perfor
e be 5. The other �ve digits 
an be �lled with any of the six digits on the list: the totalnumber is thus 65 .2.2.11 We have
➊ This is 5 · 86 = 1310720.
➋ This is 5 · 7 · 6 · 5 · 4 · 3 · 2 = 25200.
➌ This is 5 · 85 · 4 = 655360.
➍ This is 5 · 85 · 4 = 655360.Free to photo
opy and distribute
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➎ We 
ondition on the last digit. If the last digit were 1 or 5 then we would have 5 
hoi
es for the �rst digit, and so wewould have

5 · 6 · 5 · 4 · 3 · 2 · 2 = 7200phone numbers. If the last digit were either 3 or 7, then we would have 4 
hoi
es for the last digit and so we wouldhave
4 · 6 · 5 · 4 · 3 · 2 · 2 = 5760phone numbers. Thus the total number of phone numbers is

7200 + 5760 = 12960.2.2.12 26 · 254 = 101562502.2.13 For the leftmost digit 
annot be 0 and so we have only the nine 
hoi
es
{1, 2, 3, 4, 5, 6, 7, 8, 9}for this digit. The other n − 1 digits 
an be �lled out in 10 ways, and so there are

9 · 10 · · · 10︸ ︷︷ ︸
n−1 10 ′s = 9 · 10

n−1
.2.2.14 The leftmost digit 
annot be 0 and so we have only the nine 
hoi
es

{1, 2, 3, 4, 5, 6, 7, 8, 9}for this digit. If the integer is going to be even, the last digit 
an be only one of the �ve {0, 2, 4, 6, 8}. The other n − 2 digits
an be �lled out in 10 ways, and so there are
9 · 10 · · · 10︸ ︷︷ ︸

n−2 10 ′s ·5 = 45 · 10
n−2

.2.2.15 9 1-digit numbers and 8 · 9n−1 n-digit numbers n ≥ 2.2.2.16 One 
an 
hoose the last digit in 9 ways, one 
an 
hoose the penultimate digit in 9 ways, et
. and one 
an 
hoose these
ond digit in 9 ways, and �nally one 
an 
hoose the �rst digit in 9 ways. The total number of ways is thus 9n .2.2.17 m2 , m(m − 1)2.2.18 We will assume that the positive integers may be fa
torised in a unique manner as the produ
t of primes. Expandingthe produ
t
(1 + 2 + 2

2
+ · · · + 2

8
)(1 + 3 + 3

2
+ · · · + 3

9
)(1 + 5 + 5

2
)ea
h fa
tor of 283952 appears and only the fa
tors of this number appear. There are then, as many fa
tors as terms in thisprodu
t. This means that there are (1 + 8)(1 + 9)(1 + 3) = 320 fa
tors.The sum of the divisors of this number may be obtained by adding up ea
h geometri
 series in parentheses. The desiredsum is then

29 − 1

2 − 1
· 310 − 1

3 − 1
· 53 − 1

5 − 1
= 467689684.

☞A similar argument gives the following. Let p1, p2 , . . . , pk be di�erent primes. Then the integer
n = p

a1

1 p
a2

2 · · · p
ak

khas d(n) = (a1 + 1)(a2 + 1) · · · (ak + 1)positive divisors. Also, if σ(n) denotes the sum of all positive divisors of n, then
σ(n) =

p
a1+1

1 − 1

p1 − 1
· p

a2+1

2 − 1

p2 − 1
· · · p

ak+1

k − 1

pk − 1
.Free to photo
opy and distribute



56 Chapter 22.2.19 The 96 fa
tors of 295 are 1, 2, 22, . . . , 295 . Observe that 210 = 1024 and so 220 = 1048576. Hen
e
2

19
= 524288 < 1000000 < 1048576 = 2

20
.The fa
tors greater than 1, 000, 000 are thus 220, 221, . . . 295. This makes for 96 − 20 = 76 fa
tors.2.2.20 (1 + 3)(1 + 2)(1 + 1) = 24; 18; 6; 4.2.2.21 162.2.22 n = 1 + 1 + · · · + 1︸ ︷︷ ︸

n−1 + ′s . One either erases or keeps a plus sign.2.2.23 There are 589 su
h values. The easiest way to see this is to observe that there is a bije
tion between the divisors of n2whi
h are > n and those < n. For if n2 = ab, with a > n, then b < n, be
ause otherwise n2 = ab > n · n = n2 , a 
ontradi
tion.Also, there is exa
tly one de
omposition n2 = n · n. Thus the desired number is
T

d(n2)

2
U + 1 − d(n) = T

(63)(39)

2
U + 1 − (32)(20) = 589.2.2.24 The total number of sequen
es is 3n . There are 2n sequen
es that 
ontain no 0, 1 or 2. There is only one sequen
ethat 
ontains only 1's, one that 
ontains only 2's, and one that 
ontains only 0's. Obviously, there is no ternary sequen
ethat 
ontains no 0's or 1's or 2's. By the Prin
iple of In
lusion-Ex
lusion, the number required is

3
n

− (2
n

+ 2
n

+ 2
n
) + (1 + 1 + 1) = 3

n
− 3 · 2

n
+ 3.2.2.25 The 
onditions of the problem stipulate that both the region outside the 
ir
les in diagram 2.3 and R3 will be empty.We are thus left with 6 regions to distribute 100 numbers. To ea
h of the 100 numbers we may thus assign one of 6 labels.The number of sets thus required is 6100.2.3.1 212.3.2 562.3.3 There are 262 − 252 = 51 using two letters with at least one of the letters a D, and 263 − 253 with three letters, withat least one of the letters a D. Thus there is a total of (262 − 252) + (263 − 253) = 2002.2.3.4

9 + 9 · 9

+9 · 9 · 8 + 9 · 9 · 8 · 7

+9 · 9 · 8 · 7 · 6 + 9 · 9 · 8 · 7 · 6 · 5

+9 · 9 · 8 · 7 · 6 · 5 · 4 + 9 · 9 · 8 · 7 · 6 · 5 · 4 · 3

+9 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2

+9 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1

= 88776902.3.5 2 + 4 + 8 + 16 = 30.2.3.6 8; 12(n − 2); 6(n − 2)2 ; (n − 2)3Comment: This proves that n3 = (n − 2)3 + 6(n − 2)2 + 12(n − 2) + 8.2.3.7 We 
ondition on the �rst digit, whi
h 
an be 4, 5, or 6. If the number starts with 4, in order to satisfy the 
onditionsof the problem, we must 
hoose the last digit from the set {0, 2, 6, 8}. Thus we have four 
hoi
es for the last digit. On
e thislast digit is 
hosen, we have 8 
hoi
es for the penultimate digit and 7 
hoi
es for the antepenultimate digit. There are thus
4 × 8 × 7 = 224 even numbers whi
h have their digits distin
t and start with a 4. Similarly, there are 224 even numbers willall digits distin
t and starting with a 6. When they start with a 5, we have 5 
hoi
es for the last digit, 8 for the penultimateand 7 for the antepenultimate. This gives 5 × 8 × 7 = 280 ways. The total number is thus 224 + 224 + 280 = 728.Free to photo
opy and distribute



Mis
ellaneous Counting Problems 572.3.8 When the number 99 is written down, we have used
1 · 9 + 2 · 90 = 189digits. If we were able to write 999, we would have used

1 · 9 + 2 · 90 + 3 · 900 = 2889digits, whi
h is more than 1002 digits. The 1002nd digit must be among the three-digit positive integers. We have 1002−189 =

813 digits at our disposal, from whi
h we 
an make ⌊ 813
3

⌋ = 271 three-digit integers, from 100 to 370. When the 0 in 370 iswritten, we have used 189 + 3 · 271 = 1002 digits. The 1002nd digit is the 0 in 370.2.3.9 42.3.10 There is 1 su
h number with 1 digit, 10 su
h numbers with 2 digits, 100 with three digits, 1000 with four digits, et
.Starting with 2 and �nishing with 299 we have used 1 · 1 + 2 · 10 + 3 · 100 = 321 digits. We need 1978 − 321 = 1657 moredigits from among the 4-digit integers starting with 2. Now T 1657
4

U = 414, so we look at the 414th 4-digit integer startingwith 2, namely, at 2413. Sin
e the 3 in 2413 
onstitutes the 321 + 4 · 414 = 1977-th digit used, the 1978-th digit must bethe 2 starting 2414.2.3.11 199902.3.12 [1℄ 125, [2℄ 25, [3℄ 25, [4℄ 5 + 2 · 3 + 3 · 6 = 29.2.3.13 82.3.14 40952.3.15 1442.3.16 First observe that 1 + 7 = 3 + 5 = 8. The numbers formed have either one, two, three or four digits. The sum of thenumbers of 1 digit is 
learly 1 + 7 + 3 + 5 = 16.There are 4 × 3 = 12 numbers formed using 2 digits, and hen
e 6 pairs adding to 8 in the units and the tens. The sumof the 2 digits formed is 6((8)(10) + 8) = 6 × 88 = 528.There are 4 × 3 × 2 = 24 numbers formed using 3 digits, and hen
e 12 pairs adding to 8 in the units, the tens, and thehundreds. The sum of the 3 digits formed is 12(8(100) + (8)(10) + 8) = 12 × 888 = 10656.There are 4 × 3 × 2 · 1 = 24 numbers formed using 4 digits, and hen
e 12 pairs adding to 8 in the units, the tens thehundreds, and the thousands. The sum of the 4 digits formed is 12(8(1000)+8(100)+(8)(10)+8) = 12 × 8888 = 106656.The desired sum is �nally
16 + 528 + 10656 + 106656 = 117856.2.3.17 Observe that

➊ We �nd the pairs
{1, 6}, {2, 7}, {3, 8}, . . . , {45, 50},so there are 45 in total. (Note: the pair {a, b} is indistinguishable from the pair {b, a}.

➋ If |a − b| = 1, then we have
{1, 2}, {2, 3}, {3, 4}, . . . , {49, 50},or 49 pairs. If |a − b| = 2, then we have
{1, 3}, {2, 4}, {3, 5}, . . . , {48, 50},or 48 pairs. If |a − b| = 3, then we have
{1, 4}, {2, 5}, {3, 6}, . . . , {47, 50},Free to photo
opy and distribute



58 Chapter 2or 47 pairs. If |a − b| = 4, then we have
{1, 5}, {2, 6}, {3, 7}, . . . , {46, 50},or 46 pairs. If |a − b| = 5, then we have
{1, 6}, {2, 7}, {3, 8}, . . . , {45, 50},or 45 pairs.The total required is thus
49 + 48 + 47 + 46 + 45 = 235.2.3.18 If x = 0, put m(x) = 1, otherwise put m(x) = x. We use three digits to label all the integers, from 000 to 999 If a, b, care digits, then 
learly p(100a + 10b + c) = m(a)m(b)m(c). Thus

p(000) + · · · + p(999) = m(0)m(0)m(0) + · · · + m(9)m(9)m(9),whi
h in turn
= (m(0) + m(1) + · · · + m(9))3

= (1 + 1 + 2 + · · · + 9)3

= 463

= 97336.Hen
e
S = p(001) + p(002) + · · · + p(999)

= 97336 − p(000)

= 97336 − m(0)m(0)m(0)

= 97335.2.4.1 1202.4.2 479001600; 4838400; 338688002.4.3 720; 24; 120; 1442.4.4 14402.4.5 1282.4.6 817296480002.4.7 2492.4.8 We have
➊ This is 8!.
➋ Permute XY in 2! and put them in any of the 7 spa
es 
reated by the remaining 6 people. Permute the remaining 6people. This is 2! · 7 · 6!.
➌ In this 
ase, we alternate between sexes. Either we start with a man or a woman (giving 2 ways), and then we permutethe men and the women. This is 2 · 4!4!.
➍ Glue the 
ouples into 4 separate blo
ks. Permute the blo
ks in 4! ways. Then permute ea
h of the 4 blo
ks in 2!. Thisis 4!(2!)4 .
➎ Sit the women �rst, 
reating 5 spa
es in between. Glue the men together and put them in any of the 5 spa
es. Permutethe men in 4! ways and the women in 4!. This is 5 · 4!4!.Free to photo
opy and distribute



Mis
ellaneous Counting Problems 592.5.1 18162144002.5.2 5482.5.3 182.5.4 A. [1℄ 10000, [2℄ 5040, B. [1℄ 12 , [2℄ 102.5.5 We have
➊ This is

10!

4!3!2!

➋ This is
9!

4!3!2!

➌ This is
8!

2!3!2!2.5.6 362.5.7 252.5.8 126126; 7567562.6.2 �
7

2

�
= 212.6.3 �

7

1

��
5

3

�
= (7)(10) = 702.6.4 �

N

2

�2.6.5 �
8

4

�
4! = 16802.6.6 �

25

2

�
= 3002.6.7 Let the subsets be A and B. We have either 
ard (A) = 1 or 
ard (A) = 2. If 
ard (A) = 1 then there are �4

1

�
= 4ways of 
hoosing its elements and �3

3

�
= 1 ways of 
hoosing the elements of B. If 
ard (A) = 2 then there are �4

2

�
= 6 waysof 
hoosing its elements and �2

2

�
= 1 ways of 
hoosing the elements of B. Altogether there are 4 + 6 = 10 ways.2.6.8 �

6

3

�
= 202.6.9 We 
ount those numbers that have exa
tly on
e, twi
e and three times. There is only one number that has it thri
e(namely 333). Suppose the number xyz is to have the digit 3 exa
tly twi
e. We 
an 
hoose these two positions in �3

2

�ways. The third position 
an be �lled with any of the remaining nine digits (the digit 3 has already been used). Thus thereare 9

�
3

2

� numbers that the digit 3 exa
tly twi
e. Similarly, there are 92

�
3

2

� numbers that have 3 exa
tly on
e. The totalrequired is hen
e 3 · 1 + 2 · 9 ·
�

3

2

�
+ 92

�
3

1

�
= 300.Free to photo
opy and distribute



60 Chapter 22.6.10 �
5

3

�
= 102.6.11 �

5

1

�
+

�
5

3

�
+

�
5

5

�
= 5 + 10 + 1 = 16.2.6.12 10 × 3! = 602.6.13 We have

➊ (E + F + S + I)!

➋ 4! · E!F!S!I!

➌

�
E + F + I + 1

1

�
S!(E + F + I)!

➍

�
E + F + I + 1

S

�
S!(E + F + I)!

➎ 2!

�
F + I + 1

2

�
S!E!(F + I)!2.6.14 We 
an 
hoose the seven people in �20

7

� ways. Of the seven, the 
hairman 
an be 
hosen in seven ways. The answeris thus
7

�
20

7

�
= 542640.Aliter: Choose the 
hairman �rst. This 
an be done in twenty ways. Out of the nineteen remaining people, we just have to
hoose six, this 
an be done in �19

6

� ways. The total number of ways is hen
e 20

�
19

6

�
= 542640.2.6.15 We 
an 
hoose the seven people in �20

7

� ways. Of these seven people 
hosen, we 
an 
hoose the 
hairman in sevenways and the se
retary in six ways. The answer is thus 7 · 6

�
20

7

�
= 3255840.Aliter: If one 
hooses the 
hairman �rst, then the se
retary and �nally the remaining �ve people of the 
ommittee, this 
anbe done in 20 · 19 ·

�
18

5

�
= 3255840 ways.2.6.16 For a string of three-digit numbers to be de
reasing, the digits must 
ome from {0, 1, . . . , 9} and so there are �10

3

�
=

120 three-digit numbers with all its digits in de
reasing order. If the string of three-digit numbers is in
reasing, the digitshave to 
ome from {1, 2, . . . , 9}, thus there are �9

3

�
= 84 three-digit numbers with all the digits in
reasing. The total askedis hen
e 120 + 84 = 204.2.6.17 We 
an 
hoose the four students who are going to take the �rst test in �20

4

� ways. From the remaining ones, we 
an
hoose students in �16

4

� ways to take the se
ond test. The third test 
an be taken in �12

4

� ways. The fourth in �8

4

� waysand the �fth in �4

4

� ways. The total number is thus�
20

4

��
16

4

��
12

4

��
8

4

��
4

4

�
.2.6.18 We align the thirty-nine 
ards whi
h are not hearts �rst. There are thirty-eight spa
es between them and one at thebeginning and one at the end making a total of forty spa
es where the hearts 
an go. Thus there are �40

13

� ways of 
hoosingthe pla
es where the hearts 
an go. Now, sin
e we are interested in arrangements, there are 39! di�erent 
on�gurations of thenon-hearts and 13! di�erent 
on�gurations of the hearts. The total number of arrangements is thus �40

13

�
39!13!.Free to photo
opy and distribute



Mis
ellaneous Counting Problems 612.6.19 The equality signs 
ause us trouble, sin
e allowing them would entail allowing repetitions in our 
hoi
es. To over
omethat we establish a one-to-one 
orresponden
e between the ve
tors (a, b, c, d), 0 ≤ a ≤ b ≤ c ≤ d ≤ n and the ve
tors
(a ′, b ′, c ′, d ′), 0 ≤ a ′ < b ′ < c ′ < d ′ ≤ n + 3. Let (a ′, b ′, c ′, d ′) = (a, b + 1, c + 2, d + 3). Now we just have to pi
kfour di�erent numbers from the set {0, 1, 2, 3, . . . , n, n + 1, n + 2, n + 3}. This 
an be done in �n + 4

4

� ways.2.6.20 We have
➊ (T + L + W)!

➋ 3!T !L!W! = 6T !L!W!

➌

�
T + L + 1

W

�
(T + L)!W!

➍

�
T + L + 1

1

�
(T + L)!W!2.6.21 The required number is�

20

1

�
+

�
20

2

�
+ · · · +

�
20

20

�
= 2

20
−

�
20

0

�
= 1048576 − 1 = 1048575.2.6.22 The required number is�

20

4

�
+

�
20

6

�
+ · · · +

�
20

20

�
= 2

19
−

�
20

0

�
−

�
20

2

�
= 524288 − 1 − 190 = 524097.2.6.23 We have

➊
13!

2!3!3!
= 86486400

➋
11!

2!3!
= 3326400

➌
11!

2!2!2!
= 4989600

➍

�
12

1

�
11!

3!3!
= 13305600

➎

�
12

2

�
11!

3!3!
= 73180800

➏

�
10

1

�
9!

3!3!2!
= 504002.6.24 We have

➊

�
M + W

C

�
➋

�
M

C − T

��
W

T

�
➌

�
M + W − 2

C − 2

�
➍

�
M + W − 2

C

�2.6.25 �
M + W

C

�
−

�
M + W − 2

C − 2

�
= 2

�
M + W − 2

C − 1

�
+

�
M + W − 2

C

�
.2.6.26 20302.6.27 2

�
50

2

�Free to photo
opy and distribute



62 Chapter 22.6.28 �
n + k − 1

k

�2.6.29 [1℄ For the �rst 
olumn one 
an put any of 4 
he
kers, for the se
ond one, any of 3, et
. hen
e there are 4 ·3 ·2 ·1 = 24.[2℄ If there is a 
olumn without a 
he
ker then there must be a 
olumn with 2 
he
kers. There are 3 
hoi
es for this 
olumn.In this 
olumn we 
an put the two 
he
kers in �4

2

�
= 6 ways. Thus there are 4 · 3

�
4

2

�
4 · 4 = 1152 ways of putting the
he
kers. [3℄ The number of ways of �lling the board with no restri
tions is �16

4

�. The number of ways of of of �lling theboard so that there is one 
he
ker per 
olumn is 44. Hen
e the total is �16

4

�
− 44 = 1564.2.6.30 7560.2.6.31 1

4!

�
8

2

��
6

2

��
4

2

�
.2.6.32 �

15

7

��
8

4

�
.2.6.32 There are 6513215600 of former and 3486784400 of the latter.2.6.33 �

17

5

��
12

5

��
7

4

��
3

3

�
;

�
17

3

��
14

4

�
210.2.6.34 7∑

k=3

�
7

k

�
= 992.6.35 210 − 1 − 1 −

�
10

5

�
= 1024 − 2 − 252 = 7702.6.36 �

n

2

�; n − 1; �n

3

�; �n − 1

2

�2.6.37 �
12

1

��
11

5

��
6

2

��
4

4

�2.6.38 �
6

3

�20

= 1048576000000000000000000002.6.39 �
9

3

��
5

3

�
= 8402.6.40 �

b

c

��
g

c

�
c!2.6.41 (23 − 1)(24 − 1)(22 − 1) = 3152.6.44 �

10

2

�
282.6.45 We have �

n − 1

k − 1

�
+

�
n − 1

k

�
=

(n − 1)!

(k − 1)!(n − k)!
+

(n − 1)!

k!(n − k − 1)!

=
(n − 1)!

(n − k − 1)!(k − 1)!

�
1

n − k
+

1

k

�
=

(n − 1)!

(n − k − 1)!(k − 1)!

n

(n − k)k

=
n!

(n − k)!k!
.

=

�
n

k

�
.Free to photo
opy and distribute



Mis
ellaneous Counting Problems 63A 
ombinatorial interpretation 
an be given as follows. Suppose we have a bag with n red balls. The number of ways of
hoosing k balls is n. If we now paint one of these balls blue, the number of ways of 
hoosing k balls is the number of waysof 
hoosing balls if we always in
lude the blue ball (and this 
an be done in �n − 1

k − 1

�) ways, plus the number of ways of
hoosing k balls if we always ex
lude the blue ball (and this 
an be done in �n − 1

k

� ways).2.6.46 The sinistral side 
ounts the number of ways of sele
ting r elements from a set of n, then sele
ting k elements fromthose r. The dextral side 
ounts how many ways to sele
t the k elements �rst, then sele
t the remaining r − k elements tobe 
hosen from the remaining n − k elements.2.6.47 The dextral side sums �
n

0

��
n

0

�
+

�
n

1

��
n

1

�
+

�
n

2

��
n

2

�
+ · · · +

�
n

n

��
n

n

�
.By the symmetry identity, this is equivalent to summing�

n

0

��
n

n

�
+

�
n

1

��
n

n − 1

�
+

�
n

2

��
n

n − 2

�
+ · · · +

�
n

n

��
n

0

�
.Now 
onsider a bag with 2n balls, n of them red and n of them blue. The above sum is 
ounting the number of ways of
hoosing 0 red balls and n blue balls, 1 red ball and n − 1 blue balls, 2 red balls and n − 2 blue balls, et
.. This is 
learlythe number of ways of 
hoosing n balls of either 
olour from the bag, whi
h is �2n

n

�.2.6.48 The numbers belong to the following 
ategories: (I) all six digits are identi
al; (II) there are exa
tly two di�erentdigits used, three of one kind, three of the other; (III) there are exa
tly two di�erent digits used, two of one kind, four of theother; (IV) there are exa
tly three di�erent digits used, two of ea
h kind.There are 
learly 9 numbers belonging to 
ategory (I). To 
ount the numbers in the remaining 
ategories, we must
onsider the 
ases when the digit 0 is used or not. If 0 is not used, then there are �9

2

�
· 6!

3!3!
= 720 integers in 
ategory (II);�

9

1

��
8

1

�
· 6!

2!4!
= 1080 integers in 
ategory (III); and �9

3

�
· 6!

2!2!2!
= 7560 integers in 
ategory (IV). If 0 is used, then theintegers may not start with 0. There are �9

1

�
· 5!

2!3!
= 90 in 
ategory (II) ; �9

1

�
· (

5!

1!4!
+

5!

3!2!
) = 135 in 
ategory (III) ;and �9

2

�
· 2 · 5!

1!2!2!
= 3240 in 
ategory (IV). Thus there are altogether

9 + 720 + 1080 + 7560 + 90 + 135 + 3240 = 12834su
h integers.2.6.49 The numbers belong to the following 
ategories: (I) all seven digits are identi
al; (II) there are exa
tly two di�erentdigits used, three of one kind, four of the other.There are 
learly 9 numbers belonging to 
ategory (I). To 
ount the numbers in the remaining 
ategory (II), we must
onsider the 
ases when the digit 0 is used or not. If 0 is not used, then there are �9

1

��
8

1

�
· 7!

3!4!
= 2520 integers in 
ategory(II). If 0 is used, then the integers may not start with 0. There are �9

1

�
· 6!

2!4!
+

�
9

1

�
· 6!

3!3!
= 315 in 
ategory (II). Thusthere are altogether 2520 + 315 + 9 = 2844 su
h integers.2.6.50 4322.6.51 �

15

9

�
; 15!/6!2.6.52 29.Free to photo
opy and distribute



64 Chapter 22.6.53 242.6.54 �
8

5

�
5!2.6.55 1753086422.6.56 Hint: There are k o

upied boxes and n − k empty boxes. Align the balls �rst! �k + 1

n − k

�.2.6.57 There are n − k empty seats. Sit the people in between those seats. �n − k + 1

k

�.2.7.1 362.7.2 From the pre
eding problem subtra
t those sums with 1 + 2 + 7 (3! = 6 of them) and those with 1 + 1 + 8 (3!

2!
= 3 ofthem). The required total is 36 − 9 = 27.2.7.3 �

14

4

�2.7.4 Put xk = yk + k − 1 with yk ≥ 1. Then
(y1 + 0) + (y2 + 1) + · · · + (y100 + 99) = nimplies that

y1 + y2 + · · · + y100 = n − 4950.Hen
e there are �n − 4951

99

� solutions.2.7.5 Put a = 2a ′ − 1 with a ′ ≥ 1, et
. Then
(2a

′
− 1) + · · · + (2d

′
− 1) = 98 ⇒ a

′
+ · · · + d

′
= 51.Thus there are �50

3

�
= 19600 solutions.2.9.1 Pair a with (10n − 1 − a.)2.9.2 Consider 
hoosing n balls from a bag of r yellow balls and s white balls.2.9.3 Observe that person d 
hanges the status of door n if and only if d divides n. Ea
h divisor d of n 
an be paired o�with n

d
, and unless d =

n

d
, n would have an even number of divisors. Thus the doors 
losed are those for whi
h n has an oddnumber of divisors, i.e. d2 = n, or n is a square. Hen
e doors 1, 4, 9, 16, 25, 36, 49, 64, 81, and 100 are 
losed.2.9.6 We 
ondition on a, whi
h 
an take any of the values a = 1, 2, . . . , 100. Given a, b 
an be any of the 101 − a valuesin {a + 1, a + 2, . . . , 101}. Similarly, c 
an be any of the 101 − a values in {a + 1, a + 2, . . . , 101}. Given a then, b and cmay be 
hosen in (101 − a)(101 − a) = (101 − a)2 ways. The number of triplets is therefore by formula (4.5),

∑100

a=1(101 − a)2 = 1002 + 992 + 982 + · · · + 12

=
100(100+1)(2(100)+1)

6

= 338350.2.9.7 There are 9 · 10j−1 j-digit positive integers. The total number of digits in numbers with at most r digits is thearithmeti
-geometri
 sum
g(r) =

j∑

j=1

j · 9 · 10
j−1

= r10
r

−
10r − 1

9
.As 0 <

10r − 1

9
< 10

r , we get
(r − 1)10

r
< g(r) < r10

r
.Thus g(1983) < 1983 · 101983 < 104101983 = 101987 and g(1984) > 1983 · 101984 > 103101984 = 101987. Therefore

f(1987) = 1984.Free to photo
opy and distribute



3 Dis
rete Probability
3.1 Probability Spaces117 De�nition A probability P (�) is a real valued rule de�ned on subsets of a sample spa
e Ω and satisfying the followingaxioms:

➊ 0 ≤ P (A) ≤ 1 for A ⊆ Ω,
➋ P (Ω) = 1,
➌ for a �nite or in�nite sequen
e A1, A2, . . . ⊆ Ω of disjoint events,P (∪Ai) =

∑

i

P (Ai) .The number P (A) is 
alled the probability of event A.118 Example Let S = {a, b, c, d} be a sample spa
e with P (a) = 3P (b), P (b) = 3P (c), P (c) = 3P (d). Find thenumeri
al value of P (a), P (b), P (c) , and P (d).
◮Solution: The tri
k is to express all probabilities in terms of a single one. We will express P (a) ,P (b) ,P (c) ,in terms of P (d). We have P (b) = 3P (c) = 3(3P (d)) = 9P (d) ,P (a) = 3P (b) = 3(9P (d)) = 27P (d) .Now P (a) + P (b) + P (c) + P (d) = 1 ⇒ 27P (d) + 9P (d) + 3P (d) + P (d) = 1

⇒ P (d) =
1

40
.When
e P (a) = 27P (d) =

27

40
,P (b) = 9P (d) =

9

40
,P (c) = 3P (d) =

3

40
.

◭119 De�nition A random variable X is a rule that to ea
h out
ome point of the sample spa
e (the inputs) assigns a realnumber output. This output is not �xed, but assigned with a 
ertain probability. The range or image of X is the set ofoutputs assumed by X.120 Example A fair die is tossed. If the resulting number is even, you add 1 to your s
ore and get that many dollars. Ifthe resulting number is odd, you add 2 to your s
ore and get that many dollars. Let X be the random variable 
ountingyour gain, in dollars. Then the range of X is {3, 5, 7}. 65



66 Chapter 3121 Example A hand of three 
ards is 
hosen from a standard de
k of 
ards. You get $3 for ea
h heart in your hand. LetZ be the random variable measuring your gain. Then the range of Z is {0, 3, 6, 9}.
122 Example The six fa
es of a die are numbered 1, 2, 3, 4, 5, 6, but the die is loaded so that the the probability ofobtaining a given number is proportional to the number of the dots. If X is the random variable 
ounting the number ofdots, �nd P (X = k) for k = 1, 2, . . . , 6.

◮Solution: Let P (X = k) = αk. Then
1 = P (X = 1) + · · · + P (X = 6) = α(1 + · · · + 6) = 21αgiving α =

1

21
and P (X = k) =

k

21
. ◭

☞ Probabilities are numbers between 0 and 1. Atta
hing to an event a probability outside this range isnonsensi
al.We will now dedu
e some results that will fa
ilitate the 
al
ulation of probabilities in the future.123 Theorem Let Y ⊆ X. Then P (X \ Y) = P (X) − P (Y).Proof: Clearly X = Y ∪ (X \ Y), and Y ∩ (X \ Y) = ∅. ThusP (X) = P (Y) + P (X \ Y) ⇒ P (X) − P (Y) = P (X \ Y) .

❑124 Corollary (Complementary Event Rule) Let A be an event. ThenP �Ac
�

= 1 − P (A) .Proof: Sin
e P (Ω) = 1, it is enough to take X = Ω, Y = A, X \ Y = Ac in the pre
eding theorem. ❑125 Corollary P (∅) = 0.Proof: Take A = ∅, Ac = Ω in the pre
eding 
orollary. ❑126 Theorem (Probabilisti
 two-set In
lusion-Ex
lusion) Let A, B be events. ThenP (A ∪ B) = P (A) + P (B) − P (A ∩ B) .Proof: Observe that
A ∪ B = (A \ (A ∩ B)) ∪ (B \ (A ∩ B)) ∪ (A ∩ B),is a de
omposition of A ∪ B into disjoint sets. ThusP (A ∪ B) = P (A \ (A ∩ B)) + P (B \ (A ∩ B)) + P (A ∩ B) .Sin
e by Theorem 123 we have P (A \ (A ∩ B)) = P (A) − P (A ∩ B) and P (B \ (A ∩ B)) = P (B) −P (A ∩ B), we dedu
e thatP (A ∪ B) = P (A) − P (A ∩ B) + P (B) − P (A ∩ B) + P (A ∩ B) ,from where the result follows. ❑Free to photo
opy and distribute



Probability Spa
es 67127 Example Let P (A) = 0.8, P (B) = 0.5 and P (A ∩ B) = 0.4. Find P (Ac ∩ Bc) and P (Ac ∪ Bc).
◮Solution: By Theorem 126, P (A ∪ B) = 0.8 + 0.5 − 0.4 = 0.9.By Corollary 124 and the De Morgan Law's,P �Ac ∩ B

c
�

= P �(A ∪ B)
c
�

= 1 − P (A ∪ B) = 1 − 0.9 = 0.1,P �Ac ∪ B
c
�

= P �(A ∩ B)
c
�

= 1 − P (A ∩ B) = 1 − 0.4 = 0.5.

◭128 Example Let P (A) = 0.9, P (B) = 0.6. Find the maximum and minimum possible values for P (A ∩ B).
◮Solution: The maximum is 0.6, it o

urs when B ⊂ A. Now by Theorem 126 and using the fa
t thatP (A ∪ B) ≤ 1, we have P (A ∩ B) = P (A) + P (B) − P (A ∪ B) ≥ 1.5 − 1 = 0.5,when
e the minimum value is 0.5. ◭In the manner of proving Theorem 37 we may prove129 Theorem (Probabilisti
 three-set In
lusion-Ex
lusion)P (A1 ∪ A2 ∪ A3) = P (A1) + P (A2) + P (A3)

−P (A1 ∩ A2) − P (A2 ∩ A3) − P (A3 ∩ A1)

+P (A1 ∩ A2 ∩ A3) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 3.1.1 Let S = {a, b, c, d} be a sample spa
e. Out-
ome a is 2 times as likely as out
ome b; out
ome b is 4times as likely as out
ome c; out
ome c is 2 times as likelyas out
ome d. FindP (a) ,P (b) ,P (c) ,P (d) .Problem 3.1.2 Let S = {a, b, c, d} be a sample spa
e. Out-
ome a is 5 times as likely as out
ome b; out
ome b it 5times as likely as event c; out
ome c it 5 times as likely asevent d. Find P (a), P (b), P (c), P (d).Problem 3.1.3 Let S = {a, b, c, d} be a probabilisti
 out-
ome spa
e. It is known that out
ome d is twi
e as likely asout
ome c, out
ome c is four times as likely as out
ome b,and out
ome b is half as likely as out
ome a. Find P (a),

P (b), P (c), P (d).Problem 3.1.4 The six fa
es of a die are numbered
1, 2, 3, 4, 5, 6, but the die is loaded so that the the probabilityof obtaining a given number is proportional to the square ofthe number of the dots. If X is the random variable 
ountingthe number of dots, �nd P (X = k) for k = 1, 2, . . . , 6.Problem 3.1.5 (AHSME 1983) It is known that P (A) =
3

4
and P (B) =

2

3
. Shew that 5

12
≤ P (A ∩ B) ≤ 2

3
.Problem 3.1.6 Three fair di
e, a red, a white and a blueone are thrown. The sum of the dots is given by the ran-dom variable Y. What is the range of the random variableFree to photo
opy and distribute



68 Chapter 3Y?Problem 3.1.7 Two fair di
e, a red and a blue one arethrown. The produ
t of the dots is given by the randomvariable Y. What is the range of the random variable Y?Problem 3.1.8 A fair die is tossed. If the resulting num-ber is either 2 or 3, you multiply your s
ore by 2 and getthat many dollars. If the resulting number is either 1 or
4, you add 1 to your s
ore and get that many dollars. Ifthe resulting number is either 5 or 6, you get that manydollars. Let X be the random variable 
ounting your gain,in dollars. Give the range of X.Problem 3.1.9 There are two telephone lines A and B. Let

E1 be the event that line A is engaged and let E2 be the eventthat line B is engaged. After a statisti
al study one �ndsthat P (E1) = 0.5 and P (E2) = 0.6 and P (E1 ∩ E2) = 0.3.Find the probability of the following events:
➊ F: �line A is free.�
➋ G: �at least one line is engaged.�
➌ H: �at most one line is free.�Problem 3.1.10 For events A and B you are given thatP (A) = 1

3
, P (B) = 1

5
, and P (A ∪ B) = 3

4
. Find P (Ac),P (Bc), P (A ∩ B), P (Ac ∪ Bc), P (Ac ∩ Bc).Problem 3.1.11 Let P (A ∩ B) = 0.2, P (A) = 0.6,P (B) = 0.5. Find P (Ac ∪ Bc).

3.2 Uniform Random VariablesConsider a non-empty �nite set Ω with 
ard (Ω) number of elements and let A, B be disjoint subsets of Ω. It is 
lear that
➊ 0 ≤ 
ard (A)
ard (Ω)

≤ 1,
➋


ard (Ω)
ard (Ω)
= 1,

➌

ard (A ∪ B)
ard (Ω)

=

ard (A)
ard (Ω)

+

ard (B)
ard (Ω)

when A ∩ B = ∅.Thus the quantity 
ard (A)
ard (Ω)
on the subsets of Ω is a probability (satis�es de�nition 117), and we putP (A) =


ard (A)
ard (Ω)
. (3.1)Observe that in this model the probability of any single out
ome is 1
ard (Ω)

, that is, every out
ome is equally likely.130 De�nition Let
Ω = {x1, x2, . . . , xn}be a �nite sample spa
e. A uniform dis
rete random variable X de�ned on Ω is a fun
tion that a
hieves the distin
t values

xk with equal probability: P (X = xk) =
1
ard (Ω)

.Sin
e
n∑

k=1

P (X = xk) =

n∑

k=1

1
ard (Ω)
=

ard (Ω)
ard (Ω)

= 1,this is a bona�de random variable.131 Example If the experiment is �ipping a fair 
oin, then Ω = {H, T } is the sample spa
e (H for heads, T for tails) and
E = {H} is the event of obtaining a head. Then P (H) =

1

2
= P (T) .Free to photo
opy and distribute



Uniform Random Variables 69132 Example If the experiment is rolling a red fair die and a blue fair die and then adding their s
ores, the sample spa
e
onsists of 6 · 6 = 36 possible out
omes. If S denotes the random variable of the sum obtained then 2 ≤ S ≤ 12. Thesesums are obtained in the following fashion:S (red, blue)
2 (1, 1)

3 (1, 2), (2, 1)

4 (1, 3), (3, 1), (2, 2)

5 (1, 4), (4, 1), (2, 3), (3, 2)

6 (1, 5), (5, 1), (2, 4), (4, 2), (3, 3)

7 (1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)

8 (2, 6), (6, 2), (3, 5), (5, 3), (4, 4)

9 (3, 6), (6, 3), (4, 5), (5, 4)

10 (4, 6), (6, 4), (5, 5)

11 (5, 6), (6, 5)

12 (6, 6)ThereforeP (S = 2) =
1

36
,P (S = 3) =

2

36
=

1

18
,P (S = 4) =

3

36
=

1

12
,P (S = 5) =

4

36
=

1

9
,P (S = 6) =

5

36
,P (S = 7) =

6

36
=

1

6
,

P (S = 8) =
5

36
,P (S = 9) =

4

36
=

1

9
,P (S = 10) =

3

36
=

1

12
,P (S = 11) =

2

36
=

1

18
,P (S = 12) =

1

36
.

☞ In a fair die there are 7 − x dots on the fa
e opposite x dots. Hen
e P (S = x) = P (S = 14 − x).133 Example A number X is 
hosen at random from the set {1, 2, . . . , 25}. Find the probability that when divided by 6it leaves remainder 1.
◮Solution: There are only 5 numbers in the set that leave remainder 1 upon division by 6, namely
{1, 7, 13, 19, 25}. The probability sought is thus 5

25
=

1

5
. ◭Free to photo
opy and distribute



70 Chapter 3134 Example A number is 
hosen at random from the set
{1, 2, . . . , 1000}.What is the probability that it is a palindrome?

◮Solution: There are 9 palindromes with 1-digit, 9 with 2 digits and 90 with three digits. Thus the numberof palindromes in the set is 9 + 9 + 90 = 108. The probability sought is 108

1000
=

27

250
. ◭135 Example A fair die is rolled three times and the s
ores added. What is the probability that the sum of the s
ores is

6?
◮Solution: Let A be the event of obtaining a sum of 6 in three rolls, and let Ω be the sample spa
e 
reatedwhen rolling a die thri
e. The sample spa
e has 63 = 216 elements, sin
e the �rst roll 
an land in 6 di�erentways, as 
an the se
ond and third roll. To obtain a sum of 6 in three rolls, the die must have the followingout
omes:

A = {(2, 2, 2), (4, 1, 1), (1, 4, 1), (1, 1, 4), (1, 2, 3),

(1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)}and so 
ard (A) = 10. Hen
e P (A) =
10

216
=

5

108
. ◭136 Example Consider a standard de
k of 
ards. One 
ard is drawn at random.

➊ Find the size of the sample spa
e of this experiment.
➋ Find the probability P (K) of drawing a king.
➌ Find the probability P (J) of drawing a knave1.
➍ Find the probability P (R) of drawing a red 
ard.
➎ Find the probabilityP (K ∩ R) of drawing a red king.
➏ Find the probability P (K ∪ R) of drawing either aking or a red 
ard.

➐ Find the probability P (K \ R) of drawing a kingwhi
h is not red.
➑ Find the probability P (R \ K) of drawing a red 
ardwhi
h is not a king.
➒ Find the probability P (K ∩ J) of drawing a kingwhi
h is also a knave.

◮Solution:
➊ The size of the sample spa
e for this experimentis 
ard (S) =

�
52

1

�
= 52.

➋ Sin
e there are 4 kings, 
ard (K) = 4. Hen
eP (K) = 4
52

= 1
13
.

➌ Sin
e there are 4 knaves, 
ard (J) = 4. Hen
eP (J) = 4
52

= 1
13
.

➍ Sin
e there are 26 red 
ards, 
ard (R) = 26.Hen
e P (R) = 26
52

= 1
2
.

➎ Sin
e a 
ard is both a king and red in onlytwo instan
es (when it is K♥ or K♦), we haveP (K ∩ R) = 2
52

= 1
26
.

➏ By In
lusion-Ex
lusion we �ndP (K ∪ R) = P (K) + P (R) − P (K ∩ R) =
7

13
.

➐ Sin
e of the 4 kings two are red we haveP (K \ R) = 2
52

= 1
26
.Free to photo
opy and distribute



Uniform Random Variables 71
➑ Sin
e of the 26 red 
ards two are kings,P (R \ K) = 24

52
= 6

13
. ➒ Sin
e no 
ard is simultaneously a king and aknave, P (K ∩ J) = P (∅) = 0.

◭137 Example Phone numbers in a 
ertain town are 7-digit numbers that do not start in 0, 1, or 9. What is the probabilityof getting a phone number in this town that is divisible by 5?
◮Solution: The sample spa
e 
onsists of all possible phone numbers in this town: 7 · 106. A phone numberwill be divisible by 5 if it ends in 0 or 5 and so there are 7 · 105 · 2 phone numbers that are divisible by 5.The probability sought is

7 · 105 · 2

7 · 106
=

2

10
=

1

5
.

◭138 Example Consider a standard de
k of 
ards. Four 
ards are 
hosen at random without regards to order and withoutrepla
ement. Then
➊ The sample spa
e for this experiment has size�

52

4

�
= 270725.

➋ The probability of 
hoosing the four kings is�
4

4

��
52

4

� =
1

270725
.

➌ The probability of 
hoosing four 
ards of the samefa
e is �
13

1

��
4

4

��
52

4

� =
13

270725
=

1

20825
.

➍ The probability of 
hoosing four 
ards of the same
olour is �
2

1

��
26

4

��
52

4

� =
(2)(14950)

270725
=

92

833
.

➎ The probability of 
hoosing four 
ards of the samesuit is �
4

1

��
13

4

��
52

4

� =
(4)(715)

270725
=

44

4165
.

139 Example A hat 
ontains 20 ti
kets, ea
h with a di�erent number from 1 to 20. If 4 ti
kets are drawn at random,what is the probability that the largest number is 15 and the smallest number is 9?
◮Solution: For this to happen, we 
hoose the ti
ket numbered 9, the one numbered 15 and the other twoti
kets must be 
hosen from amongst the �ve ti
kets numbered 10, 11, 12, 13, 14. The probability sought isthus �

5

2

��
20

4

� =
10

4845
=

2

969
.Free to photo
opy and distribute
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◭140 Example A box 
ontains four $10 bills, six $5 bills, and two $1 bills. Two bills are taken at random from the boxwithout repla
ement. What is the probability that both bills will be of the same denomination?
◮Solution: There are 4 + 6 + 2 = 12 bills. The experiment 
an be performed in �12

2

�
= 66 ways. To besu

essful we must 
hoose either 2 tens (in �4

2

�
= 6 ways), or 2 �ves (in �6

2

�
= 15 ways), or 2 ones (in�

2

2

�
= 1 way). The probability sought is thus�

4

2

�
+

�
6

2

�
+

�
2

2

��
12

2

� =
6 + 15 + 1

66
=

1

3
.

◭141 Example A number X is 
hosen at random from the series
2, 5, 8, 11 . . . , 299and another number Y is 
hosen from the series
3, 7, 11, . . . , 399.What is the probability P (X = Y)?

◮Solution: There are 100 terms in ea
h of the arithmeti
 progressions. Hen
e we may 
hoose X in 100ways and Y in 100 ways. The size of the sample spa
e for this experiment is thus 100 · 100 = 10000. Now wenote that 11 is the smallest number that belongs to both progressions. Sin
e the �rst progression has 
ommondi�eren
e 3 and the se
ond progression has 
ommon di�eren
e 4, and sin
e the least 
ommon multiple of 3and 14 is 12, the progressions have in 
ommon numbers of the form
11 + 12k.We need the largest integer k with

11 + 12k ≤ 299 ⇒ k = 24.Therefore, the 25 numbers
11 = 11 + 12 · 0, 23 = 11 + 12 · 1, 35 = 11 + 12 · 2, . . . , 299 = 11 + 12 · 24belong to both progressions and the probability sought is

25

10000
=

1

400
.

◭142 Example A number N is 
hosen at random from {1, 2, . . . , 25}. Find the probability that N2 + 1 be divisible by 10.Free to photo
opy and distribute
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◮Solution: N2 + 1 is divisible by 10 if it ends in 0. For that N2 must end in 9. This happens when
N ∈ {3, 7, 13, 17, 23}. Thus the probability sought is 5

25
=

1

5
. ◭

143 Example (Poker Hands) A poker hand 
onsists of 5 
ards from a standard de
k of 52 
ards, and so there are �52

5

�
=

2598960 ways of sele
ting a poker hand. Various hands, and their numbers, are shewn below.
➊ 1 pair o

urs when you have one pair of fa
es of anysuit, and none of the other fa
es mat
h. For example,

A♣, A♦, 2♥, 4♣, 6♦ is a pair. The number of waysof getting a pair is�
13

1

��
4

2

��
12

3

��
4

1

�3

= 1098240and so the probability of getting a pair is 1098240

2598960
≈

0.422569.
➋ 2 pairs o

urs when you have 2 di�erent pairsof fa
es of any suit, and the remaining 
ard of adi�erent fa
e than the two pairs. For example,

A♣, A♦, 3♥, 3♦, 7♥ is a 2 pair. The number ofways of getting two pairs is �13

2

��
4

2

�2�
11

1

��
4

1

�
=

123552 and so the probability of getting 2 pairs is
123552

2598960
≈ 0.047539.

➌ 3 of a kind o

urs when you have three 
ards ofthe same fa
e and the other two 
ards are from adi�erent fa
e. For example, A♣, A♦, A♠, 3♠, 7♦.The number of ways of getting a 3 of a kind is�
13

1

��
4

3

��
12

2

��
4

1

�2

= 54912 and so the proba-bility of this event is 54912

2598960
≈ 0.021128.

➍ straight o

urs when the fa
es are 
onse
utive,but no four 
ards belong to the same suit, as in
2♣, 3♥, 4♠, 5♠, 6♦. The number of ways of get-ting a straight is 10(45 − 4) = 10200 and so theprobability of this event is 10200

2598960
≈ 0.003925.

➎ straight �ush o

urs when one gets �ve 
onse
utive
ards of the same suit, as in 2♣, 3♣, 4♣, 5♣, 6♣.The number of ways of getting this is �4

1

�
10 = 40,

and the probability of this event is 40

2598960
≈

0.000015.
➏ royal �ush o

urs when you have the a
e, king,queen, knave, and 10 in the same suit. The num-ber of ways of obtaining a royal �ush is �4

1

�
(1) = 4and so the probability of this event is 4

2598960
≈

0.0000015390.
➐ �ush o

urs when you have �ve non-
onse
utive
ards of the same suit, but neither a royal nor astraight �ush, as in 2♣, 4♣, 7♣, 8♣, 10♣. The num-ber of ways of obtaining a �ush is �4

1

��
13

5

�
−

40 = 5068 and so the probability of this event is
5068

2598960
≈ 0.00195.

➑ full house o

urs when 3 
ards have the samefa
e and the other two 
ards have the samefa
e (di�erent from the �rst three 
ards), as in
8♣, 8♠, 8♦, 7♥, 7♣. The number of ways of gettingthis is �

13

1

��
4

3

��
12

1

��
4

2

�
= 3774and so the probability of this event is 3774

2598960
≈

0.001441 .
➒ 4 of a kind o

urs when a fa
e appears four times,as in 8♣, 8♠, 8♦, 8♥, 7♣. The number of ways ofgetting this is�

13

1

��
4

4

��
12

1

��
4

1

�
= 624,and the probability for this event is 624

2598960
≈

0.00024.
144 Example (The Birthday Problem) If there are n people in a 
lassroom, what is the probability that no pair of them
elebrates their birthday on the same day of the year?Free to photo
opy and distribute
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◮Solution: To simplify assumptions, let us dis
ard 29 February as a possible birthday and let us assumethat a year has 365 days. There are 365n n-tuples, ea
h slot being the possibility of a day of the year forea
h person. The number of ways in whi
h no two people have the same birthday is

365 · 364 · 363 · · · (365 − n + 1),as the �rst person 
an have his birthday in 365 days, the se
ond in 364 days, et
. Thus if A is the event thatno two people have the same birthday, thenP (A) =
365 · 364 · 363 · · · (365 − n + 1)

365n
.The probability sought isP �Ac

�
= 1 − P (A) = 1 −

365 · 364 · 363 · · · (365 − n + 1)

365n
.A numeri
al 
omputation shews that for n = 23, P (A) < 1

2
, and so P (Ac) > 1

2
. This means that if there are

23 people in a room, the probability is better than 1
2
that two will have the same birthday. ◭145 Example Three fair di
e, a red, a white, and a blue one are tossed, and their s
ores registered in the random variables

R, W, B respe
tively. What is the probability that R ≤ W ≤ B?
◮Solution: Ea
h of the di
e may land in 6 ways and hen
e the size of the sample spa
e for this experimentis 63 = 216. Noti
e that there is a one to one 
orresponden
e between ve
tors

(R, W, B), 1 ≤ R ≤ W ≤ B ≤ 6and ve
tors
(R

′
, W

′
, B

′
), 1 ≤ R

′
< W

′
< B

′ ≤ 8.This 
an be seen by putting R ′ = R, W ′ = W + 1, and B ′ = B + 2. Thus the number of ve
tors (R ′, W ′, B ′)with 1 ≤ R ′ < W ′ < B ′ ≤ 8 is �8

3

�
= 56. The probability sought is thus

56

216
=

7

27
.

◭146 Example A hat 
ontains three ti
kets, numbered 1, 2 and 3. The ti
kets are drawn from the box one at a time. Findthe probability that the ordinal number of at least one ti
ket 
oin
ides with its own number.
◮Solution: Let Ak , k = 1, 2, 3 be the event that when drawn from the hat, ti
ket k is the k-th 
hosen. Wewant P (A1 ∪ A2 ∪ A3) .By in
lusion-ex
lusion for three sets Theorem 129P (A1 ∪ A2 ∪ A3) = P (A1) + P (A2) + P (A3)

−P (A1 ∩ A2) − P (A2 ∩ A3) − P (A3 ∩ A1)

+P (A1 ∩ A2 ∩ A3)Free to photo
opy and distribute



Uniform Random Variables 75By symmetry, P (A1) = P (A2) = P (A3) =
2!

3!
=

1

3
,P (A1 ∩ A2) = P (A2 ∩ A3) = P (A3 ∩ A1) = =

1!

3!
=

1

6
,P (A1 ∩ A2 ∩ A3) =

1

3!
=

1

6
.The probability sought is �nally P (A1 ∪ A2 ∪ A3) = 3 · 1

3
− 3 · 1

6
+

1

6
=

2

3
.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 3.2.1 There are 100 
ards: 10 of ea
h red�numbered 1 through 10; 20 white�numbered 1 through
20; 30 blue�numbered 1 through 30; and 40 magenta�numbered 1 through 40.

➊ Let R be the event of pi
king a red 
ard. Find P (R) .

➋ Let B be the event of pi
king a blue 
ard. Find P (B) .

➌ Let E be the event of pi
king a 
ard with fa
e value
11. Find P (E).

➍ Find P (B ∪ R) .

➎ Find P (E ∩ R) .

➏ Find P (E ∩ B) .

➐ Find P (E ∪ R) .

➑ Find P (E ∪ B) .

➒ Find P (E \ B) .

➓ Find P (B \ E) .Problem 3.2.2 Find the 
han
e of throwing at least onea
e in a single throw of two di
e.Problem 3.2.3 An urn has 3 white marbles, 4 red marbles,and 5 blue marbles. Three marbles are drawn at on
e fromthe urn, and their 
olour noted. What is the probability thata marble of ea
h 
olour is drawn?Problem 3.2.4 One 
ard is drawn at random from a stan-dard de
k. What is the probability that it is a queen?Problem 3.2.5 Two 
ards are drawn at random from astandard de
k. What is the probability that both are queens?Problem 3.2.6 Four 
ards are drawn at random from astandard de
k. What is the probability that two are redqueens and two are spades?Problem 3.2.7 Four 
ards are drawn at random from astandard de
k. What is the probability that there are nohearts?

Problem 3.2.8 A 3× 3× 3 wooden 
ube is painted red and
ut into 27 1 × 1 × 1 smaller 
ubes. These 
ubes are mixedin a hat and one of them 
hosen at random. What is theprobability that it has exa
tly 2 of its sides painted red?Problem 3.2.9 From a group of A males and B females a
ommittee of C people will be 
hosen.
➊ What is the probability that there are exa
tly T fe-males?
➋ What is the probability that at least C − 2 males willbe 
hosen?
➌ What is the probability that at most 3 females will be
hosen?
➍ What is the probability that Mary and Peter will beserving together in a 
ommittee?
➎ What is the probability that Mary and Peter will notbe serving together?Problem 3.2.10 A s
hool has 7 men and 5 women on itsfa
ulty. What is the probability that women will outnumbermen on a randomly sele
ted �ve-member 
ommittee?Problem 3.2.11 Of the 120 students in a 
lass, 30 speakChinese, 50 speak Spanish, 75 speak Fren
h, 12 speak Span-ish and Chinese, 30 speak Spanish and Fren
h, and 15 speakChinese and Fren
h. Seven students speak all three lan-guages. What is the probability that a randomly 
hosen stu-dent speaks none of these languages?Problem 3.2.12 A box 
ontains 3 red balls, 4 white balls,and 3 blue balls. Balls are drawn from the box one at atime, at random, without repla
ement. What is the proba-bility that all three red balls will be drawn before any whiteball is obtained?Problem 3.2.13 Three fair di
e are thrown at random.
➊ Find the probability of getting no 5 on the fa
es.
➋ Find the probability of getting at least one 5 on thefa
es.Free to photo
opy and distribute
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➌ Find the probability of obtaining at least two fa
eswith the same number.
➍ Find the probability that the sum of the points on thefa
es is even.Problem 3.2.14 Six 
ards are drawn without repla
ementfrom a standard de
k of 
ards. What is the probability that
➊ three are red and three are bla
k?
➋ two are queens, two are a
es, and two are kings?
➌ four have the same fa
e (number or letter)?
➍ exa
tly four are from the same suit?
➎ there are no queens?Problem 3.2.15 An ordinary fair die and a die whose fa
eshave 2, 3, 4, 6, 7, 9 dots but is otherwise balan
ed are tossedand the total noted. What is the probability that the sum ofthe dots shewing on the di
e ex
eeds 9?Problem 3.2.16 (AHSME 1976) A point in the plane,both of whose re
tangular 
oordinates are integers with ab-solute value less than or equal to four, is 
hosen at random,with all su
h points having an equal probability of being 
ho-sen. What is the probability that the distan
e from the pointto the origin is at most two units?Problem 3.2.17 What is the probability that threerandomly-sele
ted people were born on di�erent days ofthe week? (Assume that the 
han
e of someone being bornon a given day of the week is 1/7).Problem 3.2.18 Let k, N be positive integers. Findthe probability that an integer 
hosen at random from

{1, 2, . . . , N} be divisible by k.Problem 3.2.19 What is the probability that a random in-teger taken from {1, 2, 3, . . . , 100} has no fa
tors in 
ommonwith 100?Problem 3.2.20 A number N is 
hosen at random from
{1, 2, . . . , 25}. Find the probability that N2 − 1 be divisibleby 10.Problem 3.2.21 Three integers are drawn at randomand without repla
ement from the set of twenty integers
{1, 2, . . . , 20}. What is the probability that their sum be di-visible by 3?Problem 3.2.22 There are twenty guns in a row, and it isknown that exa
tly three will �re. A person �res the guns,one after the other. What is the probability that he will haveto try exa
tly seventeen guns in order to know whi
h threewill �re?

Problem 3.2.23 Two di�erent numbers X and Y are 
ho-sen from {1, 2, . . . , 10}. Find the probability that X2 +Y2 ≤
27.Problem 3.2.24 Ten di�erent numbers are 
hosen at ran-dom from the set of 30 integers {1, 2, . . . , 30}. Find theprobability that

➊ all the numbers are odd.
➋ exa
tly 5 numbers be divisible by 3.
➌ exa
tly 5 numbers are even, and exa
tly one of themis divisible by 10.Problem 3.2.25 There are two winning ti
kets amongstten ti
kets available. Determine the probability that (a) one,(b) both ti
kets will be among �ve ti
kets sele
ted at random.Problem 3.2.26 Find the 
han
e of throwing more that 15in a single throw of three di
e.Problem 3.2.27 Little Edna is playing with the four lettersof her name, arranging them at random in a row. What isthe probability that the two vowels 
ome together?Problem 3.2.28 (Galileo's Paradox) Three distinguish-able fair di
e are thrown (say, one red, one blue, and onewhite). Observe that

9 = 1 + 2 + 6

= 1 + 3 + 5

= 1 + 4 + 4

= 2 + 2 + 5

= 2 + 3 + 4

= 3 + 3 + 3,and
10 = 1 + 3 + 6

= 1 + 4 + 5

= 2 + 2 + 6

= 2 + 3 + 5

= 2 + 4 + 4

= 3 + 3 + 4.The probability that a sum S of 9 appears is lower than theprobability that a sum of 10 appears. Explain why and �ndthese probabilities.Free to photo
opy and distribute



Independen
e 77Problem 3.2.29 (AHSME 1994) When n standard six-sided di
e are rolled, the probability of obtaining a sum of
1994 is greater than zero and is the same as the probabilityof obtaining a sum of S. What is the smallest possible valueof S?Problem 3.2.30 Five people entered the lift 
abin on theground �oor of an 8-�oor building (this in
ludes the ground�oor). Suppose ea
h of them, independently and with equalprobability, 
an leave the 
abin at any of the other seven�oors. Find out the probability of all �ve people leaving atdi�erent �oors.Problem 3.2.31 (AHSME 1984) A box 
ontains 11 balls,numbered 1, 2, . . . 11. If six balls are drawn simultaneouslyat random, �nd the probability that the sum of the numberson the balls drawn is odd.Problem 3.2.32 A hat 
ontains 7 ti
kets numbered 1through 7. Three are 
hosen at random. What is the prob-ability that their produ
t be an odd integer?Problem 3.2.33 (AHSME 1986) Six distin
t integersare 
hosen at random from {1, 2, 3, . . . , 10}. What is theprobability that, among those sele
ted, the se
ond smallestis 3?Problem 3.2.34 An urn 
ontains n bla
k and n whiteballs. Three balls are 
hosen from the urn at random andwithout repla
ement. What is the value of n if the probabil-ity is 1

12
that all three balls are white?Problem 3.2.35 A standard de
k is shu�ed and the 
ardsare distributed to four players, ea
h one holding thirteen
ards. What is the probability that ea
h has an a
e?Problem 3.2.36 Twelve 
ards numbered 1 through 12 arethoroughly shu�ed and distributed to three players so thatea
h re
eives four 
ards. What is the probability that one ofthe players re
eives the three lowest 
ards (1, 2, and 3)?Problem 3.2.37 A fair die is tossed twi
e in su

ession.Let A denote the �rst s
ore and B the se
ond s
ore. Con-sider the quadrati
 equation

x
2

+ Ax + B = 0.Find the probability that
➊ the equation has 2 distin
t roots.

➋ the equation has a double root.
➌ x = −3 be a root of the equation,
➍ x = 3 be a root of the equation.Problem 3.2.38 An urn 
ontains 3n 
ounters: n red,numbered 1 through n, n white, numbered 1 through n, and

n blue, numbered 1 through n. Two 
ounters are to be drawnat random without repla
ement. What is the probability thatboth 
ounters will be of the same 
olour or bear the samenumber?Problem 3.2.39 (AIME 1984) A gardener plants threemaple trees, four oak trees and �ve bir
h trees in a row.He plants them in random order, ea
h arrangement beingequally likely. Let m/n in lowest terms be the probabilitythat no two bir
h trees are next to ea
h other. Find m + n.Problem 3.2.40 Five fair di
e are thrown. What is theprobability that a full house in thrown (that is, where twodi
e shew one number and the other three di
e shew a se
ondnumber)?Problem 3.2.41 If thirteen 
ards are randomly 
hosenwithout repla
ement from an ordinary de
k of 
ards, whatis the probability of obtaining exa
tly three a
es?Problem 3.2.42 A 
al
ulator has a random number gen-erator button whi
h, when pushed displays a random digit
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. The button is pushed four times.Assuming the numbers generated are independent, what isthe probability of obtaining one '0', one '5', and two '9's inany order?Problem 3.2.43 Mrs. Flowers plants rosebushes in a row.Eight of the bushes are white and two are red, and she plantsthem in a random order. What is the probability that shewill 
onse
utively plant seven or more white bushes?Problem 3.2.44 Let A, B, C be the out
omes of three dis-tinguishable fair di
e and 
onsider the system

Ax − By = C; x − 2y = 3.Find the following probabilities1. that the system has no solution.2. that the system has in�nitely many solutions.3. that the system has exa
tly one solution.4. that the system has the unique solution x = 3, y = 0.
3.3 Independence147 De�nition Two events A and B are said to be independent ifP (A ∩ B) = P (A) · P (B) .Free to photo
opy and distribute
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148 Example Let A, B be independent events with P (A) = P (B) and P (A ∪ B) = 1

2
. Find P (A).Solution: By in
lusion-ex
lusion Theorem 126,P (A ∪ B) = P (A) + P (B) − P (A ∩ B) ,whi
h yields

1

2
= 2P (A) − (P (A))

2 ⇒ 2x
2

− 4x + 1 = 0,with x = P (A). Solving this quadrati
 equation and bearing in mind that we must have 0 < x < 1, we �nd P (A) = x = 1−
√

2
2
.

☞ More often than not independen
e is built into a problem physi
ally, that is, an event A does notphysi
ally in�uen
e an event B. In parti
ular, in problems where sampling is done with repla
ement, weshould infer independen
e.149 Example Two di
e, a red one and a blue one, are thrown. If A is the event: �the red die lands on an even number�and B is the event: �the blue die lands on a prime number� then A and B are independent, as they do not physi
allyin�uen
e one another.
150 Example A die is loaded so that if D is the random variable giving the s
ore on the die, then P (D = k) = k

21
, where

k = 1, 2, 3, 4, 5, 6. Another die is loaded di�erently, so that if X is the random variable giving the s
ore on the die, thenP (X = k) = k2

91
. Find P (D + X = 4).

◮Solution: Clearly the value on whi
h the �rst die lands does not in�uen
e the value on whi
h the se
onddie lands. Thus by independen
eP (D + X = 4) ⇐⇒ P (D = 1 ∩ X = 3) + P (D = 2 ∩ X = 2)

+P (D = 3 ∩ X = 1)

= P (D = 1) · P (X = 3) + P (D = 2) · P (X = 2)

+P (D = 3) · P (X = 1)

= 1
91

· 3
21

+ 4
91

· 2
21

+ 9
91

· 1
21

=
20

1911
.

◭Free to photo
opy and distribute



Independen
e 79151 Example Two men, A and B are shooting a target. The probability that A hits the target is P (A) =
1

3
, and theprobability that B shoots the target is P (B) =

1

5
, one independently of the other. Find

➊ That A misses the target.
➋ That both men hit the target.
➌ That at least one of them hits the target.
➍ That none of them hits the target.
◮Solution: The desired probabilities are plainly

➊ P (Ac) = 1 −
1

3
=

2

3
.

➋ P (A ∩ B) = P (A) · P (B) =
1

3
· 1

5
=

1

15
.

➌ P (A ∪ B) = P (A) + P (B) − P (A ∩ B) =
1

3
+

1

5
−

1

15
=

7

15
.

➍ P (Ac ∩ Bc) = P ((A ∪ B)c) = 1 − P (A ∪ B) = 1 −
7

15
=

8

15
.

◭152 Example A 
ertain type of missile hits its target 30% of the time. Determine the minimum number of missiles thatmust be shot at a 
ertain target in order to obtain a 
hange higher than 80% of hitting the target.
◮Solution: The probability that n missiles miss the target is (0.7)n . The probability that at least one ofthe n missiles hits the target is thus 1 − (0.7)n . We need 1 − (0.7)n > 0.8 and by a few 
al
ulations, theminimum n is found to be n = 5. ◭When we deal with more than two events, the following de�nition is pertinent.153 De�nition The events A1, A2, . . . , An are independent if for any 
hoi
e of k (2 ≤ k ≤ n) indexes {i1, i2, . . . , lk} wehave P (Ai1

∩ Ai2
∩ · · · ∩ Aik

) = P (Ai1
)P (Ai2

) · · ·P (Aik
) .Considerations of independen
e are important in the parti
ular 
ase when trials are done in su

ession.154 Example A biased 
oin with P (H) =

2

5
is tossed three times in a row. Find the probability that one will obtain

HHT , in that order.
◮Solution: Ea
h toss is physi
ally independent from the other. The required probability isP (HHT) = P (H) · P (H) · P (T) =

2

5
· 2

5
· 3

5
=

12

125
.

◭Free to photo
opy and distribute



80 Chapter 3155 Example An urn has 3 white marbles, 4 red marbles, and 5 blue marbles. Three marbles are drawn in su

essionfrom the urn with repla
ement, and their 
olour noted. What is the probability that a red, a white and another whitemarble will be drawn, in this order?
◮Solution: Sin
e the marbles are repla
ed, the probability of su

essive drawings is not a�e
ted by previousdrawings. The probability sought is thus

4

12
· 3

12
· 3

12
=

1

48
.

◭156 Example Two numbers X and Y are 
hosen at random, and with repla
ement, from the set
{1, 2, 3, 4, 5, 6, 7, 8, 9, 10}.Find the probability that X2 − Y2 be divisible by 3.

◮Solution: Noti
e that the sample spa
e of this experiment has size 10 · 10 sin
e X and Y are 
hosen withrepla
ement. Observe that if N = 3k then N2 = 9k2, leaves remainder 0 upon division by 3. If N = 3k + 1then N2 = 9k2 + 6k + 1 = 3(3k2 + 2k) + 1 leaves remainder 1 upon division by 3. Also, if N = 3k + 2then N2 = 9k2 + 12k + 4 = 3(3k2 + 4k + 1) + 1 leaves remainder 1 upon division by 3. Observe thatthere are 3 numbers�3, 6, 9�divisible by 3 in the set, 4 numbers�1, 4, 7, 10�of the form 3k + 1, and 3numbers�2, 5, 8�of the form 3k + 2 in the set. Now, X2 − Y2 is divisible by 3 in the following 
ases: (i)both X and Y are divisible by 3, (ii) both X and Y are of the form 3k + 1, (iii) both X and Y are of the form
3k + 2, (iv) X is of the form 3k + 1 and Y of the form 3k + 2, (v) X is of the form 3k + 2 and Y of theform 3k + 1. Case (i) o

urs 3 · 3 = 9 instan
es, 
ase (ii) o

urs in 4 · 4 = 16 instan
es, 
ase (iii) o

urs in
3 · 3 = 9 instan
es, 
ase (iv) o

urs in 4 · 3 = 12 instan
es and 
ase (v) o

urs in 3 · 4 = 12 instan
es. Thefavourable 
ases are thus 9 + 16 + 9 + 12 + 12 = 58 in number and the desired probability is 58

100
=

29

50
. ◭157 Example A box 
ontains 20 white balls, 30 blue balls, and 50 red balls. Ten balls are sele
ted, one at a time, withrepla
ement. Find the probability that at least one 
olour will be missing from the ten sele
ted balls.

◮Solution: Let W be the event that the white balls are not represented among the ten sele
ted balls, andsimilarly de�ne R and W. Sin
e sele
tion is done with repla
ement, these events are independent.Then byin
lusion-ex
lusionP (W ∪ B ∪ R) = P (W) + P (B) + P (R) − P (W ∩ B) − P (W ∩ R) − P (R ∩ B) + P (W ∩ R ∩ B)

= (0.8)10 + (0.7)10 + (0.5)10 − (0.5)10 − (0.3)10 − (0.2)10 + 0

≈ 0.1356.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Free to photo
opy and distribute



Binomial Random Variables 81Problem 3.3.1 Suppose that a monkey is seated at a 
om-puter keyboard and randomly strikes the 26 letter keys andthe spa
e bar. Find the probability that its �rst 48 
hara
-ters typed (in
luding spa
es) will be: �the slithy toves didgyre and gimble in the wabe�2.Problem 3.3.2 An urn has 3 white marbles, 4 red marbles,and 5 blue marbles. Three marbles are drawn in su

es-sion from the urn with repla
ement, and their 
olour noted.What is the probability that a red, a white and a blue marblewill be drawn, in this order?Problem 3.3.3 A fair 
oin is tossed three times in su
-
ession. What is the probability of obtaining exa
tly twoheads?Problem 3.3.4 Two 
ards are drawn in su

ession andwith repla
ement from an ordinary de
k of 
ards. What isthe probability that the �rst 
ard is a heart and the se
ondone a queen?Problem 3.3.5 Two numbers X and Y are 
ho-sen at random, and with repla
ement, from the set
{1, 2, 3, 4, 5, 6, 7, 8, 9}. Find the probability that X2 − Y2be divisible by 2.Problem 3.3.6 Events A and B are independent, events
A and C are mutually ex
lusive, and events B and C areindependent. If P (A) =

1

2
, P (B) =

1

4
, P (C) =

1

8
, �ndP (A ∪ B ∪ C).Problem 3.3.7 A population 
onsists of 20% zeroes, 40%ones, and 40% twos. A random sample X, Y of size 2 issele
ted with repla
ement. Find P (|X − Y | = 1).Problem 3.3.8 A book has 4 typos. After ea
h re-reading,an un
orre
ted typo is 
orre
ted with probability 1

3
. The
orre
tion of di�erent typos is ea
h independent one fromthe other. Ea
h of the re-readings is also independent onefrom the other. How many re-readings are ne
essary so thatthe probability that there be no more errors be greater than

0.9?

Problem 3.3.9 A die is rolled three times in su

ession.Find the probability of obtaining at least one six.Problem 3.3.10 A, B, C are mutually independent eventswith P (A) = P (B) = P (C) = 1
3
. Find P (A ∪ B ∪ C).Problem 3.3.11 Ali Baba has a farm . In the farm he hasa herd of 20 animals, 15 are 
amels and the rest are sheep.Ahmed, sheik of the Forty Thieves steals 5 animals at night,without knowing what they are. What is the probability thatexa
tly three of the �ve stolen animals are 
amels?Problem 3.3.12 A student knows how to do 15 out of the

20 
ore problems for a given 
hapter. If the TA 
hooses
3 of the 
ore problems at random for a quiz, what is theprobability that the student knows how to do exa
tly 2 ofthem?Problem 3.3.13 Ten equally-quali�ed appli
ants, 6 menand 4 women, apply for 3 lab te
hni
ian positions. Unableto justify 
hoosing any of the appli
ants over the others, thepersonnel dire
tor de
ides to sele
t 3 at random. What isthe probability that one man and two women will be 
hosen?Problem 3.3.14 An urn has seven red and �ve green mar-bles. Five marbles are drawn out of the urn, without re-pla
ement. What is the probability that the green marblesoutnumber the red ones?Problem 3.3.15 (MMPC 1992) From the set
{1, 2, . . . , n}, k distin
t integers are sele
ted at randomand arranged in numeri
al order (lowest to highest). LetP (i, r, k, n) denote the probability that integer i is in po-sition r. For example, observe that P (1, 2, k, n) = 0and P (2, 1, 6, 10) = 4/15. Find a general formula forP (i, r, k, n).Problem 3.3.16 A pair of di
e is tossed 10 su

essivetimes. What is the probability of observing neither a 7 noran 11 in any of the 10 trials?

3.4 Binomial Random Variables158 De�nition A random variable X has a binomial probability distribution ifP (X = k) =

�
n

k

�
p

k
(1 − p)

n−k
, k = 0, 1, . . . , n.where n is the number of trials, p is the probability of su

ess in one trial, and k is the number of su

esses.2From Lewis Carroll's The Jabberwo
k.Free to photo
opy and distribute



82 Chapter 3Sin
e
n∑

k=0

P (X = k) =

n∑

k=0

�
n

k

�
p

k
(1 − p)

n−k
= (p + (1 − p))

n
= 1,this is a bona�de random variable.159 Example A fair 
oin is tossed 5 times.

➊ Find the probability of obtaining 3 heads.
➋ Find the probability of obtaining 3 tails.
➌ Find the probability of obtaining at most one head.
◮Solution:

➊ Let X be the random variables 
ounting the number of heads. Here p = 1 − p = 1
2
. Hen
eP (X = 3) =

�
5

3

��
1

2

�3 �1

2

�2

=
5

16
.

➋ Obtaining 3 tails is equivalent to obtaining 2 heads, hen
e the probability sought isP (X = 2) =

�
5

2

��
1

2

�2 �1

2

�3

=
5

16
.

➌ This is the probability of obtaining no heads or one head:P (X = 0) + P (X = 1) =

�
5

0

��
1

2

�0 �1

2

�5

+

�
5

1

��
1

2

�1 �1

2

�4

=
1

32
+

5

32

=
3

16
.

◭160 Example A multiple-
hoi
e exam 
onsists of 10 questions, and ea
h question has 3 
hoi
es. It is assumed that forevery question one, and only one of the 
hoi
es is the 
orre
t answer.
➊ Find n, the number of trials, p, the probability of su

ess, and 1 − p, the probability of failure.
➋ Find the probability of answering exa
tly 7 questions right.
➌ Find the probability of answering 8 or more questions right.
➍ Find the probability of answering at most one question.
◮Solution:

➊ Clearly n = 10, p = 1
4
, and also, 1 − p = 3

4
.

➋ Let X be the random variables 
ounting the number of right questions. ThenP (X = 7) =

�
10

7

��
1

4

�7 �3

4

�3

=
405

131072
.Free to photo
opy and distribute
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➌ This is the probability of answering 8 or 9 or 10 questions right, so it isP (X = 8) + P (X = 9) + P (X = 10) =

�
10

8

��
1

4

�8 �3

4

�2

+

�
10

9

��
1

4

�9 �3

4

�1

+

�
10

10

��
1

4

�10 �3

4

�0

=
405

1048576
+

15

524288
+

1

1048576

=
109

262144
.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 3.4.1 When two fair 
oins are tossed, what is theprobability of getting no heads exa
tly four times in �vetosses?Problem 3.4.2 A 
oin is loaded so that P (H) = 3
4
andP (T) = 1

4
. The 
oin is �ipped 5 times and its out
omere
orded. Find the probability that heads turns up at leaston
e.Problem 3.4.3 A fair 
oin is to be �ipped 1000 times.What is the probability that the number of heads ex
eedsthe number of tails?Problem 3.4.4 In the world series of foosball, a �ve-gamemat
h is played, and the player who wins the most gamesis the 
hampion. The probability of Player A winning anygiven game against player B is 
onstant and equals 1

3
. Whatis the probability that Player A will be the 
hampion? Youmay assume that all �ve games are played, even when a

player wins three of the �rst �ve games.Problem 3.4.5 In a 
ertain game John's skill is to Peter'sas 3 to 2. Find the 
han
e of John winning 3 games at leastout of 5.Problem 3.4.6 A 
oin whose fa
es are marked 2 and 3 isthrown 5 times. What is the 
han
e of obtaining a total of
12?Problem 3.4.7 A 
holera patient lives in a building wherehis toilet stall has two dispensers (one on the left and an-other one on the right of the toilet). Initially ea
h roll has
100 sheets of paper. Ea
h time he visits the toilet (whi
h isoften, given that he has 
holera), he 
hooses a dispenser atrandom and uses one sheet (OK, these sheets are very large,but let's 
ontinue with the problem. . . ). At a 
ertain mo-ment, he �rst realises that one of the dispensers is empty.What is the probability that the other roll of paper has 25sheets?

3.5 Geometric Random Variables161 De�nition (Geometri
 Random Variable) Let 0 < p < 1. A random variable is said to have a geometri
 or Pas
al distribu-tion if P (X = k) = (1 − p)
k−1

p, k = 1, 2, 3, . . . .Thus the random variable X 
ounts the number of trials ne
essary until su

ess o

urs.Sin
e
∞∑

k=1

P (X = k) =

∞∑

k=1

(1 − p)
k−1

p =
p

1 − (1 − p)
= 1,this is a bona�de random variable.Observe that P (X ≥ k) = (1 − p)

k−1
, k = 1, 2, 3, . . . , (3.2)Free to photo
opy and distribute



84 Chapter 3sin
e the probability that at least k trials are ne
essary for su

ess is equal to the probability that the �rst k − 1 trials arefailures.162 Example An urn 
ontains 5 white, 4 bla
k, and 1 red marble. Marbles are drawn, with repla
ement, until a red oneis found. If X is the random variable 
ounting the number of trials until a red marble appears, then
➊ P (X = 1) =

1

10
is the probability that the marble appears on the �rst trial.

➋ P (X = 2) =
9

10
· 1

10
=

9

100
is the probability that the red marble appears on the se
ond trial.

➌ P (X = k) =
9k−1

10k
is the probability that the marble appears on the k-th trial.

163 Example A drunk has �ve keys in his key-
hain, and an only one will start the 
ar 3 He tries ea
h key until he �ndsthe right one (he is so drunk that he may repeat the wrong key several times), then he starts his 
ar and (by 
heer lu
k),arrives home safely, where his wife is waiting for him, frying pan in hand. If X is the random variable 
ounting thenumber of trials until he �nd the right key, then
➊ P (X = 1) =

1

5
is the probability that he �nds the key on the �rst trial.

➋ P (X = 2) =
4

5
· 1

5
=

4

25
is the probability that he �nds the key on the se
ond trial.

➌ P (X = 3) =
4

5
· 4

5
· 1

5
=

16

125
is the probability that he �nds the key on the third trial.

➍ P (X = 4) =
4

5
· 4

5
· 4

5
· 1

5
=

64

625
is the probability that he �nds the key on the fourth trial.

➎ P (X = 5) =
4

5
· 4

5
· 4

5
· 4

5
· 1

5
=

256

3125
is the probability that he �nds the key on the �fth trial.

➏ P (X = 6) =
4

5
· 4

5
· 4

5
· 4

5
· 4

5
· 1

5
=

1024

15625
is the probability that he �nds the key on the sixth trial.

164 Example An urn 
ontains 5 white, 4 bla
k, and 1 red marble. Marbles are drawn, with repla
ement, until a red oneis found. If X is the random variable 
ounting the number of trials until the red marble appears.
➊ Find the probability that it takes at most 3 trials to obtain a red marble.
➋ Find the probability that it takes more than 3 trials to obtain a red marble.
◮Solution:

➊ This is asking for P (X = 1) + P (X = 2) + P (X = 3) =
1

10
+

9

100
+

81

1000
=

271

1000
.

➋ This is asking for the in�nite geometri
 sumP (X > 3) =

∞∑

k=4

P (X = k) =

∞∑

k=4

9k−1

10k
.We 
an sum this dire
tly, or we may resort to the fa
t that the event �more than 3 trials� is 
omple-mentary to the event �at most 3 trials.� ThusP (X > 3) = 1 − (P (X = 1) + P (X = 2) + P (X = 3)) = 1 −

271

1000
=

729

1000
.Free to photo
opy and distribute



Geometri
 Random Variables 85We may also resort to (3.2) by noti
ing thatP (X > 3) = P (X ≥ 4) =

�
9

10

�4−1

=
729

1000
.

◭165 Example Three people, X, Y, Z, in order, roll a fair die. The �rst one to roll an even number wins and the game isended. What is the probability that X will win?
◮Solution: We haveP (X wins) = P (X wins on the �rst trial)

+P (X wins on the fourth trial)
+P (X wins on the seventh trial) + · · ·

=
1

2
+

1

2

�
1

2

�3

+
1

2

�
1

2

�6

+ · · ·

=

1
2

1 − 1

23

=
4

7
.

◭166 Example A sequen
e of independent trials is performed by rolling a pair of fair di
e. What is the probability that an
8 will be rolled before rolling a 7?

◮Solution: The probability of rolling an 8 is 5

36
and the probability of rolling a 7 is 6

36
. Let An be theevent that no 8 or 7 appears on the �rst n − 1 trials and that a 8 appears on the nth trial. Sin
e the trialsare independent, P (An) =

�
1 −

11

36

�n−1 5

36
=

�
25

36

�n−1 5

36
.The probability sought is P �∪∞

n=1An

�
=

∞∑

n=1

P (An) =

∞∑

n=1

�
25

36

�n−1 5

36
=

5

11
.A di�erent solution to this problem will be given in example 182 ◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 3.5.1 An urn has three red marbles and two whiteones. Homer and Marge play alternately (Homer �rst, thenMarge, then Homer, et
.) drawing marbles with repla
e-ment until one of them draws a white one, and then thegame ends. What is the probability that Homer will even-tually win? Problem 3.5.2 Two people, X, Y, in order, roll a die. The�rst one to roll either a 3 or a 6 wins and the game is ended.
➊ What is the probability of throwing either a 3 or a 6?
➋ What is the probability that Y will win on the se
ondthrow?Free to photo
opy and distribute
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➌ What is the probability that Y will win on the fourththrow?
➍ What is the probability that Y will win?Problem 3.5.3 Six persons throw for a stake, whi
h is tobe won by the one who �rst throws head with a penny; if theythrow in su

ession, �nd the 
han
e of the fourth person.Problem 3.5.4 Consider the following experiment: A fair


oin is �ipped until heads appear, and the number of �ips isre
orded. If this experiment is repeated three times, what isthe probability that the result (number of �ips) is the sameall three times?Problem 3.5.5 A game 
onsists of looking for 7's in rollsof a pair of di
e. What is the probability that it takes tenrolls in order to observe eight 7's?
3.6 Poisson Random VariablesConsider a binomial random variable X with probability of su

ess p and number of trials n. Observe thatP (X = k) =

n(n − 1) · · · (n − k + 1)

k!
p

k
(1 − p)

n−k
.If n is large then n − k ≈ n, and soP (X = k) ≈ nk

k!
p

k
(1 − p)

n
=

(np)k

k!

�
(1 − p)

1/p
�npNow, sin
e lim

x→0
(1 − x)

1/x
= e

−1we gather that (1 − p)1/p ≈ e−1 . Denoting the produ
t np by λ, we obtainP (X = k) ≈ λk

k!
e

−λSin
e λ = np is the produ
t of a large number n and a very small number p, we expe
t λ to be a �medium-sized� number.The value λ = np is the average number of su

esses in n trials.167 De�nition A Poisson random variable X is a dis
rete random variable taking on the values 0, 1, 2, . . . with probabilitiesP (X = k) =
λk

k!
e

−λ
k ≥ 0It is easy to 
he
k that

∞∑

k=0

λk

k!
e

−λ
= e

−λ

∞∑

k=0

λk

k!
= e

−λ
e

λ
= e

0
= 1,where we have used the Ma
laurin expansion for ex:

e
x

=

∞∑

k=0

xk

k!
.168 Example In a 
ertain book, there is 1 misprint per 2 pages, on the average. What is the probability that there are 2or more misprints on a given, randomly 
hosen page? (This is a Poisson pro
ess.)

◮Solution: There is an average of λ =
1

2
misprint per page. Hen
e the required probability is

1 − P (0 misprints) − P (1 misprint) = 1 − e
−1/2

−
e−1/2

2
= 1 −

3e−1/2

2
.

◭Free to photo
opy and distribute



Poisson Random Variables 87169 Example During business hours, the help desk for a 
ompany's 
omputer system re
eives an average of 10 
alls perhour. What is the probability that fewer than 3 
alls 
ome in during a randomly 
hosen half-hour period during businesshours?
◮Solution: There is an average of λ = 5 
alls per half-hour. Hen
e the required probability isP (0 
alls) + P (1 
all) + P (2 
alls) = e

−5
+ 5e

−5
+

25e−5

2
=

37e−5

2
.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . Answers . . . . . . . . . . . . . . . . . . . . . . . . . . . .3.1.1 We are given that P (a) = 2P (b), P (b) = 4P (c), P (c) = 2P (d). Hen
eP (b) = 4P (c) = 4(2P (d)) = 8P (d) ,and P (a) = 2P (b) = 2(8P (d)) = 16P (d) .Now P (a) + P (b) + P (c) + P (d) = 1 implies
16P (d) + 8P (d) + 2P (d) + P (d) = 1

⇒ 27P (d) = 1,when
e P (d) =
1

27
. This yields P (a) = 16P (d) =

16

27
,P (b) = 8P (d) =

8

27
,and P (c) = 2P (d) =

2

27
.3.1.4 Let P (X = k) = αk. Then

1 = P (X = 1) + · · · + P (X = 6) = α(1
2

+ · · · + 6
2
) = 91αgiving α =

1

91
and P (X = k) =

k

91
.3.1.9 P (F) = 0.5, P (G) = 0.8, P (H) = 0.73.1.11 0.83.2.1 1

10
; 3

10
; 3

100
; 2

5
; 0; 1

100
; 13

100
; 8

25
; 1

50
; 29

1003.2.2 11

363.2.3 �
3

1

��
4

1

��
5

1

��
12

3

� =
3

11Free to photo
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88 Chapter 33.2.4 1

133.2.5 1

2213.2.6 6

208253.2.7 6327

208253.2.8 4
93.2.9 We have

➊ First observe that this experiment has a sample spa
e of size �A + B

C

�. There are �B

T

� ways of 
hoosing the females.The remaining C − T members of the 
ommittee must be male, hen
e the desired probability is�
B

T

��
A

C − T

��
A + B

C

� .

➋ Either C −2 or C −1 or C males will be 
hosen. Corresponding to ea
h 
ase, we must 
hoose either 2 or 1 or 0 women,when
e the desired probability is �
B

C − 2

��
A

2

�
+

�
B

C − 1

��
A

1

�
+

�
B

C

��
A

0

��
A + B

C

� .

➌ Either 3 or 2 or 1 or 0 women will be 
hosen. In ea
h 
ase, either C − 3 or C − 2 or C − 1 or C men will be 
hosen.Thus the desired probability is�
A

C − 3

��
B

3

�
+

�
A

C − 2

��
B

2

�
+

�
A

C − 1

��
B

1

�
+

�
A

C

��
B

0

��
A + B

C

� .

➍ We must assume that Peter and Mary belong to the original set of people, otherwise the probability will be 0. Sin
ePeter and Mary must belong to the 
ommittee, we must 
hoose C − 2 other people from the pool of the A + B − 2people remaining. The desired probability is thus �
A + B − 2

C − 2

��
A + B

C

� .

➎ Again, we must assume that Peter and Mary belong to the original set of people, otherwise the probability will be 1.Observe that one of the following three situations may arise: (1) Peter is in a 
ommittee, Mary is not, (ii) Mary is ina 
ommittee, Peter is not, (iii) Neither Peter nor Mary are in a 
ommittee. Perhaps the easiest way to 
ount theseoptions (there are many ways of doing this) is to take the total number of 
ommittees and subtra
t those in
luding(simultaneously) Peter and Mary. The desired probability is thus�
A + B

C

�
−

�
A + B − 2

C − 2

��
A + B

C

� .Free to photo
opy and distribute



Poisson Random Variables 89Aliter: The number of 
ommittees that in
lude Peter but ex
lude Mary is �A + B − 2

C − 1

�, the number of 
ommitteesthat in
lude Mary but ex
lude Peter is �A + B − 2

C − 1

�, and the number of 
ommittees that ex
lude both Peter andMary is �A + B − 2

C

�. Thus the desired probability is seen to be�
A + B − 2

C − 1

�
+

�
A + B − 2

C − 1

�
+

�
A + B − 2

C

��
A + B

C

�That this agrees with the pre
eding derivation is a simple algebrai
 exer
ise.3.2.10 The experiment is 
hoosing �ve people from amongst 12, and so the sample spa
e has size �12

5

�
= 792. The womenwill outnumber the men if there are (a) 3 women and 2 men; (b) 4 women and 1 man; or (
) 5 women. The numbers ofsu

esses is thus �

5

3

��
7

2

�
+

�
5

4

��
7

1

�
+

�
5

5

��
7

0

�
= 246.The probability sought is thus 246

792
=

41

132
.3.2.11 We use in
lusion-ex
lusion, where C, F, S, respe
tively, denote the sets of Chinese, Fren
h and Spanish speakers. Wehave 
ard (C ∪ F ∪ S) = 
ard (C) + 
ard (F) + 
ard (S)

−
ard (C ∩ F) − 
ard (F ∩ S) − 
ard (S ∩ C)

+
ard (C ∩ F ∩ S)

= 30 + 50 + 75 − 15 − 30 − 12 + 7

= 105,students speak at least one language, hen
e 120 − 105 = 15 students speak none of the languages. The probability sought is
15

120
=

1

8
.3.2.12 The experiment 
onsists in permuting the letters RRRWWWBBB and hen
e the sample spa
e size is 10!

3!4!3!
. Inorder to obtain su

ess, we must have an arrangement of the form

x1Rx2Rx3Rx4Wx5Wx6Wx7Wx8,where the xi may have from 0 to 3 blue balls. The number of su
h arrangements is the number of non-negative integralsolutions to x1 + x2 + · · · + x8 = 3, namely �8 + 3 − 1

8 − 1

�
=

�
10

7

�
=

10!

7!3!
. Hen
e the probability sought is

10!

7!3!
10!

3!4!3!

=
3!4!

7!
=

1

35
.Aliter: Observe that the position of the red balls is irrelevant for su

ess. Thus we only worry about permutations of of

RRRWWWW and only one of this is su

essful. The desired probability is 1
7!

4!3!

=
4!3!

7!
=

1

35
.3.2.13 125

216
; 91

216
; 4

9
; 1

2Free to photo
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90 Chapter 33.2.14 �
26

3

�2�
52

6

� ; �4

2

�3�
52

6

� ; �13

1

��
4

4

��
48

2

��
52

6

� ; �4

1

��
13

4

��
39

2

��
52

6

� ; �48

6

��
52

6

�3.2.15 7

183.2.17 The sample spa
e 
onsists of all ve
tors D1D2D3 where Di is a day of the week, hen
e the sample spa
e size is
73 = 343. Su

ess 
onsists in getting a ve
tor with all the Di di�erent, and there are 7 · 6 · 5 = 210 of these. The desiredprobability is thus 210

343
=

30

49
.3.2.18 T

N

k
U

N3.2.19 2

53.2.20 1

53.2.21 In the numbers {1, 2, . . . , 20} there are 6 whi
h are multiples of 3, 7 whi
h leave remainder 1 upon division by 3, and
7 that leave remainder 2 upon division by 3. The sum of three numbers will be divisible by 3 when (a) the three numbers aredivisible by 3; (b) one of the numbers is divisible by 3, one leaves remainder 1 and the third leaves remainder 2 upon divisionby 3; (
) all three leave remainder 1 upon division by 3; (d) all three leave remainder 2 upon division by 3. The requiredprobability is thus �

6

3

�
+

�
6

1

��
7

1

��
7

1

�
+

�
7

3

�
+

�
7

3

��
20

3

� =
32

95
.3.2.22 The person will have to try exa
tly 17 guns if either the third �ring gun o

urs on the seventeenth pla
e or the �ringguns o

ur on the last three pla
es. Hen
e the probability sought is �16

2

�
+ 1�

20

3

� =
121

1140
.3.2.23 The possible pairs with X < Y are (1, 2), (1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5), and (3, 4) for a total of 8 pairs.There are also eight 
orresponding pairs with Y < X. The probability sought is 64�

27

2

� =
64

351
.3.2.25 5

9
; 2

93.2.26 5

1083.2.27 1

23.2.28 The sample spa
e has size 63 = 216. A simple 
ount yields 25 ways of obtaining a 9 and 27 of getting a 10. Hen
eP (S = 9) = 25
216

≈ 0.1157, and P (S = 10) =
27

216
= 1

8
= 0.125.3.2.29 Sin
e the probability of obtaining the sum 1994 is positive, there are n ≥ T

1994

6
U = 333 di
e. Let x1 +x2 + · · ·+xn =

1994 be the sum of the fa
es of the n di
e adding to 1994. We are given that
(7 − x1) + (7 − x2) + · · · + (7 − xn) = Sor 7n − 1994 = S. The minimal sum will be a
hieved with the minimum di
e, so putting n = 333 we obtain the minimal

S = 7(333) − 1994 = 337.Free to photo
opy and distribute



Poisson Random Variables 913.2.30 360
24013.2.31 118

2313.2.32 �
4

3

��
7

3

� =
4

353.2.33 1

33.2.34 We have �
n

3

��
2n

3

� =
1

12
⇒

n(n − 1)(n − 2)

2n(2n − 1)(2n − 2)
=

1

12

⇒
n − 2

4(2n − 1)
=

1

12

⇒ 3(n − 2) = 2n − 1

⇒ n = 5.3.2.35 �
13

1

�4�
52

4

�3.2.36 The experiment 
onsists in 
hoosing three positions to be o

upied by the three 
ards, this 
an be done in �12

3

�ways. Su

ess is a

omplished by sele
ting one of the players, in �3

1

� and three of his 
ards, (in �4

3

�) ways, to be the threelowest 
ards. The probability required is thus �3

1

��
4

3

��
12

3

� =
3

55
.3.2.37 To have 2 distin
t roots we need the dis
riminant A2 − 4B > 0. Sin
e 1 ≤ A ≤ 6 and 1 ≤ B ≤ 6 this o

urs for the

17 ordered pairs (A,B): (3, 1), (3, 2), (4, 1), (4, 2), (4, 3), (5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3),
(6, 4), (6, 5), (6, 6), so the desired probability is 17

36
.To have a double root we need A2 − 4B = 0. This o

urs when for the 2 ordered pairs (A,B): (2, 1) and (4, 4). Hen
ethe desired probability is 2

36
=

1

18
.If x = −3 is a root, then (−3)2 − 3A + B = 0, that is 9 + B = 3A. This o

urs for the 2 ordered pairs (A,B): (4, 3)and (5, 6). Hen
e the desired probability is 2

36
=

1

18
.If x = 3 were a root, then 32 + 3A+B = 0, whi
h is impossible sin
e the sum on the sinistral side is stri
tly positive andhen
e never 0. The desired probability is thus 0.Free to photo
opy and distribute



92 Chapter 33.2.38 This is plainly �
3

1

��
n

2

�
+

�
3

2

��
n

1

��
3n

2

� =
3n(n − 1) + 6n

3n(3n − 1)
=

n + 1

3n − 1
.3.2.39 1063.2.40 25

6483.2.41 This is plainly �4

3

��
48

10

��
52

13

� =
858

20825
.3.2.42 A parti
ular 
on�guration with one '0', one '5', and two '9's has probability ( 1

10
)1( 1

10
)1( 1

10
)2 =

1

10000
of o

urring.Sin
e there are 4!

2!
= 12 su
h 
on�gurations, the desired probability is thus 12

10000
=

3

2500
.3.2.43 The sample spa
e is the number of permutations of 10 obje
ts of two types: 8 of type W (for white) and 2 of type

R (for red). There are 10!

8!2!
= 45 su
h permutations. Now, to 
ount the su

essful permutations, observe that we need a
on�guration of the form

X1RX2RX3 .If one of the Xi = 7W then another one must be 1W and the third must be 0W, so there are 3! = 6 
on�gurations of thistype. Similarly, if one of the Xi = 8W, the other two must be 0W and again there are 3!

2!
= 3 
on�gurations of this type.The desired probability is hen
e 9

45
=

1

5
.3.2.44 By subtra
ting A times the se
ond equation from the �rst, the system be
omes
(2A − B)x = (C − 3A)y; x − 2y = 3.For in�nitely many solutions, we need 2A = B; 3A = C, hen
e B is even and C is a multiple of 3, giving (A, B, C) =

(1, 2, 3) or (2, 4, 6). The probability of in�nitely many solutions is thus 2

216
=

1

108
.If the system will have no solutions, then 2A = B and 3A 6= C. For (A, B) = (1, 2) we have 5 
hoi
es of C; for

(A, B) = (2, 4) we have 5 
hoi
es of C; and for (A, B) = (3, 6) we have 6 
hoi
es of C. Hen
e there are 5 + 5 + 6 = 16su

esses, and the probability sought is 16

216
=

2

27
.For the system to have exa
tly one solution we need 2A 6= B. If A = 1, 2 or 3, then B 
annot B = 2, 4 or 6, giving

5 + 5 + 5 = 15 
hoi
es of B in these 
ases. If A = 4, 5 or 6, then B 
an be any of the 6 
hoi
es, giving 6 + 6 + 6 = 18 in these
ases. These 15 + 18 = 33 
hoi
es of B 
an be 
ombined with any 6 
hoi
es of C, giving 33 · 6 = 198 
hoi
es. The probabilityin this 
ase is thus 198

216
=

11

12
.For the system to have x = 3, y = 0 as its unique solution, we need 2A 6= B and 3A = C. If A = 1 then C = 3 and we have

5 
hoi
es for B. If A = 2 then C = 6 and again, we have 5 
hoi
es for B. Hen
e there are 10 su

esses and the probabilitysought is 10

216
=

5

108
.3.3.1 �

1

27

�483.3.2 5

1443.3.3 3

8Free to photo
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Poisson Random Variables 933.3.4 1

523.3.5 41

813.3.6 Theorem 129. 23

323.3.7 We have P (|X − Y | = 1) = P (X − Y = 1) + P (Y − X = 1)

= 2P (X − Y = 1)

= 2(P (X = 1 ∩ Y = 0) + P (X = 2 ∩ Y = 1))

= 2(P (X = 1)P (Y = 0) + P (X = 2)P (Y = 1))

= 2((.4)(.2) + (.4)(.4))

= .48,sin
e the sampling with repla
ement gives independen
e.3.3.8 Suppose there are n re-reading ne
essary in order that there be no errors. At ea
h re-reading, the probability that atypo is not 
orre
ted is 2

3
. Thus the probability that a parti
ular typo is never 
orre
ted is (2

3
)n . Hen
e the probability thata parti
ular typo is 
orre
ted in the n re-readings is 1 − (2

3
)n . Thus the probability that all typos are 
orre
ted is�

1 −

�
2

3

�n
�4

.We need �
1 −

�
2

3

�n
�4

≥ 0.9and with a 
al
ulator we may verify that this happens for n ≥ 10.3.3.9 The probability of not obtaining a six in a single trial is 5
6
. The probability of not obtaining a single six in the threetrials is (5

6
)3 = 125

216
. Hen
e the probability of obtaining at least one six in three rolls is 1 − 125

216
= 91

216
.3.3.10 By in
lusion-ex
lusion and by independen
e,P (A ∪ B ∪ C) = P (A) + P (B) + P (C) − P (A ∩ B) − P (A ∩ C)

−P (B ∩ C) + P (A ∩ B ∩ C)

=
1

3
+

1

3
+

1

3
−

1

9
−

1

9
−

1

9
+

1

27

=
19

27
.3.3.11 �

15

3

��
5

2

��
20

5

�3.3.12 The TA 
hooses 3 problems in �20

3

�
= 1140 ways. Su

ess means �15

2

��
5

1

�
= 525 ways of 
hoosing exa
tly two
orre
t answers. The probability sought is thus 525

1140
=

35

76
.Free to photo
opy and distribute



94 Chapter 33.3.13 The experiment 
onsists of 
hoosing 3 people out of 10, and so the sample spa
e size is �10

3

�
= 120. Su

ess o

urswhen one man and two women 
hosen, whi
h 
an be done in �6

1

��
4

2

�
= 36 ways. The probability sought is 36

120
=

3

10
.3.3.14 This is plainly �

5

3

��
7

2

�
+

�
5

4

��
7

1

�
+

�
5

5

��
7

0

��
12

5

� =
41

132
.3.3.15 The r − 1 integers before i must be taken from the set {1, 2, . . . , i − 1} and the k − r after i must be taken from theset {i + 1, i + 2, . . . , n}. Hen
e P (i, r, k, n) =

�
i − 1

r − 1

��
n − i

k − r

��
n

k

� .3.3.16 (7
9
)103.4.1 15

10243.4.2 Let A denote the event whose probability we seek. Then Ac is the event that no heads turns up. ThusP �Ac
�

=

�
5

5

��
3

4

�0 �1

4

�5

=
1

1024
.Hen
e P (A) = 1 − P �Ac

�
= 1 −

1

1024
=

1023

1024
.Noti
e that if we wanted to �nd this probability dire
tly, we would have to add the �ve termsP (A) =

�
5

1

� �
3
4

�1 � 1
4

�4
+

�
5

2

� �
3
4

�2 � 1
4

�3
+

�
5

3

��
3
4

�3 � 1
4

�2

+

�
5

4

� �
3
4

�4 � 1
4

�1
+

�
5

5

��
3
4

�5 � 1
4

�0
.

=
15

1024
+

90

1024
+

270

1024
+

405

1024
+

243

1024

=
1023

1024
.3.4.3 1

2
−

�
1000

500

�
210013.4.4 This is plainly �

5

3

��
1

3

�3 �2

3

�2

+

�
5

4

��
1

3

�4 �2

3

�1

+

�
5

5

��
1

3

�5 �2

3

�0

=
17

81
.3.4.5 2133

31253.4.6 5

163.4.7 For the patient to noti
e for the �rst time that the left dispenser is empty, he must have pulled out 100 sheets from theleft, 75 from the right, and on the 101st attempt on the left he �nds that there is no sheet. So we have a 
on�guration like
. . . L . . . R . . .︸ ︷︷ ︸

100 L ′s and 75 R ′s L,Free to photo
opy and distribute



Poisson Random Variables 95where all the L's, ex
ept for the one on the last position, 
an be in any order, and all the R's 
an be in any order. This happenswith probability �175

75

�
(1

2
)75(1

2
)100 · 1

2
=

�
175

75

�
(1

2
)176. The same probability 
an be obtained for the right dispenser andhen
e the probability sought is 2

�
175

75

�
(1

2
)176 =

�
175

75

�
(1

2
)175 .3.5.1 5

83.5.2 1
3
; 2

9
; 8

81
; 2

53.5.3 4

633.5.4 Let Xi be the random variable 
ounting the number of times until heads appears for times i = 1, 2, 3. Observe thatP (Xi = n) =
1

2n
(in fa
t, Xi is geometri
 with p = 1

2
). Hen
e the desired probability is

∞∑

n=1

P (X1 = n)P (X2 = n)P (X3 = n) =

∞∑

n=1

1

8n
=

1
8

1 − 1
8

=
1

7
.3.5.5 52

68
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4 Conditional Probability
4.1 Conditional Probability170 De�nition Given an event B, the probability that event A happens given that event B has o

urred is de�ned and denotedby P (A|B) =

P (A ∩ B)P (B)
, P (B) 6= 0.171 Example Ten 
ards numbered 1 through 10 are pla
ed in a hat, mixed and then one 
ard is pulled at random. If the
ard is an even numbered 
ard, what is the probability that its number is divisible by 3?

◮Solution: Let A be the event �the 
ard's number is divisible by 3� and B be the event �the 
ard is an evennumbered 
ard.� We want P (A|B) . Observe that P (B) = 5
10

= 1
2
. Now the event A ∩ B is the event that the
ard's number is both even and divisible by 3, whi
h happens only when the number of the 
ard is 6. Hen
eP (A ∩ B) = 1

10
. The desired probability isP (A|B) =

P (A ∩ B)P (B)
=

1
10

1
2

=
1

5
.

◭172 Example A 
oin is tossed twi
e. What is the probability that in both tosses appear heads given that in at least oneof the tosses appeared heads?
◮Solution: Let E = {(H, H)} and F = {(H, H), (H, T), (T, H)}. ThenP (E|F) =

P (E ∩ F)P (F)
=

P ({(H, H)})P ({(H, H), (H, T), (T, H)})
=

1
4

3
4

=
1

3
.

◭The 
onditional probability formula 
an be used to obtain probabilities of interse
tions of events. ThusP (A ∩ B) = P (B)P (A|B) (4.1)Observe that the sinistral side of the above equation is symmetri
. Thus we similarly haveP (A ∩ B) = P (B ∩ A) = P (A)P (B|A) (4.2)173 Example Darlene is unde
ided on whether taking Statisti
s or Philosophy. She knows that if she takes Statisti
s shewill get an A with probability 1
3
, while if she takes Philosophy she will re
eive an A with probability 1

2
. Darlene basesher de
ision on the �ip of a 
oin. What is the probability that Darlene will re
eive an A in Statisti
s?96



Conditional Probability 97
◮Solution: Let E be the event that Darlene takes Statisti
s and let F be the event that she re
eives an Ain whatever 
ourse she de
ides to take. Then we want P (E ∩ F) . ButP (E ∩ F) = P (E)P (F|E) =

1

2
· 1

3
=

1

6
.

◭174 Example An urn 
ontains eight bla
k balls and three white balls. We draw two balls without repla
ement. What isthe probability that both balls are bla
k?
◮Solution: Let B1 be the event that the �rst ball is bla
k and let B2 be the event that the se
ond ball isbla
k. Clearly P (B1) = 8

11
. If a bla
k ball is taken out, there remain 10 balls in the urn, 7 of whi
h are bla
k.Thus P (B2 |B1) = 7

10
. We 
on
lude thatP (B1 ∩ B2) = P (B1)P (B2 |B1) =

8

11
· 7

10
=

28

55
.

◭The formula for 
onditional probability 
an be generalised to any number of events. Thus if A1, A2, . . . An are events,then P (A1 ∩ A2 ∩ . . . ∩ An) = P (A1)

·P (A2 |A1)P (A3 |A1 ∩ A2)

· · ·P (An |A1 ∩ A2 ∩ . . . ∩ An−1)

(4.3)
175 Example An urn 
ontains 5 red marbles, 4 blue marbles, and 3 white marbles. Three marbles are drawn in su

ession,without repla
ement. Find the probability that the �rst two are white and the third one is blue.

◮Solution: Let the required events be W1, W2, B3. ThenP (W1 ∩ W2 ∩ B3) = P (W1)P (W2 |W1)P (B3 |W1 ∩ W2) =
3

12
· 2

11
· 4

10
=

1

55
.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 4.1.1 Two 
ards are drawn in su

ession from awell-shu�ed standard de
k of 
ards. What is the probabilityof su

essively obtaining
➊ a red 
ard and then a bla
k 
ard?
➋ two red 
ards?
➌ a knave and then a queen?
➍ two knaves?

Problem 4.1.2 Five 
ards are drawn at random from astandard de
k of 
ards. It is noti
ed that there is at leastone pi
ture (A, J, Q, or K) 
ard. Find the probability thatthis hand of 
ards has two knaves.Problem 4.1.3 Five 
ards are drawn at random from astandard de
k of 
ards. It is noti
ed that there is exa
tlyone a
e 
ard. Find the probability that this hand of 
ardshas two knaves.Free to photo
opy and distribute



98 Chapter 4
4.2 ConditioningSometimes we may use the te
hnique of 
onditioning, whi
h 
onsists in de
omposing an event into mutually ex
lusive parts.Let E and F be events. Then P (E) = P (E ∩ F) + P (E ∩ Fc)

= P (F)P (E|F) + P (Fc)P (E|Fc) .

(4.4)
M

0.53

C.02

Cc.98

Mc

0.47

C.001

Cc
.999Figure 4.1: Example 176.

S
1
4

A
1

52

Ac51
52

Sc
3
4

A
1

51

Ac50
51Figure 4.2: Example 177.

176 Example A population 
onsists of 53% men. The probability of 
olour blindness is .02 for a man and .001 for awoman. Find the probability that a person pi
ked at random is 
olour blind.
◮Solution: We 
ondition on the sex of the person. Let M be the event that the person is a man and let Cbe the event that the person is 
olour-blind. ThenP (C) = P (C ∩ M) + P �C ∩ M

c
�

.But P (C ∩ M) = P (M)P (C|M) = (.53)(.02) = 0.106 and P (C ∩ Mc) = P (Mc)P (C|Mc) = (.47)(.001) =

.00047 and so P (C) = 0.10647. A tree diagram explaining this 
al
ulation 
an be seen in �gure 4.1. ◭177 Example Draw a 
ard. If it is a spade, put it ba
k and draw a se
ond 
ard. If the �rst 
ard is not a spade, draw ase
ond 
ard without repla
ing the se
ond one. Find the probability that the se
ond 
ard is the a
e of spades.
◮Solution: We 
ondition on the �rst 
ard. Let S be the event that the �rst 
ard is a spade and let A bethe event that the se
ond 
ard is the a
e of spades. ThenP (A) = P (A ∩ S) + P �A ∩ S

c
�

.Free to photo
opy and distribute



Conditioning 99But P (A ∩ S) = P (S)P (A|S) = 1
4

· 1
52

= 1
108

and P (A ∩ Sc) = P (Sc)P (A|Sc) = 3
4

· 1
51

= 1
68
. We thushave P (A) =

1

108
+

1

68
=

11

459
.A tree diagram explaining this 
al
ulation 
an be seen in �gure 4.2. ◭178 Example A multiple-
hoi
e test 
onsists of �ve 
hoi
es per question. You think you know the answer for 75% of thequestions and for the other 25% you guess at random. When you think you know the answer, you are right only 80%of the time. Find the probability of getting an arbitrary question right.

◮Solution: We 
ondition on whether you think you know the answer to the question. Let K be the eventthat you think you know the answer to the question and let R be the event that you get a question right. ThenP (R) = P (K ∩ R) + P �Kc ∩ R
�Now P (K ∩ R) = P (K) · P (R|K) = (.75)(.8) = .6 andP �Kc ∩ R

�
= P �Kc

�
· P �R|K

c
�

= (.25)(.2) = .05.Therefore P (R) = .6 + .05 = .65. ◭If instead of 
onditioning on two disjoint sets we 
onditioned in n pairwise disjoint sets, we would obtain179 Theorem (Law of Total Probability) Let F = F1 ∪ F2 ∪ · · · ∪ Fn , where Fj ∩ Fk = ∅ if j 6= k, thenP (E ∩ F) = P (F1)P (E|F1) + P (F2)P (E|F2) + · · · + P (Fn)P (E|Fn) .180 Example An urn 
ontains 4 red marbles and 5 green marbles. A marble is sele
ted at random and its 
olour noted,then this marble is put ba
k into the urn. If it is red, then 2 more red marbles are put into the urn and if it is green 1more green marble is put into the urn. A se
ond marble is taken from the urn. Let R1, R2 be the events that we sele
t ared marble on the �rst and se
ond trials respe
tively, and let G1, G2 be the events that we sele
t a green marble on the�rst and se
ond trials respe
tively.
➊ Find P (R2).
➋ Find P (R2 ∩ R1).
➌ Find P (R1 |R2).
◮Solution: Plainly,

➊ P (R2) =
4

9
· 6

11
+

5

9
· 3

5
=

19

33
.

➋ P (R2 ∩ R1) =
4

9
· 6

11
=

8

33

➌ P (R1 |R2) =
P (R2 ∩ R1)P (R2)

=
8

19
.

◭Free to photo
opy and distribute



100 Chapter 4181 Example An urn 
ontains 10 marbles: 4 red and 6 blue. A se
ond urn 
ontains 16 red marbles and an unknownnumber of blue marbles. A single marble is drawn from ea
h urn. The probability that both marbles are the same 
olouris 0.44. Cal
ulate the number of blue marbles in the se
ond urn.
◮Solution: Let b be the number of blue marbles in the se
ond urn, let Rk, k = 1, 2 denote the event ofdrawing a red marble from urn k, and similarly de�ne Bk , k = 1, 2. We wantP ((R1 ∩ R2) ∪ (B1 ∩ B2)) .Observe that the events R1 ∩ R2 and B1 ∩ B2 are mutually ex
lusive, and that R1 is independent of R2 and
B1 is independent of B2 (drawing a marble from the �rst urn does not in�uen
e drawing a se
ond marblefrom the se
ond urn). We then have

0.44 = P ((R1 ∩ R2) ∪ (B1 ∩ B2))

= P (R1 ∩ R2) + P (B1 ∩ B2)

= P (R1)P (R2) + P (B1)P (B2)

=
4

10
· 16

b+16
+

6

10
· b

b+16
.Clearing denominators

0.44(10)(b + 16) = 4(16) + 6b ⇒ b = 4.

◭182 Example A sequen
e of independent trials is performed by rolling a pair of fair di
e. What is the probability that an
8 will be rolled before rolling a 7?

◮Solution: This is example 166. Here we give a solution using 
onditioning. Let A be the event that an
8 o

urs before a 7. Now, either: (i) the �rst trial will be an 8, whi
h we will 
all event X, or (ii) the �rsttrial will be a 7, whi
h we will 
all event Y , or (iii) the �rst trial will be neither an 8 nor a 7, whi
h we will
all event Z. Sin
e X , Y , Z partition A we haveP (A) = P (A|X)P (X) + P (A|Y)P (Y) + P (A|Z)P (Z) .Observe that P (A|X)P (X) = 1 · 5

36
,P (A|Y)P (Y) = 0 · 6

36
,and P (A|Z)P (Z) = P (A) · 25

36
,where the last equality follows be
ause if the �rst out
ome is neither an 8 nor a 7 we are in the situation asin the beginning of the problem. ThusP (A) =

5

36
+

25

36
· P (A) ⇒ P (A) =

5

11
,as we had obtained in example 166. ◭Free to photo
opy and distribute



Conditioning 101183 Example (Monty Hall Problem) You are on a television shew where the host shews you three doors. Behind two ofthem are goats, and behind the remaining one a 
ar. You 
hoose one door, but the door is not yet opened. The hostopens a door that has a goat behind it (he never opens the door that hides the 
ar), and asks you whether you wouldlike to swit
h your door to the unopened door. Should you swit
h?
◮Solution: It turns out that by swit
hing, the probability of getting the 
ar in
reases from 1

3
to 2

3
. Let us
onsider the following generalisation: an urn 
ontains a white marbles and b bla
k marbles with a + b ≥ 3.You have two strategies:

➊ You may simply draw a marble at random. If it is white you win, otherwise you lose.
➋ You draw a marble at random without looking at it, and you dispose of it. The host removes a bla
kmarble from the urn. You now remove a marble from the urn. If it is white you win, otherwise youlose.In the �rst strategy your probability of winning is 
learly a

a + b
. To 
ompute the probability of winning onthe se
ond strategy we 
ondition on the 
olour of the marble that you �rst drew. The probability of winningis thus

a

a + b
· a − 1

a + b − 2
+

b

a + b
· a

a + b − 2
=

a

a + b

�
1 +

1

a + b − 2

�
.This is greater than the probability on the �rst strategy, so the se
ond strategy is better. ◭184 Example A simple board game has four �elds A, B, C, and D. On
e you end up on �eld A you have won and on
eyou end up on �eld B you have lost. From �elds C and D you move to other �elds by �ipping a 
oin. If you are on �eld

C and you throw a head, then you move to �eld A, otherwise to �eld D. From �eld D, you move to �eld C if you throwa head, and otherwise you mover to �eld B.Suppose that you start in �eld D. What is the probability that you will win (i.e., what is the probability that youwill end up on �eld A)?
◮Solution: We want P (A|D). This 
an happen in two moves (from D to C to A) with probability 1

2
· 1

2
= 1

4
,or it 
an happen in 4 moves (from D to C to D to C to A) with probability 1

2
· 1

2
· 1

2
· 1

2
= 1

16
, or in six moves,. . . ,et
. We must sum thus the in�nite geometri
 series

1

4
+

1

42
+

1

43
+ · · · =

1
4

1 − 1
4

=
1

3
.The required probability is therefore 1

3
. ◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 4.2.1 A and B are two events from the samesample spa
e satisfyingP (A) =
1

2
; P (B) =

2

3
; P (A|B) =

1

4
.Find P (Ac ∩ Bc).Problem 4.2.2 A 
ookie jar has 3 red marbles and 1 whitemarble. A shoebox has 1 red marble and 1 white marble.

Three marbles are 
hosen at random without repla
ementfrom the 
ookie jar and pla
ed in the shoebox. Then 2 mar-bles are 
hosen at random and without repla
ement from theshoebox. What is the probability that both marbles 
hosenfrom the shoebox are red?Problem 4.2.3 A fair 
oin is tossed until a head appears.Given that the �rst head appeared on an even numbered toss,what is the 
onditional probability that the head appeared onFree to photo
opy and distribute



102 Chapter 4the fourth toss?Problem 4.2.4 Three fair standard di
e are tossed, and thesum is found to be 6. What is the probability that none ofthe di
e landed a 1?Problem 4.2.5 An urn 
ontains 5 red marbles and 5 greenmarbles. A marble is sele
ted at random and its 
olournoted, then this marble is put ba
k into the urn. If it is red,then 2 more red marbles are put into the urn and if it isgreen 3 more green marbles are put into the urn. A se
ondmarble is taken from the urn. Let R1, R2 be the events thatwe sele
t a red marble on the �rst and se
ond trials respe
-tively, and let G1, G2 be the events that we sele
t a greenmarble on the �rst and se
ond trials respe
tively.1. Find P (R1).2. Find P (G1).3. Find P (R2 |R1).4. Find P (G2 |R1).5. Find P (G2 |G1).6. Find P (R2 |G1).
7. Find P (R2).8. Find P (G2).9. Find P (R2 ∩ R1).10. Find P (R1 |R2).11. Find P (G2 ∩ R1).12. Find P (R1 |G2).Problem 4.2.6 Five urns are numbered 3, 4, 5, 6, and 7,respe
tively. Inside ea
h urn is n2 dollars where n is thenumber on the urn. You sele
t an urn at random. If it isa prime number, you re
eive the amount in the urn. If thenumber is not a prime number, you sele
t a se
ond urn fromthe remaining four urns and you re
eive the total amountof money in the two urns sele
ted. What is the probabilitythat you end up with $25?

Problem 4.2.7 A family has �ve 
hildren. Assuming thatthe probability of a girl on ea
h birth was 1
2
and that the �vebirths were independent, what is the probability the familyhas at least one girl, given that they have at least one boy?Problem 4.2.8 Events S and T have probabilities P (S) =P (T) = 1

3
and P (S|T) = 1

6
. What is P (Sc ∩ Tc)?Problem 4.2.9 An insuran
e 
ompany examines its pool ofauto insuran
e 
ustomers and gathers the following infor-mation:

➊ All 
ustomers insure at least one 
ar.
➋ 70% of the 
ustomers insure more than one 
ar.
➌ 20% of the 
ustomers insure a sports 
ar.
➍ Of those 
ustomers who insure more than one 
ar,

15% insure a sports 
ar.Cal
ulate the probability that a randomly sele
ted 
ustomerinsures exa
tly one 
ar and that 
ar is not a sports 
ar.Problem 4.2.10 Peter writes to Paul and does not re
eivean answer. Assuming that one letter in n is lost in the mail,�nd the probability that Paul re
eived the letter. (Assumethat Paul would have answered the letter had he re
eived it.)Problem 4.2.11 A de
k of 
ards is shu�ed and then di-vided into two halves of 26 
ards ea
h. A 
ard is drawnfrom one of the halves; it turns out to be an a
e. The a
e isthen pla
ed in the se
ond half-de
k. This half is then shuf-�ed, and a 
ard drawn from it. Find the probability thatthis drawn 
ard is an a
e.
4.3 Bayes’ RuleSuppose Ω = A1 ∪ A2 ∪ · · · ∪ An , where Aj ∩ Ak = ∅ if j 6= k is a partition of the sample spa
e. ThenP (Ak |B) =

P (Ak ∩ B)P (B)
.By the Law of Total Probability Theorem 179, P (B) = P (A1)P (B|A1)+P (A2)P (B|A2)+ · · ·+P (An)P (B|An) . Thisgives185 Theorem (Bayes' Rule) . Let A1, A2, . . . , An be pairwise disjoint with union Ω. ThenP (Ak |B) =

P (Ak ∩ B)P (B)
=

P (Ak ∩ B)
∑n

k=1 P (Ak)P (B|Ak)
.186 Example A supermarket buys its eggs from three di�erent 
hi
ken ran
hes. They buy 1/3 of their eggs from Eggs'RUs, 1/2 of their eggs from The Yolk Ran
h, and 1/6 of their eggs from Cheap Eggs. The supermarket determines that

1% of the eggs from Eggs'R Us are 
ra
ked, 2% of the eggs from the Yolk Ran
h are 
ra
ked, and 5% of the eggs fromCheap Eggs are 
ra
ked. What is the probability that an egg 
hosen at random is from Cheap Eggs, given that the eggis 
ra
ked?Free to photo
opy and distribute



Bayes' Rule 103
◮Solution: See �gure 4.3 for a tree diagram. We haveP (
ra
ked) = P (
ra
ked|R ′Us)P (R ′Us) + P (
ra
ked|YR)P (YR) + P (
ra
ked|ChE)P (ChE)

=
1

3
· 1

100
+

1

2
· 2

100
+

1

6
· 5

100

=
13

600and so, P (ChE|
ra
ked) =
P (ChE ∩ 
ra
ked)P (
ra
ked)

=
P (
ra
ked|ChE) · P (ChE)P (
ra
ked)

=

5

100
· 1

6
13

600

=
5

13

R ′Us

1/3


ra
ked.01 not 
ra
ked.99

YR

1/2


ra
ked.02 not 
ra
ked.98

ChE
1/6 
ra
ked.05 not 
ra
ked.95Figure 4.3: Example 186.

◭

187 Example 6% of Type A spark plugs are defe
tive, 4% of Type B spark plugs are defe
tive, and 2% of Type C sparkplugs are defe
tive. A spark plug is sele
ted at random from a bat
h of spark plugs 
ontaining 50 Type A plugs, 30 TypeB plugs, and 20 Type C plugs. The sele
ted plug is found to be defe
tive. What is the probability that the sele
ted plugwas of Type A?
◮Solution: Let A, B, C denote the events that the plug is type A, B, C respe
tively, and D the event thatFree to photo
opy and distribute



104 Chapter 4the plug is defe
tive. We haveP (D) = P (D|A) · P (A) + P (D|B) · P (B) + P (D|C) · P (C)

=
6

100
· 50

100
+

4

100
· 30

100
+

2

100
· 20

100

=
23

500
.Hen
e P (A|D) =

P (A ∩ D)P (D)

=
P (D|A) · P (A)P (D)

=

6

100
· 50

100
23

500

=
15

23
.

◭188 Example Two distinguishable di
e have probabilities p, and 1 respe
tively of throwing a 6. One of the di
e is 
hosenat random and thrown. A 6 appeared.
➊ Find the probability of throwing a 6.
➋ What is the probability that one simultaneously 
hooses die I and one throws a 6?
➌ What is the probability that the die 
hosen was the �rst one?
◮Solution:

➊ P (6) = P (6 ∩ I) + P (6 ∩ II) =
1

2
· p +

1

2
· 1 =

p + 1

2

➋ P (6 ∩ I) = 1
2

· p = p

2

➌ P (I|6) =
P (6 ∩ I)P (6)

=
p

p + 1
.

◭189 Example Three boxes identi
al in appearan
e 
ontain the following 
oins: Box I has two quarters and a dime; Box IIhas 1 quarter and 2 dimes; Box III has 1 quarter and 1 dime. A 
oin drawn at random from a box sele
ted is a quarter.
➊ Find the probability of obtaining a quarter.
➋ What is the probability that one simultaneously 
hoosing box III and getting a quarter?
➌ What is the probability that the quarter 
ame from box III?
◮Solution:

➊ P (Q) =
1

3
· 2

3
+

1

3
· 1

3
+

1

3
· 1

2
=

1

2
.Free to photo
opy and distribute
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➋ P (Q ∩ III) =

1

3
· 1

2
=

1

6

➌ P (III|Q) =
P (III ∩ Q)P (Q)

=
1

3
.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 4.3.1 There are three 
oins in a box. Whentossed, one of the 
oins 
omes up heads only 30% of thetime, one of the 
oins is fair, and the third 
omes up heads
80% of the time. A 
oin is sele
ted at random from thebox and tossed three times. If two heads and a tails 
omeup�in this order�what is the probability that the 
oin wasthe fair 
oin?Problem 4.3.2 On a day when Tom operates the ma
hin-ery, 70% of its output is high quality. On a day when Sallyoperates the ma
hinery, 90% of its output is high quality.Tom operates the ma
hinery 3 days out of 5. Three pie
esof a random day's output were sele
ted at random and 2 ofthem were found to be of high quality. What is the proba-bility that Tom operated the ma
hinery that day?Problem 4.3.3 There are three urns, A, B, and C. Urn Ahas a red marbles and b green marbles, urn B has c redmarbles and d green marbles, and urn C has a red marblesand c green marbles. Let A be the event of 
hoosing urnA, B of 
hoosing urn B and, C of 
hoosing urn C. Let Rbe the event of 
hoosing a red marble and G be the event of
hoosing a green marble. An urn is 
hosen at random, andafter that, from this urn, a marble is 
hosen at random.

➊ Find P (G).
➋ Find P (G|C).
➌ Find P (C|G).
➍ Find P (R).
➎ Find P (R|A).
➏ Find P (A|R).Problem 4.3.4 Three di
e have the following probabilitiesof throwing a 6: p, q, r, respe
tively. One of the di
e is
hosen at random and thrown. A 6 appeared. What is theprobability that the die 
hosen was the �rst one?Problem 4.3.5 Three boxes identi
al in appearan
e 
on-tain the following 
oins: Box A has two quarters; Box Bhas 1 quarter and 2 dimes; Box C has 1 quarter and 1dime. If a 
oin drawn at random from a box sele
ted is aquarter, what is the probability that the randomly sele
tedbox 
ontains at least one dime?Problem 4.3.6 An urn 
ontains 6 red marbles and 3 greenmarbles. One marble is sele
ted at random and is repla
ed

by a marble of the other 
olour. A se
ond marble is thendrawn. What is the probability that the �rst marble sele
tedwas red given that the se
ond one was also red?Problem 4.3.7 There are three di
e. Die I is an ordinaryfair die, so if F is the random variable giving the s
ore onthis die, then P (F = k) = 1
6
, Die II is loaded so that ifD is the random variable giving the s
ore on the die, thenP (D = k) = k

21
, where k = 1, 2, 3, 4, 5, 6. Die is loaded dif-ferently, so that if X is the random variable giving the s
oreon the die, then P (X = k) = k2

91
. A die is 
hosen at randomand a 5 appears. What is the probability that it was Die II?Problem 4.3.8 There are 3 urns ea
h 
ontaining 5 whitemarbles and 2 bla
k marbles, and 2 urns ea
h 
ontaining 1white marble and 4 bla
k marbles. A bla
k marble havingbeen drawn, �nd the 
han
e that it 
ame from the �rst groupof urns.Problem 4.3.9 There are four marbles in an urn, but it isnot known of what 
olours they are. One marble is drawnand found to be white. Find the probability that all the mar-bles are white.Problem 4.3.10 In an urn there are six marbles of un-known 
olours. Three marbles are drawn and found to bebla
k. Find the 
han
e that no bla
k marble is left in theurn.Problem 4.3.11 John speaks the truth 3 out of 4 times.Peter speaks the truth 5 out of 6 times. What is the proba-bility that they will 
ontradi
t ea
h other in stating the samefa
t?Problem 4.3.12 Four 
oins A, B, C, D have the followingprobabilities of landing heads:P (A = H) =

1

5
; P (B = H) =

2

5
;P (C = H) =

3

5
; P (D = H) =

4

5
,and they land tails otherwise. A 
oin is 
hosen at randomand �ipped three times. On the �rst and se
ond �ips it landsheads, on the third, tails. Whi
h of the four 
oins is it themost likely to be?Free to photo
opy and distribute
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . Answers . . . . . . . . . . . . . . . . . . . . . . . . . . . .4.1.1 13

51
; 25

102
; 4

663
; 1

2214.1.2 1

1164.1.3 473

162154.2.1 We have P (A ∩ B) = P (A|B)P (B) =
1

6
, ⇒ P (A ∪ B) = P (A) + P (B) − P (A ∩ B) = 1when
e P �Ac ∩ B

c
�

= P �(A ∪ B)
c
�

= 1 − P (A ∪ B) = 0.4.2.2 3

84.2.3 3

164.2.4 Observe that there are 10 ways of getting a sum of six in three di
e: the 3 permutations of (1, 1, 4), the 6 permutationsof (1, 2, 3), and the 1 permutation of (2, 2, 2). Of these, only (2, 2, 2) does not require a 1. Let S be the event that the sumof the di
e is 6 and let N be the event that no die landed on a 1. We needP (N|S) =
P (N ∩ S)P (S)

=

1

216
10

216

=
1

10
.4.2.6 1

44.2.7 30
314.2.8 7
184.2.10 Let A be the event that Peter's letter is re
eived by Paul and B be the event that Paul's letter is re
eived by Peter.Then we want P (A|Bc). Then P (A|Bc) =

A ∩ BcP (Bc)

=
P (Bc |A) · P (A)P (Bc |A) · P (A) + P (Bc |Ac) · P (Ac)

=
1
n

· n−1
n

1
n

· n−1
n

+ 1 · 1
n

=
n − 1

2n − 1
.4.2.11 We 
ondition on whether the inter
hanged 
ard is the one sele
ted on the se
ond half. Let A be the event that thesele
ted on the se
ond half 
ard was an a
e, and let I be the event that the 
ard sele
ted was the inter
hanged one. ThenP (A) = P (A|I)P (I) + P �A|I

c
�P �Ic

�
= 1 · 1

27
+

3

51
· 26

27
=

43

459
.4.3.1 Let Y, F, E denote the events of 
hoosing the 30% heads, the 50% heads, and the 80% heads, respe
tively. Now,P (HHT) = P (HHT |Y) · P (Y) + P (HHT |F) · P (F) + P (HHT |E) · P (E)

=
3 × 3 × 7

1000
· 1

3
+

5 × 5 × 5

1000
· 1

3
+

8 × 8 × 2

1000
· 1

3

=
79

750
,Free to photo
opy and distribute



Bayes' Rule 107when
e P (F|HHT) =
P (F ∩ HHT)P (HHT)

=
P (HHT |F) · P (F)P (HHT)

=

5 × 5 × 5

1000
· 1

3
79

750

=
125

3164.3.2 Let T denote the event that Tom operates the ma
hinery, S the event that Sally operates the ma
hinery and H thattwo out of three pie
es of the output be of high quality. ThenP (H) = P (H|T) · P (T) + P (H|S) · P (S)

=

�
3

2

��
70

100

�2 � 30

100

�
· 3

5
+

�
3

2

��
90

100

�2 � 10

100

�
· 2

5

=
1809

5000
,when
e P (T |H) =

P (H|T) · P (T)P (H)

=

�
3

2

��
70

100

�2 � 30

100

�
· 3

5

1809

5000

=
49

67
.4.3.3 ➊ Conditioning on the urn 
hosen,P (G) = P (G|A)P (A) + P (G|B)P (B) + P (G|C)P (C)

= b
a+b

· 1
3

+ d
c+d

· 1
3

+ c
a+c

· 1
3
.

➋ This is 
learly c
a+c

.
➌ We use Bayes' Rule P (C|G) =

P (C ∩ G)P (G)

=
P (G|C)P (C)P (G)

=

c
a+c

· 1
3

b
a+b

· 1
3

+ d
c+d

· 1
3

+ c
a+c

· 1
3

=

c
a+c

b
a+b

+ d
c+d

+ c
a+c

➍ Conditioning on the urn 
hosen,P (R) = P (R|A)P (A) + P (R|B)P (B) + P (R|C)P (C)

= a
a+b

· 1
3

+ c
c+d

· 1
3

+ a
a+c

· 1
3
.

➎ This is 
learly a
a+b

.Free to photo
opy and distribute
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➏ We use Bayes' Rule P (A|R) =

P (A ∩ R)P (R)

=
P (R|C)P (C)P (R)

=

a
a+b

· 1
3

a
a+b

· 1
3

+ c
c+d

· 1
3

+ a
a+c

· 1
3

=

a
a+b

a
a+b

+ c
c+d

+ a
a+c4.3.4 p

p + q + r4.3.6 10

174.3.7 91

3714.3.8 15

434.3.9 2

54.3.10 1

354.3.11 1

34.3.12 We have P (HHT) =
1

4
· 4

53
+

1

4
· 12

53
+

1

4
· 18

53
+

1

4
· 16

53
=

1

10
.Hen
e P (A|HHT) =

1

4
· 4

53P (HHT)
=

2

25
,P (B|HHT) =

1

4
· 12

53P (HHT)
=

6

25
,P (C|HHT) =

1

4
· 18

53P (HHT)
=

9

25
,P (D|HHT) =

1

4
· 16

53P (HHT)
=

8

25
,so it is more likely to be 
oin C.

Free to photo
opy and distribute



5 Expe
tation and Varian
e
5.1 Expectation and Variance190 De�nition Let X be a dis
rete random variable taking on the values x1, x2, . . . , xk, . . .. The mean value or expe
tationof X, denoted by E (X) is de�ned by E (X) =

∞∑

k=1

xkP (X = xk) .191 Example A player is paid $1 for getting heads when �ipping a fair 
oin and he loses $0.50 if he gets tails.
➊ Let G denote the random variables measuring his gain. What is the image of G?
➋ Find the distribution of G.
➌ What is his expe
ted gain in the long run?
◮Solution:

➊ G 
an either be 1 or −0.50.
➋ P (G = 1) = 1

2
, and P (G = −0.5) = 1

2
,

➌ E (G) = 1P (G = 1) − 0.5P (G = 0.5) =
3

4
.

◭192 Example A player is playing with a fair die. He gets $2 if the die lands on a prime, he gets nothing if the die landson 1, and he loses $1 if the die lands on a 
omposite number.
➊ Let G denote the random variables measuring his gain. What is the image of G?
➋ Find the distribution of G.
➌ What is his expe
ted gain in the long run?
◮Solution:

➊ G 
an either be 2, 0 or −1.
➋ P (G = 2) = 3

6
, P (G = 0) = 1

6
, and P (G = −1) = 2

6
.

➌ E (G) = 2P (G = 2) + 0P (G = 0) − 1P (G = −1) =
6

6
+ 0 −

2

6
=

2

3
.

◭193 Example A player 
hooses, without repla
ement, two 
ards from a standard de
k of 
ards. He gets $2 for ea
h heartsuit 
ard. 109
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➊ Let G denote the random variables measuring his gain. What is the image of G?
➋ Find the distribution of G.
➌ What is his expe
ted gain in the long run?
◮Solution:

➊ G 
an either be 0, 1 or 2.
➋ P (G = 0) =

�
13

0

��
39

2

��
52

2

� =
19

34
,P (G = 1) =

�
13

1

��
39

1

��
52

2

� =
13

34
,and P (G = 2) =

�
13

2

��
39

0

��
52

2

� =
1

17
.

➌ E (G) = 0P (G = 0) + 1P (G = 1) + 2P (G = 2) = 0 +
13

34
+

2

17
=

1

2
.

◭194 De�nition Let X be a dis
rete random variable taking on the values x1, x2, . . . , xk, . . .. Then E �X2� is de�ned byE �X2�
=

∞∑

k=1

x
2
kP (X = xk) .195 De�nition Let X be a random variable. The varian
e var (X) of X is de�ned byvar (X) = E �X2�

− (E (X))
2
.196 Example A random variable has distribution fun
tion as shewn below.X P (X)

−1 2k

1 3k

2 4k

➊ Find the value of k.
➋ Determine the a
tual values of P (X = −1), P (X = 1), and P (X = 2).Free to photo
opy and distribute
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➌ Find E (X).
➍ Find E �X2�.
➎ Find var (X).
◮Solution:

➊ The probabilities must add up to 1:
2k + 3k + 4k = 1 ⇒ k =

1

9
.

➋ P (X = −1) = 2k =
2

9
,P (X = 1) = 3k =

3

9
,P (X = 2) = 4k =

4

9
.

➌ E (X) = −1P (X = −1) + 1P (X = 1) + 2P (X = 2) = −1 · 2

9
+ 1 · 3

9
+ 2 · 4

9
= 1.

➍ E �X2�
= (−1)

2P (X = −1) + 1
2P (X = 1) + 2

2P (X = 2) = 1 · 2

9
+ 1 · 3

9
+ 4 · 4

9
=

21

9
.

➎ var (X) = E �X2�
− (E (X))

2
=

21

9
− 1

2
=

4

3
.

◭197 Example John and Peter play the following game with three fair 
oins: John plays a stake of $10 and tosses thethree 
oins in turn. If he obtains three heads, his stake is returned together with a prize of $30. For two 
onse
utiveheads, his stake money is returned, together with a prize of $10. In all other 
ases, Peter wins the stake money. Is thegame fair?
◮Solution: The game is fair if the expe
ted gain of both players is the same. Let J be the random variablemeasuring John's gain and let P be the random variable measuring Peter's gain. John wins when the 
oinsshew HHH, HHT, THH. ThusE (J) = 30P (HHH) + 10P (HHT) + 10P (THH)

= 30 · 1

8
+ 10 · 1

8
+ 10 · 1

8

=
25

4
.Peter wins when the 
oins shew HTH, HTT, THT, TTH, TTT . ThusE (P) = 10P (HTH) + 10P (HTT) + 10P (THT) + 10P (TTH) + 10P (TTT)

= 10 · 1

8
+ 10 · 1

8
+ 10 · 1

8
+ 10 · 1

8
+ 10 · 1

8

=
25

4
,when
e the game is fair. ◭Free to photo
opy and distribute



112 Chapter 5198 Example There are eight so
ks in a box, of whi
h four are white and four are bla
k. So
ks are drawn one at a time(without repla
ement) until a pair is produ
ed. What is the expe
ted value of drawings? (Clearly, this number shouldbe between 2 and 3.)
◮Solution: Let X be the random variable 
ounting the number of drawings. Now, X = 2 means thatmat
hing so
ks are obtained when 2 so
ks are drawn. Hen
eP (X = 2) =

�
2

1

��
4

2

��
8

2

� =
3

7
,and thus P (X = 3) =

4

7
. Therefore

EX = 2P (X = 2) + 3P (X = 3) = 2 · 3

7
+ 3 · 4

7
=

18

7
.

◭199 Example Suppose that a player starts with a fortune of $8. A fair 
oin is tossed three times. If the 
oin 
omes upheads, the player's fortune is doubled, otherwise it is halved. What is the player's expe
ted fortune?
◮Solution: The player may have:� three wins, with probability �3

3

�
(1

2
)3 = 1

8
and his fortune in
reases eightfold.� two wins, and one loss, with probability �3

2

�
(1

2
)3 = 3

8
and his fortune doubles.� one win, and two losses, with probability �3

1

�
(1

2
)3 = 3

8
, and his fortune halves.� three losses, with probability �3

0

�
(1

2
)3 = 1

8
and his fortune redu
es by a fa
tor of 8.His expe
ted fortune is thus

8

�
8 · 1

8
+ 2 · 3

8
+

1

2
· 3

8
+

1

8
· 1

8

�
=

125

8
.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 5.1.1 A fair die is tossed. If the resulting numberis even, you multiply your s
ore by 2 and get that many dol-lars. If the resulting number is odd, you add 1 to your s
oreand get that many dollars. Let X be the random variable
ounting your gain, in dollars.
➊ Give the range of X.
➋ Give the distribution of X.
➌ Find E (X).

➍ Find var (X).Problem 5.1.2 A 
asino game 
onsists of a single toss of afair die and pays o� as follows: if the die 
omes up with anodd number, the player is paid that number of dollars (i.e.,$1 for rolling a 1, $3 for rolling a 3, and $5 for rolling a 5),and if an even number 
omes up the player is paid nothing.What fee should the 
asino 
harge to play the game to makeFree to photo
opy and distribute



Indi
ator Random Variables 113it exa
tly fair?Problem 5.1.3 At a lo
al 
arnival, Osa pays $1 to play agame in whi
h she 
hooses a 
ard at random from a stan-dard de
k of 52 
ards. If she 
hooses a heart, then shere
eives $2 (that is, $1 plus her initial bet of $1). If she
hooses the Queen of Spades she re
eives $13. Whi
h ofthe following is 
losest to Osa's expe
ted net pro�t fromplaying the game?Problem 5.1.4 Consider the random variable X with dis-tribution table as follows.X P (X)

−2 0.3

−1 k

0 5k

1 2k

➊ Find the value of k.
➋ Find E (X).
➌ Find E �X2�.
➍ Find var (X).Problem 5.1.5 A fair 
oin is to be tossed thri
e. Theplayer re
eives $10 if all three tosses turn up heads, and

pays $3 if there is one or no heads. No gain or loss isin
urred otherwise. If Y is the gain of the player, �nd EY.Problem 5.1.6 A die is loaded so that if D is the randomvariable giving the s
ore on the die, then P (D = k) = k
21

,where k = 1, 2, 3, 4, 5, 6. Another die is loaded di�erently,so that if X is the random variable giving the s
ore on thedie, then P (X = k) = k2

91
.

➊ Find the expe
tation E (D + X).
➋ Find the varian
e var (D + X).Problem 5.1.7 John and Peter ea
h put $1 into a pot.They then de
ide to throw a pair of di
e alternately (Johnplays �rst, Peter se
ond, then John again, et
.). The �rstone who throws a 5 wins the pot. How mu
h money shouldJohn add to the pot in order to make the game fair?Problem 5.1.8 A man pays $1 to throw three fair di
e. Ifat least one 6 appears, he re
eives ba
k his stake togetherwith a prize 
onsisting of the number of dollars equal to thenumber of sixes shewn. Does he expe
t to win or lose?Problem 5.1.9 (AHSME 1989) Suppose that k boys and

n − k girls line up in a row. Let S be the number of pla
esin the row where a boy and a girl are standing next to ea
hother. For example, for the row
GBBGGGBGBGGGBGBGGBGG,with k = 7, n = 20 we have S = 12. Shew that the averagevalue of S is 2k(n−k)

n
.

5.2 Indicator Random Variables200 Example Six di�erent pairs of so
ks are put in the laundry (12 so
ks in all, and ea
h so
k has only one mate), butonly 7 so
ks 
ome ba
k. What is the expe
ted number of pairs of so
ks that 
ome ba
k?
◮Solution: Let Xi = 0 if the i-th pair does not 
ome ba
k, and Xi = 1 if it does. We want

EX1 + · · · + EX6 = 6EX1 = 6P (X1 = 1) ,sin
e the Xi have the same distribution. NowP (X1 = 1) =

�
2

2

�
·
�

10

5

��
12

7

� =
7

22
,and the required expe
tation is 21

11
. ◭Free to photo
opy and distribute



114 Chapter 5201 Example A standard de
k of 
ards is turned fa
e up one 
ard at a time. What is the expe
ted number of 
ards turnedup in order to obtain a king?
◮Solution: (1) Consider the 48 
ards whi
h are not kings and for 1 ≤ i ≤ 48 put

Xi =






1 if the i−th non − king appears before a king.

0 otherwiseThen
X = 1 +

48∑

i=1

Xiis the number of 
ards turned up in order to obtain a king. Let us prove that P (Xi = 1) =
1

5
. To this end,paint 
ard i blue, then we have 47 
ards whi
h are not kings, 
ard i, and 4 kings. The experiment 
onsists inpermuting all these 
ards, whi
h 
an be done in 52!

47!4!
ways. A favourable arrangement has the form

x1Bx2Kx3Kx4Kx5Kx6,where the B is the blue 
ard, K is a king, and xn 
an be any of the of the 47 other non-Kings. The numberof favourable arrangements is thus the number of non-negative integral solutions to x1 + · · · + x6 = 47, whi
his �47 + 6 − 1

5

�
=

52!

5!47!
. Hen
e P (Xi = 1) =

52!

5!47!
52!

4!47!

=
1

5
.Noti
e that P (Xi = 1) =

1

5
⇒ EX = 1 +

48

5
=

53

5
.

◭202 Example An urn 
ontains 30 
ards: two numbered 1, two numbered 2, . . . , two numbered 15. Ten 
ards are drawnat random from the urn. What is the expe
ted number of pairs remaining in the urn?
◮Solution: For 1 ≤ i ≤ 15 put put

Xi =






1 if the i−th pair remains in the urn.

0 otherwiseThen P (Xi = 1) =

�
28

10

��
2

2

��
30

10

� =

28!

18!10!
30!

20!18!

=
38

87
,and the desired expe
tation is 15 · 38

87
=

190

29
. ◭Free to photo
opy and distribute



Conditional Expe
tation 115203 Example Suppose that a 
lass 
ontains 10 boys and 15 girls, and suppose that 8 students are to be sele
ted at randomfrom the 
lass without repla
ement. Let X denote the number of boys that are sele
ted and let Y denote the number ofgirls that are sele
ted. Find E(X − Y).
◮Solution: The fastest way to do this is perhaps the following. Let Xi = 1 if the i-th boy is sele
ted,
Xi = 0 otherwise. Then P (Xi = 1) =

�
24

7

��
25

8

� =
8

25
and EX =

10 · 8

25
=

16

5
. Similarly, let Yi = 1 if the

i-th girl is sele
ted, Yi = 0 otherwise. Then P (Yi = 1) =

�
24

7

��
25

8

� =
8

25
and EY =

15 · 8

25
=

24

5
. Thus

E(X − Y) = EX − EY = −
8

5
. ◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 5.2.1 A standard de
k of 
ards is turned fa
e upone 
ard at a time. What is the expe
ted number of 
ardsturned up in order to obtain a heart?Problem 5.2.2 If X denotes the number of 1's when 72di
e are thrown, �nd EX2.
Problem 5.2.3 Seven married 
ouples, the Adams, theBrowns, the Castros, the Friedmans, the Lignowskis, theSantos, and the Jias , go to a desert island. Unbeknownstto them, a group of savages and 
annibals awaits them. Af-ter an agoni
 week, �ve of the fourteen people survive. Whatis the average number of last names whi
h are represented?(A last name is represented if either spouse, or possibly,both spouses, survived.)

5.3 Conditional Expectation204 Example A fair 
oin is tossed. If a head o

urs, one fair die is rolled, else, two fair di
e are rolled. Let X be the totalon the die or di
e. Find EX.
◮Solution:

EX = P (H)P (X|H) + P (T)P (X|T) =
1

2
· 7

2
+

1

2
· 7 =

21

4
.

◭205 Example In the 
ity of Jerez de la Frontera, in Cádiz, Spain, true sherry is made a

ording to a multistage system
alled Solera. Assume that a winemaker has three barrels, A, B, and C. Every year, a third of the wine from barrel C isbottled and repla
ed by wine from B; then B is topped o� with a third of the wine from A; �nally A is topped o� withnew wine. Find the mean of the age of the wine in ea
h barrel, under the assumption that the operation has been goingon sin
e time immemorial.Free to photo
opy and distribute



116 Chapter 5
◮Solution: We start with barrel A. Abusing notation, we will let A the random variable indi
ating thenumber of years of wine in barrel A, et
. After the transfer has been made, the mean age of the new wine is
0 years and the mean age of the old wine is a year older than what it was. Hen
e

A =
1

3
Anew +

2

3
Aold ⇒ EA =

1

3
EAnew +

2

3
EAold ⇒ EA =

1

3
· 0 +

2

3
(1 + EA) ⇒ EA = 2.Thus EAold = 3. Now,

B =
1

3
Bnew +

2

3
Bold =

1

3
Aold +

2

3
Bold ⇒ EB =

1

3
· 3 +

2

3
EBold ⇒ EB =

3

3
+

2

3
(1 + EB) ⇒ EB = 5.Hen
e, EBold = 6. Similarly,

C =
1

3
Cnew +

2

3
Cold =

1

3
Bold +

2

3
Cold ⇒ EC =

1

3
· 6 +

2

3
ECold ⇒ EC =

6

3
+

2

3
(1 + EC) ⇒ EC = 8.

◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 5.3.1 A fair 
oin is tossed repeatedly until headsis produ
ed. If it is known that the 
oin produ
es heads within the �rst �ip, what is the expe
ted number of �ips toprodu
e the �rst heads?

. . . . . . . . . . . . . . . . . . . . . . . . . . . . Answers . . . . . . . . . . . . . . . . . . . . . . . . . . . .5.1.2 Let G be the random variable denoting the gain of theplayer. Then G has image {0, 1, 3, 5} andP (G = 0) =
1

2
, P (G = 1) = P (G = 3) = P (G = 5) =

1

6
.Thus

EG = 0P (G = 0)+1P (G = 1)+3P (G = 3)+5P (G = 5) =
1 + 3 + 5

6
=

3

2
,meaning that the fee should be $1.50.5.1.3 Let G be the random variable denoting Osa's net gain.Then G has image {−1, 1, 12} andP (G = −1) =

38

52
, P (G = 1) =

13

52
, P (G = 12) =

1

52
.Thus

EG = −1P (G = −1) + 1P (G = 1) + 12P (G = 13)

=
−38 + 13 + 12

52

= −
13

52

= −0.25,and so the net gain is −$0.25.5.1.4 0.0875; −0.5125 ; 1.4625 ; 1.199843755.1.5 −0.255.1.7 $1

8

5.1.8 Lose.5.2.1 1 +
39

14
=

53

145.2.2 X is a binomial random variable with EX = np =
72

6
= 12 and varX = np(1 − p) = 72

�
1

6

��
5

6

�
= 10.But EX2 = var(X) + (EX)2 = 10 + 122 = 154.5.2.3 7

0BB��2

1

��
12

4

�
+

�
2

2

��
12

3

��
14

5

� 1CCA =
55

135.3.1 Let F be the random variable 
ounting the number of�ips till the �rst heads. Then Im (F) = {1, 2, 3}. Let A bethe event that heads is produ
ed within the �rst three �ips.Then P (A) =
1

2
+

1

4
+

1

8
=

7

8
.Hen
e P (F = 1|A) =

P ((F = 1) ∩ A)P (A)
=

1
2

7
8

=
4

7
;P (F = 2|A) =

P ((F = 2) ∩ A)P (A)
=

1
4

7
8

=
2

7
;P (F = 3) =

P ((F = 3|A) ∩ A)P (A)
=

1
8

7
8

=
1

7
.Thus

E(F|A) = 1 · 4

7
+ 2 · 2

7
+ 3 · 1

7
=

11

7
.Free to photo
opy and distribute



6 Markov Chains
6.1 Discrete Time Stochastic Processes206 De�nition If a random variable X has image S , where S is a �nite or 
ountably in�nite set, we say that X is a dis
reterandom variable, having S as its (dis
rete) state spa
e.

☞ In this 
hapter, unless otherwise noted, we will only 
onsider dis
rete random variables.207 Example When �ipping a fair 
oin and wat
hing for the out
ome, the state spa
e of the out
ome is {H, T }, where Hdenotes heads and T tails.
208 Example When rolling a fair die and wat
hing for the number of dots, the state spa
e of the random variable X
ounting the number of dots is {1, 2, 3, 4, 5, 6}.
209 Example When rolling a fair die and wat
hing for a 6 to appear, the state spa
e of the random variable X 
ountingthe number of trials is the 
ountably in�nite set {1, 2, 3, . . . , }.210 De�nition A sequen
e of random variables X1,X2, . . . ,Xn, . . . , all having state spa
e S is said to be a dis
rete timesto
hasti
 pro
ess. Here the subindi
es indi
ate the time or step, so Xk is the pro
ess at step k. If Xk = s, for s ∈ S , wesay that the pro
ess is in state s at time k.211 De�nition A sto
hasti
 pro
ess X1,X2, . . . ,Xn , . . . , is said to be a Markov Chain ifP (Xn+1 = xn+1 |X1 = x1,X2 = x2, . . . ,Xn = xn) = P (Xn+1 = xn+1 |Xn = xn) ,that is, the probability that the pro
ess 
hanges from one step to another only depends on the immediate past and not in thewhole history of steps. The probability P (Xn+1 = xn+1 |Xn = xn) is 
alled the transition probability and we writeP (Xn+1 = xn+1 |Xn = xn) = pxnxn+1

.The matrix P = [pxixj
] is 
alled the transition matrix of the Markov 
hain.212 De�nition A Markov Chain X1,X2, . . . ,Xn, . . . , is said to be a stationary if the transition probabilities have the samevalue for every time n, that is, if for all states x, y,P (Xn+1 = y|Xn = x) = P (Xk+1 = y|Xk = x) = pxy .From here on we will only 
onsider stationary �nite Markov Chains. Thus a Markov 
hain will have states x1, x2, . . . , xk .117



118 Chapter 6213 Example A tourist with a very short memory wants to visit four 
apitals: London, Dublin, Edinburgh, and Athens.He pi
ks the �rst 
apital at random. If he sele
ts London, he next 
hooses�with equal probability�between Dublin,Edinburgh, or Athens. If he then sele
ts Dublin, he next 
hooses between London, Edinburgh, or Athens. His memoryis so short that he forgets that he has already visited London. Next time again he 
hooses between three 
apitals, andso on. Observe that the pro
ess of moving from 
ity to 
ity is a Markov Chain, sin
e the movement from one step to thenext only depends on the previous step. The states are the di�erent 
apitals. If ea
h 
apital is denoted by its initial,what is the transition matrix of this pro
ess is L D E AL 0 1
3

1
3

1
3D 1

3
0 1

3
1
3E 1

3
1
3

0 1
3A 1

3
1
3

1
3

0

214 Example Ri
h widow A owns two paintings by Goya, three by Velázquez, and four by Bos
h. She displays only one ofthese paintings at her dinner parties. From party to party, the painting on the display is repla
ed by a randomly 
hosenone from the other eight paintings. Let G be the state �a Goya is on display�, V be �a Velázquez is on display, and B be�a Bos
h is on display.� This pro
ess is 
learly a Markov Chain. Its transition matrix isG V BG 1
8

3
8

1
2V 1

4
1
4

1
2B 1

4
3
8

3
8

. . . . . . . . . . . . . . . . . . . . . . . . . . . Homework . . . . . . . . . . . . . . . . . . . . . . . . . . .Problem 6.1.1 A wit
h has a pet 
olle
tion: a tarantula, alizard, and a frog. From day to day, she likes to pet a singleanimal in the following fashion: she never pets the sameanimal two days in a row. If she pets the tarantula today,she will pet the the lizard tomorrow with probability 0.2;if she pets the lizard today, she will pet the frog tomorrowwith probability 0.5; if she pets the frog today she will petthe tarantula tomorrow with probability 0.3. Assume thatthe day-to-day petting is a Markov Chain, where the ani-mal petted represents the state of the 
hain. If T stands fortarantula, L for lizard, and F for frog, what is the transition
matrix of this pro
ess?Problem 6.1.2 Ri
h widow A owns two paintings by Goya,three by Velázquez, and four by Bos
h. She displays onlyone of these paintings at her dinner parties. From party toparty, the painting on the display is repla
ed by a randomly
hosen one from the other two artists. Let G be the state �aGoya is on display�, V be �a Velázquez is on display, and Bbe �a Bos
h is on display.� This pro
ess is 
learly a MarkovChain.

6.2 Long Run Probabilities215 Example Using data 
olle
ted for a parti
ular region over many years, an insuran
e 
ompany has as
ertained that
20% of the drivers involved in an automobile a

ident one year are also involved in an a

ident the following year, whileonly 10% of the drivers not involved in an a

ident one year are involved in an a

ident the following year. Use theseper
entages as approximate empiri
al probabilities to �nd the probability that (in the long run) a driver 
hosen at randomwill be involved in an a

ident during any given year.Free to photo
opy and distribute



Long Run Probabilities 119
◮Solution: The transition matrix is 2640.20 0.80

0.10 0.90

375 .Solving �
a 1 − a

�2640.20 0.80

0.10 0.90

375 =

�
a 1 − a

�we get a =
1

9
. The probability sought is thus 1

9
. ◭216 Example Three people, A, B, C, are playing 
at
h. The probabilities ea
h will throw the other are P (A → B) =

1

2
,P (A → C) =

1

2
, P (B → A) =

1

4
, P (B → C) =

3

4
, P (C → A) =

1

2
, and P (C → B) =

1

2
. What is the probability that

A will have the ball in the long run?
◮Solution: The transition matrix is 2666664 0 1/2 1/2

1/4 0 3/4

1/2 1/2 0

3777775 .Solving �
a b 1 − a − b

� 2666664 0 1/2 1/2

1/4 0 3/4

1/2 1/2 0

3777775 =

�
a b 1 − a − b

�
we get a =

5

18
, b =

1

3
. The probability sought is thus 5

18
. ◭

. . . . . . . . . . . . . . . . . . . . . . . . . . . . Answers . . . . . . . . . . . . . . . . . . . . . . . . . . . .6.1.1 Today TomorrowT L FT 0 0.2 0.8L 0.5 0 0.5F 0.3 0.7 0

6.1.2 G V BG 0 3
7

4
7V 1

3
0 2

3B 2
5

3
5

0

Free to photo
opy and distribute



7 Uniform Continuous Random Variables
217 De�nition Let C be a body in one dimension (respe
tively, two, or three dimensions) having positive length meas (C)(respe
tively, positive area or positive volume). A 
ontinuous random variable X de�ned on C is a random variable withprobability given by P (X ∈ A) =

meas (A)meas (C)
.This means that the probability of of an event is proportional to the length (respe
tively, area or volume) that this body Ao

upies in C.218 Example A dartboard is made of three 
on
entri
 
ir
les of radii 3, 5, and 7, as in �gure 7.1. A dart is thrown andit is assumed that it always lands on the dartboard. Here the inner 
ir
le is blue, the middle ring is white and the outerring is red.

➊ The size of the sample spa
e for this experiment is π(7)2 = 49π.
➋ The probability of landing on blue is π(3)2

49π
=

9

49
.

➌ The probability of landing on white is π(5)2 − π(3)2

49π
=

16

49
.

➍ The probability of landing on red is π(7)2 − π(5)2

49π
=

24

49
.

3

5

7Figure 7.1: Example 218219 De�nition The distribution fun
tion F of a random variable X is F(a) = P (X ≤ a).A distribution fun
tion satis�es
➊ If a < b then F(a) ≤ F(b).
➋ lima→−∞ F(a) = 0,
➌ lima→+∞ F(a) = 1. 120



Uniform Continuous Random Variables 121220 Example A random variable X has probability distributionP (X ≤ x) = κmeas (x) ,where meas (x) denotes the area of the polygon in �gure 220 up to abs
issa x. Assume that P (X ≤ 0) = 0 and thatP (X ≤ 6) = 1.
➊ Find the value of κ.
➋ Find P (X ≤ 2) .

➌ Find P (3 ≤ X ≤ 4) .

◮Solution:
➊ The �gure is 
omposed of a re
tangle and a triangle, and its total area is (4)(2)+ 1

2
(4)(5) = 8+10 = 18.Sin
e 1 = P (X ≤ 6) = κmeas (6) = 18κ we have κ =

1

18
.

➋ P (X ≤ 2) is the area of the re
tangle between x = 0 and x = 2 and so P (X ≤ 2) = 1
18

(8) = 4
9
.

➌ P (3 ≤ X ≤ 4) is the area of a trapezoid of bases of length 2.5 and 5 and height 1, thus P (3 ≤ X ≤ 4) =
1

18
· 1

2
(5

2
+ 5) = 5

24
.

◭

012345
6

0 1 2 3 4 5 6Figure 7.2: Example 220
012345
67

0 1 2 3 4 5 6 7Figure 7.3: Example 221
221 Example A random variable X has probability distributionP (X ≤ x) = κA(x),where A(x) denotes the area of the polygon in �gure 221 up to abs
issa x. Assume that P (X ≤ 0) = 0 and thatP (X ≤ 7) = 1.

➊ Find the value of κ.
➋ Find P (X ≤ 3) .

➌ Find P (X ≤ 5) .

➍ Find P (X ≤ 6) .Free to photo
opy and distribute



122 Chapter 7
➎ Find P (1 ≤ X ≤ 2) .

➏ Find P (X ≥ 6) .

➐ Find a median m of X, that is, an abs
issa that simultaneously satis�es P (X ≥ m) ≥ 1
2
and P (X ≤ m) ≥ 1

2
.

◮Solution:
➊ In [0; 3] the �gure is a triangle with base 3 and height 4, and so its area is 6. In [3; 5] the �gure is are
tangle, with base 2 and height 4, and so its area is 8. In [5; 6] the �gure is a re
tangle, with base 1and height 2, and so its area is 2. In [6; 7] the �gure is a trapezium, with bases 2 and 4 and height 1,and so its area is 3. Adding all these areas together we obtain 6 + 8 + 2 + 3 = 19. Sin
e

1 = P (X ≤ 7) = κA(7) = κ(19),we obtain κ = 1
19
.

➋ This measures the proportion of the area en
losed by the triangle, and so P (X ≤ 3) = 6
19

.

➌ This measures the proportion of the area en
losed by the triangle and the �rst re
tangle, and so P (X ≤ 5) =
6+8
19

= 14
19

.

➍ This measures the proportion of the area en
losed by the triangle, and the �rst and se
ond re
tangle,and so P (X ≤ 6) = 6+8+2
19

= 16
19

.

➎ The area sought is that of a trapezium. One (of many possible ways to obtain this) is to observe thatP (1 ≤ X ≤ 2) = P (X ≤ 2) − P (X ≤ 1) .To �nd P (X ≤ 2) observe that the triangle with base on [0; 4] is similar to the one with base on [0; 2].If its height is h1 then h1

4
= 2

3
, when
e h1 = 8

3
, andP (X ≤ 2) =

1

19

�
1

2
· 2 · 8

3

�
=

8

57
.To �nd P (X ≤ 1) observe that the triangle with base on [0; 4] is similar to the one with base on [0; 1].If its height is h2 then h2

4
= 1

3
, when
e h2 = 4

3
, andP (X ≤ 1) =

1

19

�
1

2
· 1 · 4

3

�
=

2

57
.Finally, P (1 ≤ X ≤ 2) = P (X ≤ 2) − P (X ≤ 1) =

8

57
−

2

57
=

2

19
.

➏ Sin
e the 
urve does not extend from x = 7, we haveP (X ≥ 6) = P (6 ≤ X ≤ 7) =
2

19
.

➐ From parts (2) and (3), 3 < m < 5. For m in this range, a re
tangle with base m − 3 and height 4 hasarea 4(m − 3). Thus we need to solve
1

2
= P (X ≤ m) =

6 + 4(m − 3)

19
,whi
h implies

19

2
= 6 + 4(m − 3) ⇒ m =

31

8
= 3.875.

◭222 Example A rod of length l is broken into three parts. What is the probability that these parts form a triangle?Free to photo
opy and distribute



Uniform Continuous Random Variables 123
l
2

l
2

l

l

Figure 7.4: Example 222 K

K

L

L

Figure 7.5: Example 223
◮Solution: Let x, y, and l − x − y be the lengths of the three parts of the rod. If these parts are to form atriangle, then the triangle inequality must be satis�ed, that is, the sum of any two sides of the triangle mustbe greater than the third. So we simultaneously must have

x + y > l − x − y ⇒ x + y >
l

2
,

x + l − x − y > y ⇒ y <
l

2
,

y + l − x − y > x ⇒ x <
l

2
.Sin
e trivially 0 ≤ x + y ≤ l, what we are asking is for the ratio of the area of the region

A = {(x, y) : 0 < x <
l

2
, 0 < y <

l

2
, x + y >

l

2
}to that of the triangle with verti
es at (0, 0), (l, 0) and (0, l). This is depi
ted in �gure 7.4. The desiredprobability is thus

l2

8

l2

2

=
1

4
.

◭223 Example Two points are 
hosen at random on a segment of length L. Find the probability that the distan
e betweenthe points is at most K, where 0 < K < L.
◮Solution: Let the points 
hosen be X and Y with 0 ≤ X ≤ L, 0 ≤ Y ≤ L, as in �gure 7.5. The distan
eof the points is at most K if |X − Y| ≤ K, that isX − K ≤ Y ≤ X + K.The required probability is the ratio of the area shaded inside the square to the area of the square:

L2 − 2
(K−L)2

2

L2
=

K(2L − K)

L2
.

◭224 Example The amount 2.5 is split into two nonnegative real numbers uniformly at random, for instan
e, into 2.03and 0.47 or into 2.5 −
√

3 and √
3. Then ea
h of the parts is rounded to the nearest integer, for instan
e 2 and 0 in the�rst 
ase above and 1 and 2 in the se
ond. What is the probability that the two numbers so obtained will add up to 3?Free to photo
opy and distribute
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◮Solution: Consider x and y with 0 ≤ x ≤ 2.5 and x + y = 2.5 Observe that the sample spa
e has size
2.5. We have a su

essful pair (x, y) if it happens that (x, y) ∈ [0.5; 1] × [1.5; 2] or (x, y) ∈ [1.5; 2] × [0.5; 1]The measure of all su

essful x is thus 0.5 + 0.5 = 1. The probability sought is thus 1

2.5
= 2

5
. ◭

0

1

2

3

4

0 1 2 3 4 5 6Figure 7.6: Problem 225.225 Example A point (x, y) are 
hosen at random on a re
tangle 5 feet by 3 feet. What is the probability that their
oordinates are within one foot of ea
h other?
◮Solution: We want P (|x − y| < 1) = P (−1 + x < y < 1 + x). This is the area shaded in �gure 7.6.The area of the re
tangle is 3 · 5 = 15, of the white triangle 1

2
· (2)(2) = 2, and of the white trapezoid

1
2

· (1 + 4)(3) = 15
2
. The desired probability is thus

15 − 2 − 15
2

15
=

11

30
.

◭

Free to photo
opy and distribute


	Preface
	To the Student
	Preliminaries
	Sets
	Sample Spaces and Events
	Combining Events
	Functions

	Counting
	Inclusion-Exclusion
	The Product Rule
	The Sum Rule
	Permutations without Repetitions
	Permutations with Repetitions
	Combinations without Repetitions
	Combinations with Repetitions
	Binomial Theorem
	Miscellaneous Counting Problems

	Discrete Probability
	Probability Spaces
	Uniform Random Variables
	Independence
	Binomial Random Variables
	Geometric Random Variables
	Poisson Random Variables

	Conditional Probability
	Conditional Probability
	Conditioning
	Bayes' Rule

	Expectation and Variance
	Expectation and Variance
	Indicator Random Variables
	Conditional Expectation

	Markov Chains
	Discrete Time Stochastic Processes
	Long Run Probabilities

	Uniform Continuous Random Variables

