Part I. Entire Functions of Finite Order

A function f(z) analytic in the whole complex plane, i.e., a function represented
by a power series of the form

flz)= chz" , lin;0 Ylen =0,

n=0

is called an entire function. This is the simplest class of analytic functions con-
taining all polynomials. Polynomials are classified according to their degree, i.e.,
according to their growth as |2| — co. An entire function can grow in various ways
along different directions. For a general characterization of the growth, the function

My(r) = max |f(2)

|2|

is introduced. It follows from the Maximum Principle that this function increases
monotonically.

The more roots a polynomial has, the faster it grows. This property is extended
to entire functions, but it is much more complex. The relationship between the
growth of an entire function and the distribution of its roots is the main subject
matter of the theory of entire functions.

Here we would like to point out, without giving precise definitions, that there
is a large cycle of theorems which state that if an entire function f “grows slowly
enough” and its roots are “arranged very densely”, then f(z) = 0. These are unique-
ness theorems similar to the simplest uniqueness theorem for polynomials (a poly-
nomial of degree n having more than n roots is identically equal to zero). The
solution of many completeness problems for various functional systems, in particu-
lar eigenfunctions of boundary value problems, reduces to such theorems.

Another cycle of questions involves the study of relationship between the growth
(or decrease) of a function along different directions, and its global growth charac-
terized by the function My (r). A polynomial grows in all directions uniformly. The
asymptotic behavior of an entire function as z — oo is much more complicated.
The main facts pertaining to this problem can be stated in the following way: an
entire function having a “small” global growth cannot “decrease too fast in some
direction”, but must “grow on a large enough part of the complex plane”. The sim-
plest fact of this type, directly implied by the Liouville theorem, can be formulated
in the following way: if f(z) = O(1), z — o0, and f(z,) — 0 for some sequence
zn, — 00, then the function f(2) is identically equal to zero. More refined estimates
are usually based on various versions of Phragmén-Lindel6f theorems. Theorems of
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2 I. ENTIRE FUNCTIONS OF FINITE ORDER

this type are used in functional analysis (in particular, in the theory of nonselfad-
joint operators and in the theory of Banach algebras), in harmonic analysis, and in
some problems of mathematical physics.

Finally, some problems of expanding functions of a real or complex variable
into special functional series (problems of bases) reduce to certain questions of the
theory of interpolation by entire functions.

Thus, the theory of entire functions provides us with a powerful tool to solve
many problems of classical and functional analysis.

This is the approach which will be used to present the theory of entire functions
in this monograph.



LECTURE 1

Growth of Entire Functions

1.1. The growth scale for entire functions
We shall start by considering an important question: how fast can the function
M¢(r) grow?
THEOREM 1. If, for a nonnegative A, the equation

lim inf Mf—y) =0
r—00 r

holds, then f(2) is a polynomial whose degree does not exceed .
PRrROOF. We shall use the Cauchy inequalities

M
|cn| S ﬂ .
7-77,

For n > \ we obtain
My(r) _

lon] < Hmigf =5

Thus, in order to classify entire functions according to their growth, we must
construct a scale of monotonic functions that grow faster than any polynomial.
Can the function My(r) grow arbitrarily fast?

PROBLEM 1. Let ¢(r) be a function growing as r — co. Construct an entire
function f(z) to satisfy the inequality My(r) > 14 p(r).

On the other hand, there exist entire functions with a slow rate of growth.

PROBLEM 2. Let 9(r) be an arbitrary function increasing unrestrictedly as

r — oo. Construct an entire function g(z) which is not a polynomial and satisfies
the inequality My(r) <1+ r(r),

HINT. Look for a function in the form of a power series with positive coeffi-
cients.

1.2. Order and type of entire functions
Let us introduce the following notation. If an inequality h(r) < ¢(r) holds for
sufficiently large values of r, we shall call it an asymptotic inequality and write
h(r) < ©(r). If the same inequality holds for some sequence of values r, — 00,
then we shall write h(r) < o(r).
An entire function f(z) is called a function of finite order if M (r) < exp(r¥)
for some k > 0. The order (or the order of growth) of an entire function f is the
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4 LECTURE 1. GROWTH OF ENTIRE FUNCTIONS

greatest lower bound of those values of k for which this asymptotic inequality is
fulfilled. We shall usually denote the order of an entire function f by p = ps. It
follows from the definition of the order that

as T,p+5

e S M) Le
By taking the logarithm twice we obtain

L loglog My () a<sp+€,

logr

whence
p = limsup _—log log My (r) .
r—00 logr
Do entire functions of any nonnegative order exist? This question will be answered
at the end of the lecture.

Note that among the functions of the same order there are functions growing
in different ways. For instance, take e”/1°8" e and " '°8". These functions are not
entire, but it is not difficult to find entire functions for which M (r) grows in the
same way. Such functions are distinguished by using another characteristic, namely
the type.

Let p be the order of an entire function f. The function is said to have a finite
type if for some A > 0 the inequality

M f (7‘) ZS CATp
is fulfilled.
The greatest lower bound for those values of A for which the latter asymptotic
inequality is fulfilled is called the type o = o5 (with respect to the order p) of the
function f. It follows from the definition of the type that

o= & M (r) Selotar’

Having taken the logarithm and divided by r?, we obtain

log M
—52%’Lﬂ§0+5,

and therefore
log M
o7 = limsup gg_p;(r) _
T—00

PROBLEM 3. Prove the inequalities pr, < max(py, pg), pf+g < max(py, pg),
0tg <05+ 0y, and oy g < max(oyf,0,).

If, for a given p > 0, the type of a function is infinite, then the function is of
mazximal type; for 0 < oy < oo the type is normal or mean; for oy = 0 the type is
minimal. In the last case, for any £ > 0 the asymptotic inequality

My (r) S’

is fulfilled.
Entire functions of order p = 1 and normal type o are called entire functions
of exponential type o.
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EXAMPLES. Verify that sin Az is of order p = 1 and type ¢ = |A|, which means
that it is an entire function of exponential type |A|; sin/z/+/z is of order 1/2 and
type 1; exp{agz™ + ...+ an}, ap # 0, is of order n and type |ao].

1.3. The relation between the growth of an entire function and
the decrease of the coefficients of its power series expansion

Let

(1) flz)= chz"
n=0

be an entire function.

LEMMA 1. If the asymptotic inequality

2) My(r)<et™
is fulfilled, then

AK\"/K
3) el <)

PROOF. By the Cauchy inequality, it follows from (2) that

@) eal < MUY partionionr sy,

)

Minimizing the exponent with respect to r, we obtain KAr¥~! —n/r = 0 and
rEK = n/(AK). For sufficiently large n we have r, > ro. After substituting 7, in
(4) we obtain (3).

LEMMA 2. If the asymptotic inequality (3) is fulfilled, then
(5) Mp(r) S et | veso0.
PROOF. First, note that if an entire function f satisfies inequality (5), then so

does the function f + @, where @ is a polynomial. Therefore, we can assume that
¢o =0 and (3) holds for all n > 1. Thus, we have

Si Cnl’f' <Z(6AK>T‘/K n

i ()™ =r.

Set m = [n/K]. Then, for sufficiently large r, we have

()" < (™

Hence

i; (eAr )m+1'
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By using the Stirling formula

m
m!N(E> V2mtm, m — oo

€

and the inequality

\/%<C<AZ€)m+l, m>1,

we obtain

FEIa Y S ()™ < Z

m=1

A+€/2 m+1 K(m+1)

— Cle(A—l—e/z)rK (A n —)67’ 2 C26(A+s)r
2
where C, C;, Cy are constants. Thus,
F(2)| < etArer”
The lemma is proved.

These lemmas enable us to express the order and the type of an entire function
in terms of the rate of decrease of the coefficients of its power expansion. Indeed,
the order p equals the greatest lower bound of those K for which (5) holds for any
A > 0, in particular, for A+ ¢ = 1. By Lemmas 1 and 2 we have

(e(pn— 5))# 2 len| (e(p;- s))#

for each € > 0. Having taken the logarithms, we obtain

= lloge(p — &) ~ logn] < log en| < —"—[loge(p ) ~logn,

or

nlogn n nlogn
1+ <lo —<
1+ o(1)) % log 1 £ 2

Thus we have proved

—(L+o(1)].
THEOREM 2. The order of the entire function (1) is determined by the formula
' nlogn
(6) = limsup o

n—oco log (1/lcn]) °

Likewise, the type o equals the greatest lower bound of those A for which
estimate (3) holds with K = p. From this we deduce

THEOREM 3. The type of the entire function (1) is determined by the formula

(7 o= pihmsup( n¥/|cal?) .

n—0o0
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EXAMPLES. Let 0 < p < 00, 0 < 0 < co. The entire function

=3 ()"

n=1

is of order p and of type . The function

10=3 (ee) "

is of order p and of minimal type, whereas the function

2. seplogny\n/e
f =3 (2
n=2
is of order p and of maximal type. The entire function
o0 1 n
1z) = n;z (logn) ?

is of infinite order, and the function
o0
fR) =3 e
n=0
is of zero order.

PROBLEM 4. Using formulas (6) and (7), prove that the order and type of an
entire function do not change under differentiation.

PROBLEM 5. If f(2) is an entire function and the numbers £(™)(0) are integers,
then either f(z) is a polynomial, or the type o of this function with respect to the
order p =1 is at least 1.



LECTURE 2

Main Integral Formulas for
Functions Analytic in a Disk

To investigate the relation between the growth of an entire function and its
zeros we shall need several formulas.

2.1. The Poisson formula and the Schwarz formula

We assume that the reader knows the classical Poisson formula which represents
a function harmonic in a disk {z : |z| < R} and continuous in its closure:

2m 2 _ 2 )
u(z) = i/ u(Re'¥) R —r d, z=re?.
27 Jo R? — 2Rrcos(v — 6) + 72

The same formula may be written in the form

O W= [0 = L Mgk

2m I¢ — 2/

where ¢ = Re'¥.
To represent a function f = u + v holomorphic in a disk {z: |z| < R}, whose
real part u is continuous in {z : |z| < R}, we shall be using the Schwarz formula:

) 16 =5 [ O w +in(0).

The latter formula follows from (1). Indeed, by (1) the real parts of the functions on
the left and right sides of (2) coincide in {z : |z| < R}. Hence, the functions differ
by a purely imaginary constant, and for z = 0 they coincide: u(0) + iv(0) = f(0).

2.2. The Poisson-Jensen formula

If f(2) # 0in a disk {z: |z| < R}, then log f(2) is a holomorphic function in
the disk, and by formula (2) we have

Re®¥

1 2m
3 log /(2) = 5= | log|f(Re")| o= dw +iC.

Formula (1), as well as formula (3), implies

R2 _ ,’.2
R2 — 2Rrcos(6 — ) + r? d -

2m
@  loglf()l= 5= [ loslf(Re)

9



10 LECTURE 2. MAIN INTEGRAL FORMULAS

Now let a1, az, ... ,a, be the zeros of f(z) in {z: |z| < R} arranged according
to increasing modulus. We shall make a permanent convention to write down each
zero as many times as its multiplicity. Let f(z) # 0 for |z| = R, and let

(5) H R(; Om?

_am

It is evident that |p(Re™)| = |f(Re™¥)| and ¢(z) # 0 for |z| < R. Let us apply
formulas (3) and (4) to ¢. It follows from (3) that

1 27 . Re
_ wy| = <

logo(2) = 3= [ ol (Re)| 2 dw i
or

1 e , Re — m)

= — W = .
(6) logf(:) = 3= | loglf(Re™) g d¢+laZI<R10gR —aan ¢
R(z — an)

For the function log R to be single-valued it is necessary to cut the complex

m
plane along the rays {z = re**8% r > |a,;,|}. If some cut meets the point z, we

shall slightly deform it counterclockwise. After separating the imaginary parts in
(6) we obtain

1 2 . R2 —r?
log [f(2)] = %/0 1Oglf(}:ieub)l}i{2 2chos(; )+ 1?2 &

+ Z log‘R(—a";) , z=re? .

(7)

Formula (7) was derived by R. Nevanlinna who named it after Poisson and Jensen.
It forms a foundation of the Nevanlinna theory of distribution of values of mero-
morphic functions.

2.3. The Jensen formula

Let us assume, first, that f(0) # 0. If we set z = 0 in equation (7) we obtain

1 [ ; am
gl 70)) = 5= [ toglr(Re)ap+ 3 1ogl2l

lam|<R

The second term on the right can be written as a Stieltjes integral. Denoting
by n(t) the number of points a,, satisfying the inequality |a.,| < t, we obtain a left
continuous, monotonic, integer-valued and piecewise constant function. It is called
a counting function of zeros. We have

R B R RiR  [Ea)
Z logw—/0 log?dn(t)—n(t)log?'o—i-/o Tdt’

and, finally,

(8) /0 nit) di= o /0Wloglf(Re“p)ldw—bglf(o)"

This is the famous Jensen formula.
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If f(0) = 0 (and, of course, f # 0) we denote by k the multiplicity of the root
at z = 0. Then formula (8) takes on the form

/RMdt+n(0)logR
o t

1 2m ‘ * .
= 5 | sl ay —1og TR

To prove the latter formula it is sufficient to apply (8) to the function f(2)/z*

2.4. The Nevanlinna characteristics

If f(2) is a meromorphic function in the disk {z : |z| < R} with neither zeros
nor poles on the circumference {z : |z| = R} and at z = 0, then the function ¢(z)
must be chosen different from (5). Namely, let

o) = o) ] Mested 7 Z2memli
|bm|<R lam|<R m

where {b,,} are poles of a function f in the disk {z: |z| < R}. Then formula (6)
is replaced by

1 27 i + z
log (2) = 5= [ log /(R g

+ Z long_am Z log R(z = )+zC

2 _
[am|<R |bm|<R °R 2bm

The Poisson-Jensen formula (7) takes the form

1 2m ” R2 _ T2
g £(2)| = 57 [ ToB | (Re™) g coxr = - ay
W Tir R? — 20, ! ‘R — 2b,, zb

and the Jensen formula becomes

27
a0y [0 [Trlod o L [ iog|(re)ian - 0alf )]

Here n(t,0) is the counting function of zeros, and n(t, 0o) is the counting func-
tion of poles of the function f . Following R. Nevanlinna, let us introduce

2m
m(R,f)= 5= [ 108" f(R)]dv,

where a™ = max(a,0), and

N(R,f) = / * n(t,c0) - n(0:%) 4 4 n(0,00) log R ,
0
T(R, f) = m(R, f) + N(R, ) .
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The function T'(R, f) is called the Nevanlinna characteristic. In this notation, the
Jensen formula (10) becomes

(11) T(R, f) = T(R,1/f)+ C .

Here C is a constant, and if f(0) # 0 and f(0) # oo, then C = log|f(0)|.
It is easy to see that

T(R,af +b) =T(R,f)+0(Q1), a#0,
and hence equation (11) implies
af +b
This relation is called the First Main Theorem of Nevanlinna.

PROBLEM 1. Prove the following estimates:

T(R,Z1 f) € 3T(R f) + logn,

([ £) < TR ).
v=1 v=1

Here f,, 1 < v <n, are meromorphic functions.

(12)

PROBLEM 2. Prove the following statements (H. Cartan).
1. If f(z) is a meromorphic function, and f(2) = fi(z)/f2(2), where fi(2),
f2(2) are entire functions without common zeros, then

2m

T(r.f)= 55 | max(og|fi(re)], log| falre¥))) d +O(1).

2. If f(z) is a meromorphic function, then
1 [ 1
T(r, f) = — N( ———) a9 ,
=g | N(rg=gm)do+Cy
where the constant Cy does not depend on r.

HinT. Use the formula

1 2m )
— / log |w — €| df = log™ |w| .
27 0

The function T'(R, f) plays an important role in the study of entire and mero-
morphic functions. If f is an entire function, then

2m
T(R,f) =m(R, f) = —21; /0 log™ |f(Re™)|dy < logt M{(R) .

On the other hand, using the Poisson-Jensen formula (7) we have

1 27 ) R2 _ ,,.2
log |/ (2)| < 5 [ 108 (R i av
R+’I° 1 2 i
< — [ log"|f(Re™)|dy, 1=z,

“R-r 2m J,
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and R4
r
< .
log My (r) < (R, f)
For R = 2r we obtain
(13) log My (r) < 3m(2r, f).

If, in particular, m(r, f) < Ark_ then
log My (r) 3.2k Ark.

Hence, in defining the order of an entire function one can use the Nevanlinna
characteristic T'(r, f) instead of log My (r).

Let f1, f2 be entire functions such that the quotient ¢ = f;/fs is an entire
function. Then the First Main Theorem of Nevanlinna and estimates (13) and (12)
imply

log M, (r) < 3T(2r,¢) < 3[T(2r, f1) + T(2r, f2) + O(1)]
< 3log My, (2r) + 3log My, (2r) + O(1) .
A theorem on the growth of a quotient of entire functions now directly follows from

the latter inequality.

THEOREM 1. If the quotient of two entire functions of order not greater than p
is an entire function, then its order is also at most p. If, in addition, the numerator
and denominator are of mean type with respect to p, then the quotient is of mean
type with respect to p.

We refer the reader to the monographs by Nevanlinna [102], Hayman [51],
Goldberg and Ostrovskii [43] where the Nevanlinna theory of meromorphic func-
tions and its applications can be found.

2.5. Some corollaries of the Jensen formula

Let f be an entire function. Then it follows directly from the Jensen formula
that

1 2m X

(14 log |/(0) < 5- [ log|F(Re™)]du.
T Jo

If | £(0)] = 1, then for r > 0 we have
log My (er) > / E%th > / @dt > n(r),
0 T
and hence
(15) n(r) < log My(er) .

The modulus of an entire function may decrease in some directions, and in-
equality (14) shows that “in the mean” it decreases not faster than it grows. The
latter inequality shows that an entire function with an upper bound for My (r) can-
not have too many zeros. We remark that if |f(0)| # 1, then (15) must be replaced
by n(r) < log My (er) + const.



LECTURE 3

Some Applications of the Jensen Formula

3.1. A theorem on (I)-quasianalyticity

A class C of functions defined on some interval is called (I)-quasianalytic if
each function g € C vanishing almost everywhere on an interval, no matter how
small is its length, vanishes almost everywhere on its domain of definition. We shall
use the Jensen formula to prove a theorem on (I)-quasianalyticity.

THEOREM 1 (Pélya). If a 2m-periodic function f € L?[—m, 7| is represented by
a lacunary Fourier series

oo
ingt : Ng _
f() ~ Z Cn €, kll)rilooT—-l-oo

k=—00

and f(t) = 0 almost everywhere on an arbitrarily small interval, then f(t) = 0
almost everywhere on [—m, . ' '

PROOF. Making a shift of the periodic function f(t), we obtain a function
@(t) = f(t + h) equal to zero for m — § < |t| < 7 and represented by a series

[e9) &)
QD(t)N § : cnkemkhemkt= § : dnkemkt.

k=—o00 k=—o0
By a well-known formula we have
1 s

=— —int gt
o ) p(t)e

dn

According to the conditions of Theorem 1 “many” coeflicients d,, are equal to
zero. We shall prove that in this case all coefficients vanish.
Let ¢(t) # 0. We define the function

1 T ] 1 T—6 )
) —- —izt - —izt .
(2) o /_7r e(t)e *** dt 27 ) p(t)e "  dt

It is easy to see that ®(z) is an entire function, and that
T—6

2@+l <5 [

m— 1 .
+5I<P(t)|dte( ”'yIS\/—z—ﬁllwlqu-nm]e( Oyl

or

(1) log |®(re'?)| < (7 — &)r|sinb| + C,, .

15



16 LECTURE 3. APPLICATIONS OF THE JENSEN FORMULA

Let n(t) be the counting function for zeros of the function ®(z). We have
®(n) = 0 for n # ny, and hence

n(t) > 2[t) +1 - nf () —ni (1),

where nj (t) and n; (t) are the numbers of points ny located inside intervals [0, t)
and [—t,0) respectively. Let ng < 0 < n;. Then, for ny <t < ngy1, k > 0, we have

nf(t) =k =o(m)=o(t), t—oo.
In the same way, n] (t) = o(t), t — co. Hence
n(t) S (2 - e)t
for all € > 0. Therefore,
(2) / @dta;@—ze)r_
To

Applying the Jensen formula (equation (8), Section 2.3), and estimates (1) and
(2), we obtain

as 1 o ) 4 6 6
< = — = i = (7=Z)r=02-2
N(r) < o7 ), (ﬂ' 2) r|sinf| do - (7r 2) r=(2 W)r ,

~and so
2—-2e<2—6/m.

This is a contradiction! The function ®(z) has too many roots for its insufficiently
fast growth. Thus, ®(z) = 0, all Fourier coefficients d,, are equal to zero, and
f(t) = 0 almost everywhere. The theorem is proved.

PRrROBLEM 1. Let
o0 o0
ft) = Z cpent Z len| < o0,
n=—oo n=—oo
where A, are real numbers, and let

An

L — 400, |n|—o00.
n

If f(t) = 0 on an interval, no matter how small, then f(¢) = 0.

HiNT. Use the identity

o0

oo —tz - Cn
/Of(t)e dt_n;ooz_i)\n’ Rez>0,

and apply the Jensen formula to the meromorphic function on the right-hand side
of the latter formula.

The reader can find more sophisticated theorems related to the same field in
the monographs by Levin [82] (Appendix 2), Levinson [84], Koosis [72].
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3.2. The convergence exponent and the
upper density of the sequence of zeros

DEFINITION. Given a sequence ai,Gg,...,0n,..., ap 7Z 0, lim,_,o anp = 00,
the greatest lower bound of \’s such that the series

>
n=1 |an|/\

converge is called the convergence exponent.

Let n(r) be the counting function of a sequence {a,}. We denote by p; its
order; i.e.,

1
p1 = limsup olg n(r) .
7—00

A = limsup nlr)
r—oo TPl

The number

is called the upper density of the sequence {a,} with respect to the given order p;.
It is evident that
rPi=e & p(r) < rorte

and
(A=) < n(r) (B +e)rm

for every € > 0 . The number

A = liminf n{r)

- r—oo TPl

is called the lower density of the sequence {a,} with respect to the given order p;.

PROBLEM 2. Prove the identities

n—oo |an|p,

A = limsup ——
A

LEMMA 1. Let a series

be convergent for some A > 0. Then the integral
* n(t
/ tx(+3 dt
0

converges, and
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PROOF. Since
oo
3 1 ° dn(t)
® Sop- | e
n=1 m 0

upon integrating by parts we find

(4) /Orwzw+)\/orﬂdt.

> 2 A

The convergence of the series in (3) implies that both summands on the right-
hand side of (4) are bounded from above. The second summand does not decrease,
and therefore tends to the finite limit, which together with the inequality

n(r) = n(t)
X < )\/T s, dt
proves Lemma 1.

LEMMA 2. The convergence exponent of the sequence {an} is equal to the order
p1 of its counting function.

ProOF. Let K be the convergence exponent, and let A > K. Then the series

n(r)

in (3) converges, and by Lemma 1 we have lim X = 0. Hence p; < X and
T—00
p1 < K. On the other hand,

n(t) LtT/2 ) e>0.

)
—=dt
/0 AL
converges and n(t)/t* — 0, t — oo. It follows from (3) and (4) that the series in
(3) converges, and therefore K < p;, proving Lemma 2.

Hence for A = p; + € the integral

PROBLEM 3. Prove that the convergence of the series in (3) is equivalent to
the convergence of the integral on the right-hand side of (4).

PROBLEM 4. Prove that if the terms of a converging series form a decreasing
sequence a; > ap > ag > ..., then na, — 0 (E. Borel).

THEOREM 2 (Hadamard). The convergence exponent of zeros of an entire func-
tion does not exceed its growth order.

PROOF. According to a corollary to the Jensen formula, Section 2.5, we have
n(r) <log My(er)+ O(1) .
It follows that

1 log log M
lim sup o_gng’z < limsup % = lim sup og clfgf,«f(r)

i.e., p1 < p. The theorem is proved.

We shall give another corollary of the Jensen formula, namely, a uniqueness
theorem that does not permit an entire function to vanish on a “dense set”.



3.3. COMPLETENESS OF A SYSTEM OF EXPONENTIAL FUNCTIONS 19
THEOREM 3. Let f(z) be an entire function of type not greater than o with
respect to an order p . If f(z) vanishes on a set A and at least one of the inequalities

(5) A(A) > epo

(6) A(A) > po

holds, where A(A) and A(A) are the upper and lower density of the sequence A with
respect to the order p, then f(z) = 0.

PROOF. Let us assume, for example, that (5) holds. We denote by n (r) the
counting function of the sequence A and set n(r) = ng(r).
For every A > 1, we have

1 (@) 1
< < — < .
na(r) <n(r) < Tog \ /T ; dt < log)\N()\r)

By the Jensen formula, with f # 0,
N(Ar) <log M¢(Ar)+ O(1) < (o +e)APrf.

Hence N
— o
AN < —/—.
() = log A
Minimizing with respect to ), we obtain A(A) < epo, a contradiction.
If A(A) > po, then for some £ > 0 we have n(r) > na(r) 58 (po + 2¢)rf. Hence

1
N(r) > ;(pa + ¢€)r?, and using the Jensen formula we obtain

as

1
log My (r) > =(po +e)r”, 0>;(p0+6),

1
o
a contradiction again.

3.3. Completeness of a system of exponential functions

DEFINITION. A system {zj} of elements of a linear topological space E is said
to be complete if the closure of its linear hull coincides with E. In other words,
each element z € F may be approximated by finite linear combinations of elements
of a complete system {z}.

If a system is not complete, then the closure of its linear hull is a proper
subspace L C E. If E is a locally convex space, then by the Hahn-Banach theorem
there exists a nonzero linear functional f € E* such that f(z) = 0 for every element
z € {zr}. The existence of such a functional is a necessary and sufficient condition
of the noncompleteness.

Let a system {e****} be given with real exponents \.

THEOREM 4. Let n(t) be the counting function of a sequence {\} = A. If

n(t)

(7 htrglorgf > 2,

then the system {e:t} is complete in the space of continuous functions C[—m, ).
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PrOOF. If the completeness fails, then by the F. Riesz theorem on the form of
a linear functional on the space of continuous functions there exists a nonconstant
function o(t) of bounded variation such that

/ei*ktda(t)=o, A €A

—T
The function .
B()) = / M do (1)
—T
is entire, not identically equal to zero and satisfies the inequality

|®(s 4 ir)] < (Var o)l

Since ®()\;) = 0, we obtain, by the Jensen formula, Section 2.3,

T 2
/ﬁff—)dtg%/ sin6]d+0(1) = 2r + O(1), r— o0,
T0 0

Since for some € > 0 we have

n(t)

as
T > 2 +e€ 5
we conclude that
2+4+e)r+0(1)<2r+0(1), r—oo.

This is a contradiction. The theorem is proved.

PROBLEM 5. Let )¢ be an arbitrary real number and let A, =n —8,, A_, =
—n + &, be pairwise distinct real numbers with |n| > 6, > 6 >0, n = £1,£2,....
Prove that the system of exponential functions {e**»!} is complete in the space
Cl—m,n].

Some more sofisticated theorems on the completeness of a family {e*»'} will
be proved in the second part of the monograph. In particular, it will be proved
that the assertion of Theorem 4 remains in force if the lower limit in (7) is changed
to the upper limit.

3.4. Completeness of a special system
of functions in countably normed spaces

Let us consider the space A(D) of all analytic functions in a simply connected
domain D C C. Let us choose an expanding sequence G1,Go, ... of compact sets
which exhaust D from the inside and are such that every G,, is compactly imbedded
in D:

G eGye---€Gure-; GUGU---UGpU---=D,
and let us introduce the system of norms
(8) I fllm = sup |f(2)] .
2€EGm

The space A(D) endowed with the system of norms (8) is countably normed. The
following proposition describes the general form of a linear functional on the space
A(D).
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THEOREM 5. For every linear functional F € A*(D) there exists a unique
function ¢(¢) analytic on a closed simply connected set C\D', D' € D, equal to
zero at infinity and such that the value of F at a function f € A(D) is determined
by the identity

(9) 27rz /f C) ac .

Here 1 is a simple closed curve lying inside D such that ¢ is analytic on | and
outside 1.3

PRrROOF. It follows from the definition of topology by norms (8) that a homoge-
neous and additive functional F[f] is continuous if and only if there exist a number
m > 1 and a constant C such that the inequality

(10) IF[f1l < Cllfllm

holds. Let F[f] be some linear functional on the space A(D), and let G,,, € D be a
domain corresponding to the norm in (10). Let us choose an intermediate domain
D', G, € D' € D. By (10), the functional F' can be extended to a linear functional
on the space C(G,,) of functions continuous on G, with the norm (8).

Now let ¢ € C\D'. Noting that R i S € C(Gm), we define the function

1
(1) o) =F|7=;]:
where the functional F' is applied with respect to the variable z. It is natural to
call the function ¢ the Cauchy-Stieltjes transform of F. By (10), the function
©(¢) extends to an analytic function on the closed set C\D'. If { — oo, then

e

l enc1rcl1ng G, in the domain D’ be chosen close enough to the boundary 8D’ for
the function ¢ to be analytic on [ and in the component of the set C\! containing
the infinite point. Then it follows from (11) that

w01 d = 5= [F]

2772

— 0, and it follows from (10) that ¢(o0) = 0. Finally, let a simple curve

2m i z] Q) d

¢

— [ [ a) - Fin

for every function f € A(D), which proves (9).
Let 1 and ¢y be two functions determining the functional F[f] according
to (9). We may assume that the same curve [ corresponds to each of them. If

Y = 1 — 2, then

[oectac=0, k=012
!

Since the function 1 is analytic in the exterior of I and ¥ (00) = 0, it follows that
1 = 0. Thus, every linear functional is representable by equation (9). The converse
statement is obvious. The theorem is proved.

3In what follows we shall say that the bounded domain whose boundary is ! contains all
singularities of ¢.
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Let us apply Theorem 5 to study the completeness of the system of functions
on(z) = F(Anz), where F(z) is an entire function and {\, } is a sequence of complex
numbers. First results on completeness of a system of functions {F(A,z)} were
obtained by A. O. Gelfond in 1937. A. I. Markushevich obtained more complete
results using a method close to that described in this section.

THEOREM 6. Let an entire function of order p

F(z)= i anz"
n=0

with all coefficients a,, nonzero, be of type not exceeding o, and let A = {\,} be a
sequence of complex numbers. Then the system ¢, (z) = F(A,2) is complete in the
disk {z : |z| < R}, where

1 A(A)
(12) R = s max (7,

AW),

and A(A) and A(A) are the upper and lower densities of the sequence A with respect
to the order p.

PROOF. Suppose that the system {F(),z)} is not complete in the space A(D),
D = {z: |z| < R}. Then by Theorem 5 there exists a function 9(z) that is
analytic outside a disk {z : |z| < r}, r < R, vanishes at infinity, is not equal to zero
identically and satisfies

/ Fon2)¢¥(2)dz=0, n=0,1,2,..., r<R.
|z|=r

Let us consider the function
(N = / F(A\2)y(z)dz .
|z|=r
This is an entire function vanishing at the points of A. Let us estimate its growth.
Using
[F(A2)| < exp{(c +&)[A\Pr’}, e>0, r=]|z,
we obtain
()| < /| LSO
< 2rnrM exp{(o + €)|\|Pr*}, M = |mlgx [Y(2)], €>0.

Hence the type of the function ® does not exceed or?. If the sequence A satisfies
lim,, 00 |An| = 00, then by the inequality r < R and equation (12) it follows from
Theorem 3 that ® = 0. The same statement is a trivial corollary of the uniqueness
theorem if A has a finite condensation point. Indeed, if

o)=Y 2,

n=0

then
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Since all numbers a,, are different from zero, all numbers b, must be equal to zero
implying 9(z) = 0. This contradiction proves Theorem 6.

REMARK. If A(A) = oo, then the system {F(\,z)} is complete in A(C).



LECTURE 4

Factorization of Entire
Functions of Finite Order

4.1. The Weierstrass canonical product
In our study of infinite products we shall assume that an infinite product of

entire functions
o0
H gn(2)
n=1

converges at a point zq if for some NN there exists the limit

M
1\/}1—r>noo ]____L gn(Zo) El

not equal to either zero or infinity. The same infinite product is said to converge
uniformly on a set K if for some N the products Hﬁi ~ 9n(2) tend to a function
hn(z) uniformly with respect to z € K as M — oo.

It follows directly from the definition of convergence of infinite products that
a general term of a convergent product tends to unity. Hence it is possible after
omitting a finite number of factors to define log g, (z) using the principal value of
logarithm. It follows that (uniform) convergence is equivalent to (uniform) conver-
gence of the series

E log gn(2) .
n=N

A product is said to be absolutely convergent if the latter series converges absolutely
for some N.

Let {a,} be a sequence of complex numbers not equal to zero and such that
for some nonnegative integer p the series

> lan] P <00
n

Let us introduce the infinite product
I(z) = [[ G(2/an,p) ,

where
1- u, b= 0’
p

2
(1—u)exp[u+u—+~--+u—], p>0.
2 p

The functions G(u,p) are called the Weierstrass primary factors.

G(u’p) =

25
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The inequality

(e o)

k
logGup) < 3 M < ojupr,
k=p+1

evident for |u| < 1/2, implies that the infinite product II(z) converges absolutely
and uniformly in every disk {z : |z|] < R < oo}. This product is called the
Weierstrass canonical product of genus p.

2. The Hadamard theorem

One of the main theorems of the theory of entire functions is

THEOREM 1 (Hadamard). An entire function f of finite order p may be rep-
resented in the form

® f(2) == qu<z>HG( P),

where ay,as, ... are all nonzero roots of the function f(z), p < p, Py(2) is a poly-
nomial in z of degree q < p, and m is the multiplicity of the root at the origin.

PROOF. Let us use formula (6) from Lecture 2:

1 v REWY + 2 R(z—an) .
log £(2) = 5= [ ol (R T2 dw+ 3 g Be—m) i,
lan|<R n

Without loss of generality we assume here that m = 0, i.e., f(0) # 0. Differentiating
this formula p + 1 times with p = [p], we obtain

| 2 ) )
tog 2+ = £EL [ log1f<ReW|(.2ip+—2 a

2T Re¥ — z)
plap+!
+|2|2R F @)t IazlzR(a "ZPH'
an n

It follows that

log ()PP + ) W——‘Z)F’T]

lan|<R

(R—r)pt2 ~ (R—r)ptl’
The estimates
log M;(R) < RPYe
n(R) < log Mf(eR) < Rete
yield, after passing to the limit as R — oo,
1
(p+1) — - -
[log f(2)] —p! Z G

n=1
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Integrating both sides of this indentity along any path joining the points 0 and z

and not intersecting cuts from the points aj,as, ... to infinity, we obtain
log £(2) i 1 il
og [og(l——>+—+ +—], g<p.
n=1 n paz

Now formula (1) follows, which proves Theorem 1.

Let us remark that the Hadamard theorem was proved with p = [p], ¢ < [p].
Representation (1) is possible, generally speaking, with different integers p and gq.
In what follows, p will denote the smallest integer for which the series Y ;° |an| P!
converges. With this convention the number ¢ is determined uniquely.

The integer g = max(p, q) is called the genus of an entire function f. It follows
from the Hadamard theorem that the genus of an entire function does not exceed
its order.

An entire function of order zero has the form

with

For p < 1, by the Hadamard theorem a function f(z) of order p has exactly the
same form.
An entire function of genus one has the form

f(2) = Czme=th H (1 - i)ez/“" .

an
. sinm/z . )
ExXAMPLE. The function f(z) = 7z is entire and of order p = 1/2. Its
™%
zeros are a, = n?, n =1,2,.... According to the Hadamard theorem,

and since f(0) = 1, we have C = 1. Substituting 22 instead of z, we obtain
sinmz = mz H (1 - ﬁ)
n=1

or

sinmz = wz H (1——) /n

As usual, the prime here means that the factor corresponding to n = 0 is omitted.
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PROBLEM 1. Let —00 < @ < b < co. Show that the Fourier transform F'(z) of
a function f € Lfayb] has an infinite set of zeros (nonreal, generally speaking). The
same is true if

b
F(z)z/ edo(t), —oco<a<b<oo,

where o(t) is a function of bounded variation which is not a step function with a
single jump.

PRrROBLEM 2 (Laguerre). Let f(z) = e“azzg(z), where o > 0 and g(z) is a real
entire function of genus p < 1 with real zeros. Prove that the zeros of the derivative
f'(2) are also real and interlace with the zeros of f(z).

HINT. Use the Hadamard theorem and study f'(z)/f(z).

PROBLEM 3. Let f(z) and g(z) be entire functions of order p < 2 such that
P +g*z) =1,
Prove that f(z) = cos(az + ), 9(z) = sin(az + ), o, 3 € C.

4.3. Estimates for canonical products

Let {an} be a sequence of complex numbers, lim,_,. a, = 00, and let n(r) be
its counting function. Suppose that for some integer p > 0 the series > 1° |a,| P~}
converges, and denote

- ﬁ o(Z).

As we proved earlier using the Jensen formula, Section 2.3, the estimate n(r) <
log Mri(er) is valid. Now we shall estimate log My (r) from above using n(r). To
this end we shall obtain an estimate for the Weierstrass primary factor G(u,p).

LEMMA 1 (the Borel estimate). For u € C the estimates
|u|P+1

P14 lul’
log |G(u, 0)| <log(l+ |ul)

log |G(u,p)| < A p>0, A,=3e(2+]logp),

are valid.

PRrROOF. The latter inequality is evident. Let p > 0. If |u| < p/(p + 1), then
expanding log(1 — u) we obtain

log |G (u, p) i |__ L<|U|P+l
81G(u.p)l T S DTl ‘
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If, on the other hand, |u| > p/(p+ 1), then the inequality log(1 + |u|) < |u| yields

ul? ul?
log |G, )] < 2fuf + P 4 4 P
1 1 1 1 1 1
» 11 2_)
=P (i o S 2
p—+1\p-1 1 1 + |ul
< up(—> (2+—+-~-+ )<62+lo ul?
< |ul » 5 » ( g;p)IIIHU|
|u[Pt! |ulPt?

=e(2+1o (1-1— ) < ,
(2 +logP) (1+ 1) Tl < A1)
proving Lemma 1.

THEOREM 2. Let {a,} be a sequence of complex numbers. If the series

= 1
(2) e
2 o
converges, then the product
i z
=11¢(57)
n=1 n
converges uniformly on every compact set and satisfies the estimate
n(t) ° n(t)
log |11(2)| < K, P{/ L dt 47 / Wdt},

where K, = (p+ 1)Ap, r = |2|.

PROOF. First, let p > 1. It follows from the Borel estimate that

2 e > dn(t)
< S p+1 il S
log ()1 < 4p D ooy = Ao / P+ )

I O p+1/°° p 1
Apr tP(t—i—r)’ A 0 [tp+1(t—|—r) +tp(t+r)2}n(t)dt'

®3)

Since the series (2) converges, by Lemma 1 from the preceding lecture we have

t
Z)(—JFZ—>0, t— o0,

and

1
< ;D+1
log |T1(2)] < A,r / / tpﬂ et tp(t+r)2]n(t) dt
n(t) % n() _
SKP P{/O tP+1dt+ Wdt}’ T—|Z|
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For p = 0 the estimate of the canonical product is simplified:

log TI(2)| < i log (1 + L) = /000 log (1 + %) dn(t)

|an|

=r/0wt—(%dt§/or@dt+r/rw$dt.

The theorem is proved.
THEOREM 3 (Borel). The growth order p of a canonical product is equal to
the convergence exponent of the sequence of its zeros.

PRrROOF. Let p be the smallest integer such that the series

> o
n=1 lan|p+1

converges, where {a,} is the sequence of zeros of the canonical product II(z), and
let p; be the convergence exponent of the sequence {a,}. Thenp < p; <p+1.
First, let p; < p+ 1. We choose € > 0 such that p; +¢ <p+ 1. Then
n(t) < trte

It follows from the preceding theorem that
log Mpi(r) < Kpr”{O(l) +/ torte—p—1 dt+r/ (P1+e—p=2 dt}

(1) 0 T
,,.p1+€—p ,rp1+6—p

as
+ }<r”1+25.
prte—p pt+tl—-p—e

Now consider the case p; = p + 1. We proved in Lemma 1, Section 3.2, that

),

P+l tp+2
tend to zero as r — oo. Hence it follows from Theorem 2 that
(5) log My (r) € erPt! = ere1

for any € > 0.4
Thus, in both cases p < p;. Comparing this inequality with the corollary to
the Jensen formula derived in Section 2.5, we obtain p = p;. Theorem 3 is proved.

PROBLEM 4. Find a necessary and sufficient conditions for a sequence of com-
plex numbers {ayx} to be such that the infinite product

H sin agz
(69’74

k

converge to an entire function. Under what conditions imposed on {ay} this is a
function of exponential type?

4This is the Poincaré theorem.



LECTURE 5

The Connection between the Growth of Entire
Functions and the Distribution of their Zeros

5.1. Functions of noninteger order

THEOREM 1. The convergence exponent of the zero set of an entire function f
of noninteger order is equal to the order of growth of f.

PROOF. Let f be an entire function of noninteger order p, let p; be the conver-
gence exponent of its zeros , and let II(2) be the canonical product corresponding
to the set of zeros of f. According to the Hadamard representation (Theorem 1,
Section 4.2), we have

(1) f(2) = 2P @ (2), deg P,=q.
Using the Borel theorem (Theorem 3, Section 4.3), we obtain
log My (r) Seori4rate | >0

Hence
as

IOg Mf (7’) .< T/\+2€ 3 A= max(pl, q) 3

and p < A. The opposite inequality is true, since by virtue of Theorem 2, Section
3.2, we have p; < p, and by virtue of the Hadamard theorem ¢ < p. The theorem
is proved.

THEOREM 2. If the order p of an entire | function f(z) is not an integer, then
its type oy and the upper density of zeros Ay simultaneously are equal either to
zero, or to infinity, or to positive numbers.

PROOF. According to Theorem 3, Section 3.2, we have As < epoy. To estimate
oy from above via Kf we shall use the bound of a canonical product of genus p
proved in Theorem 2, Section 4.3. The inequality

n(t) ?(Zf'i‘&')tp, e>0,

yields

1ogMH(r)§KprP{0(1)+(Zf +5)/ tP~Ptdt + (A +e)r/ t”_P'2dt}.
0

r

Since p < p < p+ 1, we have

log M (r) Z Cp(Zf +e)rf,

31
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and by Hadamard’s representation

log M;(r) < agr? + C,(By + )P < Co(Bs + re)r?
or
(2) or <CoAy,

which proves Theorem 2.

2. Functions of integer order

An entire function of integer order p may not have zeros at all. It is possible
that p = q, ¢ being the degree of the polynomial in Hadamard’s representation, and
the order of the canonical product p; is less than p. But another feature of entire
functions of integer order is more essential. It turns out that, for an integer order,
inequality (2) may fail even for a canonical product. The upper density of the zero
set, may be finite while the canonical product may be of maximal type.

Consider, for example, the entire functions

m °°/ z z/2n
sin 57 = zH( i) =5 (- 5n)e

n=-—00

1 vzﬁ (14 Z)eim

O ze ' )€ ,
n=1

where « is the Euler constant. It is evident that, for both functions, n(t) ~ t and

the convergence exponent of zeros is p; = 1. Since the functions differ inessentially

from the canonical products, they are of order one. For the former function we

have

and

1, =

Z(eslyl _ o= 5yl ) ~ Iyl
e2 e 2 sin—z| <e?

2( )< 2

1 us us us
§(efr —e 2") < M(r)<ez".
Hence, log M(r) ~ (7/2)r and 0 = 7/2. For the latter function, according to the

Stirling formula,
1 1
= (2= )1 2 = 1)1
IOgF(z) (z 2) ogz+z— log 7r+0<| |) z(1+o0(1))logz

where the plane is assumed to be cut along the negative real axis, and |argz| < .
Hence

log —— = —(1+o(1))(cosp)rlogr, z=re*, g <lo| <,

IF( )N

and therefore log M (r) > Crlogr. This means that f = 1/T is of maximal type.
We shall see that the “root of all evil” is the presence of a symmetry in the

distribution of zeros of the first function and its absence for the second function.
‘We remind the reader that p denotes the smallest integer for which the series

1
ZW
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converges. By virtue of the Hadamard and Borel theorems from the previous lecture
we have p < p < p+ 1. Two cases are possible if p is an integer: either p=p+1
and the series )" |a,|™* converges, or p = p and the same series diverges.

In what follows we denote by a, the coefficient of z# of the polynomial P(z) in
Hadamard’s representation.

THEOREM 3 (Lindeldf). If p = p + 1, then f(z) is an entire function of
minimal type for a, = 0 and of mean type for a, # 0.

PROOF. According to the Hadamard theorem, we have
(3) log |f(2)| < Re(a,2”) + log |II(2)| + O(|z|™1), z—o00.
It follows from inequality (5), Section 4.3, that if p = p + 1, then
(4) log M (r) Serf, >0,

and inequality (3) yields

(5) log M¢(r) < (lap| + 3e)r?.
To estimate log M(r) from below we start from the evident relation
f
(6) m(r,exp(a,z’ + -+ ag)) = m(r, ﬁ) ,
where m is the Nevanlinna proximity function (see Section 2.4). It follows that
(7 Mrp < m(r,exp(a,z’ + -+ + ag)) < m(r, f) +m<r l) +log2.
2m ’ . ’ '

By virtue of Jensen’s formula

N(r,0) = m(r, 1) ~ m(r, ) ~log|I1(0)|

) ? ’ H )
whence
1

(8) m(r, ) < m(r,)
Taking into account (7), (8) and (4) we obtain
(9) %r” < m(r, f) +m(r,1I) + O(1) < log M¢(r) +3er?, €>0.

The statement of Theorem 3 follows from (9) and (5).
THEOREM 4 (Lindelof). Let p =p. Set

6s(r) = ‘ap+1 Z a;p’ , 67 =limsupés(r),

7—00
|lan|<r

and vy = max (Kf,gf). Then o5 and vy simultaneously are equal either to zero, or
to infinity, or to positive numbers.

SA stronger statement o =|a,| is true.
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PrOOF. We shall use the formula
2m i)
w_P [ iy 2R
log S()) = = [ tog | f(Re)| s s
- Dia? (p—1)!
+ Z (R2 —@nz)P Z (an, — 2)P
lan|<R lan|<R
proved in Section 4.2. If we set z = 0, we obtain

log f() 2o+ (o= > a;”

lan|<R

2m —
2p! /0 loglf(Rei1/;)|e—ip¢ d’lp-i— Z (P— 1)!afz

" 2rRe e B
or
log /() o+ (p—=1)! Y az’|
(10) lan|<R
200 1 [T ” R)
< = ¢ M2y
<25 [ Nl f(Re)l|dw+ (o~ 1)

It is easily seen that the logarithm of a primary factor has a root at z = 0 of
multiplicity p + 1. Hence,

[log(T1(=)]%y = 0
and

(11) llog ()%, = pla,, .
In addition,

2m
%/0 'log’f(ReW’)”dl/} =m(R, f) +m(R, %) .

The Jensen formula yields _
1
m(R, 5) =m(R, ) = N(B,0) +0(1) <m(R, ) + 0(1)
and
1 2m .
(12) %/ |log | f(Re™)||dy < 2m(R, f) + O(1) < 2log Ms(R) + O(1) .
0
The Jensen formula yields the estimate

(13) n(R) < log Ms(eR) + O(1) .
Substituting (11)-(13) in (10) we obtain

pay+(p-1) Y o]
lan|<R
log Mys(eR) +O<i)

ol
< dpslog Mp(R) + (p — ! ——1; T



5.2. FUNCTIONS OF INTEGER ORDER 35

or
log Ms(eR

(m) % ¢ MR,

with a constant C' independent of the function f. It follows from this inequality
that 65 < Cefoy. Since by virtue of (13) we have Ay < efoy, we obtain finally
(14) Y :max(gf,zf) < Cioy .

To estimate oy from above via v¢ we shall write the Hadamard representation of
f(2) in the form

f(z) =exp [(ap + % Z a;")z”] exp Py,_1(2)

lan|<r
x HG( ,p—l) HG( ), r=|z|,
lan|<r |an|>7

where P,_; is a polynomial of degree at most p — 1. Using the estimate of the
primary factor G(u,p) given by Lemma 1, Section 4.3, we obtain

T dn(t) * dn(t) '
< 14 P p+1 Py .
g £(2)| < 85(r)r? + 4, [ [ IR et [ D] o)
Much as in the proof of Theorem 2, Section 4.3, integration by parts yields

4 [T nl(t
long(r)§6f(r)rp+Kp{r" 1/0 %dt—i-rpﬂ/r e dt}—i—o rf).

Now we apply the inequality n(t) b (A +€)t*, € > 0, and obtain
log M(r) < 85(r)r? + 2K,(Af +e)r’ .
Therefore,

lim sup 5+ 2K,A5 < Cpyy,

5
T—00
with a constant C,, which proves oy < C,vf. Together with (14) this proves
Theorem 4.

log My(r) _
rP -

PrROBLEM 1 (Valiron). Prove the following statement.
If p is not an integer, then convergence of the integral

. i

r.0+1

is equivalent to convergence of the series
= 1
16 —.
(16) ; o

If p is an integer, then convergence of the integral (15) is equivalent to conver-
gence of both the series (16) and the integral

/°° 8(r)dr



LECTURE 6

Theorems of Phragmén and Lindelof

Let f(z) be an analytic function in a bounded domain D, let ¢ be a point of
the boundary I" of this domain, and let Us(¢) be the §-neighborhood of the point
¢. Set

limsup |f(2)] = lim sup |f(2)].
z2—C 6—=0 2eUs(¢)ND

If the inequality
limsup |f(2)] < M

z—(
holds at all points of I', then we shall say that |f(z)] < M on the boundary of the
domain D. The Mazimum Principle for functions analytic in a bounded domain
may be stated as follows:

If |f(2)| < M on the boundary of a domain M, then |f(z)| < M in D.

This statement easily follows from the Maximum Principle in its standard form
and compactness of the boundary of D.

6.1. Functions analytic inside an angle
For a function f(z) analytic inside an angle D = {z: a < argz < 8} we set
M (r) = sup{|f(re®)| : a <8 < B} .

THEOREM 1. Let D be an angle of opening w/X, and let f(z) be a function
analytic in D satisfying an asymptotic estimate

(1) log My (r) < 1° ,

where p < X . If f(z) is bounded by a constant M on the sides of D, then |f(z)| < M
for z€ D.

PROOF. Without loss of generality we can assume that D = {re¥ : 4| < a},
a = m/2\. Let us choose a number p; such that p < p; < A, and set

ws(2) = f(2)e™® | §>0.
The asymptotic inequality
los(2)] 2 lalP =812/ cos prax
holds inside the whole angle D. Since p < p; and cos p;a > 0, the inequality

los(Re¥)| <M, —a<f<a,

37
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holds for (2| = R > Rs. Applying the Maximum Principle to the function ¢5(2)
inside the sector Dg = {re?? : r < R, |0| < a}, we find that |ps(z)| < M at an
arbitrary point. In other words,

|f(2)] < M=

As R tends to infinity we see that this inequality is fullfilled everywhere inside the
angle D.

Since § > 0 is an arbitrary number, we obtain |f(z)| < M in D, completing
the proof of Theorem 1.

PrROBLEM 1. Prove that if, for some p < A, the function f(z) in Theorem 1
satisfies the condition
log My(r) _
P

liminf ———~+~ =0,
T—00 T
then its conclusion remains valid.

THEOREM 2. If a function f(z) analytic inside an angle

D={z: |argz[<a=21p}

satisfies the asymptotic inequalities
log My (r) S(o+e)rr
for alle > 0, and f(z) is bounded on the sides of D by a constant M, then

]f(,,,eie)] < Mecrr"cospe , ,r.eiG eD.

PrROOF. The function
©e (z) — f(z)e—(cﬂ-s)zn

is bounded on a positive ray and on the boundary of D. According to the previous
theorem, it is bounded by a constant in each angle Dy = {z: 0 < argz < 7/2p},
D_={z: —7m/2p < argz < 0}. Applying the previous theorem once more, we
obtain |p(z)] < M for z € D, or

[f(re?)| < Melotelricospd  pet® e D >0,

The statement of Theorem 2 follows when ¢ — 0.

The following corollary from Theorem 2 is frequently used.

THEOREM 3. If f(2), z = z + 1y, is an analytic function in the half-plane
{z: Im z > 0} such that, for all e >0,

M;(r) < eloter,
and |f(z)] < M on the real axis, then
(2) [f(z +ay)| < Me .

Proor. If we take @« = 7/2 and p = 1 in Theorem 2 and apply this theorem
to f(—iz), we obtain Theorem 3.
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REMARK 1. The estimate given by (2) is sharp. It is attained for functions
of the form f(z) = M~e~% % |y| = 1. On the other hand, it is easy to verify,
introducing the function f(2)e?, that if the equality is attained in (2) at least at
one point, then f(z) = M~ye™ "%, |y| = 1.

REMARK 2. If f(z) is an entire function of exponential type o, and |f(z)| < M,
—00 < z < 00, then

(3) |f(z + iy)| < Me V!

in the whole plane.

REMARK 3. If the growth of an entire function f(z) is not higher than of first
order and minimal type, and if |f(z)| < M on the real axis, then f(z) = const.

PROBLEM 2. If f(z) is an entire function of exponential type ¢ > 0, and
f(z) — 0 as |z| — oo, then f(z+1y)e ¥l = 0 as |z| — oo, uniformly with respect
to y.

PROBLEM 3. If f(z) is an entire function of exponential type o, and
|f(x)] < C(1+]=]"),
then
F(2)e W < Ci(1+|2]") .
If, in addition, o = 0, then f(z) is a polynomial.

PROBLEM 4. Prove the following statements.
1. A nonconstant entire function f(z) satisfying the condition

1
lim 2EMr()

T—00 T

cannot be bounded on any ray emanating from the origin.
2. If f(z) is a nonconstant entire function of minimal type with respect to the
order 1/2, then the function

pp(r) = min{|f(2)] : |2 =7}
cannot be bounded as r — oo (Wiman).

HiNT. If f(2) is as stated with zeros aj,az,..., f(0) =1, and

o0

so(z)=H(1—|ain|),

n=1
then p(r) > |¢(r)|. Now apply statement 1.

There are many results on the connection between the growth rate of an entire
function and the rate of its decrease. We shall mention here the cosmp-theorem
due to Wiman and Valiron stating that

> COosT
T—00 lOg Mf (1") - p
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for an entire function f(z) of order p < 1, and the Beurling theorem stating that,
for every entire function f(z),

0

r—00 lOg Mf (T)

for every 6 € [0,27]. Proofs and further results can be found in Beurling [13],
Kjellberg [70], Hayman and Kjellberg [55] and in the monograph Essén [34].

PROBLEM 5. Prove the following statements.
1. Let f(z) be a bounded analytic function in the right half-plane. If

log | f(2)|

1 =2 7

z—+00 x

then f =0.
2. Let f(z) be an analytic function in the right half-plane. If

|f(z)| < Me™c*l | Rez >0,
for some ¢ > 0, then f =0.

HINT. Introduce an auxiliary analytic function F'(z) = f(z)exp(—ezlogz),
Rez > 0, and apply the first statement.

The Phragmén and Lindel6f theorems proved above treated functions analytic
inside an angle.

PROBLEM 6. If f(z) is an analytic function in the strip {z : |Imz| < b},
|f(z £1ib)| < M, and

1Y) <
i sup loglogmax{|f(z + )| : [y <b} _ 7 ,

then |f(2)| < M in the whole strip.

Theorems of a similar type are often used for functions analytic in some other
unbounded domains. Such theorems can be found in the monographs by Pélya and
Szegd [111] (Sect. III, Chap. 5, §6), Evgrafov [36] and Tsuji [123].

Many theorems of the theory of entire functions remain valid for more general
classes of functions.

6.2. Entire functions with values in Banach algebras

A function ¢ : G — E, where G is a domain in C and E is a Banach space, is
called analytic if for all A € G there exists the derivative

€y S(\) = lim LAFM = @)

h—0 h ’
where the limit is considered with respect to the norm in E. It is evident that,
for every linear functional f € E*, the function f[p())] is analytic. This remark
permits theorems on complex-valued analytic functions to be extended to E-valued
analytic functions.
For example, let ¢ be an entire function with values in E such that |p(N)|| < C
for all A € C. For every linear function f € E*, according to the Liouville theorem,
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we have f[p()\)] = const. By the Hahn-Banach theorem it follows that p(\) =
const. Thus, we have proved the Liouville theorem for F-valued functions.

The growth characteristics for E-valued entire functions are defined in the same
way as for complex-valued functions, with the norm in place of the modulus. For
example,

My (r) = max{[o(A)[| : [A] <7}
for an E-valued entire function ¢(z). The Phragmén and Lindeléf theorems proved
in the previous section remain valid for E-valued functions as well. Indeed, if
an abstract function ¢(z) is analytic in D = {z : |argz| < a} and satisfies the
inequalities

lp(re=®)| < M,
7
2a’
and if f € B* is a normalized linear functional, then for the scalar analytic function
U(z2) = fle(z)] we have

le(2)ll < explzl”, p<

W) <M, [¥(2)] < explaf’ .
Applying Theorem 1, we obtain |f[p(2)]| < M for z € D, and
le(2)|| = sup{|fle(2)]| : f€B* |Ifl=1}<M, z€D.

The same method can be applied for extending other theorems on scalar ana-
lytic functions to abstract analytic functions.

Let us also remark that the formulas expressing the order and type of an entire
function via the coefficients of its power expansion

f(z) = Z cnz"
n=0

remain valid if |¢,| is replaced by ||cn]|.

Various theorems on analytic and entire E-valued functions are often used in
the theory of Banach algebras (see Gelfand, Raikov, and Shilov [38], Bourbaki [19],
Rudin [118], Brudnyi and Gorin [21]). We shall describe the simplest examples.

Let B be a Banach algebra with unity e. This means that B is a Banach space
and for each pair (z,y) of its elements the product zy is defined which is a bilinear
function of z and y, and the inequality ||zy|| < ||z||||ly|| holds. In what follows we
assume that B is an associative algebra, i.e., z(yz) = (zy)z for all z,y,z € B.

An element e € B is called the unity of the algebra if xe = ex = e for all z € B.

We remind the reader that the spectrum spec(z) of an element z € B is the
set of all A € C such that Ae — z is not invertible in B.

THEOREM 4. The spectrum of an arbitrary element x € B is not void.

PROOF. If the spectrum is void, then the resolvent (e — z)~! is a B-valued
entire function. Its norm tends to 0 as A — oo. Using the Liouville theorem we
conclude that (Ae—z)~! = 0 which is a contradiction to the identity lim)— 0o A(Ae—
z)"l=e

THEOREM 5 (Le Page). If ||lzy|| < Cllyz|| for every pair of elements z,y € B
with some constant C, then B is a commutative algebra.
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PROOF. Let us consider the entire function p(\) = e *?ye’® with
SN

Kl
k=0

(5) e/\:c —

According to the hypothesis we have

eIl = e y)e**|| < Clle* (e **y) || = Clly]l
and by the Liouville theorem (\) = const. Hence ¢'(0) = —zy +yx =0, and B is

a commutative algebra.

DEFINITION. The value
p(z) = sup{|A| : A € spec(z)}
is called the spectral radius of x € B.

THEOREM 6 (I. Gelfand). The identity

(6) p(z) = lim [l2*[|/*

holds.

PROOF. Let us consider the analytic B-valued function

k

™ SOEDIEv-S
k=0

The disk of convergence (centered at infinity) of this series coincides with the
set

{A\: || > limsup ||:ck||1/k} .
k—o0

The series converges uniformly inside the disk, and multiplying it by (z — Xe) we
find (z — Xe)r;(A) = r,(z — Ae) = e. Therefore, the function () is the resolvent
(Ne — )7L

Hence, the convergence disk of series (7) coincides with the largest disk con-
tained in C\ spec(x), which implies that p(z) = limsup_, ., [|z*||/*. In particular,
we find p(z) < ||z||. ' /

Now let A\ € spec(z). Since A"e — z™ = (\e — z)y, the invertibility of the left-
hand side of this identity would imply (\e — z)y(A\"e —z™)~! = e contradicting the
assumption A € spec(z). Therefore, \™ € spec(z™) and the inequality p(z™) < ||z™||
implies |A| < ||z"||*/™. Hence,

p(z) < liminf ||z™ |}/,
proving the Gelfand formula (6).

COROLLARY. The type o, of an entire function ey(\) = e’ is equal to p(z).

THEOREM 7. Let elements x,y € B be such that zy = yz. Then p(z +y) <
p(x) + p(y)-
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PROOF. Since z and y are commuting, we have e*(#+¥) = eA%e> which follows
from the power representation of e*(*+¥). It remains to use the inequality for the
type of the product of entire functions, which yields

p(T +Y) = Oereery < Oere + 0erv = p(x) + p(y) ,

proving Theorem 7.

6.3. Applications of the Phragmén and
Lindel6f theorems to Banach algebras

An element x of a Banach algebra B is called real if its spectrum spec(z) is a
real set.

THEOREM 8. Let every element of a Banach algebra B be representable in the
form w = x + iy, where T and y are real, and, for every triple x, y, z of real
elements, the identity

lzyzl| = [lyz||
hold. Then the algebra B is commutative.

PRrROOF. Let £ be a curve surrounding the spectrum of z. Then

1
(8) e = 5 /E X (Ce—=z)7td¢
and

AT
%] < Cexp (rgg«gRe()\C))

with a constant C independent of A. If z is a real element, then, however small
€ > 0 be given, we may choose as £ the boundary of a rectangle {(¢,n): a < (¢ <
b, |n| < e}. Then for purely imaginary A = iy we obtain

||eiuz|| < C€€€|#| )

As in the proof of the Le Page theorem, let us consider the entire function () =
e’ye~?®. Let z be a real element, and ) a real, while u a nonreal number. Then,
using the power expansion (5), it is easy to verify that, with £ sufficiently close to
the real axis, the element

— [ =) e

Az

is inverse to e*® — p. Hence, e*? is real for real A. If y is also a real element, then

eI = lle**ye=*%| = [ly].

If X = iy, then ||p()\)| < Ce**!*. Hence, the entire function of exponential
type ¢(A\)e?** is bounded on the imaginary half-axis {\ : A =4y, p > 0} and on
the real axis. By the Phragmén-Lindelof theorem it is bounded in the entire upper
half-plane {\ : Im X > 0}, and similarly, the function ¢(A)e~2¢** is bounded in
{}: Im\ < 0}. Therefore, [|p(\)|| < C”e*|, & > 0, which means that ¢()) is of
minimal type with respect to the order 1. On the real line we have [|p(A)|| = [|y||.
With account taken of Remark 2 of the previous section we obtain p(\) = ¢(0) =y
and ey = ye**. Comparing the coefficients at A in the power expansion we find

TY = Y.
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To complete the proof we notice that the commutativity of real elements implies
the commutativity of arbitrary elements. The theorem is proved.

Another application of the Phragmén-Lindel6f theorem is related to commu-
tative Banach algebras. Let us denote by 21 the space of multiplicative linear
functionals on a Banach algebra B endowed with the weak topology. Let z(-) be
the Gelfand transform of an element z, i.e., the continuous function on 9t defined
by (M) = M(z), m € M. Then spec(z) = {z € C: z = z(M), M € M}, cf.
Gelfand, Raikov, and Shilov [38], Rudin [118].

THEOREM 9 (Gelfand). The unity e of a commutative Banach algebra B is
an extreme point of the unit sphere.

PROOF. % Assuming the contrary, there exist elements u, v of the unit sphere
such that 2e =u+v. fu=e+z,x € B, then v =¢ —z, and

le+te] =lle—tal =1, -1<t<1.

For any nontrivial multiplicative functional M € 9t we have M(e) =1 and ||M|| =
1, and the previous equations with ¢ = 1 yield

l4+z(M) <1, |1-z(M)|<1.

Hence (M) = 0 for every M € 9. Therefore, spec(z) = 0, and according to the
Gelfand formula,
lim [l241% = p(z) = 0.

Let us consider the entire function e**. By the corollary to Theorem 6, its type

with respect to the order 1 equals 0. We shall show that the function is bounded
on the real line.
It follows from equation (8) that

) A\
e’ = lim (e—i——) , n—o00.
n—o0 n

Hence,
AT\ ™
Az _ 713 [hed
et =t | (e 55)"])
For real A and n > |\| we have ||e + Az/n| = 1. Hence, ||(e + Az/n)"|| < 1 and, at
last, [|e*?| < 1.
Az —

By the Phragmén-Lindelof theorem (Remark 3) we obtain e** = const, which
is possible only if z = 0. The theorem is proved.

8The proof which follows was given by M. Krein.



LECTURE 7

Subharmonic Functions

7.1. Definition and basic properties

A real function u(z) < +oo is called subharmonic in a domain D if at each
point zy € D it satisfies two conditions:
a) upper semicontinuity

u(zp) = lim  sup wu(z);
6—0 |z—z0| <6

b) the mean-value property

1 2m )
u(zg) < —/ u(zo +re?)df, < 8(z0) .
2 0

It is easy to check that the logarithm of modulus of an analytic function is
subharmonic. In fact, many properties of the function log|f(z)| are extendable to
the wider class of subharmonic functions.

Many properties of subharmonic functions follow directly from the definition
(see, for example, Ronkin [116], Hayman and Kennedy [54]). Some of them are
listed below.

1. If p(t) is an increasing convez function and u(z) is a subharmonic function, then
o(u(z)) is subharmonic as well. In particular, e*(*) is subharmonic. Thus if f(z)
is an analytic function, then for each A > 0 the function |f(z)|* is subharmonic.

2. Let uy, ... ,u, be subharmonic functions in D. Then the upper envelope
u(z) = max (u1(2),. .. ,un(2))

s subharmonic in D. In the case of an infinite family of subharmonic functions
{ua(2)}, locally uniformly bounded from above, the upper envelope need not be upper
semicontinuous. However, its upper semicontinuous reqularization

u'(z) = lim sup u(¢)
=0 z¢l<6
is subharmonic.

3. The limit of a decreasing or a uniformly convergent sequence of subharmonic
functions is a subharmonic function.

4. The sum of finitely many subharmonic functions is a subharmonic function.
Moreover, integration with respect to a parameter preserves subharmonicity.

Namely, let u(z,p), (z,p) € D x G, be a subharmonic function in D for every
p € G and an upper semicontinuous function in D x G, and let p, be a nonnegative

45
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measure in G. Then the function
u(z) = [ u(e,p) duy

is subharmonic in D.

5. The Maximum Principle is valid for subharmonic functions. It may be formu-
lated as follows:

If a subharmonic function u(z) in a domain D attains its mazimum value at
an interior point zo € D, then u(z) = const.

PROOF. If M = sup,¢p u(z) and u(zp) = M, then by the mean-value property
b) we have

1 2m i
u(zg) = 5;/0 u(zo +re®) df

for small enough r > 0. The upper semicontinuity of the function u(z) and the
estimate u(z) < M yield u(zg + re®®) = M for 0 < § < 27, 0 < r < §. Thus,
the set of points where u(z) = M is open in D. On the other hand, the upper
semicontinuity implies that this set is closed. Hence, u(z) = M for z € D.

This theorem, combined with the lemma on finite covering, yields the following
statement.

For ( € 8D define

u(¢) = limsup u(z) .
z—(,z2€D

Then the inequality

u(z) < sup u(()
¢ceoD

holds everywhere in D, with the equality valid only if u(z) is constant in D.

PROBLEM 1. Prove the principle of harmonic majorant: in order that an upper
semicontinuous function u(z), z € D, be subharmonic it is necessary and sufficient
that for every subdomain G C D and every harmonic function h(z), z € G, satis-
fying the inequality u(z) < h(z) for z € G, the same inequality hold everywhere
on G.

6. Let us define an average
1 27 .
N(r, z;u) = 2—/ u(z +re®)dd, r < dist(z,0D) ;
T Jo
then

a) N(r, z;u) does not decrease as r increases;
B) lim, 0 MN(r, z; u) = u(2).

To prove «), notice that according to the property 4 the function

2m
N, z;u) = % / u(z + ¢e?) df
0
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is a subharmonic function of ¢ and that (¢, z;u) = N(|¢], z;u). By the Maximum
Principle (the property 5) the function 2M(r, z;u) is monotonic in 7. To prove (),
notice that
u(z) <MN(r,z;u) < max u(Q)
I¢—2|<r
and, by upper semicontinuity,

lim max u({) =u(z).
lim max u(¢) = u(2

7. Each subharmonic function can be represented as a pointwise limit of a decreas-
ing sequence of infinitely differentiable functions.
To prove this fact, we set

ue(2) = // w(w)ae(z —w) doy, ,

where do, is the area element, o (z) = e 2a(e7!|z|), and a(t), t > 0, is an infinitely
differentiable function supported on [0,1] and such that

1
271'/ a(s)sds=1.
0
Then
€ 2m )
ue(2) =/ sag(s)/ u(z + se*?) dp ds
0 0

1
= 277/ sa(s)MN(es, z;u) ds .
0
Using properties «) and ) of the average M(r), we complete the proof.

8. A twice continuously differentiable function u(z) is subharmonic in a domain D
if and only if its Laplacian Au is nonnegative in D.

To prove this statement we need an analogue of the Jensen formula from Lec-
ture 2. Let u, v be twice continuously differentiable functions, and let G be a plane
domain with the smooth boundary. Then the Green formula is valid:

Ou Ov
//G(vAu —ulAv)do = /aG (v% - u%) ds,

where 8/0n is differentiation along the exterior normal. We apply this formula with

G={w: e<|z—w| <R}, v(w) =log V‘Lwl’ and send € to zero. We obtain

1 R
(1) u(z) + o //lz_w|<Rlog |z_—w|Au(w) doy = N(R, z;u) ,

proving our assertion.

PROBLEM 2. Prove the following statements:

1. Let us suppose that a function u(z), 2 = z + 1y, a < z < b does not depend
on y, i.e., u(z) = ¢(z). For u(z) to be subharmonic it is necessary and sufficient
that the function ¢ be convex.

2. Let u(z) be a subharmonic function in an annulus R; < |z| < Rp. Then for
R; <1 < R; the functions B(r) = max|,|—, u(z) and N(r) = N(r,0;u) are convex
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functions of log . The first part of the statement with u = log|f|, f being analytic,
is called Hadamard’s three-circle theorem

3. Let a function u(2), z = re?’, Ry < r < Ry do not depend on 0, i.e.,
u(z) = 9(r). For u(z) to be subharmonic it is necessary and sufficient that ¥ be a
convex function of logr, i.e.,

P(r) <

for Ry < r < Rs.

logr — log ry logry —logr

logry — logr;

P(ra) + P(r1)

logry — logry

PROBLEM 3. Prove that if a function u(z) is subharmonic in a domain D, and
if a function z(w) is analytic in a domain G and with values in D, then the function
v(w) = u(z(w)) is subharmonic in G.

2. The F. Riesz theorem and the Jensen formula

We state here without proof a theorem which is a fundamental fact of the
theory of subharmonic functions.

THEOREM 1. Let u(z) be a subharmonic function in a domain D. Then there
exists a unique nonnegative Borel measure p in D such that u(G) < oo for every
subdomain G compactly embedded into D, and u(z) admits the representation

®) u(z) = [ 1ol = Clduc + (2

with a function h(z) harmonic in G.

The measure p is called the Riesz measure of the function u(z), and the integral
on the right-hand side of (2) is called the logarithmic potential of p. Formula (2) is
a generalization of the simple formula

log|f(2)| = Z log[z—zk|+log‘P l

2k €EG

where f(z) is an analytic function in D, {2z} is the set of its zeros in G, P(z) =
(2 — z1) -+ (2 — 2z,) and the last term on the right-hand side is harmonic in G. In
this case the measure p is a linear combination of Dirac measures supported by the
set {zx}. If the function u(z) is twice continuously differentiable, then (2) follows
directly from (1), and the measure p has the form

1
dp¢ = 5-Au(C) dog .

The proof in the general case can be carried out using a careful limit process. Now
we shall derive the Jensen formula for subharmonic functions, the Jensen formula
of Lecture 2 being a particular case.

THEOREM 2. Let u(z) be a bounded subharmonic function in a disk Dg = {z :
|z| < R}, u(0) # —oo, and let p be the Riesz measure of u(z). Then

u(O)-‘r/ORﬂtt—)dt =N(R,0;u),

where p(t) = p({z: |z| <t}).



7.3. PHRAGMEN-LINDELOF THEOREMS FOR SUBHARMONIC FUNCTIONS 49

PRrROOF. The representation (2) can be written in a disk D,, » < R, in the form

® // log |16 =2 \du ey

Then
// log — <] du< + h(0) .

Since the integrand in (3) vanishes for |z| = r, and h(z) is a harmonic function, we
obtain

u(0) = /OT log ; dp(t) +N(r,0,h)
= —/det+‘ﬁ(r,0,u) ,
o ¢

proving Theorem 2.

Proofs of the F. Riesz theorem as well as further results on subharmonic func-
tions can be found in the monographs Ronkin [116] (short and elementary exposi-
tion), Landkof [78], Hayman and Kennedy [54].

7.3. Phragmén-Lindel6f theorems for subharmonic functions

The Phragmén-Lindel6f theorems proved above for analytic functions are valid
for subharmonic functions. The following theorem is similar to Theorem 1 of the
previous lecture.

THEOREM 3. Let D be an angle of opening 7/\, and let u(z) be a function
subharmonic in this angle, satisfying an asymptotic estimate
u(2) < [z]P, p<A,

and bounded by a constant M on the boundary of the angle. Then u(z) < M inside
the full angle D.

PROOF. Without loss of generality we assume that D = {z = re? : || <
7/2A} and consider the subharmonic function
w&(z) :u(z) _6|Z|p1 COSplea p<p1< )‘a

inside the sector {|z| < R, |arg z| < w/2\}. With R tending to infinity, we obtain
by the Maximum Principle that ws(t) < M for an arbitrary fixed z. Passing in this
inequality to the limit as § — 0, we complete the proof.

Other theorems of Phragmén-Lindel6f type can be derived in a similar way for
subharmonic functions. '
PROBLEM 4. Prove the following statement of Phragmén-Lindelof type.

Let u(z) be a subharmonic function in a domain D, and let u(¢) < M, ¢ €
OD\E, E C 0D. Assume that there exists a negative harmonic function h(z) in D
such that, for every 6 > 0,

limsup (u(z) + 6h(2)) < M
z—(,z€D
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at each point ¢ € E. Then u(z) < M everywhere in D.
For example, if D is a bounded domain, E = {(1,(s, ...} is at most countable
subset of the boundary 0D, and sup,cp u(z) < oo, then the function

o 1
h(z) = —1 -G -C
(0= 3 g logls =G
will be negative in D for an appropriate constant C. Hence, we conclude that
u(z) <M, z€D.

7.4. Logarithmically subharmonic functions
A notion of logarithmically subharmonic function is rather useful.

DEFINITION. A nonnegative function u(z) is called logarithmically subhar-
monic if the function v(z) = logu(z) is subharmonic.

For example, if f(z) is analytic, then |f(2)|?, p > 0, is a logarithmically sub-
harmonic function.

Let uq,... ,u, belogarithmically subharmonic functions. Evidently, their prod-
uct uy ... u, is also a logarithmically subharmonic function. To verify that the
finite sum of logarithmically subharmonic functions has the same property, we start
with the identity

u?Alogu = ulAu — |Vul?,
which can be easily checked. Here, as usual, Vu is the gradient of the function u.
Using this identity, we obtain

2 — v u _ 2
(u+v)*Alog(u+v) = (1+ u)uAu+ (1+ v)vAv |Vu + Vo
= (1 + %) (u2Alogu + |Vul?) + (1 + %)(UQAlogv + |Vol?) - |V + Vo2
_ U\ 2 U\ 9 v 2 u 2
= (1+ u)u Alogu + (1 + U)v Alogv + (U[Vul 2(Vu, Vv) + v]Vv] ) .

This implies that the sum of two, and hence of an arbitrary finite number, of
logarithmically subharmonic functions is logarithmically subharmonic.

A passage to the limit proves that integration with respect to a parameter
preserves logarithmical subharmonicity.

PROBLEM 5 (Hardy). Let f(z) be an analytic function in the disk {z : |z| < R},

and let )
1 4 ’
I(r, f) = - “)|do .
(h =52 [ Irre)a

Then I(r, f) is an increasing function of r, and logI(r, f) is a convex function of
log .

THEOREM 4 (Plancherel and Pélya). Let f(z) be an analytic function in the
upper half-plane {y > 0}, continuous up to the real axis, and let

(3) £ ()] < eloF)ll

for an arbitrary € > 0. If

/mem=M<m,p>m

—00
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then -
/ |f(z +iy)|P de < MePoY

— 00

for an arbitrary y > 0.
ProoOF. Given N > 0, the function

N
wy(z) = / fGrord

is logarithmically subharmonic in C; and bounded on R:

wi (z) g/oo flz+t)Pdt =M.

—o0
Further, by (3),

wy(z) < Pl g0,
The Phragmén-Lindel6f theorem applied to the subharmonic function logwy(2)

implies that
wy(x + ty) < MePY |

or
N
/ [f(z +dy +t)|Pdt < MeP?Y .
-N

Sending N to infinity, we obtain the desired estimate.

REMARXK. If f(z) is an entire function of exponential type o such that

| i@pas<n

— 00

for some p > 0, then the function f(z) is bounded on the real axis.
Indeed, the function |f(2)[? is subharmonic, and

i<z [[ varora}”
(2 an [ e rimpar”

< {%M(e”"f —1)}1/”.

In connection with the Plancherel-Pélya theorem we would like to mention the
papers Dzhrbashyan and Avetisyan [28] and Luxemburg [85].

In the second part of this book we will return to the entire functions belonging
to the space LP(—o00,00) on the real axis.



LECTURE 8

The Indicator Function

8.1. The definition and p-trigonometric convexity of the indicator
Let us consider a function f(z) which is analytic inside an angle D = {z =
re? : a < 6 < 3} and satisfies the estimate

(1) My (r) < et
with My (r) = SUDy<p<p |£(2)]-
DEFINITION. The function

i6
hy(0) = limsup —___log |f(re”)]

T—00 rp
is called the indicator function of f(z) with respect to the order p.

The indicator function describes the growth of the function f(z) along a ray
{z: argz =6},

It follows directly from the definition that the indicator of the product of two
functions does not exceed the sum of the indicators of the factors, i.e.,

hye(6) < hy(6) + he(6) ,

and that the indicator of the sum of two functions does not exceed the larger of the
two indicators:

hy4g(0) < max (hs(6), hy(0)).
For the function
F(z) = eA=iB)"
holomorphic in an angle {z = re?? : a < 0 < 8}, B — o < 27, we have

lf(rew)l — e(A cos p6+ B sin pf)r” ,

and its indicator is equal to
H(8) = Acospd + Bsinpf .

Such functions are called sinusoidal or p-trigonometric. If 0 < 65 — 6; < 7/p, then
the sinusoidal function H(#) assuming values h; and hy at the points 6; and 05 is
unique and can be expressed by the formula

_ hysinp(fy — 0) 4 hysin p(6 — 61)
a sin p(02 — 61)

(2) H(0) , <050,

53
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DEFINITION. A function K (0) is called p-trigonometrically convez on the closed
segment [, 0] if for a < 6; < 6y < B, 0 < 62 — 6, < 7/p the equations

K(01) =h1, K(62)=h,

imply the inequality

where H(0) is a p-trigonometric function assuming the values h; and hy at the
points 6; and 6. A function K(6) is called p-trigonometrically convex in an open
interval if it is p-trigonometrically convex on each closed subinterval.

For p = 1, the corresponding functions are called trigonometric and trigono-
metrically convex, respectively.

THEOREM 1. Let f(z) be a holomorphic function inside an angle, and satisfy
inequality (1). Then its indicator function hy with respect to the order p is a p-
trigonometrically convex function.

PROOF. Let values 6, and 62 in [a,b] be such that 0 < 02 — 61 < 7/p, and let
H_(0) = A, cos pf + B; sin pf be the p-trigonometric function which assumes values
h¢(8;) + € at 65,  =1,2, € > 0. Consider the holomorphic function

po(2) = fle)e A

We have
‘ L

[pe(re®)| = |f(re'®s)|e~He0)r" < em57"

Hence the function ¢, is bounded on the rays {z : argz = 6,}, j = 1,2, and by the
Phragmén-Lindel6f theorem we have

lpe(re”)| < M., 0 €[01,02), r>0.
The latter inequality yields
If(,r_ew)I < Meer”Hs(G)
and, according to the definition of the indicator function,
hy(0) < He(0) -
Passing to the limit as € — 0, we obtain
®3) he(6) < H(6), 0€[61,02],

where H (0) is the p-trigonometric function assuming the values h(6;) at §;, j = 1, 2.
The theorem is proved.

Relations (2) and (3) imply the fundamental relation for the indicator function:
(4) h(61) sin p(6 — 02) + h(8) sin p(6; — 01) + h(62) sinp(6; —0) <0

for 6; < 6 < 02, 0 < 05 — 6, < 7/p, which is equivalent to its p-trigonometric
convexity.
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REMARK. If f(z) is an entire function of order p, then its indicator hy is a 2-
periodic p-trigonometrically convex function. It is known that for every 2m-periodic
p-trigonometrically convex function h(#) there exists an entire function of order p
whose indicator coincides with h(f). This statement is due to V. Bernstein. The
proof of a somewhat more general theorem is given in Levin [82].

PROBLEM 1 (Lindel6f). Let a function f(z) analytic in a vertical strip satisfy
the estimate
|[f(@+iy)l = O(yl*) , Iyl — o0,
with some K < oo. Then the function

. log | f(z +iy)|
hs(z) = limsup ————=—
f( ) ly|—o0 log |y

is convex.

8.2. Properties of trigonometrically convex functions

1. The mazimum of two p-trigonometrically convex functions is p-trigonomet-
rically convex. Similarly, the upper envelope of a uniformly bounded family of p-
trigonometrically convex functions is p-trigonometrically convez.

2. Let h(0) be a p-trigonometrically convex function in an interval (o, 8). If
h(61) = —oo for some 01 € (a, B), then h(8) = —oco for each 0 € («, B).

PROOF. Assertion 1 follows from the definition. Now, in 2, let us prove that
h(8) = —oo for each 0 € («,3) satisfying the condition 6; < 8 < 0; + w/p. We
choose a point 02 € (a, ) such that §; < 6§ < 6, < 6; + 7/p and introduce the
p-trigonometric function H.(#) which assumes values H.(61) = —1/e, H.(02) =
max{—1/e, h(f2)}. The p-trigonometric convexity of the function h implies that
h(8) < H.(0), 61 < 6 < 6. Sending ¢ to zero, we obtain h(f) = —oco. Thus
h(f) = —oo for 61 < 6 < min(B, 61 + 7/p). The required assertion now follows for
each 0 € (61,0) and, similarly, for each 6 € («,0;).

3. If a p-trigonometrically convex function h(0) is bounded, i.e., |h(0)| < K
for 0 € (a,B), then it is a continuous function of 0 € (a, ), and in each closed
subinterval it satisfies a Lipschitz condition.

Proor. The proof is based on the fundamental relation (4). We write it in
the form
[h(6) — h(61)] sin p(62 — 61)
< h(02) sin p(6 — 61) + h(61)[sin p(02 — 6) — sin p(f — 61)]
01 + 9)
2 y

= h(62)sin p(0 — 61) + 2h(6,) sinpe1 2_ o cosp(é‘2 —
which implies
h(@) —h(61) < K1(0—61), 6>60,; K;=2Kp/sinp(f,—61).
On the other hand,
[h(02) — h(0)] sin p(0 — 01)
> h(01)sin p(0 — 02) + h(6)[sin p(62 — 61) — sin p(6 — 61)]

0—;02>‘

= h(61)sin p(0 — 02) + 2h(0) sin,002 2_ b cosp(01 -
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Fixing 61, and sending 6 to 03, we obtain
h(02) — h(0) > —K1(6; —6), 0,>0,
or after changing the notation,

Ih(0") — h(8)] < K1|0' — 0" .

REMARK. A p-trigonometrically convex function does not have to be continu-
ous on a closed segment. Its limit values at the endpoints can be smaller than the
values of the function.

PROBLEM 2. Prove that a function h() is p-trigonometrically convex for 6 €
(o, 8) if and only if the function u(re’) = rPh(f) is subharmonic within the angle
D={z=re?: a<0<p,r>0}

PrROBLEM 3. Construct a function f analytic within the angle D, continuous
up to the bounding rays and satisfying the estimate (1) with the indicator hy
discontinuous at the endpoints of the segment [«, §].

4. Let h(8) be a p-trigonometrically convex function on the segment [c, [3].
Then

() he)+h(p+m/p) 20, a<e<e+m/p<f.

PROOF. Let us substitute the values 6 = po+7, 0 = p+7/2p, 2 = p+7/pinto
the fundamental relation (4) and pass to the limit as 7 — 0. Using the continuity
of the indicator at the interior points of the segment [a, 3] and the inequality
h(p) > h(p +0) for ¢ = «, we obtain (5).

5. If the equality is attained in (5), then h(0) is a p-trigonometric function in
the segment [p,p + 7/ p).

PROOF. Let h(—7/2p) = h(w/2p) = 0. Then the fundamental relation (4)
yields h(f) < h(0)cospf. If for some 6y € (0,7/2p) the inequality holds, then,
applying again the fundamental relation with 6, = —6g, 62 = 6o, 6§ = 0, we obtain
h(0) < h(0). Thus h(8) = h(0) cos pf everywhere on [—m/p,m/p]. The general case
can be reduced easily to the examined one.

THEOREM 2. Let f(z) be an analytic function in the angle D = {z = re® .
a < 0 < B}, which satisfies the asymptotic estimate (1), and let its indicator with
respect to the order p be a continuous function on [a, B]. Then

(6) If(re'®)| < POt s a<0<8.

Proor. We divide the segment [a, 8] into subintervals with endpoints o =
bp < 01 < ... <, =f, 0j41 —0; <m/p. For each subinterval [0;,0;,,] we
construct the sinusoidal functions H;(§) = Aj;cos pf + B;sin pfl assuming values
h(8;)+e/3 and h(6;41)+¢/3 at the points §; and 6,1, respectively. The segments
[0;,0;41] can be chosen small enough that the oscillation of the functions () and
H;(0) on each of these segments be less than /3.

The function

03(2) = F(z)eHrmiE
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is bounded on the sides of the angle §; < argz < 6;41. By the Phragmén-Lindel6f
theorem it is also bounded inside the angle. Hence

)| < Cpef O g, <0< 00,

and for sufficiently large r;(e) and 7 > r;(¢)

log | f(re?®)| < [ij) + g]rp 0, <0<0;.1.

Thus,
log |f(re®)| < [h(0) +€lr?, a<6<S,

for > r(e) = maxr;(e).

REMARK 1. Similar arguments show that if the indicator of the function f(z)
equals —oo identically, then

log | f(re”)]

- = -—-00, Tr— —00,

uniformly on each closed subangle.

REMARK 2. The previous remark implies that if f(z) is an entire function of
order p and if its indicator with respect to the order p equals —oo at one point, then
f = 0. This remark is a particular case of the following principle: “No nontrivial
entire function which grows not too fast in the complex plane can approach zero
too fast as z tends to infinity along any ray.”

REMARK 3. There are several different definitions of the order and type of a
function f(z) analytic inside an angle D = {z = re® : o < 8 < §}. We shall use
the following definitions:

logt logt M log™ M
oy = limsup 28 108 Mi() i g 08T Mr (D)
r—00 lOgT r—00 rP

PrROBLEM 4. Using the Phragmén-Lindelof theorem, prove that, for p; >
/(8 — «), the order of growth is simultaneously the order of decrease, i.e.,

log | f(re*)]

ot 0, a<é<p,

lim sup

T—00

for each € > 0.

Other definitions of the order of functions analytic inside an angle can be found
in Govorov [46], Goldberg and Ostrovskii [43], Hayman [53], Grishin [47, 48].

PROBLEM 5. Let f(z) be a function analytic inside an angle D = {z : o <
argz < f} and satisfying estimate (1), and let hs(6) be its indicator with respect
to the order p. Prove that the indicators of f(z) and f'(z) satisfy the relation
hy(8) < hy(6), o < 8 < B, where the inequality can hold at the point 6y only if
hf(8) = 0 in some neighborhood of 6.
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8.3. Applications of properties of the indicator function

THEOREM 3 (Carlson). Let f(z) be a function analytic and of ezponential type
in the right half-plane {z : Rez > 0}, and let

(Z) (=T <or.
If f(n)=0,n=0,1,2,..., then f =0.
PROOF. Outside the disks {z : |z — n| < 6} we have
|sin7z| > mge™¥! .
Thus the function ¢(z) = f(z)/sinnz is analytic in {z: Rez > 0} and

as C .
lp(z)] < ——eAl

mes
outside the same disks. Assuming § < 1/2, these disks are pairwise disjoint, and by
the Maximum Principle the latter inequality holds inside these disks as well. Also,
the lower estimate of sin 7z implies that

ho(£m/2) = hy(xn/2) — 7

and therefore h,(—7/2) + hy(7/2) < 0. By the property 4 of p-trigonometrically
convex functions it follows that h,(0) = —oco, —7/2 < 6 < 7/2. Let us consider a
function

iaz+0z

¥a,p(2) = p(2)e areal, >0.

Its indicator equals:
—00, Tco< E,
b o (6) = 2 2
vast ho(+2 o=+
(£ 0=25.
Choosing an appropriate o we can assume that h,, ,(£7/2) < —n < 0. Hence the
function ¢4 g(2) is bounded on the imaginary axis by a constant M which does not
depend on S. Since ¢, g(z) is bounded in the right half-plane (this follows from the
obvious modification of Theorem 2 ), we can apply the Phragmén-Lindelof theorem
to arrive at the inequalities

|pap(z)] < M
and
lo(z)| < Me™0.
With 3 tending to infinity, we obtain ¢(z) = 0 and therefore f(z) = 0.

THEOREM 4 (Shilov). Let f(z) be an infinitely differentiable function on the
real azis and let

sup |2Pf9(z)| < CAPBYp*PgP? | p,g=0,1,...

—oo<z<00

with some positive A, B, C, a, B, a+ 3 < 1. Then f(z) =0.
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PROOF. The assumptions of the theorem imply that the remainder term in
the Taylor formula for the function f tends to zero for every x € R. Hence f can
be continued into the whole complex plane as an entire function. Using its Taylor
expansion at a point x, we obtain

a,Pq
2P f (z +iy)| < CAPPP Y (—BM .
q T

By the Stirling formula and Lemma 2 from Section 1.3 we obtain

— -1
|27 f(z + iy)| < CAPpePet ™

Hence
CeblylV/ =

G}

(o + ig)| < Cemelal /bl /0=
with some ¢ > 0. Thus f is an entire function of order p < 1/(1 — ) . Since
a+ [ < 1, we conclude that

|f(z +dy)| <

and

log | /()]

|z|— 00 |£L'|p

and hence f = 0.

THEOREM 5 (Morgan). Let f(t), —oo < t < o0, be a function such that
F()eA” is bounded as |t| — oo for some A > 0 and p > 1, and let its Fourier
transform g(x) decrease in such a way that for some B > 0, | > 1 the function

g(:c)eB“”ll is bounded as |z] — co. If 1/p+ 1/l < 1, then f(t) = 0.
Proor. For z € C we set

9= [ " fe

and observe that g(z) is an entire function which coincides with the Fourier trans-
form of the function f on the real axis. Further,

o0
lg(z +1y)| < C’/ e~ AP+l gy |
— 00

Without loss of generality we may assume that A > 1/p (otherwise, we introduce
a function f(At) instead of f(t)). Using the inequality

1 1 1 1

t<_tp+_yqa -+-=1,
lyt| pl | q| | i

we obtain o

l9( +iy)| < Cea¥",
which means that the order p of the function g(z) does not exceed ¢ < I. On the
other hand, the assumptions of the theorem imply that

log ()|

he(0) = limsup ————+ = —
g( ) :z—>+oc]? P

Thus g(z) =0 and hence f(t) = 0.
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Let us remark that Morgan [100] found a precise condition on positive values A
and B which guarantees that the assertion of Theorem 5 holds in the case 1/p+1/1 =
1.

Theorem 5 shows that in a study of connection between the decrease of a
function and that of its Fourier transform the functions decreasing as fast as e—ce’
play an essential role. The following theorem deals with such functions.

THEOREM 6 (Hardy). Suppose that, for some nonnegative integer n and for
all real x, the following estimates hold:

F@)| < CU+[alMe7?, lg(@)| < CQ+al™)e™ /2,
where -
o@) = [ st
1s the Fourier transform of f. Then - ‘
f@)=e P Pu(@), g(@)=e*Qu(a),
where P, and @Q.,, are polynomials of degrees not exceeding n.

PROOF. The estimate for f(z) implies that

ma=/ffma“ﬁ

is an entire function, and

oo

wm+wnsc/ (14 Je™)e /240t gt

—0o0

= C[/ +/ ]('-1 + [tm)e /2t gt
[t|<4]y]| [t]=4]y|

We will denote by C' positive constants which depend on n but do not depend on
z and y. For the first integral on the right-hand side of (7) we have

(7)

4ly|
/ (1+ Itln)e-t2/2+yt dt < C(1+ lyln)eyz/z/ v et/ 2Hyt=y?/2 gy
[t[<4]y] —4lyl

4|yl
(8) =C(+ Iyl")eyzﬂ/ e 3+ gy
—4ly|
<C(1+|2mev’/?.

The second integral is bounded since

o0

/ (1 + |t]n)e—t2/2+yt dt < 2/ (1 + |t|n)e—t2/4—(t2/4—ly|t) dt
[t]>4]y| 4fy|

(9) o0 ,
< 2/ (1+[tMe t/4dt < C.

Inserting the estimates (8) and (9) into (7) we obtain

(10) l9(z +iy)| < C(L+|2[*)ev /2.
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Now we observe that ¢(z) = e” /2 g(z) is an entire function of order not exceed-
ing two. This function does not grow faster than a polynomial along the coordinate
axes. Moreover, the estimate (10) implies that the indicator of ¢(z) with respect
to the order p = 2 satisfies the estimate

(11) hy(60) < %cos?o , 0<60<2m.

Let us show that ¢(2) is a polynomial, which will prove the Hardy theorem.
We have h,(0) = h,(m/2) < 0. By Property 5 of the indicator it follows that

(12) he(0) =ksin20, 0<6<7/2.

Comparing (11) and (12), we conclude that ksin20 < (cos?6)/2, or 2ksinf <
(cos8)/2, 0 < 0 < m/2, whence k < 0. Since ¢(z) has a polynomial bound on
the coordinate axes, we obtain by the Phragmén-Lindel6f theorem that |¢(2)]| <
C(1 + |z|™) in the first quadrant. Similar estimates are valid in the remaining
quadrants. Therefore, p(z) is a polynomial whose degree does not exceed n.

REMARK. If the function f(z) is as stated in Theorem 6, and if g(x)e“”2/ 250
as |z| — oo, then we conclude that Q(z) — 0 as |z| — oo, ie., g(z) = f(z) = 0.
This gives a uniqueness theorem.

In Lecture 25, Part III we will present uniqueness theorems generalizing theo-
rems of this section. The recent developments are exposed in Nazarov [101].



LECTURE 9

The Polya Theorem

9.1. Supporting functions of convex sets

We start with the introduction of a notion of supporting function k() of a set
KccC:

k(0) = sup{z cosd + ysinf} = sup{Re(ze )}, 6 € [0,2n] .
ze€K zeK
It is not difficult to prove that the supporting function of a set coincides with the
supporting function of its closed convex hull. In what follows we assume that K is
a convex compact set.

For each 0 € [0, 2] the line lg = {2 : Re(ze~%) = k()} is called a supporting
line of K. Evidently, it is orthogonal to the ray {z : argz = 6}, has nonvoid
intersection with K, and the set K itself is contained completely in a closed half-
plane with the boundary lg. The value k()| is equal to the length of the segment
of the ray {z : argz = 0} if k(6) > 0 or of the ray {z: argz = 6 + «} if k(0) <0,
cut off by the line lg. If k(@) is the supporting function of K, then k(—0) is the
supporting function of K, where the bar means, as usual, the complex conjugation.

ExAMPLES. The supporting function of the disk {z : |2| < R} is k(f) = R.
The supporting function of a single point {zo = roe'?} is k(0) = rocos(d — 6p).
The latter function is sinusoidal. The converse statement is also true: every sinu-
soidal function is the supporting function of a set consisting of a single point. The
supporting function of the segment [—id, id] is k(0) = d|sin0).

THEOREM 1. The supporting function of a conver compact set is trigonometri-
cally convex. Conversely, every 2m-periodic trigonometrically convez function k()
is the supporting function of some convexr compact set K.

PROOF. Let k(6) be the supporting function of a convex compact set K. Then
k(9) is the upper envelope of a uniformly bounded family of 27-periodic sinusoidal
functions h(8) = Re(ze~ %), z € K. Hence k(#) is trigonometrically convex, which
proves the first statement of Theorem 1.

To prove the converse statement, let us consider the set

where Iy = {2 : Re(ze™®) < k(6)} is a half-plane, and prove that this set is not
empty. Moreover, we shall see that every line ly = {z : Re(ze~%) = k(#)} contains
points of K. It will show that K is a convex compact set and that [y are supporting
lines of this compact set.
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Without loss of generality, we fix § = 7/2 and prove that I/, contains at least
one point which belongs to all half-planes IIy. Let us assume that 0 < 6; < 7/2 <
02 < 7w, and denote by A the intersection point of the lines lg, and lg,. Since the
function k(6) is trigonometrically convex, the point A cannot lie below the line I,/
(see Figure 1). Thus, the half-planes Ily,, IIs, and the line I,/, have a common
segment which we denote by [ag,,bs,]. It may happen that ag, = bg,. Setting
a = sup{ag, : 7/2 < 0y < 7}, b=inf{bg, : 0 < 0 < 7/2}, we find that a < b,
and hence the segment [a, b] C I/, belongs to all half-planes Iy, 0 < 6 < 7, and,
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in particular, to the strip {z = z + 4y : k(7)) < z < k(0)}. Let us show that each
half-plane I, —7/2 < 1 < 0 also intersects this segment. Using the definition of
trigonometrically convex functions with ¥ = 61 < 0 < 0y = 7/2, we find that the
intersection point of I, /o and Iy cannot lie to the left of the intersection point B
of the lines I/, and Iy (see Figure 2). Hence the segment [a, b] is in the half-plane
II,. The case —m < 1 < —m/2 can be examined using the same arguments, which
proves the theorem.

Let I be an entire function of exponential type (EFET). By Theorem 1 from
Section 8.1, its indicator hp is trigonometrically convex, and hence hr is the sup-
porting function of a convex compact set Ir C C. This compact set is called the
indicator diagram of the function F'. It gives a geometrical representation of the
growth of F' in various directions.

This definition allows us to give, in particular, a simple geometrical interpre-
tation of certain properties of indicators of EFET. For example, let F(z), G(z) be
such functions; then the inequality

hryc(0) < max{hr(0),hc(0)}

means that the indicator diagram Ir,¢ is contained in the convex hull of the
diagrams Ir and Ig.

PROBLEM 1. Prove that if one of the indicator diagrams Ir and I can be
obtained from the other by a parallel translation, then the indicator diagram of the
sum Ip ¢ coincides with the convex hull of the indicator diagrams Ir and Ig.

The sum of sets, K = K + Ko, is the set of points {z = 21 + 22 : 21 € K,
z9 € Ko} Tt is evident that the sum of convex compact sets is a convex compact
set. It follows from the definition that the supporting function of the sum of convex
compact sets equals k() = k1(0) + k2(0). Therefore, if hpa(8) = hp(6) + ha(0),
then I'rg = Ir + Ig, and conversely, the latter equality implies the former.

9.2. The Borel transform and the Pdlya theorem

Let
¢
F(z) = Z —7: 2"
= nl
be an EFET. Tt is easy to deduce from the formula for the type of an entire function
that
o =op =limsup V/|c] .
n—oo
The function
¢
(03
flz) = Z ol
n=0

is called the Borel transform of the function F(z). By the Hadamard theorem
the series converges outside the disk {|z| < op} and diverges inside this disk.
It is possible that the function f(z) can be analytically continued into the disk
{z : |2| < or}. The smallest convex compact set containing all singularities of
f(2) is called the conjugate indicator diagram of F(z). We denote by kr(#) the
supporting function of this compact set.

The following theorem establishes the remarkable connection between the con-
jugate diagram and the indicator diagram of EFET.
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THEOREM 2 (Pdlya). For every EFET F\(z) the relation
he(0) = kr(-0)

holds, and hence the conjugate diagram is the reflection in the real axis of the
indicator diagram Ip.

PROOF. Let us denote by I the conjugate diagram. The proof is based on two
integral formulas linking the function F(z) and its Borel transform. The first of
them has the form

1
2 F(z)=— f(Q)es= d¢,
2) =53 [0, 7O
where K, is the disk {z: |z| < e} B
Indeed, the integration over the curve (I + K.) on the right-hand side may be
replaced by the integration over the circle 0K, . (here o is the type of the function
F). Thus the formula (2) is obtained by the integration of the series

sz(g Z Cn+1 ¢ :

It follows from (2) that

|[F(re’)| < Ceexp{r max Re((z)}
CeI+K

= C. exp {r( )+ e)}
Hence
@) h(8) < k(-6) .

The transform inverse to (2) has the form

(e @)
@  fQ= [ Fe e dte ) Rel¢e™) > h(=6)
0
To prove this formula we observe that the inequality
IF(te—iG)l a<s e(h(—0)+e)t

implies that the integral in (4) converges uniformly in the half-plane {¢ = € +in :
£cos® + nsin® > h(—6) + 2¢}, and hence this integral represents a holomorphic
function in the domain {¢ : Re(( e %) > h(—0)}. Let us check that this function
coincides with f(¢) for ¢ = re®®, r > 30. Indeed, in this case the integral (4) can

be written as -
/ F(te™®)e e " dt .
0

For the series
oo

—10y\ __ n_—inb
F(te™®) = Z e
n=0
we have the estimate of the general term
Mp (2t) a<s 62(a+£)t
(20" @)

Cn

n=0,1,...,

n!
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and of the remainder

— |k = 1 1
|Ra(t)] < Z H'tk < Z 2—keQ("+5)t — §1_62(cr+fs)t )
k=n-+1 k=n+1

If » > 30 we obtain the estimate

o0 . . o0 . Ck .
‘ / F(te—ze)e—tre—ze dt — / e~ tre—i0 Z 2k tke—ik0 qu
0 0 k=0 k!

1 oo
< —(oc—2e)t .
S, e dt
Integrating termwise, we obtain the equality (4). Thus, f(¢) is analytic in the
domain {{ = £+ 146 : £cosf + nsin® > h(—0)}. Hence, k(#) < h(—0). Combining
this estimate with (3), we obtain h(6) = k(—6). The theorem is proved.

REMARK 1. It follows from formula (4) with # = 0 that the function f(()
coincides with the Laplace transform of the function F(z).

REMARK 2. Let F(z) be a holomorphic function of exponential type inside an
angle {z : a < argz < }. Then the function f(¢) defined by (4) is analytic in
the union of half-planes {¢ = £ +in: £cosd + nsin® > h(—0), a < 6 < B}. The
complement to this domain is the intersection of closed half-planes {¢ = £ + in :
&cosf + nsin® < h(—0)}, and its boundary contains two rays orthogonal to the
rays arg( = —a and arg( = —(3. This closed convex set is minimal among all
convex sets of such a form containing all singularities of f(¢), which is not difficult
to prove using the well-known inversion formula for the Laplace transform

1 a+100
F(z) = — lim f(O)e#d¢ .

247 a—o0 a—100

The notions of indicator, indicator diagram, and conjugate diagram can be
extended to entire functions with values in a Banach space. To this end, the
modulus |f(re®)| in the corresponding definitions should be replaced by the norm

1 (re®)]l-

PROBLEM 2. Prove that the convex hull of the spectrum of an arbitrary element

z of a Banach algebra coincides with the indicator diagram of the entire function
Az
e,

EXAMPLE 1. Let F(z) = Y _; Pu(2)e***, where A, k =1,2,..., are complex
numbers, and Py(z) are polynomials. The Borel transform of a monomial 2Pe**?
equals p!(¢ — A\i)"P~!. Therefore, the poles at the points A\x,k =1,2,..., are the
only singularities of the Borel transform of F'(z). The conjugate diagram of F(z)

coincides with the convex hull of points {A1, ..., A,}, and by the Pél}@ theore_m the
indicator diagram of F(z) coincides with the convex hull of points {A1,..., A}

EXAMPLE 2. Let K be an arbitrary convex compact set. Choose a countable
set of points {A;} dense on K, and consider a function
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Evidently, the function f(¢) is analytic outside K, equals zero at infinity, and

cannot be analytically continued through any part of K. Hence K is the indicator
diagram of the entire function

oo
F(z) = che’\kz .
k=0

Thus for every closed compact set K C C there exists an entire function of expo-
nential type whose indicator diagram coincides with K.



LECTURE 10
Applications of the Pélya Theorem

10.1. The Paley-Wiener theorem

The following theorem gives a description of the class of entire functions of
exponential type that are square integrable on the real axis.

THEOREM 1 (Paley-Wiener). For a function g to be representable in the form

b
1) o@) = 5o [ wlede, berab),
2m J,

it 18 necessary and sufficient that

a) it be possible to extend g(z) to the whole complex plane as an EFET,

b) g € L?(—00,00).
If the interval (a,b) cannot be replaced by a smaller interval, then the segment [ia, ib]
of the imaginary azis coincides with the conjugate diagram of g(z).

NECESSITY. By the Fourier-Plancherel theorem, we have g € L?(—o00, c0) and
V279l 22 (—o0,00) = [1%llL2(a,p)- Further, the function

o) = o [ eutyar
is entire since the integrand is an entire function of z € C. For y > 0, we have
1 b 4 1 /b
gle+ i) < - [ WO @< e [,

Similarly, for y <0,

1 b
ota+ i) < e [l

It follows that g(z) is an EFET and its indicator diagram is contained in the segment
[—1b, —ia] of the imaginary axis.

SUFFICIENCY. The Borel transform ¢(w) of the function g is holomorphic out-

side the conjugate diagram of g, and, in particular, outside the disk {w : |w| < o4}.
The function ¢ can be represented using the Laplace transform

(2) o(u+1iv) = /0 g(z)e 2 dy u>a,,
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and, similarly,

0
g(z)e W+ dp -y < —g,.
oo

3) plutiv) = [
Since g € L?(—00,00), equations (2) and (3) imply that ¢ is holomorphic in the
half-planes {w: £ Re w > 0}. Therefore, the conjugate diagram of the function g
coincides with a segment [ic, i3] of the imaginary axis.

The function p(u+iv) is square integrable on every vertical line which is not the
imaginary axis. Let us show that there exist the mean square limits 11‘_1_)1:{:10 o(u+ )

equal to

o(4+0 +iv) = / g(z)e ™ dzx

0
0 .
P(=0+iv) = —/ g(z)e " dz

— 00

where the integrals are mean square convergent as well. Indeed, by the Plancherel
theorem we have

o0 1 o0
/ lo(40 + iv) — p(u + ) |> dv = E/ lg(2)]2|1 —e™*®|2dzx — 0, u\,0.
—o00 0
Similarly, ¢(~0 + iv) = l.i.r{l(.)go(u + ).

The functions ¢(£0 + iv) coincide with ¢(iv) and, consequently, with each
other, at imaginary points lying outside the indicator diagram. Thus, if ¥(v) is the
Fourier-Plancherel transform of the function g(z), then for such values v we obtain

0 s
$(v) = / o(z)e = do + /0 g(z)e=" du

—00

= @(+0+iv) —p(—0+1iv) =0.

The inversion formula implies equation (1) which shows that the indicator diagram
of the function g(z) contains the segment [—ib, —ia]. The theorem is proved.

10.2. Analytic continuation of a power series

The next application of the Pdlya theorem is related to analytic continuation
of a power series

(4) o)=Y an"
n=0

converging in a neighborhood of the origin. First, observe that there exists an
EFET F(w) such that a, = F(n), n =0,1,.... Indeed, if the series (4) converges
for |z| < r, then

_ 1 ©(2)
®) = i Jge

Jz|=r
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Choosing a continuous branch of the logarithm log z for |argz| < 7 and setting

¢ = —log z, we obtain a, = F(n), n =0,1,..., where
1 — log r+im : ¢
Flw)=—-—— pe *)e™s d¢
( ) 2m1 —log r—im ( )

is an EFET. Hence the converging series (4) can be represented in the form

(6) p(z) =) F(n)z"
n=0

where the width of the indicator diagram of the function F' along the imaginary
axis does not exceed 2w, i.e., hp(7/2) + hp(—m/2) < 2r. If this width is smaller
than 27, then the following theorem asserts that the series (6) may be analytically
extended.

THEOREM 2 (Carlson). If the width of the indicator diagram I of the func-
tion F' along the imaginary axis is less than 2w, then the function ¢ defined in
neighborhood of the origin by the series (6) may be analytically continued into a
domain C\G, where G = {w =e~*, z € Ir}, and p(c0) = 0.

Conversely, let a function ¢ be represented in a meighborhood of the origin by
series (4) and also can be continued analytically into the exterior of a set

(7) G={w:w=e*z€ K},

where K 1s a convex compact set whose width along the imaginary azis is less than
2w, and let p(c0) = 0. Then there exists an EFET F such that Ir C K and
n=F(n),n=0,1,2,....

PrOOF. To prove the first assertion of the theorem, we use the inversion for-
mula (2) for the Borel transform defined in Section 9.2. Using this formula, we
write equation (6) in the form

1
p(z) = 5— FQ)) erz"d
271-2 8(7F+Ke Z
where € > 0 is chosen so small that the width along the imaginary axis of the
compact set Ir + K, is less than 27, For small enough values of |z| the series in
the integrand converges and hence

®) o= [ L

211 Joprr) 1 — 1— zeS

The function defined by the integral is analytic outside G = {e™%, z € Ir} and
equals zero at infinity. Since the width of Tz along the imaginary axis is less than
2, the set C\G is connected. The first part of the theorem is proved.

Conversely, let all singularities of the function ¢ represented by series (4) lie in
a set G of the form (7), where K is a convex compact set whose width along the
imaginary axis is less than 27, and let ¢(00) = 0. Under these assumptions the set
C\G is a domain containing the points 0 and co. We have

an:—l—/@dz, n=0,1,...,

2mi Jo 2l



72 LECTURE 10. APPLICATIONS OF THE POLYA THEOREM

where C is a circumference of small radius centered at the origin. Since ¢(c0) =0,
each of these integrals can be replaced by the integral over an arbitrary contour L
which surrounds G and does not surround the origin. Setting

~ o / Cwtl dc
we obtain F'(n) =a,, n=0,1,..., and
1
Cw
Plw) = 5= [ wle e dc,

where the contour I' surrounds the compact set K. It follows that F' is an EFET
and its indicator diagram is contained in K. The theorem is proved.

COROLLARY (Leau, Wigert). In order that the function ¢ represented by the
series (4) have a singularity at z = 1 only, and have a zero at infinity, it is necessary
and sufficient that the coefficients of series (4) have the form a, = F(n), where
F(w) is an entire function whose growth does not exceed order one and minimal
type.

ProOBLEM 1. Let ¢(2) = G(1/(1 — 2)), where G is an entire function and
G(0) = 0. Then the order pg of the function G and the order pr of the entire
function F'(w) interpolating the coeflicients of ¢(z) are related by the equation
pc = pr/(1 — pF).

PROBLEM 2. In order that the function

(o]
= E apz"
n=0

holomorphic in a neighborhood of the origin have only a finite number of isolated
singularities (in whose vicinities the function ¢ is single-valued) in the disk |z| < R,
it is necessary and sufficient that

N
anIZFk(n)Z;n'FO(—R}?), n— 00,
k=1

where Fy(w) are entire functions of minimal exponential type. Moreover, zy,...,
zy are singularities of ¢(z) in the disk {|z| < R}. In order that these singularities
be poles, it is necessary and sufficient that the functions Fj(w) be polynomials.

REMARK 1. Equation (8) yields that if the assumptions of the Carlson theorem
hold, then the expansion of ¢(z) in a neighborhood of infinity has the form

n=1

REMARK 2. If the assumptions of the Carlson theorem hold, then the function
©(2) can be continued to infinity along some ray emanating from the origin. If the
indicator diagram Ir of the interpolating EFET F(w) is such that the compact
set e~!F does not separate 0 and oo, then, as before, ¢(z) can be analytically
continued at infinity. Evidently, e~/ does not separate 0 and oo if and only if the
sets Ir + 2mmi, m € Z, are pairwise disjoint.
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PROBLEM 3. Let F(w) be an EFET whose indicator diagram has the width
along the imaginary axis less than 27. Prove that
log | F
hr(0) = limsup log|F(n)] .

n—oo

Other applications of the Pélya theorem to problems of analytic continuation
may be found in Bieberbach [16].

10.3. Analytic functionals

As was stated in Section 3.4, every linear functional F' on the space A(D) of
analytic functions in a simply connected domain D € C is defined by the equation

FUf) = 57 [ HOw(@)dc

where the function ¢ determined by F' is analytic on the complement of D, ¢(c0) =
0, and the simple closed curve [ surrounds all singularities of ¢ and lies in D. Thus,
the space A*(D) of linear functionals on A(D) (they are called analytic functionals)
is isomorphic to the space Ag(C\D) of functions analytic on C\D which are zero
at infinity.

The Pélya theorem gives another representation of the space A*(D) if D is a
convex domain. In this case we may assume that compact sets G; € Gy € --- €
G, € --- exhausting the domain D from the inside are convex and their supporting
functions satisfy the condition

h1(8) < ho(0) <+ < hp(0) <--- .
Then the function H(6) = lim h,,(0) is supporting for D. Given a linear func-
tional F, let us introduce the function
(9) o(X) = F(e™)

usually called the Fourier-Borel transform of F'. According to formulas (8) and (10)
from Lecture 3, there exist an integer m > 1 and a constant C such that

< 22| = — :
[@(V)] < C max [e7*] = Cexp (hm (= arg A)[A])

So ®(A) is an EFET and by the Pélya theorem its conjugate diagram is contained
in the domain D. Denote by ¢(¢) the Borel transform of the function ®(A) and
check that

(10) FU) = 57 [ FOw(@) dc

for each function f € A(D), where [ is a simple closed contour in D surrounding
all singularities of the function ¢.
Indeed,

P =20\ = o /l p(C) dC .

Differentiating this equation with respect to A and setting A = 0 afterwards, we
obtain

R = /l CFo(Q)dC .
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Hence (10) holds for every polynomial. Since polynomials are dense in A(D), equa-
tion (10) holds for every function f € A(D).
Let ®(\) be an entire function satisfying an estimate

|®(X)| < Cexp [hm(—arg A)[A[]

for some C and m, and let ¢({) be its Borel transform. Then equation (10) defines
a linear functional F on A(D) such that ®(\) = F(e**). Thus, we have proved

THEOREM 3. Equation (9) defines an isomorphism between the space A*(D)
of linear functionals on the space of analytic functions in a convex domain D with
supporting function H(0), and the space of entire functions of exrponential type
whose indicators satisfy the condition

h(6) < H(6) .

If D = C, then H(f) = +oo, and A(D) is the space of all entire functions
endowed with the topology of uniform convergence on each compact set in C. Ac-
cording to Theorem 3, the space A*(D) can be identified with the space of all
EFET.



LECTURE 11

Lower Bounds for Analytic
and Subharmonic Functions

11.1. The Carathéodory inequality

For a function f(z) = u(z) + iv(z) analytic in the disk {z : |z| < R} we
set Af(r) = max{u(z) : |z| < r}. It follows from the Maximum Principle for
harmonic functions that A¢(r) is a monotonically increasing function of r, and that
|Ag(r)| < My(r). It appears that for R > r the value My (r) can be estimated from
above by means of A¢(R).

THEOREM 1 (Carathéodory). Let f(z) be an analytic function in the disk {z :
|z] < R}, and let f(0) =0. Then

My(r) <

(R) -

PROOF. The Schwarz formula, Section 2.1, states that

1= [ R RS 0y, i<k
Further, by the condition f(0) = 0, we have
1 2m )
0=5- ; u(Re™) dyp .

Hence )
1 " - 2z
= — iy__ 2% .
f(2) 5 /0 u(Re )Rew — dy
According to the Cauchy theorem

i]% dyp 1/ ¢
27 Jo Re —z  2mi = RC(C—2) —z)

Thus )
1 4 :
1) = g [ AR —ulRe )
and then
1 [ ony 2 2
1) < g | 145 () = ulBe) 7 v = 7 Ag(R)

proving Theorem 1.
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The proven inequality yields a lower bound for the‘ harmonic function u(z) in
the disk {z : |z| < R} provided that «(0) = 0:

u(z) > —% max{u(Re™¥): 0<y <2r}, r=|z|.

It immediately implies

THEOREM 2. If an analytic function f(z) has no zeros in a disk {z : |z| < R}
and if | f(0)] = 1, then

log 7(2)| 2 ~ 3.

as |z| =r < R. In particular, log |f(z)| > —2log M/ (2r).

- log M;(R)

PROBLEM 1. Prove that

M;(r) < [A#(R) — Re £(0) Rz’" ), r<R

for a function analytic in the disk {z : |z| < R}.

PROBLEM 2. Let f(z) be an analytic function in the upper half-plane {z :
Im z > 0} such that Im f(z) > 0. Prove the estimates

0 4
SO < I G)] <856y 2 =re?, 0<B<m, r21.
This is the so-called Carathéodory inequality for a half-plane.

HinT. Consider the function
u+1
Flw)=if(—is—7), ul < 1;

it satisfies Re F'(0) < 0. Then apply the 1nequality from the previous problem.

11.2. The Cartan estimate
If the function f(z) has zeros in the disk {z : |z| < R}, then

f(2)

log|1(2)] = log | P(2)] +log | 55

where P(z) is a polynomial and the second term is a harmonic function. Therefore,

the problem of estimating the function f(z) from below reduces to that for the first

term. Evidently, such an estimate is possible only outside some neighborhood of

the zeros of the function f(z).

We shall consider a more general problem of estimating from below the loga-

rithmic potential of a finite measure.

// log |2 — | du(¢)

where p is Borel measure, ,u((C =n < oo. Gwen H, 0 < H <1, there exists a
system of disks in the complex plane such that

ZTjSSH;

THEOREM 3. Let
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where 15 are radit of these disks, and
H
u(z) > nlog —
e

everywhere outside these disks.

ProoF. Fix p > 0. A point z € C is said to be p-normal, if n(¢; z) < pt, t > 0,
where n(t; z) = u({¢ : |z —¢| < t}). If z is a p-abnormal point, then there exists
a number ¢ such that n(t; z) > pt. Let p, be the L.u.b. of the set of such values t.
Since p(C) < oo, the value p, is finite and attained for some ¢. Indeed, let t,, /" p,
and n(tm; z) > ptmy. Then

n(pz;2) = ptm — PPz, ™M —00.

Thus, for every p-abnormal point z there exists a radius p, and an exceptional disk
C,={¢: |z —¢| < p.}. For normal points we set p, = 0.

Let r; = sup{p, : z € C}. We will prove that this Lu.b. is attained at some
point. Note that for a given € > 0 one can choose a value R, such that the measure
w of the domain {z : |z| > R.} is less than €, and hence p, — 0 as z — oco. Let
{#m} be a sequence such that p, " r1. Since the sequence of points z,, lies in
some disk |z| < R, we may assume, without loss of generality, that z,, — (. We
have n(ry + &;¢) > pri, and then n(ry;¢) > pry.

We delete from the plane the open exceptional disk C7 with the center at {; = .
Similarly, in the remaining part of the plane, the l.u.b. of radii of abnormality is
attained at some point (. We select the corresponding disk Cs. Continuing this
construction, we obtain a sequence of exceptional disks C1,Cs, ... with centers at
(1,Ca,...,and radiiry > rg > -+ .

Let us show that no point of the plane will be covered by more than five disks C;.
Indeed, let a point 2’ be covered by disks C'},... ,C} withradiir] >ry > -+ > 7.
Draw vectors from 2z’ to the centers (7,...,(; of these disks. Since the center of
each disk lies outside other disks, the angle between each pair of these vectors is
larger than 7/3. Thus there are no more than five such vectors.

The disks C; are exceptional, i.e., n(r;;{;) > pr;. Therefore,

erj < Zn(rj;cj) <5u(C) =5n.
J J
Choosing p = n/H, we obtain

(1) > r; <5H.

Evidently, if there is an infinite number of disks, then r; — 0 as j — oo, and
since for each p-abnormal point z there is a radius of abnormality p, > 0, every
p-abnormal point will be covered by some disk Cj.

It remains to estimate the potential u(z) at an arbitrary normal point z. It is

evident that
1
u@) 2 [ ogla=(ldue) = [ logtdn(tiz)
la—¢|<1 0

1 Lot
=n(t;2) log‘t‘0 —/ n(ti2)
0

dt,
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and since n(t; z) < pt, we have
1
t.
u(z) > — / nlt2) g
0 t
In addition, n(t; 2) < n = pH. Therefore,

H 1
t 1
u(z)z—/0 %dt—/}{%dtz—n—nlogﬁznlogg,

and the theorem is proved.

In particular, if

P@) = [-=),

k=1
then the inequality

@) PEI > (2)

holds outside exceptional disks (C;) with the sum of radii not exceeding 5H. Due to
the Maximum Principle, one can assume that each exceptional disk contains at least
one zero z,. Notice that the estimate (2) is not precise. In the paper Cartan [24]
(see also Levin [82, Chapter 1]) a more precise estimate is proven: for a polynomial
P(z) the inequality (2) holds outside disks (C;) with the sum of radii not exceeding
2H. In the paper Grishin [47] it is proven that in the statement of Theorem 3
one can replace 5H by 2H as well.” The method of proving Theorem 3 presented
here is essentially due to L. Ahlfors. This method is frequently used in potential
theory (see the monographs Nevanlinna [102], Landkof [78]) for estimating integral
operators with kernels depending on the difference of arguments:

[ stz = hauo = [ " o) du(t;z) |
X 0

In the paper Gorin, Koldobskii [45] infinite-dimensional analogs of the Cartan
estimate are found.

Ahlfors’ method has applications in approximation of a subharmonic function
by the logarithm of modulus of entire function. The first general result of such
a type was proved by V. S. Azarin. In the paper [124] by Yulmukhametov the
following theorem is proved.

Let u(2) be an arbitrary subharmonic function of finite order. Then there exists
“an entire function f(z) such that

|u(2) —log|f(2)|| = O(log|2]) ,  |2| = o0,

outside a set of disks (C;) with finite sum of radii.

7Tt seems that the best constant for the sum of radii of exceptional disks is still unknown
either for logarithmic potentials or for the logarithm of modulus of monic polynomials, see Hayman
[52, Problem 4.7).
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11.3. Lower bounds for the modulus of an analytic function in a disk

THEOREM 4. Let f(z) be a function analytic in the disk {z : |z| < 2eR},
|£(0)] =1, and let n be an arbitrary small positive number. Then the estimate

15¢3
log|f(z)| > —H(n)log M¢(2eR) , H(n)=log 7

is valid everywhere in the disk {z : |z| < R} except a set of disks (C;) with sum of

radit
Z r; <nR.

PRrROOF. First, we construct the function

_ 2R L Z - ak)
p(z) = H T a

ai,...,a, being the zeros of the function f(z) in the disk {z : |z| < 2R} with
account taken, as usual, of their multiplicities. We have |¢(0)| =1 and

2R)"
lai -+ an|

The function ¥(z) = f(z)/¢(z) has no zeros in the disk |z| < 2R, and by Theorem 2
we conclude

|p(2Re®)| =

(2R)"

log |[¥(2)| > —2log My (2R) = —2log M¢(2R) + 2log o a]
L -an

> —2log M¢(2R) > —2log M;(2eR)
for || < R. Thus
3) log|f(2)| > —2log My(2eR) + log |¢(2)]|

for |z| < R. Let us now estimate the second term on the right-hand side of this
inequality.
For |z| < R we have

(4) f[ |(2R)? —ay2| < (6R*)"

k=1

Applying Theorem 3 with H = nR/5, we obtain the inequality

5 1 — log —
) o8 [ [ Io —aul > nlog 2

everywhere outside the disks (C;) with the sum of radii not exceeding nR. Taking
into account (4) and (5), we obtain

2R
g ()] = log 0 |+logH|z—ak| logH|(2R>2—akz

> nlog5—}j — nlog 6R? +nlog2R—nlog1—Z—
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for |z| < R, but outside the exceptional disks (C;). Using the corollary to the
Jensen formula, Section 2.3,

n=n(R, f) <log Ms(2eR),

we have 15
log |¢(2)| > — log M;(2eR) log 7‘3 .
Inserting this inequality into (3), we obtain

153
log | f(2)] > —log M¢(2eR)log .

for |z| < R, but outside the disks (C};). The theorem is proved.

Using the Nevanlinna characteristic, we have proved in Section 2.4 the theorem
on division of entire functions. Another way of deriving division theorems is based
on lower estimates of analytic functions.

THEOREM 5. Let f1(z) be an analytic function inside the angle D = {2z : a <
argz < (3}, and let fa(z) be an entire function. Assume that both functions have
order p and mean type. If the quotient ¢(z) = f1(2)/f2(z) is analytic inside the
same angle, and if
(6) [p(Re™)| < A7, [p(Re'P)| < e’
on the boundary of the angle, then p(z) also has the order p and mean type in D.

Proor. By Theorem 4, we have
log|f2(z)| > ~H(n)(oy, +)(2¢)°R?
for |z| < R and outside the exceptional disks (C;). This implies that the estimate
(7) log|p(2)| < [H(n)(os, +€)(2€)” + 0, +¢]RF = BR?

holds for z € D, |z| < R, but outside (C;).
The exceptional disks (C;) satisfy the condition

Z T‘j<77R,

]Zj|<R

where z; are the centers of the disks, and r; are their radii. Hence, there is a number
R; lying between R and (1 — 2n) 'R such that the circumference |z| = R; does
not intersect the disks (Cj). Using (6) and the Maximum Principle we conclude
that the estimate (7) is fulfilled for all R (possibly, with another constant B). The
theorem is proved.



LECTURE 12

Entire Functions with Zeros on a Ray

12.1. Asymptotic behavior of canonical products

Let 0 < A < X < -+ < Ay < -++, let n(r) be the counting function of the
sequence {\,}, and let the limit

(1) A = lim nlr)
r—oo 1P

exist for a noninteger p. We consider the canonical product

)= [[6(£9)

where p = [p], and
G(U,p) = (1 — u)e’u+u2/2+...+up/p ’

and assume that —m < arg(l — u) < 7. For such u the function log G(u,p) is
single-valued in the complex plane cut along the ray [1, c0).

THEOREM 1. If a sequence {\,} satisfies (1), then, uniformly with respect to
8, 0 < 0 < 2w, the asymptotic relation

TA

sinmp

(2) log IT(re®) — eip(e_w)rp’ sing =o(r?), r—00

holds in the complex plane cut along the positive ray of the real axis.

ProoOF. We have

log IT(re*)

g:llogG(i,p) :/OOOIOgG(%,p) dn(t)
— /°° n()
0

Lt — 2)

Let us estimate the modulus of the expression

S = logII(rei®) 4 rPieiP+1)e /°° AtPdt

o tPti(t —re?)
— P+l /Oo n(t) — At dt .
o Pt —2)

81

3)
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Because of (1) we obtain

* n(t) — At
S| < priL / In(t) = A8,
Sl <r o tPHLt —retf|

N 00 —p—1
(4) p+1 In(t) — At?| p+1 e
<r | i e dt +er | T—red] dt

= Ji(r,0) + Ja(r, 6)
as N > N(e). Then

N
— P+l In(t) — Atpl — P — P
(5) Ji(r,0)=r /0 —tp+1|t ] dt =0(P)=0(r"), r— o0,

uniformly with respect to 0, 0 < 6 < 27.
To estimate the term J, we set t = r7. Then

o oo T'D p—1 Tp p—1
Jz('r,a):sr/o E _ew|d7'—6r / / IT—€’0|

(6) , 27_pp1d [ee] Tpp2 ECP
<er (/0 sin(@/2) *" +/2 1 eb/7] dr) < sin(6/2)
Moreover,
AppHgi(p+1)0 /oo _ At Apegiet1)d /oc TPt
0 tp+1(t — rew) 0 t — et

The latter integral is easily calculated using residues. It is equal to

elp—1-p)o—imp

sinmp
Thus the relations (3)—(6) imply the assertion of the theorem.
PROBLEM 1. Prove asymptotic relation (2) under the assumptions that A, are

complex numbers such that each angle around the positive ray contains all but
finitely many A,, n/A2 — A, A > 0, p is noninteger, and § <6 < 27 — 6, § > 0.

REMARK. Taking the real part of both sides of equation (2), we obtain

wArP cos p(6 — ) o(r?)

/ 10\ —
@) log [1I(re™)] = sinmp sin(6/2) -
Evidently, this yields
A
hn(O)—Sinﬂpcosp(G—ﬂ), 0<0<2m,

and, by the continuity of the indicator, the latter equation holds for all 4, 0 < 6 <
27. By the property of the indicator stated in Theorem 2, Section 8.2, we obtain

TA
log |H(re’9)| < [ mp cosp(0 — ) + e] rP
In what follows, the function cos p(f — 7) is meant to be extended from the
interval {6 : 0 < 6 < 2w} as a 2w-periodic function.
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THEOREM 2. If A, is a sequence of positive numbers such that n/X\, — A,
n — 00, and if

then
(7) h(0) = TA|sind)| ,
and for 8 # 0,7, the limit

16
hu(6) = lim 28 LeT)]

r—00 r

exists.

PROOF. The sequence {\2} has density A with respect to the order p = 1/2.
According to the previous theorem,

1 o(R/?)
= 1/2 (o — N
log [1I(v/2)| = TAR/? cos 2(<p )+ Sn(p/2) R— o0,
where R/2 =7 = |z|, /2 =0 = arg z; ie.,
log [TI(re®®)| = 7A|sin 0]r + |Zfr?9] , r— 00, 0<|6 <,

which completes the proof.

12.2. Theorem on a segment on the boundary of the indicator diagram

THEOREM 3. Let f(z) be an entire function of exponential type. If f vanishes
at a point set {\,} having the density
A= lim —,
n—oo n
then the supporting line of the indicator diagram of f(z), which is orthogonal to
the direction arg z = 0, and the indicator diagram itself have a common segment of
length at least 2 A.

ProOOF. Consider the function

_ f(®)
with - ,
I(z) = H(1—§—%).

n=1
By Theorem 5 from the previous lecture, (z) is of exponential type in the upper
half-plane.
Theorem 2 implies

hy(0) = hw(é) + hi1(0) = hy(0) + TA|sinf)| ;

i.e., for |§] < 7/2 the supporting function of the indicator diagram Iy coincides with
the supporting function of the sum of the indicator diagram I, and the segment
[—imA,irA]. To complete the proof, we observe that the boundary of the convex
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compact set I, + [—imA,iwA] contains a segment of length at least 2w A which is
parallel to the imaginary axis.

DEFINITION. A domain G bounded by continuous curves y = a(z) and y =
a(z) +d, z € R, is called a curvilinear strip of width d.

THEOREM 4. Assume that all singularities of the Borel transform of an entire
function F(z) of exponential type are in a curvilinear strip of width d. If F(z)
vanishes at points {\,} and if

n—00

n d
A lim 2 om
then F(z) =0.

PrROOF. Consider the smallest convex compact set K containing all the sin-
gularities of the Borel transform of F'(z). We see that the vertical line supporting
K contains no segment of length 27 A lying on the boundary of K. Then by the
previous theorem we obtain F(z) = 0, proving Theorem 4.

Theorems 3 and 4 can be used for the study of the completeness of exponential
systems {e**}.

THEOREM 5. 8 If \,/n — 1, n — oo, then the system of functions {e**} is
complete in A(Q), where §) is an arbitrary curvilinear strip of width 2w, and is not
complete in any simply connected domain which contains a closed segment of length
27 parallel to the imaginary azis.

PROOF. If a system {e*»*} is not complete, then there exists a function f(z) #
0 in a neighborhood of the point at infinity satisfying f(co) = 0, with all its
singularities lying in §2 and such that

/ e** f(2)dz = 0,
L

where L C Q) is a simple closed curve surrounding all these singularities. The
function

d(\) = /L e f(2) dz

is an entire function of exponential type, and all singularities of its Borel transform
f(z) are in the strip 2. By Theorem 4, the equations ®(\,) =0,n =1,2,... yield
®(A\) =0, and f(2) =0 giving a contradiction.

Now, let us prove the second assertion of the theorem. Let G be an arbitrary
simply connected domain containing a closed segment I = [@ — im,a + i7]. Using
(7), we see that the indicator diagram of the function

)

coincides with the segment I = [a—im, a+i7], and the conjugate diagram coincides
with the segment I = [@ — im, @ + im]. By the Pélya theorem

FO) = — /C N f(z)dz

T 2mg

F(\) = e ﬁ (1 - ;—2
n=1

2
n

8This theorem was proved independently by A. F. Leont’ev and the author.
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where C' C G is a simple closed curve surrounding the segment I. A nontrivial func-
tional from A*(G) corresponding to the function f(z) annihilates all the functions

e** and hence this system is not complete.

Final results on completeness of the system of functions {e*»#} in curvilinear
strips are established in the papers Malliavin and Rubel [90], and Khabibullin [66].

Theorem 3 may be used to solve completeness problems for systems of functions
in spaces with another topology, for example, in the spaces LP(K) or C(K) where
K is a compact set.

THEOREM 6. Let K be a rectifiable curve which is the graph of a continuous
function defined on a closed segment, and let A = {)\,,}°2, be a sequence of complex
numbers satisfying the condition

/\i —-A>0, n — 00 .

n

Then the system E(A) = {e“‘nz}z"=1 is complete in each of the spaces LP(K),
1<p<oo, and C(K).

PROOF. For the sake of definiteness, consider the space C'(K). If the system
E(A) is not complete in this space, then there exists a nontrivial measure du(z)
supported by K and orthogonal to all functions of the system E(A). Using this
measure we construct an entire function of exponential type

B()) = /K ¢ du(2)

vanishing at the points of A. The Borel transform of this function has the form

w(C)=/K%/%,

and hence the function ¢(¢) is holomorphic in C\ K. If this function does not
vanish identically, the conjugate diagfam of the function ®()) coincides with the
convex hull of K or with the convex hull of some part of it. It is evident that such a
convex hull has no vertical segment on its boundary, which contradicts Theorem 3.
Thus, ®(\) = 0. This yields

<1>(’°>(0)=/ Fdu(z)=0, k=0,1,2,...,
K

and since polynomials are dense in C(K),° we obtain that the measure du is or-
thogonal to the whole space C'(K). The theorem is proved.

REMARK 1. Let K be an arbitrary compact set in the complex plane and let
A(K) be the closure of polynomials in the uniform norm on this compact set. If A
and E(A) are as in Theorem 6, and, for each real a, the diameter of the intersection
of K and the vertical line Re z = a is less than 27 A (or the intersection is empty),
then the system E(A) is complete in A(K).

It is worth mentioning that by Mergelyan’s theorem (Mergelyan [98]) the space
A(K) coincides with the space of functions continuous on K and holomorphic in
the interior of K.

9This statement is a rather particular case of a well-known theorem of Mergelyan, see [98].
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REMARK 2. If there are two points 21, 22 in a compact set K such that Rez; =
Rezp and |21 — 23| = d > 0, then the system of functions E(A), A = {2rki/d},
k € Z is not complete in C(K).

Indeed, each function of this system assumes equal values at the points z; and
22, and hence the system E(A) could not be complete in A(K). Evidently, a subset
of this system could not be complete as well.

PROBLEM 2. If ¢ > 0,b > 0, and an entire function
PO\ = / " osOWIO . e L(—a.b)
vanishes on a set {\,}, where
o™ —-A>0, n— 00,
then ¥(t) = 0 a.e. on (—a,0).

12.3. Lower bound for the canonical product
with positive zeros having density

For the canonical product

H(z)=ﬁG<)\i,p), p<p<p+1, An >0,
n=1 n

with
lim @ =A
r—oo 1P
we have established the asymptotic formula
; wArf o(r®)
I 0y — _ o) .
log |TI(re™)] sinwpcos’o(e ﬂ-)+sin(0/2) , 0<6<2n

The latter relation is of no meaning for § = 0. However, it can be defined more
exactly to be valid for § = 0 as well. To this end, it is necessary to exclude from
the complex plane some exceptional disks containing zeros of II(z), i.e., the points
An.

DEFINITION. A set of disks (C;) in the complex plane will be called a C%-set
lim = > =0
R—oo R =
IZj]<R
where z; are the centers of (C;), and r; are their radii.

if

THEOREM 7. Under the condition
on)

there ezists a C-set of disks (C;) outside which the asymptotic relation

9) log |TI(re')| =

A
T rPcosp(6 — ) + o(r?) , r— 00,
)

holds uniformly with respect to 8, 0 < 0 < 2.
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PROOF. In the following proof we denote by K various numbers depending on
p and A only. Firstly, we shall prove that, for each small enough value € > 0, there
exists a set of disks (C;(e)) with centers z; and radii 7; such that

1
10 li = < ,
(10) imsup > i <nle)
lzj|<R
where 7(e) — 0 as € — 0, and that outside (C}(¢)) the inequality
TA

0y _ _ Pl < P
(11) log |TI(re*)] Sir”rpcosp(@ )T ‘_K\/e_r

holds. We have already proved that the inequality

4 A
(12) log |I(re'?)| < [s;; o cosp(f —m) + s] rf
holds as r > 7., and the inequality

- A
(13) log | (rei?)| > [si7rrl p cosp(@ —m) — 5] rf

holds as r > r. and /2 < 0 < 27 — /2.
For each natural n we set R, = (1 4+ ¢)", zp = Rne*/?, and consider the

function
M(zo +w)  TI(2)

d(w) = = ,
= TGy M)
in the disk |w| < 2¢R,,. We note that the disk {|z — 20| < 2¢R,} contains the sector

z=w+ 29,

Sn = {rew : Rpo1 <r <Ry, |0 < %} .

Moreover,
max{|argz|: |z — 20| < 2eR,} = % + arcsin 2e < 3¢,
max{|z| : |z — 20| < 2eR,} = Rn(1+2¢) .

By the lower bound of the modulus of a holomorphic function (Theorem 4 of the
previous lecture), given n > 0, the inequality
15€3
log |2(w)| > —H(n)log M (4ceR,) ,  H(n) =log "

holds everywhere outside disks (CJ(-")) such that

Zr§") < 2enR, = 2en(1 +¢)".
J

Inequalities (12) and (13) imply

log M (4eeR,) < max [ A

- 1 2¢)P RP
2 | G 0P ”)+€]( +2¢)°R;,

€
- [sinﬂ'p cosp(§ —) —e]Rﬁ < KeR?, .
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FIGURE 3

Thus, for |w| < 2eR,,, but outside the disks (C’J(-n)),
log |®(w)| > —H(n)KeR? .
Setting w = z — 2y, we obtain

log [TI(z)| = log |TI(20)| + log |®(w)|

22 eo(§ ) - k]

> {S;;ip cosp(f —m) — (K1 + KH(n))s] P

for z = rew, but outside the exceptional disks (CJ(-")).
If n = n(e) is chosen such that

15€3 1
H(p) =log =2 = — |
(n) = log = NG
then
0 TA _ _ o
(14) log |II(re*)| > [sinwp cos p(6 — ) K\/E]r

with re'? € S,,, but outside the set of exceptional disks (C](-n)). Let us now consider

the system of disks

(C(e)) = (¢ .
Let z; be the centers of these disks and let r; be their radii. Then for Ry_1 < R <
Ry

N N
Do <Y Do <2y (1 <14V <2;R.

|z;|<R n=0 j n=0

Therefore, the system of disks (Cj(e)) satisfies the condition (10). By estimates
(12), (13), and (14), the inequality (11) holds.

In order to complete the proof of Theorem 7 we shall construct an exceptional
CP-set of disks. For this purpose let us choose a sequence €, \, 0; then n, =
n(ep) v 0. For each p we have found, as described above, an exceptional set of
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disks (Cj(ep)) with centers z;, and radii r;,. Starting with R(® = 1, we choose a
value R® > pR®~1) go that

Z Tip < 2npR

|Zj|<R

as R > R(P). We construct the system (C;) including in it all disks from (C;(e,))
whose centers are in the annulus R(® < |t| < R®*tD p =0,1,2,.... Then, for
RM) < R < RN+D | we obtain

N
EDS > Tip T Y. T

|z,|<R p=1 R(P-1)<|z; ,|<R(® RN <|z; N|<R

N
<Y 2m,1R® +2n,R
p=1

1 1 1
< ok ) a0 RV
_2771(2'3_4”_N+3.4“_N+ +N)R + 29y R™) + 20y R
=o(1)R, N — 0.

Evidently, the asymptotic relation (9) holds outside the disks (C;). The theorem
is proved.

REMARK 1. If

b 22 n
II(z) = (1 - —) , — = A
then, making a change of variables 22> = w, we obtain an entire function of non-

integer order p = 1/2. Applying the latter theorem to this function, we find that
outside a C?-set

log [TI(re'?)| = nA|sin8|r + o(r) , r—00.

REMARK 2. If zeros {\,} lie on the ray {z : argz = 9}, then equation (9) is
replaced by

A ArP
logIH(re’9)| = :in;p cosp(§ —y — ) +o(rf), <0< Y+ 2,

valid outside an exceptional C°-set.

REMARK 3. As an analysis of the proof of Theorem 7 shows, one can replace
the assumption (8) by its corollary

log |f(re®)| =

p
7;Ar cos p(6 — ) + o(r*) , 6<6<2r-6.

sinp
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PROBLEM 3. Let a sequence of positive integers {\,} has density A with re-
spect to the order p =1 and let

o0
z
() = []6(s0) -
(2) L[l GlaP
Prove that, outside a C°-set of disks, the asymptotic relation
log |TI(re®)| = Acosfrlogr + o(rlogr) , r— 00,

is valid.

PROBLEM 4. Prove that if f(z) is an entire function of minimal type with
respect to an order p, then

log|f(2)| = o(|2?), 2] = o0,

everywhere outside a C?-set.



LECTURE 13

Entire Functions with Zeros
on a Ray (Continuation)

13.1. The Valiron theorem

In this section we shall prove theorems which may be regarded as converse to
the theorems proved in Lecture 12.

THEOREM 1. Let f(z) be an entire function of noninteger order p with positive
zeros, and let, for each 6 > 0, the asymptotic relation

0y _ WATP . p
(1) log | f(re™)| = snp cos p(6 — ) + o(r”)
hold uniformly with respect to 6, § < 0 < 27w — §. Then the limit
2) lim 7 A
t—oo tP

exists, where n(t) is the zero-counting function of f(z).

PRrROOF. The asymptotic relation (1) implies that

TA
hs(0) = p— cos p(6 — )

for 0 < 6 < 2m. Since the indicator is a continuous function, the latter equation
holds for 8 = 0 as well. It yields

3 tog 7 (re) £ [ 2

- p

Sin7Tpcosp(@ 7r)+€]r , e>0.
According to Remark 3 to Theorem 7 of the previous lecture, relations (1) and (3)
imply that the asymptotic relation (1) holds everywhere outside an exceptional
CP-set of disks (C;) containing zeros of f(z).

Let us now choose a number R > 0 such that the circle {z : |z| = R} does not
intersect the exceptional disks (C;). Assume that f(0) = 1. Then, by the Jensen
formula,

N(R):/()R@dt= LAZﬂloglf(Rei9)|d6

t 2m
“ TARF [T A
S — Py — —_ RP P .
e /0 cos p(§ — ) db + o F¥) = R + oY)
If R is a number large enough that the circle {z : |z] = R} intersects the

exceptional set, then for each § > 0 we can find h = hA(R), 0 < h < §, such that

91
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the circles |z| = R(1 — h), |2| = R(1+ h), R > Ry(6), do not intersect this set. We
obtain

R
%(1 — PR 4 o(RP) < / @ dt < %(1 + h)PRP + o(R?),
0

which shows that the asymptotic relation (4) holds as R — oo.
Let us show that equation (4) yields relation (2); this is a standard Tauberian
argument from real analysis. Choosing k > 1, we easily derive from (4)

kR
n(R)logk < / @ dt = %(k" “ )R +o(R?)
R
and
kR
n(kR)logk > / @ dt = %(k” —1)R? + o(R*) .
R

In other words,

n(R) _ AkP—1
< —
Re ~ p logk +o1),
n(kR) _ A kP —1
> — .
Ry > 5 hriogh T oW

Using these two inequalities, we obtain

Ak-1 . . .nR) _. n(R) _Ak?—1
—_— < — < < —
o keloghk = Hinf —pom s limsup =0 < g

for each k > 1. Passing to the limit as k£ \, 1, we get

.. .n(R) . n(R)
lhni,lo%f T llgljolip T A

The theorem is proved.

In fact, Valiron showed that (2) follows from a far weaker form of (1). To do
this we remind the reader that for a function ¢(z) which is analytic and bounded
above in the upper half-plane we have defined |¢(z)|, z € R, as

lo(z)| = limsup [p(2)] -

z—z,Imz>0
THEOREM 2 (on two constants). Let ¢(z) be a bounded analytic function in
the half-plane {z +1iy : y > 0}, let |o(z)| < My, for z <0, and let |p(z)| < My for
z>0. Then
i 6/m —0/7
(5) lp(re®)| < My~

for0<o0< .
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(m+7)/2

FIGURE 4
PRrROOF. Let
0 4 i0
u(z) = log M+ (1- ~)logMy,  z=re.
Evidently, u(z) is a harmonic function in the half-plane y > 0. The function

w(z) =log |¢(2)| — u(2)

is subharmonic. It is bounded above in the half-plane {z + 4y : y > 0} and its
boundary values are nonpositive on the real axis. The Phragmén-Lindeldf theorem
implies that w(z) < 0 for y > 0, which is equivalent to (5).

THEOREM 3 (Lindeldf). Let ¢(z) be a bounded analytic function in the upper
half-plane, and let |p(z)] — 0 as  — 4o00. Then p(z) — 0, z — oo, uniformly
inside the angle {z: 0 < argz < v} for each v < m.

PROOF. Indeed, if |p(2)] < M and if |p(z)| < 6 as z > s, then the inequality

lp(2)] < MO+Tm/250-7m)/2

holds inside the angle {z : 0 < arg(z — z5) < (7 + 7)/2}. The conclusion of the
theorem now follows by inspection of Figure 4.

COROLLARY. Let f(2) be analytic in the upper half-plane and continuous up to
its boundary. Assume that f(x) has distinct limits as x — *oo. Then the function
f(2) is unbounded.

THEOREM 4 (Valiron). Let the zeros of an entire function f(z) of noninteger
order p and mean type lie on the positive axis, and let

TA
— = P 4
log | f(—=7)| sinﬂ'pr +o(r?), r— 00.
Then
n(t) = At + o(t?) , t—00.

PROOF. According to the Hadamard theorem, Section 4.2, we have
log | f(2)| = log |[II(2)| + Re Pq(2) ,
where II(z) is a canonical product, and P, is a polynomial of degree ¢ < p. Thus

A
)| = I3 p _
(6) log [TI(—7)| Sinﬂ'pr +o(r?) , r — 00
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The function logII(z) may be represented (see Section 12.1) in the form

n(t)dt
logH(Z)=—z”+1/0 W_—z), 0<argz <2m, p=1n].

Since f(z) is of order p and mean type, n(t) < et , and hence

o) tp—p-—].
dt < Csr?

(7) [logII(2)| < C’r”“/

o [t—2|

for 0 < 6 <0 < 2m—§. We choose the branch of the function (—z)” in the complex
plane cut along the positive axis such that (—z)? > 0 on the negative axis, and set

_ logIl(z) A
(=2 sinmp

p(z)

By (7), the function ¢(z) is bounded inside the angle {z: 0 < § < argz < 27 — é}.
Further, the function logII(z) is real on the negative axis. Together with (6) this
implies that ¢(—r) — 0 as r — co. By Theorem 3 we find that ¢(z) — 0 uniformly
inside the angle § < argz <27 — § as z — oo . Hence

TArP

sin wp

log IT(re*) = 0= 4 o(rf), 6<0<2m—6.

According to Theorem 1, this asymptotic relation yields n(¢) = At? + o(t”), which
proves Theorem 4.

13.2. Functions of completely regular growth

If zeros {\,, } are located on a finite number of rays arg z = 1, with densities Ay
with respect to t?, p being noninteger, then it follows from Theorem 7, Lecture 12,
that the canonical product II(z) with zeros at {\,} has the asymptotic behavior

™

log [TI(2)| = o

P
o D Akcosp(® i —m) o), 62w <y <6,
k

outside an exceptional C%-set. The latter sum can be written as a Stieltjes integral:

wrP

log [TI(2)] = /[0 ,, €8P0~ =M dAW) +o),

sinmp

where A is the measure supported by the points ¥, A({¥x}) = Ag, and, as before,
cos p(0 — ) is the 2m-periodic continuation of the function cos p(6 — ) from [0, 27]
to the whole axis.

This result can be substantially generalized. To avoid technical difficulties, we
restrict ourselves to a narrative exposition omitting the proofs.

For a noninteger p, every p-trigonometrically convex function h(f) may be
represented in the integral form

™

(8) no) = /[0 o8P0 =% =) AA),

sinmp

where A is a nonnegative Borel measure on [0,2m). Denote by nf(r;41,%2) the
number of zeros of an entire function f(z) of order p in the sector {z : |z| <
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r, Y1 < argz < Yo }. Assume that for each 1,15 € [0,27)\ Q, where @ is at most
countable, there exists the limit

(9) Af(¥, %) = lim L

T—00

(Tv 1/)1 ) ¢2)
rP

which is called the angular density of zeros of the function f(z). Then the asymp-
totic relation

(10) log|f(re”®)| = h(0)r* +o(r"), 1 — 00,

holds everywhere outside an exceptional C°-set. Here, the indicator hy(8) has the
form (8) with the measure A coinciding with the angular density of zeros of f(z).
In other words, on each semi-interval [¢1,¥5), 1,12 € @, the measure A is defined

as A([Y1,v2)) = Af(v1,92).

For an integer p > 0, every 2m-periodic p-trigonometrically convex function
h(8) can be represented in the form

O = /{02 (0= ) 5in (0 ) dAY) + 70550 —00).

In this case, in addition to the existence of the limit (9), the following condition
must be imposed: there exists the limit

. . 1 -
(12) 6= Jlim érp=lim (a,+- 3 A7)
[An|<R
(see Lecture 5). The relations (9) and (12) imply that (10) holds outside a C°-set
with the indicator hs(8) defined by (11) with é; = Te'%.
The entire functions satisfying (10) are called the functions of completely regular
growth. The following theorem is valid:

The zeros of an entire function of completely regular growth have an angular
density (9) with

Af(wl + 0’771)2 =+ 0)
_ L
T 2mp

b2

(13) {W(r £0) — Ky £0) 4 07 /

P1
1 < Yo

For an integer p, the relation (12) holds as well.

For p = 1 (i.e., for entire functions of exponential type) equation (13) has a
simple geometrical interpretation. Namely, let us consider the indicator diagram
of the function f(z) and draw the supporting lines orthogonal to the directions
argz = 91,1, (see Figure 5). Let S = S(11,12) be the length of the arc of the
boundary of the indicator diagram between the supporting points z; and z; on
these lines (for the sake of simplicity, we assume that the indicator diagram has no
segment on its boundary). Then the angular density of zeros of the function f(z)
of completely regular growth is

A(w)d}

A¢(Y1,12) = %S-
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22

21

FIGURE 5

The proofs of these results can be found in Chapters II and I1I of the monograph
Levin [82], which also contains numerous applications. Further results on functions
of completely regular growth can be found in Appendix III to the same monograph.
In the recent monograph Ronkin [117] the theory of functions of completely regular
growth is constructed based on the concept of weak convergence.

V. S. Azarin [7] proposed a new approach to the investigation of the asymptotic
behavior of entire functions of finite order. This approach is based on the theory
of subharmonic functions and allows one to obtain many new results, as well as to
simplify proofs of many well-known theorems.
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