CHAPTER 4

Exponential, Logarithmic, and Inverse
Trigonometric Functions

EXERCISE SET 4.1
1. (a) f(g9(x)) =4(z/4) ==z, g(f(x)) = (4z)/4 =z, f and g are inverse functions
(b) f(g9(x))=3Bx—1)+1=92—2+# x so f and g are not inverse functions
(c) flg(x))=3/(x3+2)—2==x,g(f(x)) =(x—2)+ 2=z, f and g are inverse functions
(d) f(g9(x) = (YH* ==z, g(f(z)) = (x*)'/* = |z| # z, f and g are not inverse functions

()

(b)

(c)

(d)

(a)
(b)

They are inverse functions.

The graphs are not reflections of each other
about the line y = .

They are inverse functions provided the domain of
g is restricted to [0, +00)

They are inverse functions provided the domain of f(x)
is restricted to [0, +00)

yes; all outputs (the elements of row two) are distinct

no; f(1) = f(6)
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10.

11.

12.

(a) mo; it is easy to conceive of, say, 8 people in line at two different times
(b) no; perhaps your weight remains constant for more than a year
(c) yes, since the function is increasing, in the sense that the greater the volume, the greater the

weight
(a) yes (b) yes (c) no (d) yes (e) no (f) no
(a) no, the horizontal line test fails (b) yes, horizontal line test

6 10

|

AW J

) -10
(a) no, the horizontal line test fails 8. (d) no, the horizontal line test fails
(b) no, the horizontal line test fails (e) no, the horizontal line test fails
(c) yes, horizontal line test (f) yes, horizontal line test

(a) f has an inverse because the graph passes the horizontal line test. To compute f~1(2) start
at 2 on the y-axis and go to the curve and then down, so f~1(2) = 8; similarly, f~*(-1) = —1

and f~1(0) = 0.
(b) domain of f~1is [-2,2], range is [-8, §] (c) o hy
Al
| 1 | X
-2 1 2
4+
-8+

(a) the horizontal line test fails
(b) —co<z<-1;-1<zx<2;and 2<z<4.

(a) fl(z)=2zx+38; f'<0on (—o0,—4) and f" > 0 on (—4, +00); not one-to-one
(®) f'(z) =102* + 322 +3 >3 > 0; f'(x) is positive for all x, so f is one-to-one
(¢) f(x)=2+cosx>1>0forall z, so f is one-to-one

(a) f'(x) = 322 + 62 = x(3x + 6) changes sign at z = —2,0, so f is not one-to-one
(b) f'(x) =52t + 2422 +2 > 2 > 0; f’ is positive for all x, so f is one-to-one
(c) fl(x)= ﬁ; f is one-to-one because:
if x1 <xa < —1then f' > 0 on [z1,22], so f(x1) # f(z2)
if —1 <x1 < 29 then f' > 0on [z1,z2], so f(z1) # f(x2)
if ;1 < —1 < z9 then f(x1) > 1 > f(x2) since f(z) > 1 on (—oo0,—1) and f(z) < 1 on
(—1,+o0)
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13. y=f"Ya), z=fly) =v°, y=2a"" = [ (x)
14, y= ()2 = f(y) =6y, y = g2 = /(@)

15 y=f7 @), 2= fly) =Ty~ 6,y = 2 (x +6) = [ (x)

y+1

16. y=f*1($),x=f(y):y_laxy—zr=y+17(w—l)y=$+l7y=if1=f_1(90)
17. y=f"a), z=fy) =3y> =5, y=(x+5)/3=f"(z)
18, y= (o), 2= f5) = VT2 y = 12"~ 2) = f ()
19. y=fYa),z=fly) =2y -1 y=(*+1)/2=f"(2)
20. y=fe) o= fl) = g u =/ = 1)
21. y=f"a),z=fly) =3/y*,y=—/3/x=f"(z)
a1 B ) 2y, y<=0 o Jw/2, 220
22. y=1f (w),w—f(y)—{f’ >0 =f (x)—{ VE >0
o B ) 5/2—y, y<2 1) B/2-=, x>1/2
23. y=f (x)»x—f(y)—{ g ys2 YT (w)—{ e, 0<z<1/2

24. y=p @), x=p(y) =y* -3 +3y—1=(y—-1% y=a"+1=p'(2)

25. y=f"t),z=f(y)=@w+2) fory>0,y=f"(z)=a'/*—2forz>16

26. y=f"Yz),z=f(y)=VyF3fory>-3,y=ft(z)=2*-3forz>0

27. y=f"Ya), x=fly) =32y fory <3/2,y=f""(z)=(3—-2%)/2forz <0

28. y=f"Ya),x=f(y) =3y +5y—2fory>0,3y2+5y—2—x =0 for y >0,
y=f"Y(z)=(-5+ 12z +49)/6 for z > —2

29. y=f""a),z=f(y) =y—5y°fory>1,5y> —y+az=0fory>1,
y=f"1x)=(1++1-20z)/10 for x < —4

5
30. (a) C= §(F —32)
(b) how many degrees Celsius given the Fahrenheit temperature
(c) C=-273.15° C is equivalent to F' = —459.67° F, so the domain is F' > —459.67, the range
is C > —273.15
10*

31. (a) y=f(z)=(6214x 10"H)z (b) w=f"") = g5¥

(c) how many meters in y miles
32. fand f~! are continuous so f(3) = liné f(z) =7; then f~1(7) = 3, and
xTr—
lim f~'(z) = f* (lim7x> =f 1) =3

x—T7
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33.

34.

35.

36.

37.

38.

39.

40.

41.

(a)

(c)

flg(x) = f(V7) (b)
=(Vx)? =m2>1; L 'Iy:f(x)
o(f(@) = 9(a?) -
=Va2=z2>1 -/ y=8@)
- ,/
:/ | X
no, because f(g(z)) = x for every  in the domain of ¢ is not satisfied

(the domain of g is > 0)

y=fY2), x = fly) = ay®> + by + ¢, ay®> + by + ¢ — x = 0, use the quadratic formula to get

Y

(a)

(a)

(b)

 —bE\/b? —da(c—x)
B 2a ’

b+ +/b? —4da(c—x) —b—+/b? —4da(c—x)

fH ) = 5 (b) f ()= %a
5_ 3—z
) = — = = gy el =1
T 1-z

symmetric about the line y =z

y = m(x — xg) is an equation of the line. The graph of the inverse of f(x) = m(z — z¢) will be the
reflection of this line about y = z. Solve y = m(x — x¢) for x to get x = y/m + x9 = f~1(y) so
y = F(x) = /m+ 0.

(a)
(b)

(a)
(b)

f(x) =23 —32% + 22 = a(x — 1)(x — 2) so f(0) = f(1) = f(2) = 0 thus f is not one-to-one.
f'(z) = 322 — 62 + 2, f'(x) = 0 when z = fxv36-24 1+V3/3. f'(x) >0 (fis

increasing) if z < 1 —/3/3, f'(x) < 0 (f is decreasing) if 1 —v/3/3 <z < 1+/3/3, so f(x)
takes on values less than f(1 —+/3/3) on both sides of 1 —+/3/3 thus 1 —+/3/3 is the largest
value of k.

f(x) = 23(x —2) so f(0) = f(2) = 0 thus f is not one to one.
f'(z) = 423 — 622 = 42%(x — 3/2), f'(x) = 0 when x = 0 or 3/2; f is decreasing on (—oc, 3/2]
and increasing on [3/2, +00) so 3/2 is the smallest value of k.

if f~%(z) =1, then z = f(1) = 2(1)3 +5(1) +3 =10

if f~1(z) =2, then z = £(2) = (2)3/[(2)> + 1] = 8/5

6 42. 10
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43.

45.

46.

47.

48.

49.

50.

51.

52.

53.

Chapter 4

44. 6

y=f"=),z=fly) =5 +y -7, % =15y° + 1, % = 715y21+1;
check: 1= 15y2% + %, % = 15242%

_1 9 04X 3 dy 3
y=rf")z=fly) =1/y > = sy = Y%
check: 1 = -2 *3%, Z—y —13/2
y=Ff"),r=Ffy) =2 +y° +1, % = 10y" + 3y7, % = 710y4l+3y2;
check: 1 = 10y4% +3y2%, %« = m

dz dy 1
_ -1 - =5y —sin2y, — =5—2cos2y, — = ———
y=[""(x), = f(y) =5y —sin2y, dy 5 COSEY 5—2cos2y’
dy dy 1
heck: 1 =(5—2 ) =
chec ( cos y)dx’ dr 5 —2cos2y

f(f(x)) = z thus f = f~! so the graph is symmetric about y = .

(a) Suppose z1 # x2 where x1 and x5 are in the domain of g and g(x1), g(z2) are in the domain of
f then g(x1) # g(x2) because g is one-to-one so f(g(x1)) # f(g(x2)) because f is one-to-one
thus f o g is one-to-one because (f o g)(z1) # (f o g)(x2) if 1 # xo.

(b) £, g, and f o g all have inverses because they are all one-to-one. Let h = (f o g)~! then
(fog)(h(z)) = flg(h(z))] = =, apply f~! to both sides to get g(h(z)) = f~*(x), then apply
g ' toget h(z) =g~ (f (@) = (g7 o f)(z),s0 h=g o f!

y

X

-

Suppose that g and h are both inverses of f then f(g(z)) = z, h[f(g(z))] = h(z), but
hlf(g(x))] = g(z) because h is an inverse of f so g(x) = h(z).

F'(x) = 2f"(2g9(x))g' (x) so F'(3) = 2f'(29(3))g'(3). By inspection f(1) =3, 50 g(3) = f'(3) =1
) (F~YHY'3) = 1/f(f7%3)) = 1/f'(1) = 1/7 because f'(x) = 4a® + 32%. Thus

2(44)(1/7) = 88/17.

= f~1(3); by inspection f(1) =3, s0 g(3) = f~1(3) =1, F(3) = f(2) = 25.
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EXERCISE SET 4.2
1. (a) —4 (b) 4 (c¢) 1/4
2. (a) 1/16 (b) 8 (¢) 1/3
3. (a) 2.9690 (b) 0.0341
4. (a) 1.8882 (b) 0.9381
1
5. (a) logy16 = log,(2*) =4 (b) log, <32) =log,(27°) = -5
(c) loggda=1 (d) logy3 =loge(9'/?) =1/2
6. (a) log;(0.001) =log;,(1073) = -3 (b) log;y(10%) =4
(¢) In(e3)=3 (d) In(ye) =In(e!/?)=1/2
7. (a) 1.3655 (b) —0.3011
8. (a) —0.5229 (b) 1.1447
1 1
9. (a) 21na—|—§lnb+51nc:27“+5/2—|—t/2 (b) Inb—3lna—Ilnc=s—-3r—t
1 1
10. (a) glnc—lna—lnb:t/?)—r—s (b) 5(1na—|—31nb—21nc)zr/2+3s/2—t
1 _ 1.,
11. (a) 1+10gm+§log(aﬁ—3) (b) 21n|x|—|—3lnsmx—§ln(x +1)
1 1., 1,
12. (a) 3 log(x + 2) — log cos bz (b) 3 In(z“+1) — 3 In(x” + 5)
24(1 1
13. log (16) = log(256/3) 14. log+/z — log(sin® 2z) + log 100 = log O%ﬁ
3 sin® 2x
3 1 2
15, 1 V@ E L 16. 1+ =10° = 1000, = = 999
CoS T
17. Vz=10"1=0.1,2=0.01 18. 22 =¢, = +e?
19. 1/x=e"2 o2 =¢€? 20. z=7
21. 2z =8, x=4 22. log;, 23 =30, 22 = 10%°, £ = 10'°

23. loggz =5, z=10°
6 4 4 5 s
24. Indz —Inz” =2, In—=In2, — =22 =2, =12
x x

25. In22? =1n3, 222 = 3, 22 = 3/2, © = /3/2 (we discard —,/3/2 because it does not satisfy the
original equation)
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

In3*=In2, tIn3=In2, = —

In52*=In3, —2zIn5=1In3, z=—

e =5/3, —2x =1n(5/3), x

In

In

2
3

In3
2Inb

_% In(5/3)

3 =17/2, 32 =In(7/2), © = %m(?/z)

e®(1 —2z) =0so e® =0 (impossible) or 1 — 2z =0, © =1/2

e "(x+2)=0s0e * =0 (impossible) or x +2 =0, x = —2

e?® —e* — 6 = (e® — 3)(e* +2) = 0 so ¥ = —2 (impossible) or e® =3, z =In 3

e 3 +2=(e"-2)(e®*-1)=0s0e*=2,x=—In20re®=1,2=0

(a) y
27
! g L1
ol
(a)
6,
4,
2,
! N L
-2 N
(a) \ ‘ [
-1 =
—-10

(b) y
= —
(b) A
N A
(b) /

log, 7.35 = (log 7.35)/(log 2) = (In7.35)/(In2) =~ 2.8777;
logs 0.6 = (log 0.6)/(log 5) = (In0.6)/(In5) ~ —0.3174

Chapter 4
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38. 10 39. 2
I 0 '3
0 7‘ — 12
\
-5 -3

40. (a) Let X =log,z and Y =log, #. Then b*X = z and a¥ = z so a¥ = b¥, or a¥/X = b, which

1 1
means log, b = Y/X. Substituting for Y and X yields %8 T _ log, b,log, x = %8a®
log, = log, b

(b) Let 2 = a to get log, a = (log, a)/(log, b) = 1/(log, b) so (log, b)(log, a) = 1.
(log, 81)(logs 32) = (log,[3%])(logs[2°]) = (41og, 3)(5logs 2) = 20(log, 3)(logs 2) = 20

41. (a) x=3.6541,y = 1.2958 (b) =~ 332105.11,y ~ 12.7132
2 12.7134

332085
12.7130

42. Since the units are billions, one trillion is 1,000 units. Solve 1000 = 0.051517(1.1306727)" for x by
taking common logarithms, resulting in 3 = 1log0.051517 4 xlog 1.1306727, which yields x ~ 77.4,
so the debt first reached one trillion dollars around 1977.

43. (a) no, the curve passes through the origin (b) y =2/
() y=27" (@) y= (5"
5
-1\& )
0

44. (a) Aszx — +oo the function grows very slowly, but it is always increasing and tends to +oo. As
x — 17 the function tends to —oo.

(b)

5

T T T T2

X
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45. log(1/2) < 0so 3log(1/2) < 2log(1/2)
46. Let x =log,a and y =log;, ¢, so a = b” and ¢ = bY.
First, ac = b*bY = b or equivalently, log,(ac) = x + y = log, a + log;, c.
Secondly, a/c = b"/b¥ = b~ Y or equivalently, log,(a/c) = x — y = log, a — logy, c.
Next, a” = (b®)" = b"™® or equivalently, log, " = rz = rlog, a.
Finally, 1/¢ = 1/bY = b~ ¥ or equivalently, log,(1/¢) = —y = —log, c.
47. 757125 =15t = —125In(1/5) = 1251n5 ~ 201 days.
48. (a) Ift =0, then Q = 12 grams (b) Q = 1270051 = 127922 ~ 9.63 grams
(c) 1270055t = 6 70055 = 0.5 ¢t = —(In0.5)/(0.055) ~ 12.6 hours
49. (a) 7.4; basic (b) 4.2; acidic (c) 6.4; acidic (d) 5.9; acidic
50. (a) log[H']= —2.44,[HT] =1072% ~ 3.6 x 1073 mol/L
(b) log[H"] = —8.06,[H"] = 10789 ~ 8.7 x 10~ mol/L
51. (a) 140 dB; damage (b) 120 dB; damage
(c) 80 dB; no damage (d) 75 dB; no damage
52. Suppose that Iy = 315 and 5, = 10logy, I1 /1o, B2 = 10logyg I2/Ip. Then
]1/10 = 3[2/[07 1Og10 II/IO = lOglo 3]2/[0 = 1Og10 3+ loglo 12/107 61 =10 lOglo 3+ ﬁz,
B1 — B2 = 10log,, 3 =~ 4.8 decibels.
53. Let I4 and Ig be the intensities of the automobile and blender, respectively. Then
log,o Ia/Io =7 and log,o I5/Ip = 9.3, In = 1071 and Ip = 10931y, so Ip/I4 = 10*3 ~ 200.
54. The decibel level of the nth echo is 120(2/3)™;
120(2/3)" < 10if (2/3)" < 1/12,n < log(1/12) _ log 12 6.13 so 6 echoes can be heard
i = ~6.13 s n rd.
o log(2/3) logl.5 i
55. (a) logFE =4.4+15(8.2)=16.7,E = 10167 ~ 5 x 1016 J
(b) Let M; and M be the magnitudes of earthquakes with energies of E and 10F,
respectively. Then 1.5(My — M;) = log(10E) —log E = log 10 = 1,
My — My =1/1.5 = 2/3 ~ 0.67.
56. Let E; and F, be the energies of earthquakes with magnitudes M and M + 1, respectively. Then
log E2 - IOgEl = IOg(Eg/El) = 15, EQ/El = 101'5 ~ 31.6.
57. 1ft = 2z, then x = —1/2 and lim (1 — 2x)1/* = lim (1 + )"t = lim[(1+ Y172 =2,
58. Ift =3/x, then x = 3/t and liT (14+3/z)" = 11%1+(1 + )3/t = lirgl+[(1 +1)113 = €3
Tr— 100 t— t—
EXERCISE SET 4.3
1 1.,
1. %(2):1/x 2. E(Sx )=3/x
1 21 1
3. 2(Inxz) () et 4. ——(cosz) = cotx
x x sin x
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5 1 (sec? z) sec? x 6 1 1 1
. o — . =
tan x tan x 2+ \ 2z 2y/z(2 + /x)
. 1 (1+2)(1) —x2c)]  1—2a?
Coxz/(1+2?) (14 22)? - z(1+22)
1 1 1 2 _
8 ol3)= g, vz
Inz \x zlnz 3 — 712 —3
2 (1 1 1 1
10. 23 (=) + 3z Inz =221+ 3Inz 11. —(lng)~1/2 <) —
(3) + @ma =00+ 31m2) 2 NG) T v
32(Inz)(1/x) Inz 1
12. 2 = 13. ——sin(lnx)
Vitle  oV/1+hz z

1 in(21 in(ln 22
14. 2sin(lnz)cos(lnz)— = sin(2In z) = sin(Inz”)
x x x

—23

2 _ e
15. 3z°log,(3 —2z) + n2)(3—22)

3 2 2z — 2
16- [logz(l‘2 — 225)} + 31' [IOgQ(fL'Q — 2x):| m

2z(1+logx) — z/(In 10)

17. 18. 1 In10)(1+1 2
e e /(I 10)(1 +log 2)?]
19. 7e™ 20. —10ze~5*"
3,z 2,z 2,z 1 1/x
21. z°e” + 3z%e® = z%e®(z + 3) 22. ——e
x
ps MU (€5 H (e o) (¢ e (e o)

dr (e +e7%)2

2x 2 —2xz\ _ 297_2 —2z
:(6 +t2+e ) (6 +e ):4/(€m+e—m)2

(e + e 7)2
24. e cos(e®)
25. (wsec?z + tanz)e® tan® 26. % _ (n x)egn—x)e:(l/x) _ ew(f(llrrlli); 1)
27. (1 — 337)el@—¢™) 28. 12;%2(1 +52%) 2 exp(y/1 + 523)
29. (w=le® z-1 30. ! [ sin(e”)]e” = —e” tan(e”)

l—xe™® et —g cos(e®)
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

Chapter 4

d 1 d d

dr zy dx dx z(y+1)

B 1 (e y® | any), Wty
dr ztany Yo V) = x(tany — sec? y)
d 1 5 3z

I [lncosx— 5111(4—335 )} = —tanz + g

ic(;[ln(x—l)—ln(ﬁl)]) Zé(xi1 _xj-1>

1 dy 3 1 2z
1 =1 Inll+2?, ZL=g1+22 |2+ "7

1 dy 1, /z—1 1 1
Inlyl = |z — 1| —Injz+1[), 2 = =/ -
nlyl 5[n|x | = Infz+1l] dx 5 1:—&—1[1:—1 :c+1}

1 1
In|y| = §1n|x2—8|+§ln|x3+1\—1n|x6—7x+5|

dy (x2 = 8)V/3y/a3 +1 2z n 322 B 62° — 7
dr a8 —Tr+5 3(x2—-8)  2(x3+1) ab—-Tx+5

1
In|y| =In|sinz| +In|cosz| + 31In|tan x| — 5 In |z|

dy sinzcosztan®z

de NG

3sec? x 1
cotz —tanx + - —
tanz 2

1
fl(x)=2"In2; y=2% Iny =2xIn2, ;y’ =In2, 9y =yln2=2%In2

1
f(r)=-3"In3;y=3"% Iny=—-xn3, -y = —In3,y = —yln3=-3"%In3
Y
f/(z) = 7% (In ) cos x;
,- . 1, , :
y=7m"% Iny = (sinz)In7m, -y = (In7) cosz, y = 7" *(lnx) cos
Y

f'(z) = 7® @2 (In 1) (x sec® x + tan x);
1
y=m""% Iny = (rtanx)lnm, ;y’ = (In7)(zsec’ x + tanx)

y' = w*tan(In 1) (zsec? r + tan x)
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43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

1d 3z -2 1

Iny = (Inz) In(z® — 22), " % xf_ o Inz+ — ln(z — 2x),
d 2 _ 1
% = (x3 — 2:5)1” 9?:35— 5 Inz + — ln(x — 2x)]

1d i d i i
Iny = (sinz)lnz, — i = sn;x + (cos ) lnx,i = g% [smx + (cosz)Inz

1d 1

Iny = (tanz)In(Inzx), - Y _ tanz + (sec? z) In(In ),

ydr xlnzx
d t
% = (Inz)tn= Liiz + (sec? z) In(In :c)}

Ldy
y dx x2 +3

Iny = (Inx) In(z? + 3), — Inz+ — ln(:c +3),

dy
dr

= (2* 4 3)n" [x 2+ Inz+ — ln(:c +3)]

J/(a) = eac!

(a) because z” is not of the form a* where a is constant

1
(b) y=2%Iny==xlnz, Zy’ =1l+lnz,y =2"(1+1Inz)

(a) 1 _lne_ 1 i[l ] = 1
T T Iz de o T z(Inx)2
In2 d In2
(b) log, Inz’ dac[ng ] z(Inz)2
Inb 1 1
(a) From log, b= na for a,b > 0 it follows that log; /,) e = (Ii/ex) = o hence
a [10 e} __
dz L8/ €] = xz(Inx)?
Ine 1 d 1 1 1

(b) loggz)e In(lnz) In(lnz)’ 50 4z CBna) € (In(Inz))2 zlnx z(Inz)(In(Inx))?

(a) f'(x) = kek®, f'(x) = k2eF®, f"(x) = k3ek®, .. L f™ (7) = k"ek®
(b) f’(.’L‘) _ —ke_kx, f”(x) — er—kw, f///(x) _ _k3e—kx7 . .,f(”)(l‘) _ (_1)nkne—kw

dy

i e MwAcoswt —wBsinwt) + (—A)e M (Asinwt + B coswt)

= e M[(wA — AB) coswt — (wB + AA) sin wt]
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53. f/(z)= — expll(x_“>2

54. y= Aef, dy/dt = kAeF = k(AeM) = ky

55. y= Ae? 4+ Be ™4 ¢/ = 24e** — 4Be™* ¢ = 4Ae®® + 16Be~** so
y' +2y — 8y = (4Ae* + 16Be™*") + 2(24e*” — 4Be™*") — 8(Ae?™ + Be ") =0

56. (a) ¥y =-ze"+e T=e"(1—2a),zy =xze *(1—2z)=y(l—1)
)

(b) o = —p2e=%/2 4 g=/2 — 67952/2(1 —2?), ay = I€7m2/2(1 —2?%) = y(1 — 2?)
57. (a) f(w) =lnws; f'(1) = lim W _ m}@ _ % =
w. 1oy 1 10" —1 _d w w -
(b) f(w)=10"; /(0) = lim —— = (10 )w:0710 In 10 wzoflnm
o ln(eQ—i—Am)—Q_i 1 s
58. (a) f(z)=1Inz;f'(e?) = Aligo A @ (Inz) T . =e
po e 20 —=2 o d  ow -
(b) f(w)=2 ;f(l)f&gn)lw_l 7%(2 )w=172 ln2w:1f21n2
EXERCISE SET 4.4
1. (a) —7/2 () =« (¢c) —m/4 (d) o
2. (a) «/3 (b) =/3 (c) =w/4 (d) 2n/3

3. 0=—7m/3;cos0 =1/2, tanf = —/3, cot § = —1//3, sec = 2, csc = —2//3
4. 0 =7/3;sin0=+/3/2, tand = /3, cot§ = 1//3, sech = 2, csc = 2//3
5. tanf = 4/3, 0 < 6 < 7/2; use the triangle shown to

get sinf = 4/5, cos@ = 3/5, cotf = 3/4, secd = 5/3,
cscl =5/4
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6. secf =2.6,0 <6 < m/2; use the triangle shown to get
sinf = 2.4/2.6 = 12/13,cos 0 = 1/2.6 = 5/13,
tanf = 2.4 = 12/5,cot§ = 5/12,cscf = 13/12 o4

7. (a) w/7
(b) sin~!(sin7) = sin "' (sin0) = 0
(c) sin~*(sin(57/7)) = sin~*(sin(27/7)) = 27/7
(d) Note that 7/2 < 630 — 2007 < 7 so
sin(630) = sin(630 — 2007) = sin(m — (630 — 2007)) = sin(2017 — 630) where
0 < 2017 — 630 < 7/2; sin~(sin 630) = sin~ (sin(2017 — 630)) = 2017 — 630.

8. (a) =/7
(b) =
(c) cos™(cos(127/7)) = cos™(cos(27/7)) = 27 /7
(d) Note that —7/2 < 200 — 647 < 0 so cos(200) = cos(200 — 647) = cos(647 — 200) where
0 < 6471 — 200 < m/2; cos™!(cos 200) = cos™!(cos(64m — 200)) = 647 — 200.

9. (a) 0<z<m (b) -1<z<1
(¢) —7/2<xz<m/2 (d) —oco<z<+00

10. Let 6 = sin~'(—3/4) then sinf = —3/4, —7/2 < § < 0 and
(see figure) secd = 4//7

11. Let 6 = cos™1(3/5), sin20 = 2sinf cos @ = 2(4/5)(3/5) = 24/25
5 4
3

]

= A
By
|
w

/1_ 2
12. (a) sin(cos™'z) =+1— 22 (b) tan(cos ' a) = Y7
x
1 N
1-x2 1 N
cos~lx _1
cos~lx
X
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(c)

13. (a)

14. (a)

15.

Chapter 4

1 2
csc(tan™! z) = vita (d) sin(tan™'z) = L
z V1+ a2
tan—!x tan—1 x
1 1
1 V1—a2
cos(tan™! z) = g (b) tan(cos™'z) = yoor
x x
N1 +x2 . T
tan—!x
1
21 1
sin(sec™!z) = ve oo =
x 2 —1
y 2 -1 x
* Vx2 -1
sec™lx sec~lx
1 1
x —1.00 | —0.80 | —0.6 | —0.40 | —0.20 | 0.00 | 0.20 | 0.40 | 0.60 | 0.80 | 1.00
sin"'z | —1.57 | —0.93 | —0.64 | —0.41 | —0.20 | 0.00 | 0.20 | 0.41 | 0.64 | 0.93 | 1.57
cos™! 3.14 2.50 2.21 1.98 1.77 | 1.57 | 1.37 | 1.16 | 0.93 | 0.64 | 0.00
o Y (c) N
o, N
ool .
17<><> 1
5 .
_x_A_DE,D_x_A_, 05 1
o 1 L
O -1
[m] L
o
BN & S .
kr x
w2 | : >

10
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16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

(b)
(a)
(b)
(c)

(a)
(a)

(b)

(a)

(b)

(a)

(a)
(a)

(a)

(a)

(a)
(b)

()

The domain of cot™! z is (—00, +00), the range is (0, 7); the domain of esc™! z is

(—o0, 1] U1, 4+00), the range is [-7/2,0) U (0, 7/2].
y=cot tz;if > 0then 0 <y < /2 and z = coty, tany = 1/z, y = tan~1(1/z);
1
if 2 <0 then 7/2 <y < 7 and z = coty = cot(y — 7),tan(y — 7) = 1/x,y = 7 +tan"' =
x

y=sec lx, x =secy, cosy = 1/z, y = cos!(1/x)

y=csc 'z, x=cscy, siny = 1/z, y =sin"*(1/z)

55.0° (b) 33.6° (c) 25.8°
Let © = f(y) = coty,0 < y < m,—00 < & < +00. Then f is differentiable and one-to-one

and f'(f~!(z)) = cot(cot ' ) cos(cot ™ x) = \/T —Va22 +1#0, and

d 1 1
—[cot™ =lim ————— = —lim 224+ 1=-1.
dx [ ] =0 x—0 f'(f (x)) x—0

If « # 0 then, from Exercise 16(a),

d o _d. 1 1 1 1
—cot  rx=—tan  — = —— = - . For x = 0, Part (a) shows the
dx dx x 2\ /1+ (1/z)2 VaZ £ 1 (2)
1 1
same; thus for —oo < x < +00, —[cot™ ] = ———.
dz x?+1
For —oo < u < 400, by the chain rule it follows that i[cot_1 u] = 1 du
» DY W dx V2 1dx’
1 1 —1
By the chain rule, —[csc 2] = —— =
Y dx[ ] 22 1—(1/x)2  |z|vVa? -1
du d -1 d
By the chain rule, d—[csc_1 u] = ﬁ@[csc_l u] = Wd—z
x =7 —sin"1(0.37) ~ 2.7626 rad (b) 6 =180° +sin~'(0.61) ~ 217.6°
xr =7+ cos 1(0.85) ~ 3.6964 rad (b) 6= —cos™1(0.23) ~ —76.7°
z = tan~!(3.16) — 7 ~ —1.8773 (b) 6 = 180° — tan~1(0.45) ~ 155.8°
1
—(1/3) =1/V9 — 22 (b) —2/4/1— (224 1)2
1—22/9
1 1 1
22 /(1 4 z* b) — o2y
z/(1+2%) (b) 1—|—x<2x 2(1+ 2)v/z
N (D y—— (b) —1/v/eB =1
|z|Tvalt —1 |x|vzl* —1
y=1/tanz = cotz, dy/dr = —csc’*z
1
_ —1,-1 _ -1, 32
y= (tan™"' z)~!, dy/dx = —(tan™ " x) <1 —|—x2)
1 (=1/2%) = — 1 (b) sinz  sinz { 1, sinz>0
V1—=1/22 |z]vVa? —1 V1—cos?2z |sinz| -1, sinz <0
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1 1
28. (a) - (cos~1 z)V1 — 22 (b) = 2V cot~t (1 + 22)
e e 1 3332(sirf1 x)? R
29. (a) W +e"secT x (b) e + 2z(sin~ ! z)3
30. (a) O (b) 0

2 -1 2
3 —1,, _ 2 z / -1, _ / /7(3-% +tan”" y)(1 +y°)
31. x>+ atan” y=¢€Y, 3z° + 1+92y +tan Ty =€y, y = 0t y9er —2
32. sin"'(zy) =cos Mz —vy), ——m—(ay' +9) = —;(1 -y,
1— a2y 1—(z—y)?
J = y/1— (z —y)2 + /1 — 22y?
V12?2 —ay/1— (z —y)?
33. (a) y (b) Y
2 2
1 1 X
-05 0.5 3
—/2
=== —————

34. (a) sin='0.9 > 1, so it is not in the domain of sin™'

(b) —-1< sin~! 2 < 1 is necessary, or —0.841471 < z < 0.841471

R 6378
35. (b)f=sin"t—— =sin* ~ 23°
(b) 0 =sin™" pmg =sin {53

36. (a) Ify=090°, then siny =1, \/1 —sin? ¢psin®y = \/1 — sin” ¢ = cos ¢,
D = tan ¢ tan A = (tan 23.45°)(tan 65°) ~ 0.93023374 so h ~ 21.1 hours.
(b) If y=270° then siny=—1, D = —tan¢tan A ~ —0.93023374 so h ~ 2.9 hours.

37. sin20 = gR/v? = (9.8)(18)/(14)% = 0.9, 20 = sin~'(0.9) or 26 = 180° — sin~*(0.9) so
0 = 3sin™"(0.9) ~ 32° or @ = 90° — 1 sin"'(0.9) & 58°. The ball will have a lower
parabolic trajectory for § = 32° and hence will result in the shorter time of flight.

38. 42 =22432 —2(2)(3)cosh, cos = —1/4, = cos~(—1/4) ~ 104°
39. y =0 when 22 = 6000v2/g, x = 10v,/60/g = 1000+/30 for v = 400 and g = 32;
tan @ = 3000/z = 3/v/30, 6 = tan—!(3/4/30) ~ 29°.

40. (a) f=a—p, cota:(%rbandcotﬁ:%so

1
6 =cot™! a—T—b —cot™! (%) “*
14

do 1 1 1 1 4 b
(b) d:r:_a+b(1+x2/(a+b)2)_bl+(x/b)2 A‘ L

atb b !
(a+b)2+22 b2+ a?

which is negative for all . Thus 0 is a decreasing function of x, and it has no maximum

since lim 6 = +o0.
x—0t
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41. (a) Let § = sin"!(—z) then sind = —z, —7/2 < 6 < 7/2. But sin(—0) = —sinf and
—71/2 < =0 < 7/2s0sin(—0) = —(—x) =z, -0 =sin "2, § = —sin" ' z.
(b) proof is similar to that in Part (a)
42. (a) Let @ =cos™!(—z) then cosf = —z, 0 < 6 < 7. But cos(m — ) = — cosf and
0<m—60<msocos(mr—0)=x, m—0=cos ‘1w, =m—costz
(b) Let 6 = sec™!(—z) for > 1; then secd = —z and 7/2 < < 7. So 0 <7 —60 < 7/2 and
7 — 6 =sec”Lsec(m — ) = sec™(—sech) = sec™ !z, or sec™!(—z) =7 —sec™ ! x.
43. (a) sin 'z =tan™! S (see figure)
V1—a?
(b) sintz4coslx=n/2;costx=n/2 —sin"'x=n/2—tan"! =
-z
4. tan(a+ 8) = tan a + tan 3
’  1—tanatan3’
—1 -1
tan(tan~1 z + tan—1 y) = tan(tan 95)1—1— tan(tan 71y) _ Tty
1 —tan(tan™'z)tan(tan™'y) 1—2ay
so tan!'a 4 tan! Y= tan~! L—i_y
1 -2y
1 1 o 1/2+41/3 B
45. tan™' = 4+tan"' ~ =tan”! — = — =tan"' 1 =7/4
(a) tan 5 + tan g = tan” T /2 (13) an /
1 1 1 L, 1/3+1/3 .3
b) 2t o=t Loyt - —¢ p— e e G rz
(b) an”" o = tan 3+ an”" 5 = tan 1= (1/3) (1/3) an” -,
1 1 .3 1 L, 3/4+4 17 B
2t 1= 4t e L2 4t Lo =4 P —¢ 11 =n/4
an 3—1— an”" - = tan 4+ an”" - = tan =G/ (/7) an /
2
1 21
46. sin(sec!x) = sin(cos™!(1/z)) = 4/1 — () S A ——
x |z
EXERCISE SET 4.5
24 -2 2 2 2
1L (a) lim ot i EDEFD g, T2 2
e—222 420 -8 2-2(x+4)(zr—2) «—2z4+4 3
(b) lim ST 7=3
Ttee ST 3+ lim -
x——+oo I
2. (a) ST sinz o = cosz so lim = lim cosz =1
tanx sinx z—0tanxr  z—0
21 —1 1 1 -1 2
(b) z = (z—Di+1) _ T so lim & —— ==
-1 (z—-1)(a?2+2z+1) 224+2z+1 so123-1 3
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11.

13.

14.

15.

16.

18.

20.

21.

22.

23.

24.

25.

26.

27.

xT
lim =1
z—0 COS T

20
sec’f _

lim
6—0 1

—1/z

a0t (—1/x2)el/z om0t e/

) 10029
lim =
rz—+oo et
cosx/sinz

e/ tan s
z—0+ sec? x/ tanx

1
1~
1+ 22

L v R L Ty R

z—0 3z2

lim (x — ) tan(z/2) = lim

r—T

lim zsin(r/z) = lim

T— 00

lim tanxlnz =

z—0+ z—0t cotx

lim sec3xcosbx =

z—(m/2)~

lim (z — 7) cotx = lim

r—T

y=(1-3/z)*, lim Iny=
T—+00
y = (14 22)7%/=, lin%lny =

y= (" +2)"/7, lim Iy =

z—0t SiIl2 x

(100)(99)2%8

Tr— 400

4.

6.

8.

10.

12.

lim ——
z—0+ 2sinx cosx

lim

r— 400

17.

xlggr —(1/2) csc?(x/2)

(—m/x?) cos(m/x) _

2
z—0+ —CSC T

im
©/2)— CcOoS 3T

In(1 —3/xz)

3In(1 + 2z)

e’ +1

2 cos2x
li =2/5
mlg%) 5 cos bx /
lim — =1
Jin G =13 — 5
t t
lim te* + e _ 1
t—0 —et
Ccos &
= +OO
z—0+ 2T
) 363m 96395
lim = lim
r——+00 2$ T——+00 2
= —00
(100)(99)(98) --- (1) 0
er o

. 2/V/1—4a?

lim ——— =2
x—0 1

Iim ze = lim — =
r——+00 r—+oo et
1

lim mwecos(m/x) =7

1m
z—0 14 2x

= — 1 =e
6’xli%y e

=2, limy = ¢
z—0e? +x z—0

+00

—1/x? z—+00
. —sin?z . —2sinxcosx
= lim = lim —m8
z—0+ x rz—0t 1
_ —5sin 5z —5(+1) 5
lim - = =—=
z—(n/2)~ =3sin3z  (=3)(-1) 3
-3 . _
- x—1>I-‘,r-loo 1— 3/95 =3 xETwy =

6

Chapter 4
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28.

29.

30.

31.

32.

33.

34.

35.

36.

38.

39.

40.

41.

. . bln(l+4a/x) ) ab )
— bx — — _ _ pab
y=(1+a/x) ,xgrf lny—xhrf Tz = lim o py ab,xhril y=e

) . In(2—2x) . 2sin®(7z/2) .
= — tan(wx/2) = _ = _ = 19 = 2/7T
y=(2-x) ; lim Iny = lim cot(7z/2) lim 22 2/, limy=e

B 2 5 . Incos(2/z) . (—2/a*)(—tan(2/z))
y=leos(2/2)]", lim Iny= lim T Lil By

— 2 2/22) sec?(2
17 B TR a0 L o 70 P S TR
xr——400 ]_/x r——+00 —]_/;U2 Tr— 400

2

1 1

. . x—sinx . 1—cosx . sinx
lim ( — — — ] = lim - = lim - = lim -
z—0\sinz x z—0 xsinzx z—0xcosx +sinx z—02cosx — zsinx

=0

. 1 —cos3z . 3sin3x 9
lim ——— = lim = lim —cos 3z = —
x—0 (E2 z—0 2x x—0 2

2 2
lim (z* + ) L B

T 1
— lm —= lim — =
r——+o00 “/I2+$+$ m~>+oo,/x2+x_|_m ——400 /1+1/$+1

o ef—1—x . e’ —1 . er
lm —=Ilim ——— = lim ———
z—0 et —x z—0 xet + e —1 -0 ze® 4 2%

1/2

=1/2

li —121:1'1%121:1'190
L [ —In(®+1)] = lim [lne® —In(z”+1)] = lim In-—5——

)

li 1 = 1 In— =

In(1) =0

. Inz . 1/z .
(a) lim — = lim / = lim
z—+oco " z—-+oo ngn—! x—+o00 NI

n n—1

€T nx

(b) lim — =

m —- =
r——+00 hl:E r——+00 1/37 r— 400

3z2 -2z +1 0
(a) L’Hopital’s Rule does not apply to the problem lim1 3332733; because it is not a 0 form.
3x2 -2 1
(b) lim ort 2zl )

z—1 322 — 2z

43 — 1222 + 122 — 4 1222 — 242+ 12 . 24x — 24
1im = = =
r—1 43 — 922 + 6z — 1

0

= l1m = [1m =
z—1 1222 =18z +6  =»—124x — 18

1/(x1nz) ) 2
_ -0
2=t oo Vrlnz 02

P 1/Va)

100 \
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42.

43.

44.

45.

46.

47.

li =1
S, v

Inx
=z% lim Iny = lim — = lim —z =0,
Y e T 1/x  a—o0+
y = (sin l‘)g/ ln:c7
3lnsinzx

lim lny = lim ———— = lim (3cosx)—
z—0+ z—0+ Inzx z—0+ sinx
lim y=¢3
z—0t y

4dsec? x

m —F—— -
z—7/2- secxtanxr  z—w/2- SINT

1 e Tlnx—1
Inz —e®*=lnx— =
e~ % e~ %
1 1
lim e *lnz= lim 2T lim [z

—— =0 by L’Hopital’s Rule,

J

T—+00 r—+oo €% r—+oo e¥
Tlnz—-1
so lim [lnz—e€"]= lim ¢ ne = —00
r—+00 z——+00 e~
xT
li Ine® —In(1+2e%)] = lim 1
A e =2l = I e
1
= lim In—— =In—;
z—+oo e~ T 2 2
horizontal asymptote y = —In 2
y = (Inx)"/*,
In(1 1
lim lny= lim n(nz) = lim =
r—+00 xT—+00 xT z—+oco zlnx

lim y =1, y =1 is the horizontal asymptote

r——4o0

Chapter 4

0 = 0.5

0\ = 0.5

-1.2

1.02

100 : =/ 10000
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48.

49.

50.

51.

52.

53.

54.

55.

56.

! z+1
1 T n
s , lim Iny= Ilim _z+2 1
x+ 2 T—+00 T—+00 1/$ =
.2
.
e @ 1)@+ 2) \
lir+n y = e ! is the horizontal asymptote
0 =/ 50
0
(a) 0 (b) 40 (¢) O (d) —o0 (e) +oo (f) —o0
0., _ . (na)/(I+lnz). 1 . (ma)lnz . (na)/z B
@ Tope %y = a0, gy = iy LD~ iy LT g o= tne
lim y=e"*=aq
rz—0t

(b) Type 0c?; same calculation as Part (a) with x — 400
(Ina)In(x 4+ 1) . Ina

00. oy (Ina)/z 13 — 1 — —
(¢) Typel™®;y=(x+1) , ill%lny ili% . Jim T Ina,
: _ lna __
limyy =" =a
1+2 2 in 2 in 2
lim 1hocosey does not exist, nor is it £oo; lim TEsmer lim (1 + S x) =1
T— 400 1 T—+00 x T—+00
2— 2z — si 2 — (si 2
im £ COST does not exist, nor is it +o0o0; lim w = lim M = -
z—+00 3+ cosx z—+o0 3x 4+ sinx  z—+o00 3+ (sinz)/x 3
x(2 4+ sin 2z) . 2+4sin2zx

lim (2 + z cos 2z + sin 2z) does not exist, nor is it +00; lim —— = lim ————,
x—+00 T——+00 T+ 1 z—+oo 1 —+ 1/.’17

which does not exist because sin 2z oscillates between —1 and 1 as x — +oo

. 1 1 sinx . ..
lim | — 4+ = cosxz 4+ —— | does not exist, nor is it +o0;
r—+00 \ T 2 2x
lim x(2 + sinx) — lim 2+sinz —0
z—+too 241 z—+oo ¥+ 1/x
Vit —Rt/L
e Vit
lim -—  — "~
R—0+ 1 L
2 — -1
(a) lim (7/2 —z)tanxz = lim m/2-a = lim ——— = lim sin’z=1
z—m/2 z—m/2 cotx z—w/2 — csc x z—7/2

1 1 ; _ 9_ .
(b) lim ({——— —tanz )= lim |(——— — ST o S5F (r/2 — x)sinz
a—r/2 \T/2 — x a—r/2 \TT/2 —x  CcOoST z—7 /2 (/2 —x)cosx

= lim
:v—1>7r/2 —(m/2 —x)sinz — cosx

—(m/2 — x)cosx

— lm (ﬂ/Qfx)sinercos.x —0
s—r/2 —(7/2 — x)cosx + 2sinx

(c) 1/(m/2 — 1.57) ~ 1255.765849, tan 1.57 ~ 1255.765592;
1/(w/2 — 1.57) — tan 1.57 ~ 0.000265
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57.

58.

59.

60.

61.

Chapter 4
t_ 1 1 t

() Bim a(k/" —1) = lim Pt o g (PR

T——400 t—0t+ t t—0t
() In0.3=-1.20397, 1024 ( **¥/0.3 — 1) = —1.20327;

In2 = 0.69315, 1024 ( °¥/2 — 1) = 0.69338
(a) No; sin(1/x) oscillates as © — 0. (b) 0.05

-0.35 0.35

-0.05

(c) For the limit as z — 0T use the Squeezing Theorem together with the inequalities
—2? < 2?sin(1/z) < 2. For x — 0~ do the same; thus lin%J f(z) =0.
r—

k ¥4
If k # —1 then lirrb(k—l-coséa:) =k+1#£0,so lirr%)% = +o00. Hence k = —1, and by the
rule
-1 14 —{sin ¥, —0? Y4 02
fim T COSET g, ZESIMET g ZEeostr B ire— 423,
x—0 (E2 x—0 2@ x—0 2 2

—cos(1/x) + 2xsin(1/x)

(a) Apply the rule to get lin%) which does not exist (nor is it £00).
T—

1
(b) Rewrite as lim [i} [xsin(1/z)], but lim Y~ lim =1 and lim zsin(1/z) = 0,

z—0 Lsinx z—0 sin x z—0 COS T z—0

x
thus Tim || [ sin(1/2)] = (1)(0) = 0
s tim [ 2] fesin(1/2)] = (1)(0)
sin(1/x) . sinz L . . .
—_ = 1but lim sin(1/z) does not exist because sin(1/x) oscillates between
z—0+ (sinz)/z’ z—o+ z—0+

in(1
—land 1 as x — +o00, so lim M does not exist.

z—0+ sinz

CHAPTER 4 SUPPLEMENTARY EXERCISES

1.

(a) f(g(x)) =z for all z in the domain of g, and g(f(z)) = z for all z in the domain of f.

(b) They are reflections of each other through the line y = «.

(c) The domain of one is the range of the other and vice versa.

(d) The equation y = f(x) can always be solved for = as a function of y. Functions with no
inverses include y = x2, y = sin z.

(e) Yes, g is continuous; this is evident from the statement about the graphs in Part (b) above.

(f) Yes, g must be differentiable (where f’ # 0); this can be inferred from the graphs. Note that
if f/ =0 at a point then ¢’ cannot exist (infinite slope).

(a) For sinz, —7/2 < x < 7w/2; for cosz, 0 < x < m; for tanz, —7/2 < z < 7/2; for secx,
0<z<m/2orm/2<x<m.
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(b) AY  y=sin-lx y=cos-lx 4Y

1+ y=sinx

‘ X
/2 \
| X

y=cosx

y
y =tanx yzsefy - y=secx
2

= -1 2+

y )tcan x j y=sec-lx

\ \ /_ X

—n/ 2 e

. 1/3
B @) o= ) =8~ L= = (T) = g

8
(b) f(z) = (x — 1)%; f does not have an inverse because f is not one-to-one, for example
fO)=r@2)=1
(©) o=y = (@2 +1y=fr)=nyz—T=Ltin(z—1)
y+2 -1 T+2
d = = — = =
@ o= =iy = ) = 2
, ad —bc . . . . .
4. f'(x) = ———; if ad — bc = 0 then the function represents a horizontal line, no inverse.
(cx + d)?
b
If ad — be # 0 then f'(x) > 0 or f'(z) < 0 so f is invertible. If z = f(y) = ay——:—_d then
cy
b—xd
y=/f"1z)= :
rc—a

5. 3In(e?*(e”)%) 4+ 2exp(Inl) = 3Ine®* + 3In(e®)* +2-1 =3(2z) + (3-3)z + 2 =15z + 2

6. Draw equilateral triangles of sides 5, 12, 13, and 3, 4, 5. Then sin[cos~'(4/5)] = 3/5,
sin[cos™!(5/13)] = 12/13, cos[sin~*(4/5)] = 3/5, cos[sin~'(5/13)] = 12/13
(a) cos[cos™!(4/5) + sin~*(5/13)] = cos(cos~*(4/5)) cos(sin~*(5/13))
—sin(cos~'(4/5)) sin(sin ™! (5/13))
412 35 33
513 513 65
(b) sinfsin~!(4/5) + cos™(5/13)] = sin(sin~*(4/5)) cos(cos ™ (5/13))
+ cos(sin~*(4/5)) sin(cos~*(5/13))
45 312 56
T513 518 6
7. (a) fl(z)=-3/(zx+1)% Ifx=f(y)=3/(y+1)theny = f~1(z) = (3/z) — 1, s0
d 3 1 (M=) +1)? _ C(3/x)* 3

a! @)= mand G = 3 3 2
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d 2

(b) fla) =2, f'(w) = 3e*/% T w = f(y) = eV/* then y = f~'(a) = 2z, 50 -~ (2) =
1 —1 2
and ——— — 9= fT(®)/2 _g9p—Inz _9,—1 _ 2
' (f=H ) x

8. Y =1In(CeF) =InC + Ine** =1nC + kt, a line with slope k and Y-intercept In C

9. (a) by

J

2L

(b) The curve y = e~*/?sin 2z has 2-intercepts at = —m/2,0,7/2,7,37/2. It intersects the

curve y = e~ */2 at & = /4, 57 /4, and it intersects the curve y = —e~*/? at © = —7/4, 31 /4.
10. (a) Ly (b) n/2137
w2
\ \ ¥ X
1 1
(c) y (d) y
72
B | | | Ly
1
| X
5
/2

11. (a) The function Inx — 2%2 is negative at * = 1 and positive at x = 4, so it must be zero in
between (IVT).

(b) z = 3.654
& Inz 1 . Ty
12. (a) Ifz" =e€® then klnz =2z, or — = T The steps are reversible. o
x 2
(b) By zooming it is seen that the maximum value of y is -2

approximately 0.368 (actually, 1/e), so there are two distinct
solutions of ¥ = e* whenever k > 1/0.368 ~ 2.717.

(¢) z=~1.155

dy/dx

= 1.07, or d

13. Iny = In5000 + 1.07z; % —1.07y

dy/d d
14. Iny=2zIn3+ 7xInbj; dy/dx =2In3+7In5, or d—y =(2In3+7lnd)y
Yy x
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15.

16.

17.

18.

19.

20.

be™*
=a®+1soy =322 b) = __2¢ "
™ li ' Soly ‘ (b) (14 be—7)2
() y= 5111954‘ gln(x—i—l) —Insinz + Incos x, so
/—i-i- 1 _cosz  sinz _ Sz +3 ot tana
Yo% 3(x+1) sinz coszr  6x(x+1) :
z Yy r x(1+x) z?
dy 1 -1 (L))
%:E(lex)(/ ) *Tln(ler)
€ lny:‘thlﬂf,yfzei —+Inz ,ﬁzxe e = 4nz)=e|2° 1 +2° Inx
d
Yy X X T
(1+e +e2) P
) y=h G arerean = M- =

y' = ae®® sin bx + be cosbr and y” = (a? — b?)e® sin bz + 2abe® cos bx, so Yy’ — 2ay’ + (a? + b?)y
= (a® — b?)e sin bz + 2abe® cos br — 2a(ae® sin bx + be® cos bx) + (a? + b%)e® sin bz = 0.

1 2x

sin(tan~!z) = #/v/1 + 22 and cos(tan~! x) = 1/v/1 + 22, and ¢/ = o Yy’ = (1;73:2)2, hence
-2 1
y" + 2sinycos®y = * +2 < =0

(+a? Vit e (1 + a2

(a) Find z when y = 5-12 = 60 in. Since y = logx, z = 10¥ = 100 in. This is approximately
2.68 x 102 light-years, so even in astronomical terms it is a fabulously long distance.

(b) Find 2 when y = 100(5280)(12) in. Since y = 10%, 2 = logy = 6.80 in or 0.57 ft, approxi-
mately.

Set y = log,x and solve y/ = 1: ¢/ = ! = y

xlnb n
SO T = L The curves intersect when (x,z) lies
on the g?aph of y = log,z, so v = log, . From r .
Formula (9), Section 4.2, log, x = lllrll—z from which 2
Inz=1,2=¢,Inb=1/e, b=e'/® ~ 1.4447. T

(a) Find the point of intersection: f(z) =+/r +k = Inz. The F
1 2

slopes are equal, so mlzgzmgzﬁ,ﬁzlx:& /’x
Then Ind = VA +k, k= In4 — 2. V 2
(b) Si the sl 1 i ! ky/x =2 y
ince the slopes are equal m; = ——= = mg = —, so ky/z = 2.
p q 1 PN 2=
At the point of intersection kv/z = Inz, 2 =Inz, z = €2, 2

k=2/e.

off



148

21.

22,

23.

24.

25.

26.

Chapter 4

dy der dy dy dx dx
lve % _ 392 = zlnz. Then £ = X2 _ 14 mp) 014z =3 Inz =2
Solve 7 3dt given y = zlnx en 7t do di (14 1Inz) R sol+Inz =3, Inx ,

Tr =e€".

Let P(z0,y0) be a point on y = €3 then yy = €3%0. dy/dx = 3¢3® 0 Myian = 3€37 at P and an
equation of the tangent line at P is y — yo = 3e3%0(x — x¢), y — €370 = 3e3%0(x — x¢). If the line
passes through the origin then (0,0) must satisfy the equation so —e3¥0 = —3x¢e3®° which gives
xo = 1/3 and thus yg = e. The point is (1/3, ).

9k poexp |- 1L —T0) @L) _ ko o] 9T Th)
dar ~— " 27T,T 272 272 2T, T
dg 10
=10logI — 10log Iy, — =
f = 10log I =10log o, 57 = 1,75
dﬁ] 1 dﬁ] 1
a) — = db/W /m? b) — =——— db/W/m?
@ G —w0r,  Toln10 W/ ®) a1 w001, 10IpIn10 W/
dg 1
(c) } =———— db/W/m?
dl | ;_100;,  100I51n10
(a) 100
0
20
(b) ast tends to +o0, the population tends to 19
. . 95 95 95
tl}‘*‘moo Pl = tl}"rmo" 5—det/t 54 lim e ¥/t 5 19
t——+oo
0
(c) the rate of population growth tends to zero 0 8
-80
(a) 12
0 =~/ 9
0
(b) P tends to 12 as t gets large; . ligl P(t) = lim o _ 00 _ 0 12

totoo b +Te"t 547 lim e ! 5
t—4o0
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27.

28.

29.

30.

(c) the rate of population growth tends to zero

32

=/ 9

d 1 1 d d
(b) y (c) £:57580£<0atx:1and£>0at:c:e

-
|

(d) The slope is a continuous function which goes from a negative value to a positive value;
therefore it must take the value zero in between, by the Intermediate Value Theorem.

dy
e) — =0whenz=2
() o
In the case +00 — (—o0) the limit is +oo; in the case —oo — (400) the limit is —oo, because
large positive (negative) quantities are added to large positive (negative) quantities. The cases
+00 — (+00) and —co — (—o0) are indeterminate; large numbers of opposite sign are subtracted,
and more information about the sizes is needed.

(a) when the limit takes the form 0/0 or co/oo
(b) Not necessarily; only if lim f(z) = 0. Consider g(z) = x; 111%9(:5) = 0. For f(z) choose

2 1/2
cos T x x
cosz, x2, and |z|'/2. Then: lim —— does not exist, lim ~— = 0, and lim | |2 = +o0.
z—0 X z—0 I z—0 X
lim (e® —2%) = i /22 ~1),but lim & = lim — = lim < =
(@) Bp (e =af)= g oter/em = bt M = B e = Ry =
so lim (e®/x? —1) = 400 and thus lim z%(e®/2? —1) = +o0
xr——+00 T — 400

. Inz N V2 Inx . Inz 1
(&) i@lxhl—iﬂm—4’%@_1—\/&“@4_1—2

(¢) lima®lna=1Ina

xr—




