CHAPTER 6
Integration

EXERCISE SET 6.1

-1
r , 1; using right endpoints,

2

3\*—‘

1. Endpoints 0,

ffr

n 5 50 100
A, 0.853553 0.749739 0.710509 0.676095 | 0.671463
1 2 -1
2. Endpoints 0, —, —, ..., r , 1; using right endpoints,
n’'n
P
" ln+l n+2 n+3 2n—1 2| n
n 2 5 10 50 100
A, | 0.583333 | 0.645635 | 0.668771 | 0.688172 | 0.690653

2 -1
3. Endpoints 0, z —ﬂ-, cee u, 7; using right endpoints,
n

A, = [sin(m/n) + sin(27/n) 4+ - - - + sin(w(n — 1) /n) + sin 7] %

n 2 5 10 50 100
A, | 1.57080 | 1.93376 | 1.98352 | 1.99935 | 1.99984

2 -1
4. Endpoints 0, l, l, R u, I; using right endpoints,
2n° 2n 2n

A, = [cos(m/2n) + cos(2m/2n) 4 - - - + cos((n — 1)w/2n) + cos(w/2)] %

n 2 5 10 50 100
Ay, | 0.555359 | 0.834683 | 0.919405 | 0.984204 | 0.992120

1 2 2n —1
ntlnt n , 2; using right endpoints,

5. Endpoints 1, , ey
n n

I L
" ln+1l n+2 n—1 2|n

2 5 10 50 100
0.583333 | 0.645635 | 0.668771 | 0.688172 | 0.690653

3

N
=

2

TIPS
n

-1
A, = [cos(—g—i—Z)—l—cos(—g—i—%)—|—-~-+cos<—72r+WT)—&—COS(;T)]Z

™ ™
6. Endpoints ——, ——
ndpoints 5 2+

-1
, g + u, g; using right endpoints,

s
2 n

s
n

n

n 2 5 10 50 100
Ay, | 1.99985 | 1.93376 | 1.98352 | 1.99936 | 1.99985
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| —

2 1
7. Endpoints 0, —, =,...,
n

2 2 2
2 1 1
A, = \/1—< ) +\/1—<> TR 1—(” ) +0| -
n n n
n 2 5 10 50 100
A, [ 0.433013 | 0.650262 | 0.726130 | 0.774567 | 0.780106

, 1; using right endpoints,

3

S|

2 4 2(n—1
8. Endpoints —1,—1+4+ —, -1+ —, ..., =1+ M, 1; using right endpoints,
n n
2 2 2
-2 —4 -2 2
S R OO e (D
n n n n
n |2 5 10 50 100

A, | 11.423837 | 1.518524 | 1.566097 | 1.569136

9. 3(z—-1) 10. 5(z —2) 11. z(x+2) 12. %(az —1)?
3
13. (z+3)(z—1) 14. iz(x -2)

15. The area in Exercise 13 is always 3 less than the area in Exercise 11. The regions are identical
except that the area in Exercise 11 has the extra trapezoid with vertices at (0, 0), (1,0), (0,2), (1,4)
(with area 3).

1
16. (a) The region in question is a trapezoid, and the area of a trapezoid is §(h1 + ho)w.

(b) From Part (a), A'(x) = %[f(a) + f(2)] + (= — a)%f’(x)
= U@+ £ + @ - a) D ID g

17. B is also the area between the graph of f(z) = v/ and the interval [0, 1] on the y—axis, so A+ B
is the area of the square.

18. If the plane is rotated about the line y = x then A becomes B and vice versa.

EXERCISE SET 6.2

1. de=+1+22+C (b) /(x—i—l)ewdx:xez—i—c

@ [

a -

1+ a2

2. (a) —(sinz—xzcosx+C)=cosxz —cosz+ xsinz = zsinx
dx

(b) i(h+c>:m+x2/m: .

1— a2 (1—a22)3/2

d 3z 3z
3. — |V23+5|=—r—= so /7dx:\/x3+5+0
dx [ } 2vVx3 +5 2Vx3 +5
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4i x *37$2 so/3x2d * +C
" dr |22+3]  (22+3)2 @2 +32 " " 2243

d . ,M S0 Mz:sm T
5. %[Sln@ﬁ)]f z z d (2f)+0

d . . . . .
6. d—[smx—xcosx]:xsmx SO zsinzdr =sinx —xcosx + C

225

x
9 T 127 2 92
7. (a) 2°/9+C (b) 3% +C (c) g% +C
8 253 4 ¢ b) e tiC=-_'4c 8z1/% + C
. (a) 52 + (b) —¢ +C= 5L + (c) 8z/®+
1 -3 L 4 2
9. (a) 5/ dx:—za: +C (b) u*/4—u*+Tu+C

10. §x5/3 — 52 44z + C

1 2 12 1
11. /(as_3 + 2?2 = 3t 4 ) da = —ix_Q + §x3/2 — €x5/4 + gxg +C

3 8
12. /(7y*3/4 _ y1/3 + 4y1/2)dy — 28y1/4 _ Zy4/3 + gyg/g e

13. /(az+x4)d1‘ =2?/24+2°/5+C

4 1
14. /(4+4y2 +yHdy = 4y + §y3 + gy5 +C

12
15. /331/3(4 — 4z + 2%)dr = /(4x1/3 — 4243 4 273 dx = 3243 — 73:7/3 + 1%3:

1 2 1
16. /(2—x+2$2—$3)d$:2$—§$2+§$3—1$4+0

17. /(x—|—2:c72—x74)dx:x2/2—2/x+1/(3x3)—|—0
-3 L,
18. /(t )t = 5t 24O

2
19. /[—&—Sem} dz =2In|z| +3e* 4+ C
T

1 1
20. / {2t_1 — \/ﬁet} dt = S Int| - V2et +C

21. —4cosx +2sinz +C 22. 4tanx —cscx + C

23. /(sec2 x + sec x tan x)dx = tanx + secx + C

10/3 +C
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0
24. /(secxtanx+1)dx:secz+x+0 25. /z(:;edez/secQGdG:tan9+C’
26. /sinydy:—cosy+C’ 27. /secmtanxdxzsecm—&—@’
28. /(¢+20sc2¢)d¢:¢2/272cot¢+0 29. /(1+Sin9)d9:97COSG+C

94
30. /deZQ/Sinxdx:—Qcosx—i-C

Ccos T
1 3 1 B
31. /[2\/@_1‘#%2} dx:§sm z—3tan x4+ C
4 1 3 . 1
32. /[xm + —’l_f-l;x :| d(E :4SQC_1x+/ <$+ x2—|—1> di[' :4S€C_1$—|—§x2+tan—1x+c

1 —si 1 —si
33. /Lngxda::/ﬂdm:/(secgm—secxtanx) dr = tanx — secx + C

1—-sin“zx cos? x

1 1 1 1
34. — de=| ———dr= [ =sec’zdz ==t C
/1+c082x v /2(:0523: v /2sec rar 2 anz -+

35. (a) ., (b) y (c) flz)=2a%/2-1
AN
/
AN
AN
N \47
AR N 1
36. (a) (b) Y (c) y=(e"+1)/2
: L
X
X
1
37. & 38. y
| |
| |
| | zv
| |
A . S
o w4 _|im2 W
| | 4
| |
| |
| =5r |

39. f'(x) =m = —sinz so f(x)z/(—sinx)dmzcosx—!—C; fO)=2=1+C
soC=1, f(z)=cos z + 1
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40.

41.

42.

43.

44.

45.

46.

47.

48.

file)=m =+ 17,50 flz) = [(0+ 1P do = 5o+ 1) +C

_e_ 1l s o L g, 1 _2 _1 3, 2
J2)=8=3(2+ 1)+ 0= —2+C=8+3="" fl@)= 3@ +1)°+ 3
3 3 5 3 ,. b
= 3y = 2 p4/3 =2 — = . — 243 L 2

(a) y(x) /x dx 4:17 +C,y1) 4+C’ 2,C 4,y(x) 4x +4

1

™ ™
-+C=1/2,C=1—-;
273" /2 3’

(b) y(t) = /(sint+1)dt =—cost+t+C,y (g) =

y(t):—cost—i—t—l—l—ﬁ

3
(c) mm=/wm+r”%w=§ﬁ”+wm+0wm=0=§+aC=—§
2 3/2 12 8
= — 2 —_ =
y(z) 3% + 2z 3
) R _o-_1L R O N
(a) y(x)—/(gm >dm— 6% +C,y(l)=0= 16+C,C—16,y(x)— T +16
il V2 V2,

(b) wy(t) = /(SeCQt —sint)dt = tant + cost + C, y(
V2

y(t) = tant + cost — 5

N

2 2
(¢) y(z)= /x7/2dx = 5:179/2 +C,y(0)=0=C,C=0;y(z) = §x9/2

(a) y:/4ezdx=4ex+0,1=y(0)=4—|—C,C=—3,y=4em—3

@)Mﬂz/fw:mM+CwGD:C:&C:&Mﬂ:mm+5

(a) yz/ 3 dtzBsin1t+C’,y<\/§>=O=7T+C,C':—7r,y:3sin1t—7r

Nigr 2
dy 2 2 _1
b) o1t = |1- =S| dr =22t
(b) dr 21 /[ x2+1} r = an~ "z + C,
y(1):g:1f22+c,cz7rf1,y:zf2tan*1x+7rf1

2 4
() = §x3/2 +Ch; f(x) = 1—5335/2 + Ciz+ Cs

f(z) = 2%/2 + sinz + C1, use f'(0) =2 to get C; =2 so0 f'(x) = 22/2 +sinx + 2,
f(x) = 23/6 — cosx + 22 + Cq, use f(0) =1 to get Co =2 so f(x) = 23/6 — cosx + 2 + 2

dy/dm:2x+1,y:/(2x—|—1)dm:x2+x+6’; y=0 when z = -3
50 (=3)2+(-3)+C=0,C=—6thusy=a22>+z—6

dy/dx = 22,y = /xzdx =23/34C; y=2whenz=—1s0 (—1)?/34+C =2,C=17/3

thus y = 23/3+7/3
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49.

50.

51.

Chapter 6

dy/dx = /Gxdx = 322 + C1. The slope of the tangent line is —3 so dy/dx = —3 when = = 1.
Thus 3(1)2+Cy = -3, C; = —6 so dy/dx = 32% — 6, y = /(33:2 —6)dr = 2° — 6z + Cy. If z =1,
then y =5—3(1) =2so0 (1)2 = 6(1) + Cy =2,Cy = 7 thus y = 23 — 62 + 7.

dT/dx = C1, T = C1z + Co; T =25 when x = 0so Cy =25, T = Cyx 4+ 25. T = 85 when = = 50
so 50C1 +25=85,C1 =12, T =12z + 25

(a) F'(z)=G'(x) =30 +4
(b) F(0) = 16/6 = 8/3, G(0) = 0, so F(0) — G(0) = 8/3
() F(x)= (9224242 +16)/6 = 322/2 + 42 +8/3 = G(z) + 8/3

52. (a) F'(x)=G'(z) =10z/(2?® +5)?
(b) F(0) =0, G(0) =—1,s0 F(0) - G(0) = 1
x? (2> +5) =5 5
(c) Flx)= 245 245 245 Glz) +
53. /(sec2x —1)dr =tanz — 2+ C 54. /((350290 —1)de = —cotz —z+C
1 1 . 1 1 .
55. (a) 5 /(1 —cosz)dx = 5(33 —sinz) 4+ C (b) 5 /(1 + cosz)dx = §(x+smx) +C
/ _ v _ B 1, >0
56. (a) F'(zr)=G'(x)= f(x), where f(z) = { 1 z<0
2, >0
(b) G(x)— { 3 z<0 % G(z) # F(x) plus a constant
(c) mo, because (—o0,0) U (0,400) is not an interval
1087 1087 1087
57. v= T=2dT = ——T"?+C, v(273) = 1087 = 1087+ C's0 C = 0,v = ——T"/* ft
2273 V273 v(273) = » U=
EXERCISE SET 6.3
1. (a) /u23du =u?/24+C = (2> +1)*/24+C

(b) —/u3du = —ut/44C = —(cos*z)/4+C

(c) 2/sinudu:—2cosu+C:—2cos\/5+C

(d) %/u_l/zdu:Zul/Q—i—C: %\/4$2+5+C
1 1
(a) Z/sec udu—ftanu—l—C—Ztan(élx—i—l)—i—C
(b) i/ Wdu— —ud? 4 C = 6(1+2y?)3/2+c
(©) l/ Vigu= Lt 0= 2 Gin/2(n) + C
s 3m
(d) /u4/5du—§ ¢ = g(x +7x+3)"° +C
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3.

10.

1 1
(a) —/udu:—§u2+C:—§cot2x+C
(b) /ugdu:iulo—i—C:i(l—i—sint)lO-i-C
10 10
1 1. 1.
(c) §/cosudu=§smu+C=§sm2x+C

1 1 1
(d) f/seCQUdu:ftanu—i-C:ftanxz—l—C
2 2 2
2 4 2
(a) /(u— 1)t 2du= /(u5/2 —2u®? 4wl ?)du = §u7/2— 5u5/2+§u3/2+0

2 4 2
=@ +x)7/? - = + )52 + (1 +x2)32 4 C

esc>udu = —cotu + C = — cot(sinz) + C

(b)

sinudu = —cosu+ C = —cos(x —m) + C

(c)

@ C=mate

/ B 1
(a)/ du=lnul|+C=In|lnz|+C
(b) —f/e“du——le —|—C——le_5“’+C'

5 5 5
1

1 1 1
(c) _g/ﬂdu:_glan—C:_§1n|1+00839‘+0

(d) %zlnu—ﬁ—C:ln(l—i—em)—l—C

1 du 1 _

(a) u=x3,§/1+u2 =§tan Y3+ C

1
b) u=lhz, | ——du=sin"(Inz)+C
(®) /m (nz)

1
c) u=3z, | ————du=sec *(3z)+C
() | v (32)

(d) u:\/§,2/d7u:2tan71u+C’:2tan*1(\/§)+C
14 u?
u=2-—22 du=—2xdr; —%/u3du:—u4/S+C’:—(2—x2)4/8+0
=3z —1, du=3d -1/ Sy — brC= 1(3 -1+ C
u=3z—1, du=3dz; 3 [ wdu= Jou 15 (32

u = 8z, du = 8dxz; é/cosudu: ésinu—i—C: ésin&v—}—C

1 1 1
u = 3z, du = 3dz; g/sinuduz —gcosu—FC’: —gcosiix—i—C
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

29.

30.

Chapter 6

1 1
u = 4x, du = 4dx; /secutanudu—zsecu—l—C—Zsec4:r—|—C

/e
e

1 1 1 1
u = 2x, du = 2dx; f/fdu:fln|u\+C’:fln|2x|—|—C
2/) u 2 2

»Jk\)—‘

1
u = bx, du = bdx; — | sec udu—ftanu—i—C—gtanE)x—&—C

u = 2x, du = 2dx; = fe +C = 2 T+ C

u =2z in~!(22) + C

1/7d _1y
o) Vit 20
1 1 1
U:4Z', Z/mdu: Ztan71(4x)+c
w=Tt* + 12, du = 14t dt; i/ulﬂdu: Lprio- i(7:52+12)3/2 +C
’ " 14 21 21
1 1 1
u=4—522, du = —10z dz; —E/u_l/zdu:—gu1/2+C=—g\/4—5x2+C’
3 2 1 —1/2 2 12 2 3
u==x +1,du:3mdm;§ U du:§u +C:§\/m +14C
1 -2 |- 1 -1
u=1-3z, du = —3dx; A du:§u +C’=§(1—3x) +C
u=4r%+1 dquxdm'l/ _SdU——iu_z—FC——i(élx +1)72+C
’ "8 16 16
, 1 1 1.,
u=3x,du:6xdx;6 cosudquSlnu—l—C:ésm(i’m)+C’
u = sinzx, duzcos:cdx;/eudu:e“JrC:eSinerC’
. 1 1 1
u =z du:4x3dx;Z/G“du:16“+C:Ze$4+C

1 1 1
u=—223, du = —622, —E/e“du = —66“ +C= ~5

e 2 1O
1 , —a
u=e®—e 7 du:(em—l—e_”c)dx,/fdu:1n|u\+C:1n|e”“—e |+ C
u

1 1 1 1
'U/:ex, /mduztan_1(€x>+c 28- ’U/:t2, §/u27+1d’u: §tan_1(t2>+c

1 1 1
u=>5/x, du = —(5/2%)dx; —g/sinudu = ¢ cosu +C = 3005(5/37) +C

u=+/x, du= fdx 2/5602udu=Ztanu—&—C’:Qtan\/E—l—C
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1 1 1
31. u= 23, du=32%dx; g/sec2udu:gtanu—l—C:gtan(xS)—l-C
: L[ 3 L4 Lo
32. wu = cos2t, du = —2sin 2t dt; 5| U du:fgu +C’:f§cos 2t +C

1 1 1
33. u =sin3t, du = 3cos3tdt; g/u5du:l—8u6+0 1—85111 63t+C

1 1 1
34. uw =15+ cos20, du = —2sin 260 db; —3 /u_3du = zu_z +C = 1(5 +c0s20) % 4+ C
- L[ 1 L 39 1 . 3/2
35. u=2—sindl, du = —4cos40 db; 1/ du:—éu +C:—6(2—Sm49) +C

1 1 1
36. wu = tan5x, du = 5sec? 5x dx; 5/u3du: %u4+0:2—0tan45x+0

37. u=tanz, du = sin"!(tanz) + C

=

1
38. u = cos#, —/ 5 du = —tan"*(cosf) + C
u +1
1 2 L3 Lo 3
39. wu =sec2x, du = 2sec2x tan 2z dz; 3 u“du = 6“ +C = ésec 2z + C
40. wu =sinf, du = cos 6 db; /sinudu = —cosu+ C = —cos(sinf) + C
41. /e*‘”dx; u = —x, du = —dx; f/e“du =—e"4+C=—-"+C

42, /e”“dx;uzx/?, du = dx /2; 2/e“du=2e“+C:2ex/2—|—C:2\/eT”+C’

43. u=+y+1,du= dy,Q/e“duzZe“—i—C:QevyH—i—C
F
1
44. u=/y, du = \de, e—udu = 2/6_“du =244+ C=-2VV4+(C

45. u=zx -3, x=u+ 3, dr =du
2 2
/(u—|—3)u1/2du: /(u3/2 + 3ul/?)du = gu‘r’/Q + 232 4 O = 3(1:—3)5/2—#2(:1:—3)3/2 +C
46. u=y+1l,y=u—1,dy=du
- 2
/%/;du:/(ulﬂfu*lﬂ)du:gu?’/Q 2u1/2+C*3(y+1)3/2—2(y+1)1/2+0

47. /sin2 20 sin 26 df = /(1 — cos? 26) sin 20 df; u = cos 20, du = —2sin 26 d6,

1 1 1 1 1
—Z (1= = _Z s = —Zcos? Z cos 2
2/( u)du 2u+6u +C 2005 0—!—6005 0+C
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48. sec?30 = tan?30 + 1,u = 30, du = 3df

1 1 ; 1 1 - 1
/sec430d0: g/(tanqurl)secQudu: §tan‘3u+§tanu+C’: §tan‘330+ gtan30+C’

1
49. /(1+t>dt:t+1n|t|+0

1
50. e2lne = gna® — 22, x>0, so /emnxdx = /dex = §x3 +C

51. In(e”) +In(e *) =In(e*e ) =1Inl =0 so /[ln(em) +In(e™)]dz =C

1
52. /C,Osxdx;u:sinx, duzcosxdw;/*du:ln|u|+czln|smw|+c
u

sinx

53. (a) sin~(z/3) +C (b) (1/v/5)tan"}(z/v/5) + C
(c) (1/y/m)sec™!(z/y/m) +C

54. (a) u=¢€", /Ldu = 1tan_l(e””/Q) +C

44 u? 2
1 1.
(b) u=2x,§/\/ﬁdu:§sm (2z/3)+C
(@) w= By, [ = e (VB V) +

55. u=a+ bxr,du = bdx,

1 (a + bx)"tt
bx)"dxr = — "dy = ~—~
/(a—l— x)" dx b/u u Wt 1) +C

56. u=a+bxr,du="bdzx, dr = %du

(a+bx)TV/? L C

1n g, _ LD/ _ n
b/ M= " O D

57. w=sin(a + bzx), du = bcos(a + bx)dx
1 1 1
- Ny = n+1 _ on+1 b
b/u u 7b(n—|—1)u +C b(n+1)51n (a+bx)+C

1 1
59. (a) with u=sinz, duzcosxdx;/udu:§u2—|—C1=§sin2x+Cl;

1 1
with u = cosx, du = — sin x dx; f/udu: f§u2 +Cy = 75c082:17+02

(b) Dbecause they differ by a constant:

1 1 1
<2 sin2x+C’1> — <2 c052x+02) = i(SiH2I+COS2$) +C1—Ce=1/2+C1 — Cy

25
60. (a) First method: /(25x2 — 10z 4+ 1)dz = gxg —52% + x4+ Oy

1 1
second method: £ / wldu = —u® + Cy = 5z —1)% 4 Cy

1
15 T5(
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1 1 , 2 1
(b) ﬁ(5x—1)3+C’2:1—5(125x3—75x2+15z71)+02: 7 — 52 +r— =+ O

the answers differ by a constant.

61. y(z) = /\/3x + ldz = 3(3;5 +1)*2 +C,

1 2 2
y(1) = 56—0-0—5 C’—?gsoy( )= 5(33}—1—1)3/2-&-

@

9
. 5

62. y(x)= [ (6—5 sin2z)dr = 6x + 5 cos 2¢+C,

5 1 5 1
y(o)_§+c_3ac—§Soy(x)—6$+§COS2£C+§

2 2
63. y(t) = /Ze_t dt = —2e '+ C, y(1) = -+ C=3- g,C =3; y(t)=—-2e"+3

dx
64:. y—/m, U—x/5,dl’—5du,
1 du 1 1 T 3 1 ™
y—% 71+u2—%tn u—i—C—%tan <g>+0,y(—5)—%—%(—z)+c,
o 1 1 ( s
C=35p¥=gtan (5>+20
65. 66. y
\/
= T X
—4 \/ 4
2
67. f'(z) =m =3z i1, f(z) = /(3x+1)1/2dx:§(3x+1)3/2+0

7 2
Z z 1)3/2 + =
+C, C = 9’ so f(z) = 9(3x+ )2+ 9
_ 32, 8 5/2 . _ _8 52 256
68. p(t) = [ (4-+0.15)"2dt = Z(4+ 0150 + C; p(0) = 100,000 = 2472 +C' = =2+ C,

256 8 8
C' = 100,000 — == ~ 99,915, p(t )~ 3 (4+0. 15t)%/2 499,915, p(5) ~ 3(4'75>5/2 499,915 ~ 100,046

d
69. u=asinf,du = acosfdb; /\/ﬁ:ae—I—C:Sin_l%—i—C
70. If u > 0 the 0,d ectan 0 do, / Ly le i
. N U = = n —0 = —s —
u u = asech,du = asec um . _secT —
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EXERCISE SET 6.4
1. (a) 1+8+27=36
() 20+124+6+2+0+0=40
() 1-24+4—-8+16=11
2. (a) 14+0-3+0=-2
(c) M+ 7m2+-- + 7%= 14r2
(14 terms)
() VI+V2+V3+Vi+V5+6
(f) 1-14+1—-1+1-1+1-1+1-1+1=1
10 20
3. > k 4. > 3k
k=1 k=1
8 6
6. > (2k—1) 7.0) (D) (2k -
k=1 k=1
50
9. (a) Z%

k+1

10. kt+1p,

(a) Z

1
5(100)(100 + 1) = 5050

5
(b) > (1)
k=0

11. 12.

(b)
(d)
(f)

(b)
(d)

1)

(b)

(c)

100

Chapter 6

5+8+11+14+17=255
1+1+1+14+14+1=6
0+0+04+0+0+0=0

1—-141-141-1=0
24+ 25426 =112

50

> 2k —1)

k=1

n
E akxk

100

5
(d) Zaf)fkbk
k=0

7Zk+21_ (100)(101) + 100 = 35,450
k=1

20

3

1
13, £(20)(21)(41) = 2870 14. Y K= k® = 2870 — 14 = 2856
k=1 k=1
30 30 30 1
2 _ 3 _ 4. —

15. ) k(K —4) =) (kK Zk 4Zk 31)2 —4 5 (30)(31) = 214,365

k=1 k=1

6 6 1 1

— 3:7 —_ 2 e

16. > k—> k 5(6)(7) = 1(6*(7) 420

k=1 k=1

3k 3 31
17. === =Z.-
7 Z - nZk‘ - 2n(n—|—1) (n+1)

k=1 k=1

n—1,9 n—1
18. L > k= l'%(nfl)(n)(anl) (n—1)(2n —1)

k=1 n k=1 n

n—1 n—1

k3 1 3 1 2,2

19. ;ﬁ—ﬁ;k =5 31 (n—1)

" (5 2k 5« 2 « 5
20. - Y =—(n)—= 1) =4-—
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1
22. %:465,712—&-71—930:0,(n+31)(n_30):07n:30.

14243440 <k 1 & 1 1 n+1 n+l 1
n?2 ;nz n2; n2 2n(n+ ) M  notes 2n 2

12422482 4+...402 Gk 1K, 101 (n+1)(2n+1)

k=1 k=1
. (n+1)@2n+1) o1 1
AT LI g Y+ =5

2 n2 2 n n—-+o0o 2n 2
k=1 k=1
n—1 n—1
2% 2 , 2 1 (n—1)(2n—1)
k=1 k=1
. (m=1D2n-1)
Jim S i (-1 = 3

27. (a) Z2J’ (b) > 27! (c) Zzﬂ

28. (a) i(k + 4)2~+8 (b) i(k — 4)2k
k=9

k=1

29. Endpoints 2,3,4,5,6; Az = 1;
4
(a) Left endpoints: Z flzr)Ax =7+10+ 13 + 16 = 46
k=1
4

(b) Midpoints: Y f(x})Az = 8.5+ 11.5+ 14.5 + 17.5 = 52
k=1

4
(c) Right endpoints: » _ f(z})Az =10+ 13 + 16 + 19 = 58
k=1

30. Endpoints 1,3,5,7,9, Az = 2;

4
1 1 1 352
(a) Left endpoints: Z flzp)Ar = (1 o4 ) 2

3 5 7 105
k=1
4
11 1 1 25
Midpoints: Az = (24-4-4-)2=2
(b) Midpoints Zf(a:k) x (2+4+6+8> T

k=1

4
1 1 1 1 496
Right endpoints: > f(@f)Az = (2 + -+ -+ ¢ | 2=
(c¢) Right endpoints k:lf(:(:k) x (3 - 9) 15

31. Endpoints: 0,7/4,7/2,37/4,7; Az = 7 /4

4
(a) Left endpoints: Zf(x,’;)Ax = (1 +V2/240— \/§/Q> (r/4) =7 /4

k=1
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(b) Midpoints: Z fzr) Az = [cos(m/8) + cos(37/8) + cos(bm/8) + cos(7m/8)] (w/4)
k=1
= [cos(m/8) + cos(37/8) — cos(37/8) — cos(w/8)] (w/4) =0

4
(c) Right endpoints: Zf(xZ)Ax = (\/5/2 +0-— \/5/2 — 1) (r/4) = —m/4

k=1
32. Endpoints —1,0,1,2,3; Az =1

4
(a) > flap)Az=-3+0+1+0=-2

k=1

4
A._ 5 3 3 15
(b) ;f(:ck)Axf 1titat T4

4
() > flap)Az=0+1+0-3=-2
k=1

33. (a) 0.718771403, 0.705803382, 0.698172179
(b) 0.668771403, 0.680803382, 0.688172179
(c) 0.692835360, 0.693069098, 0.693134682

34. (a) 0.761923639, 0.712712753, 0.684701150
(b) 0.584145862, 0.623823864, 0.649145594
(c) 0.663501867, 0.665867079, 0.666538346

35. (a) 4.884074734, 5.115572731, 5.248762738
(b) 5.684074734, 5.515572731, 5.408762738
(c) 5.34707029, 5.338362719, 5.334644416

36. (a) 0.919403170, 0.960215997, 0.984209789
(b) 1.076482803, 1.038755813, 1.015625715
(c) 1.001028824, 1.000257067, 1.000041125

3 3 1 1 3 3 31 3
A= gk =14 Sk fle)Ar = afAr == (1+2k) S =2 |2+ 2
37 T = T +nk,f(x,€) = juple 2( +nk)n 2[n+n2k}
n n n
3 1 3 3 3 3n+1
Zf(xk)A$=§ Zn-i-Zan]:Z{l—&- 2~2n(n+1)}:2[1+2 " ]
k=1 k=1 k=1
3 1 3 3 15
A= lim S|1+2(14-)|=2(1+2)=22
e ()] =2 ()
) 3 5 5 25 25
38. Ax=—, 2, =0+k—; NAr=0(B—-zcVAz=[(5-F)| =22k
o= g =0l fepae =5 -apao = (5- 2) 22 2

i .25 925 <& 25 1 25 (n+1
Zf(xk) . n nQZk o n2 2n(n+ ) g 2 ( n >

1

2 1 25 25
A= lim |25— —(1+— || =20— — = —

2 n 2

n—-+oo
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40.

41.

42.

k=1 k=1 1 k=1
27 <~ 5 1
A= lim [27— =k ] =27 - 27 (3) =18
k=1
3 3
Ar=—, a5 =k—
n n
1

19k2] 3 12 27k?

n n 4n3

k=1 k=1 k=1
B 27 1 B 9(n+1)(2n+1)
. 9 1 1 9
A= lm_ {12— - <1+n> (2+n)] = 12— S(1)(2) = 39/4
4 4
Ar=—, xp =2+k—
n n

n

n n
YU . 6 o 12 5 8 <= 5
Zf(xk)Axf; Zl+52k+ﬁ k +$Zk
k=1 k=1 k=1 k=1 k=1
32 6 1 12 1 8
:n[n+n~2n(n+1)—|—n2~6n(n+1)(2n+1)+n3~
1 D2n+1 1)2
32[1+3”+ Loy )+2(”+2)]
n n n
. 1 1 1 1\?
A= Tim 32(1+3(1+=)+2(1+=)(2+=)+2(1+=
n—-+400 n n n n

=32[1+3(1) 4+ 2(1)(2) + 2(1)%] = 320

2
Ax = —
n

2
,Tp = -3+ kﬁ; f(@p)Ar = [1 — (z})*|Ar=

_2 {QS%IH 36
if(m;;)Ax: % [28n—27(n_|_1)+6(n+1)7(12n+1) _2(n_;1)2}

ko

=1

, 1 1 1 1\2
A= lim 2|28—27(1+—=)+6(1+=)(24+4=)-2(1+=
n—-+0o0o n n n n

=228 —27+12—-2) =22

4 32 2. 1% 32 12
4.3 [1+k] 3{1+6k+2k2+
n n n

irﬂ(n + 1)2}

(o4

n2

237
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3 3
43. Azx=2 2 =1+4(k—1)2
€Z nvzk Jr( )n
* Losag =1 313_1(3 2
f(%)AfU—kaAx—Q[l"'(k 1)n}n_2[n+(k 1)n2]
- 1 w3 9 & 1 9 1 3 9n—1
S repar=2 Y 2+ 5 | == 2 Zn—1n|=24°
fai)hr =3 otz 2= 2{3+ 7 3 )"} )
k=1 k=1 k=1
3 9 1 3 9 15
A: 1 - —_ 1—7 = — _—= —
nirfoo{2+4< n)} 2 171
5 5
44. Ax=2 =2k -1
x n’xk n( )
5 5 25 25
Fapae =6 - apae =[5 21| 2 =2 By
Z" . 252" 25 25n—1
k=1 k=1 k=1
A= lim {2525(11)]252525
n—+o0 2 n 2~ 2
3 3 (k—1)%.3
4, A = — *: —17' A — — —
5 T =T 0+ (k )n,f(xk) xr=(9-9 3 )n
n n n n n
. (k—1)273 27 (k—1)2 27 , 54 27
Zf(f“km’”zz[9‘9 e D I =D DLak e D DL
k=1 k=1 k=1 k=1 k=1

3 3
46. Az=", 2t =(k-1)"
€T n7$k ( )n
1 19(k—1)213 12 27k? 27k 27
Az = |4 (@02 | Aw = |4 22E 2 2 2R 2l 2
USRS [ 4(9%)} v { 4 n? }n n  4n3  2n3  4n3
= 12 2T N, 2T O 27
P D D DO w DI DL
k=1 k=1 =1 k=1 k=1
27 1 27 n(n+1) 27
—12- =L .= 1)(2n + 1 Ly L
P s in?
:12_g(n+1)(2n+1)+277 27 27
8 n? dn  4n?  4n?
A= tm (122 (143 (24 1) 4040-0=12-2(1)2) = 30/
== 1 - = — — — U= — — =
n—+oo 8 n n 8
1 2k —1
47. Ax = — x} =
TE Tk 2n
2k-121 k2 k1
A = - v
J(ah)Ax (2n)2 n n3 n3  4n3
n n n n
1 1 1
k=1 k=1 k=1 k=1

Using Theorem 6.4.4,

" 1
A= lim ITVAT==-4+0+0=—
> fleh)da = g

n—-+oo
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48. Ax =

2 . % — 1
7,xk:—1+
n

( 2k—1)22 8k2 8k 2 2

n n n3 nd  nd n

nﬂ+ook:1 3 3
2 2k
49. Ax=—,z; =-1+ —
n n
2k 2 2 k
DAz=|(—-14+4— | —=——+4—
fapse= (14 2) 2240 8
n . n 4 n(n+1)
k=1 k=1
A= 1 Az =
”—l’rf“kzzlf(xk) z=0

50. Aaczﬁ,x;g:—l—i—%
n n
3K\ 3 3 9
- 9 +1
Zf(x;;)mff%—f("z )
k=1
n 3
A= 1 NApr=—34+Z4+0=2
niglm;f(xk) @ +toH0=73

239

The area below the x-axis cancels the area above the z-axis that lies to the right of the line z = 1;

the remaining area is a trapezoid of width 1 and heights 1, 2, hence its area is

51. Az =

52. Az =

3 2

2 2 k k

NAzr = | -1+ — —=—+412——-24
flzi)Ae ( + ) n+ n?

n3

k
+16-
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53.

54.

55.

N ea 12n(n+1) 2nn+1)2n+1) 16 (nn+1)\>
D J@Ar =2+ 5= — 5 =——¢ il
k=1
= . 12 48 16
A:nkrfm;f(xk):_%r?_? 5 =0
Am:b_a,xZ:a—i—b_a(kz—l)
. —a b—a a b—a
flzp)Az = maAx =m |a+ (k—1) - =m(b—a) ﬁ+ 5 (k—1)
- — -1
> flai)Ae = mlb =) at 150
k=1 "
—a 1 b+a 1 9 9
A: 1 — — — = — —
n_l)l}rloom(b a) [a—i— 5 ( nﬂ b—a) 5 m(b* — a?)
b—a
A = * = 7b—
T T, a—|—n( a)
. ma mk 9
f(xk)AxZT(b—a)—FF(b—a)
- m an(n+1)
fokAxfma(bfa)+ﬁ(bfa)T
k=1
A= lim zn:f(a:*)Ax:ma(b—a)—I—@(b—a)Q:m(b—a)a+b
n—+oo £~ k 2 2
. b b
(a) With z} as the right endpoint, Az = —, —k
n n
bt & bt (n+1)
* _ 3 3
flap) Az = (z —k Zf Ax——;k T
4 1 2
A= lim <1+> =b'/4
n—-+4oo n
b—a b—a
b) Ax=— 2} = k
() €T n » Lk a+ n
3
flai) = (o)A = o+ P 0] 22t
n
_ 2(p _ 2 _ 33
_b a[a3+3a (b a)k+3a(b2a) k32—|—(b 3@) k3]
n n n n
- 11 1)(2n+1
Fa)Az=(b—a) {a?) + gaQ(b ~a) R e a)Qw—Q””
k=1
1 3(n+1)?
b=

=n£&ao2f A

=(b-a) [a3 + ga2(b— a) +a(b—a)* + i(b— a)?’] = %(b4 —a%).

Chapter 6
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56.

57.

58.

59.

61.

62.

63.

Let A be the area of the region under the curve and above the interval 0 < x < 1 on the z-axis,
and let B be the area of the region between the curve and the interval 0 < y < 1 on the y-axis.
Together A and B form the square of side 1, so A+ B = 1.

But B can also be considered as the area between the curve x = y? and the interval 0 <y < 1 on

1
the y-axis. By Exercise 47 above, B = §’SO A=1—-=-.

33
“ m(m+ 1) n?+2n
If n = 2m then 2m +2(m — 1)+ - 4+2-242=2> k=2 o =mm 1) =
k=1
m—+1
if n=2m+1then 2m+1)+ (2m—1)+---+5+3+1= Y (2k—1)
k=1
m—+1 m—+1 2
B ., (m+1)(m+2) B s n+2n+1
_2Zk—21_2-f—(m+1)_(m+1) =—7
k=1 k=1
20 2 30. 31 61 . 30-31
50-304-49-29+- - -422-2421-1 = > k(k+20) 2420 k= +20 = 18,755
+49-29+ - +22:2+4 ; (k+ Z + Z 5 :
both are valid 60. none is valid

M=

(ar, —bg) = (a1 — b1) + (a2 — b2) + - + (an — by)

ol
Il
—

= (a1 +az+-Fan) = (b +bat--+b) =) ar—) b

M=

[(k+1)* — k'] = (n+1)* — 1 (telescoping sum), expand the

£l
Il
-

quantity in brackets to get Z(4k3 + 6k +4k+1)=(n+1)* -1,

k=1
4Zk3+62k2+42k+21_n+1 ~1
k=1

Zn: i (n+1) —176213 4Zn:k il
= put

i[(n-ﬁ-l) 1+ 1)@+ 1) —2n(n+ 1) 1]

i(n+1)[(n+l)3—n(2n—|—1)—2n—1]

%(n +1)(n®+n?) = Zn2(n +1)?

n

(a) Z 1 means add 1 to itself n times, which gives the result.
k=1

1 & no1 1 ol
72 7254_%’807&9}0@?;]6:7
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n

1 nn+1)@2n+1) 2 3 1
73;@2—: 6 :6+6n+62’50n11rfw?2k2
1~ 1 /nm+1D)\* 1 1 1
(d) i 2. k?’_n4< 5 ) =1t t oo bongglmﬁz;s?’
EXERCISE SET 6.5
1. (a) (4/3)1)+(5/2)(1) + (4)(2) =71/6 (b) 2

2. (a) (V2/2)(r/2) + (=1)B7/4) + (0)(7/2) + (V2/2)(x/4) = 3(V2 = 2)7 /8

(b) 3w/4
3. (a) (-9/4)(1)+ (3)(2) + (63/16)(1) + (=5)(3) = —117/16
(b) 3
4. (a) (=8)(2)+(0)(1)+ (0)(1) + (8)(2) =0 (b) 2
2 2
5. / z? dx 6. / z3dx
—1 1
3 w/2
7. / 4x(1 — 3z)dx 8. / sin? 2 dx
-3 0
: PO : ~ 7
9. (a) maxlirarclkeo kzzl 2xkA$k7 “= 17 b=2 (b) maxlirarclkeo kzzl ZCZ + 1
10. (a) maxhar?wozl VEr Azg,a=1,b=2
(b) maxliArilkﬁOE:l (1+coszr) Axg, a=—m/2,b=m/2
1 1
11. (a) A:§(3)(3):9/2 (b) —A:—§(1)(1+2):
y Ay
-2 -1 X
A
A
X
I 3
1
(c) —A1+A2:—§+8:15/2 (d) -A1+A4,=0
y y
-5 A2
-1 A2 X A 3
A, 4

1

~3/2

Chapter 6

Axi;a=0,0=1
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12. (a) A:%(l)@):l

(c) ~A=—5(1/2)(1) = ~1/4

13. (a) A=2(5)=10

2
1 A
| | | | Sx
(€) A+ As=1(5)(5/2) + 5(1(1/2)
=13/2
A
N
- 32

14. (a) A= (6)(5) =30

(€) A+ Ay =5(2)(2)+ 5(1)(1) =5/2

15. (a) 0.8 (b) —2.6

(b)

(d)

(b)

(d)

(b)

(d)

(c)

243

A %(2)(3/% 1/2) =2

—A; + Ay = 0 because
Ay = Ay by symmetry

y
-z A
z
4
1
ZW(2)2:7T
y
2
A
X
2
18 (d) —0.3
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

27.

29.

Chapter 6

@ [ soo ['sutr=2], =
(b) /f /12xd:c:c} =12 - (-1)?=0

1 1
10
© [ @ } _ 18
1

1

5
(d) f( )dx :/ Zxdx—i—/ 2dr = x*
1/2 1/2 1

+ 2x] =12-(1/2)%42-5—2-1 = 3/4+8 = 35/4
1/2

/_21 f(z)dz + 2/_219(33)dx 54 9(-3) = -1

3_/14 f(z)dz — /14g(x)dx =3(2)—10=—4
/15 f(z)dx = /05 f(z)dz — /01 fx)ydz=1—-(-2)=3
S_Qf(x)dx = —/:f(x)da: =— [/_:f(x)dx—s-/lgf(x)dx] —(2-6)=4

(a) /Ola:dx+2/01 V1= 2dz = 1)2 4+ 2(n/4) = (14 7)/2

(b) 4/3 dw—5/3 vz = 44— 5(—1/2+4 (3-3)/2) = —

—1 -1

0 0
(a) / 2z + / V9~ 2z =23+ (n(3)2)/4 = 6+ 9 /4
-3 -3

2 2
(b) /72d:c73/72|x|dz:4~1—3(2)(2~2)/2:—8

(a) x>0,1—2x<0on [23]so the integral is negative
(b) 22 >0, 3—cosx > 0 for all z so the integral is positive

(a) z*>0, v3—2>0on [-3,—1] so the integral is positive
(b) 23 —-9<0, |z|+1>0on [-2,2] so the integral is negative

\/25— (z — 5)2dz = n(5)%/2 = 25m/2  26. /\/ (z — 3)2dx = 7(3)2/4 = 97 /4
1 2

/ (32 + 1)dz = 5/2 28. / VI 2de = 7(2)2)2 = 27

0 -2

(a) f is continuous on [—1,1] so f is integrable there by Part (a) of Theorem 6.5.8

(b) |f(z)] <1so fisbounded on [—1,1], and f has one point of discontinuity, so by Part (b) of
Theorem 6.5.8 f is integrable on [—1,1]
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(¢) f is not bounded on [-1,1] because lirr%) f(x) = +o0, so f is not integrable on [0,1]
r—

1
(d) f(x) is discontinuous at the point z = 0 because hn%J Sln — does not exist. f is continuous

elsewhere. —1 < f(z) <1 for z in [—1, 1] so f is bounded there By Part (b), Theorem 6.5.8,
f is integrable on [—1,1].

30. Each subinterval of a partition of [a, b] contains both rational and irrational numbers. If all z} are

31.

32.

33.

34.

chosen to be rational then

Zf xy Aack—Z( )Amk:iAxk:b—aso lim if(mZ)Axk:b—a.
1

max Az —0
k=1 k=1

max Az —0

If all } are irrational then  lim Z f(zr)Azy, = 0. Thus f is not integrable on [a, b] because
1

the preceding limits are not equal.

(a) Let S, = Zf (x3)Axp and S = / f(z)dz then Z cf(x)Azxy = ¢S, and we want to prove

k=1 k=1
that lim ¢S, =c¢S. If ¢ = 0 the result follows immediately, so suppose that ¢ # 0 then

max Az —0
for any € > 0, |eS, — ¢S| = |c]|Sn — S| < € if |S, — S| < €/|c|. But because f is integrable
on [a,b], there is a number § > 0 such that |S, — S| < €/|c| whenever max Az < 6§ so
|cSp, — ¢S] < e and hence  lim ¢S, =¢S.

max Awk —0
n

b
(b) Let R, Zf zp) Az, S Zg xp) Az, T, = Z[f(x;) + g(z;)]Azg, R = / f(z)dx
k=1 k=1 e
P

and S = / g(z)dx then T,, = R, + S,, and we want to prove that lim T,=R+S.

a max Az —0

Tn — (R+S)| = [(Rn — R) + (S — 5)| < |[Rn — R+ |Sn — S

so for any e >0 |T,, — (R+ S)| <e€if |R, — R|+ |5, — S| < e.

Because f and g are integrable on [a, b], there are numbers §; and 65 such that

|R, — R| < €/2 for max Az < 6; and |S,, — S| < €/2 for max Azxy < 8.

If 6 = min(éy, 82) then |R,, — R| < €/2 and |S,, — S| < €/2 for max Az, < 6 thus

|R, — R|+ 1S, — S| <eandso |T, — (R+ 5)| < e for max Az, < § which shows that

lim T,=R+S.

max Az —0
For the smallest, find x} so that f(z}) is minimum on each subinterval: zj =1, 5 = 3/2, 2§ =3
so (2)(1) + (7/4)(2) + (4)(1) = 9.5. For the largest, find z} so that f(z}) is maximum on each
subinterval: z7 =0, x5 =3, 2§ =4 so (4)(1) + (4)(2) + (8)(1) = 20.

42 A(k—12 4 L AR
Al’k:T—T:ﬁ(zk—:l),xk:?,
2k 8k

FR) = 2 J@An = 52k —1) = SR — ),

4(n+1)(4n - 1)

= 2 5
k=1 n k=1 3 n
- 4 1 1 16
li DAz = lim - (1+-)[(4—=)==—.
i ) S A nffoo?)( +n>( n) 3

For any partition of [a, b] use the right endpoints to form the sum Z f(xy)Azy. Since f(xz) =0
k=1
b n
for each k, the sum is zero and so is / f(x)dz = lim Z f(zr)Axy.
@ =1

n—-+4oo
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35.

36.

Chapter 6

With f(z) = g(z) then f(x) — g(z) = 0 for a < z < b. By Theorem 6.5.4(b)

b b b b
/ f(x) dz = / ((F () — 9(z) + g(a)]dz = / (@) — g(a))dx + / o(a)da.

But the first term on the right hand side is zero (from Exercise 34), so

/abf(x)dx—/abg(x)dx

Choose any large positive integer N and any partition of [0, a]. Then choose z7 in the first interval
so small that f(z})Az; > N. For example choose x] < Azy/N. Then with this partition and
n

choice of 7, Z fzr)Azy > f(x7)Azy > N. This shows that the sum is dependent on partition
k=1
and/or points, so Definition 6.5.1 is not satisfied.

EXERCISE SET 6.6

11.

13.

(a) /02(2:c)d:r - (2%:@2/2)}2 —4-4/2=2
1

(b) /1 2dx=24 —2(1) — 2(—1) = 4
(c) /3(:v+1)d:v:(x2/2+x)]j:9/2+3—(1/2+1):6

5 5 9 9
— 42 _ R _ _
(a) /0 2z = /2]0 25/2 2 (b) /35d 5]3 5(9) — 5(3) = 30
(c) /(x+3)dx:(x2/2+3x)} =4/2+6—(1/2-3)=21/2
3 1

/233:3dx$4/4} =81/4 —16/4 = 65/4 4. /

2 -1

zldr = :c5/5] =1/5—(-1)/5=2/5

-1

0 2 ..,17 2 4 5 510 5
[ Vet =gat?| <er-n=sys e [ aae= e < ut -y
1 3 R 1 1 2
3 3 59
/ exdxzem} =ed—e¢ / — :c—lnx] =In5—Inl=1Inb
1 1 1 X
1, 0 1, 1\
—x° — 2"+ Tx =48 10. —x“+ —x° =81/10
3 L 2" 750 )|
3 113 9 2
/x_gdac:—} =2/3 12. /x—ﬁd:c_ 5] = 31/160
1 Tl 1 1

9
§x5/2] — 844/5 14. ( 5/3 4 )} =179/2

4
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15.

17.

19.

21.

22,

23.

24.

25.

27.

29.

30.

/2 w/4
—cos 9} =0 16. tan 9} =1
—7/2 0
w/4 1 !
sinx} =2 18. <x2 — sec m)} =3/2 —sec(1)
—m/4 2 0
3 5 5 1
Be an = 563 — 5(2) = 5¢ — 10 20. (1n:c)/2} = (m2)/2
1/V2
sin™! x] =sin"'(1/V2) —sin"' 0 = 7 /4
0
1
tan~! ac] =tan '1—tan ! (—1) =7/4 — (—7/4) = 7/2
—1
2
sec™? m} =sec !2—sec!V2=n/3—n/4=17/12
V2
—2/V3
—sec ! x} = —sec H(—=2/V3) 4+ sec H(=V2) = —51/6 + 3n/4 = —7/12
V3
2\1* 4 2 \1°
6vi— g2 = —55/3 26. (8 % — =10819/324
(o= geme )] = (v 3= )] = 10w
/2 4a
L o 2 12, 2 32 5 3/2
—z* —2cotx =72/9+2V3 28. (a/“z— -z =—-a
2 s 3 3
3/2 2 3/2 2
(a) / (3 — 2x)dx + / (22 — 3)dx = (3 — xQ)} + (2 — 3510)] =9/4+1/4=5/2
0 3/2 0 3/2
w/2 3n/4 w/2 3mw/4
(b) / cos x dx +/ (—cosx)dx = sinx} - sin:c} =2-72/2
0 /2 0 w/2

2

2 0
(a) /_01\/2—a:dx+/0 \/2+$d$:—§(2—$)3/2:|_1+;(24—%)3/2]
—g(zf—3¢§)+f( 8-2V2) = (8 4v2 +3v/3)

0

(b) /Oﬂ/6(1/2 ~ sing) dm+/;:2(sinx _1/2)da
= (z/2+ cosx)} ” — (cosz + z/2)} v

0 /6

= (m/12+V3/2) — 1 —7/4+ (V3/2+7/12) =3 —7/12 1
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31.

32.

33.

34.

35.

37.

38.

39.

40.

Chapter 6
0 1 0 1
(a) / (lfez)der/ (e"—1)dx = (xe"”)} +(e$x)} =—1—(~l-eHte-1-1=e+1/e—2
—1 0 —1 0
22 g Y2 2 *
(b) dx + dr=2Inz| —142—-2Inz| =2In2+1—-2Ind4+2n2=1
1z 2 7 1 2
(a) The function f(x) =22 — 1 — o is an even function and changes sign at = 2, thus
x

3|f(az:)|d35:2 3|f(a:)|dz:—2 2f(a:)das+2 3f(:c)daz:
/;3 0 0 2

28
=5 —30 tan~!(3) + 60 tan~'(2)

(b) /0 o

Vv1—ax2 a

(V2 (VB V3
= —2sin <2>—|—sm <2>—\/§<2

_, V3
B 2 6
(a) 17/6
lf 4 2 4 1
a xdx—i—/ —dr=-x ]
() o : 1’2 3 0
ng/Q, r <1
(b) F@)=3 3,
—— -+, z2>1
r 3
3 11°
0.665867079; / 2d$=—] 22/3
1 X X 1

1 1

3.106017890;/ sec? xdx = tanx

-1

-1

3

3
1
1.098242635; / —dxr=1In x}
1 T 1

A= /03(3:2 + 1)dz = (;ﬁ + x)}

3

0

3 2

T L 3.3 o
A= | (—2*+3zx—-2)de= |-z + 2" — 2z
1

=12

] V3/2
=[]
0

1 f V3/2 1 f
— /9 dx—i—/ [— 2} dz
V1—a? ] Va2 LV1—2a?
V2 T T V3
L S P R
3 )T 13 AT
%xz, <1
(b) Fo)=1 2
§x3—|—*, z>1
4
=17/12

/2
36. 1.000257067; / sinxdr = —cosx
0

=In3 ~ 1.098612289

2

) -

w/2
=1
0

=2tan1 ~ 3.114815450
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41.

43.

44.

45.

46.

47.

48.

49.

51.

53.

54.

21/3 27 /3 = 1
. 3 L4
A= 3sinzdx = —3cosz =9/2 42. A=- x dx:—zx =15/4
0 -2 —2
0

0.8

0.8 4
a) A= ———dz =sin”" =sin~'(0.8
(a) /0 Vi x = sin xL sin™ " (0.8)

(b) The calculator was in degree mode instead of radian mode; the correct answer is 0.93.

(a) the area is positive

VAN 1 1 1 1 1 1 1\’ 343
b R B B Ndgp= (gt 23 222 _ 9%
(b) /2<100”’ 20" 25”“"+5> v (400”3 60 50" "5, 1200

(a) the area between the curve and the z-axis breaks into equal parts, one above and one below
the z-axis, so the integral is zero

! 1,1 1
(b) / z3dr = x4] =-(1*=—(-1)hH =0
1 4|, 4
_— /2
/ sin xdx = —cosx] = —cos(m/2) + cos(—m/2) =0+0=0
—7/2
—7/2
(c) The area on the left side of the y-axis is equal to the area on the right side, so

_a flz)dx = 2/0a f(z)dx

(d) / 24y — | ] Lo (a2 2 2/1 2g
X X = —X = - — (— —_ - = x ZU,
3 -1 3 3 0

-1

w/2
/ cosxdr = sinx
—7/2

The numerator is an odd function and the denominator is an even function, so the integrand is an
odd function and the integral is zero.

/2
=sin(r/2) —sin(—7/2) =1+1 :2:2/ cos xdx
0
—m/2

1 |
(a) z3+1 (b) F(x)(t4+t)] :fx4+x—§;F’(o:):x3+1
1 L4 1
1. N 1. 1,
(a) cos2x (b) F(x)=-sin2t = —sin2x — =, F'(x) = cos2x
2 i 2 2
1
(a) sinyz (b) v 50. (a) T 7 (b) Inz
S 52. |u|
cos

F/(CL') =V 31’2 + ]., F//(l') = \/%
T

() 0 (b) VI3 (c) 6/VI3

1
1422

(a) 0 (b) /3 (c) 1/4

F'(z) =tan" !, F''(z) =
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55.

56.

57.

58.

59.

60.

61.

62.

63.

Chapter 6

(a) F'(x) = 5627 37 = 0 when z = 3, which is a relative minimum, and hence the absolute
x

minimum, by the first derivative test.
(b) increasing on [3, +00), decreasing on (—oo, 3]
T4+ 6x—a® (T—az)(1+x)

(c) F'(z) 72 = @172 ; concave up on (—1,7), concave down on (—oo,—1)
and on (7,400)
F
3 —
2 —
| | \A !
-20 -10 20

(a) (0,400) because f is continuous there and 1 is in (0, +00)
(b) at =1 because F(1) =0

(a) (—3,3) because f is continuous there and 1 is in (-3, 3)
(b) at =1 because F(1) =0

1 9
(a) favezg/ x1/2dx22; \/1?22, ¥ =4
0

2

1 [? 1
(b)  fave = 3 / (32% + 2z +1)dr = g(x3+:c2+x) =5; 3z*2 4 22* +1 =25,
-1 _1
with solutions z* = —(1/3)(1 + +/13), but only z* = —(1/3)(1 — v/13) lies in the interval
[-1,2].

1 s
(a) fave:?/ sinzdr =0; sinz* =0, 2* = —7,0, 7
s

—T

1 /31 1 1 1
b ave — o —d =35 = 3> =3
(b) J 2/1 273 (x*)2 3 =3

3
V2 < Va3 +2 <29, s0 3V2 < / Va3 + 2dz < 3v/29

0
Let f(x) = asinz, f(0) = f(1) =0, f'(z) = sinz + xcosz = 0 when z = —tanz, z ~ 2.0288,
so f has an absolute maximum at x ~ 2.0288; f(2.0288) ~ 1.8197, so 0 < zsinz < 1.82 and

0< / rsinxdr < 1.8271 = 5.72
0

(a) [cF(gc)]Z = cF(b) — cF(a) = c[F(b) — F(a)] = ¢ [F(2)]
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64.

Let f be continuous on a closed interval [a,b] and let F' be an antiderivative of f on [a,b].

Theorem 5.8.2,

b

f

F)-F
FO) = Fla) F'(z*) for some z* in (a,b). By Theorem 6.6.1,
a

h—
b
(z)dx = F(b) — F(a), i.e. / f(x)dr = F'(x*)(b—a) = f(z*)(b— a).

251

By

™
1 .

o 5 [Tk " . 9 . Tk s
. - =) = = = — = — <z<
65 ; 1 5% (4n> ka(xk)A:c where f(z) = sec” z, z}, in and Az in for 0 <z <
n T ) /4 ) /4
Thus ngrfoo 2 I °¢C ( ) ngrfoo Z fzr)Ax = / sec” xdx = tanx} . =1
n 1 I & 1 .,k 1
66. peaT i 1+k2/nQESO;n2+/€2 Zf xy)Ax where f(x) = Tr2 %= ﬁ,andAa:: -
n 1
. 1 s
for0 <z <1. Thusngrfmk n2+k2:ngrfoo2f L) A /0 de:z
EXERCISE SET 6.7
1. (a) the increase in height in inches, during the first ten years
(b) the change in the radius in centimeters, during the time interval ¢ = 1 to ¢t = 2 seconds
(c) the change in the speed of sound in ft/s, during an increase in temperature from ¢ = 32°F
to t = 100°F
(d) the displacement of the particle in cm, during the time interval ¢ = ¢; to t = t2 seconds
1
2. (a) / V(t)dt gal
0
(b) the change f(x1) — f(x2) in the values of f over the interval
3. (a) displ =s(3)—s(0)
3 2 3 2 3
= / v(t)dt:/ (1 —t)dt+/ (t—3)dt = (t—t2/2)} + (t2/2—3t)] =-1/2;
0 0 2 0 2
3 1 2 3
dist = [ |v(t)|dt = (t — t2/2)} + (t2/2 — t)} —(t?/2 — 3t)] =3/2
0 0 1 2
(b) displ = s(3) — s(0)
3
/ t)dt = /tdt+/ dt—i—/ 5— 2t)dt = t2/2} —i—t} (t—t2)} =3/2;
2
5/2
dist = / tdt+/ dt +/ (5— 2t)dt+/ (2t — 5)dt
0 1 2 5/2
1 2 5/2 3
= t2/2} +t] + (5t — tQ)} + (% - 5t)] =2
0 1 2 5/2
4. AU
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t
5. (a) wv(t)=20 +/ a(u)du; add areas of the small blocks to get
0

v(4) 220+ 1.4+ 3.0+ 4.7+ 6.2 = 35.3 m/s

(b) wv(6) =v(4)+ /46 a(u)du ~ 353+ 7.5+8.6=>51.4m/s

6. a > 0 and therefore (Theorem 6.5.6(a)) v > 0, so the particle is always speeding up for 0 < ¢t < 10

1 2
7. (a) s(t):/(t3—2t2+1)dt:Zt4—§t3+t—|—0,
1 4 2 3 14 23
s(o)zi(o) —g(O) +0+C=1,C=1, s(t)zit _gt +t+1

(b) v(t) = /4cos2tdt — 9sin2t+ ), v(0) = 280+ Oy = —1, C) = —1,

v(t) =2sin2t — 1, s(t) = /(2sin2t —1)dt = —cos2t —t + Cy,

5(0) = —cos0—0+Cy =—3, Cy = -2, s(t) = —cos2t —t — 2
8. (a) S(t):/(1+Sint)dt=t—COSt+C7S(O):O—COSO+C:—3,02—2,S(t):t—008t—2

1
(b) w(t) = /(t2 —3t+1)dt = §t3 - th +t+Cy,

1 3 1 3
v(0) = =(0)> = Z(0)2 +04+C1 =0,C, =0, v(t) = =t3 — Zt? + ¢,
3 2 3 2
1, 3., 1, 1., 1,
t) = P St ) dt = —tt — 3+t
s(t) /(3 2 +) l —3l gt O
1oy 1,5 1, 1, 14 1,
= —(0)* -2 = = =0,s(t) = —=t*— >+ =t
5(0) = 5(0)" =507+ 5(0)" + C2 =0, C2 =0, 5(t) = 5 51"t 35

9. (a) s(t):/(2t—3)dt:t2—3t+0,5(1)2(1)2—3(1)+C’:5,Cz?,s(t)=t2—3t+7
(b) v(t):/costdt:sint—I—Cl,v(w/2):2:1+01701:1, v(t) =sint+1,

s(t) = /(sint +1)dt = —cost+t+ Co, s(n/2) =0=7/24 Cs, Cy = —7/2,

s(t) = —cost+t—m/2

10. (a) s(t) = /t2/3dt = %:5/3 +C,58) =0= 232 +C,C = f%, s(t) = §t5/3 - ?
2 2 1 2 1
(b) v(t) = /\/fdf S 2240 0d) =1 = 284 Oy, O = — () = 232 - 2
3 3 3 3 3
2 5, 13 45, 13 4 13 14
s(t) /(3t 3 ) dt 15t 3 t+Cy, s(4) 5 153 3 +Cy 5 + Co,
19 4 13 19
Cy= ", s(t)= —t"2 - 1+ —
2= 550 =15 375
/2 /2
11. (a) displacement = s(7/2) — s(0) = / sintdt = — cost =1m
0 0

w/2
distance = / [sint|dt =1 m
0
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12.

13.

14.

15.

16.

2m

2m
(b) displacement = s(27) — s(w/2) = / costdt = sin t} =—-1m
/2 /2
27 3m/2 27 /
distance = / | cost|dt = —/ cos tdt +/ costdt =3 m
w/2 /2 37/2

6 6
(a) displacement = s(6) — s(0) = /0 (2t — 4)dt = (t* — 4t)} =12m

0

2 6

+(t24t)] =20m
2

6 2 6
distance = / |2t —4|dt = / (472t)dt+/ (2t—4)dt = (4tt2)]
0 0 2

0

5 3 5
(b) displacement = / |t — 3|dt = / —(t —3)dt + / (t—3)dt =13/2 m
0 .

0 3

5
distance = / |t —3|dt = 13/2 m
0

(a) v(t)=13 =32+ 2t =t(t — 1)(t — 2)

3
displacement = / (t3 — 3t +2t)dt = 9/4 m
0
3 1 2 3
distance = / lv(t)|dt = / v(t)dt +/ —u(t)dt +/ v(t)dt =11/4 m
0 0 1 2
3
(b) displacement = / (Vt—2)dt =2V3 -6 m
0
3 3
distance = / lv(t)|dt = f/ v(t)dt = 6 —2v/3 m
0 0

3
1 1
(a) displacement = / (5 - t—Q)dt =1/3m
1

3 V2 3
distance = / lv(t)|dt = —/ v(t)dt —|—/ v(t)dt = 10/3 — 2v/2 m
1 1 V2

9
(b) displacement = / 3t7Y2dt = 6 m
4

9 9
distance = / lo(t)|dt = / v(t)dt =6 m
4 4

v(t)= -2t +3
4
displacement = / (=2t +3)dt = —6m
1
4 3/2 4
distance = / | — 2t 4+ 3|dt = / (=2t + 3)dt + / (2t — 3)dt =13/2 m
1 1 3/2

1
v(t)= 51&2 —2t

> 1
displacement = / <2t2 — Qt) dt = —10/3 m
1

°11 A 51
distance = / —t? — 2t’ dt = / — (t2 - 2t> dt +/ (t2 — 2t> dt =17/3 m
112 1 2 4 \2
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2
17. v(t) = S5t + 1+

o] oo

3

3
2 8 4 8
displacement = / (5\/575 +1+ 5> dt = 7—5(5t +1)%2 4 gt =204/25 m
0 0

3 3
distance — / o (t)]dt = / o(t)dt = 204/25 m
0 0

18. v(t)= —cost + 2
w/2
displacement = / (—cost+2)dt = (m+v2—2)/2m
/4
w/2 /2
distance:/ |fcost+2|dt:/ (—cost+2)dt = (1 ++v2—-2)/2m
/4 w/4
1 2 1
19. (a) s:/singﬂtdt: - cosiﬂ't—i—C’
Lo 2 2
s =0 when ¢t = 0 which gives C = — so s = ——cos =7t + —.
s s 2 s
d 1
a:d—;}:gcosgﬁt. Whent=1:s=2/m,v=1, |v|]=1,a=0.

3

(b) v= -3 tdt:f§tQ+Cl,v:Owhent:OWhichgivesC1:Osov:f%t2

1 1.
s=-3 2dt = f§t3 + C5, s = 1 when t = 0 which gives Cs =1 s0 s = fit‘s + 1.

Whent=1:s=1/2,v=-3/2, |v| =3/2,a=-3.

/
./

20. (a) negative, because v is decreasing
(b) speeding up when av > 0, so 2 < t < 5; slowing down when 1 < t < 2

(c) negative, because the area between the graph of v(¢) and the t-axis appears to be greater
where v < 0 compared to where v > 0

1 3
21. A=A+ Ay = / (1 — 2%)dx +/ (x? — 1)dr = 2/3 +20/3 = 22/3
0 1

™ 3m/2
22. A:A1—|—A2:/ sinxd:c—/ sinzde =2+1=3
0 T

0
23. A:A1+A2:/

-1

= (a: — ;(x - 1)3/2>

1
[1—\/£c+1]dx+/[\/w+1—1]dx
0
1
2 2 4v/2 2 V21
2 1)3/2 _ =414+ 22 _1-Z=14
+(3(a:+) x)L g T1+— 3 3

1 2
1 2 2,2
1-— -1 1 1
24. A:A1+A2:/ f dac—i—/ a 5 dmz(——x) —i—(a:—i—)
1/2 X 1 X x 1/2 X 1

-1

1 1
=242+ -+2+--2=1
24542+



Exercise Set 6.7 255

0

25. A:A1+A2:/

-1

1
(1—em)dx+/ (e = Ddx=1/e+e—2
0

1 _ 2 _
26. A:A1+A2=/ ! xdx+/ z 1dac:—<;—ln2>+(l—ln2):1/2
1

1/2 x T

27. By inspection the velocity is positive for ¢ > 0, and during the first second the particle is at most
5/2 cm from the starting position. For T' > 1 the displacement of the particle during the time
interval [0, 7] is given by

T

/Tv(t) dt =5/2 + /T(G\/E— 1/t)dt = 5/2 4 (4t3/% — lnt)] = —3/2+4T%2 —InT,
0 1 1

and the displacement equals 4 cm if 473/ —InT = 11/2,T ~ 1.272 s

28. The displacement of the particle during the time interval [0, 7] is given by

T
/ v(t)dt = 3tan™' T — 0.25T2. The particle is 2 cm from its starting position when
0

3tan™! T — 0.2572 = 2 or when 3tan™! T — 0.25T2 = —2; solve for T to get

T =0.90, 2.51, and 4.95 s.

2 20 .
29. s(t) = £t3 — 50t? + 50t + 0, 5(0) = 0 gives s9 = 0, s0 s(t) = got‘S — 50t? + 50t, a(t) = 40t — 100

150 150 50

2
30. wv(t) = 2t — 30t + vo, v(0) = 3 = vy, so v(t) = 2t — 30t + 3, s(t) = §t3 — 15t% + 3t + s0,
2
5(0) = =5 = 89, 50 s(t) = §t3 — 152 +3t -5

1200 500 70
0 / 25 i

—1200 -200
s(t) v(t) a(t)

25
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31. (a) From the graph the velocity is at first positive, but then turns Y
negative, then positive again. The displacement, which is the 3
cumulative area from z = 0 to x = 5, starts positive, turns 2
negative, and then turns positive again. s
0 ™\ ! Lo ¥
2 4 5
- \/
(b) displ =5/2 —sinb + 5cosb
32. (a) Iftp <1 then the area between the velocity curve and the v
t-axis, between t = 0 and ¢t = t(, will always be positive, 1

so the displacement will be positive.

0.4 0.8
w2 +4
b) displ = ———
(b) disp 52
33. (a) From the graph the velocity is positive, so the displacement v
is always increasing and is therefore positive. 0.4
0.2
| | X
(b) s(t)=t/2+ (t+1)e " 2 4
34. (a) Iftg <1 then the area between the velocity curve and the o1 v
t-axis, between t = 0 and t = ¢, will always be negative, ' / ;
so the displacement will be negative. 0‘2 ‘ 0‘.6 a
-0.1
-0.2F
21 2t 1
b t)={——-—=— | In(t+01)— — 4+ ———1Inl
(b) s() <2 200) n(t+0.1) = 7+ 55~ 550 10
0, t<4 _ 25, t<4
35 (a) alh) = { ~10, t>4 (b) w(t) = { 65 — 10, >4
(1‘ [ Y S | ! bv
2 4 12 201 \
1 1 1 1 1 !
sk 2 4 6\8 10 12
20}
-10 —40
25¢, t<4 _ _
(c) z(t)= { 65t — 52— 80, t>4 % x(8) =120, z(12) = —20

(d) z(6.5) =131.25
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36.

37.

38.

39.

40.

41.

(a) From (9) t= v vo; from that and (8)
a

v — +1a(v—vo)2

8§ — 80 =g ; multiply through by a to get

a 2 a?
1 9 1 1, 5 9
a(sfso):vo(vao)Jri(vao) = (v—p) v0+§(v—v0) :5(11 —v3). Thus
2,2
o= "%
2(s — so)

(b) Put the last result of Part (a) into the first equation of Part (a) to obtain

_ 2(s — s —
PO Y R Gt O Rk}
a Ve — g U+ Vg

(c¢) From (9) vo = v — at; use this in (8) to get
1 1
s—s0=(v—at)t+ iat2 = vt — iat2

This expression contains no vy terms and so differs from (8).
(a) a=—1mi/h/s = —22/15 ft/s? (b) a =30 km/h/min = 1/7200 km/s?

Take ¢t = 0 when deceleration begins, then a = —10 so v = —10t + C1, but v = 88 when t = 0
which gives C7 = 88 thus v = —10t + 88, ¢t > 0
(a) v=45mi/h =66 ft/s, 66 = —10t + 88, t =2.2 s
(b) v =0 (the car is stopped) when ¢t = 8.8 s
s = /vdt = /(—10t+ 88)dt = —5t? 4+ 88t + Oy, and taking s = 0 when t = 0, Cy = 0 so
s = —b5t2 +88t. At t = 8.8, s = 387.2. The car travels 387.2 ft before coming to a stop.

a=ag ft/s%, v = agt +vg = aot + 132 ft/s, s = agt?/2 + 132t + sg = apt?/2 + 132t ft; s = 200 ft

121 2
when v = 88 ft/s. Solve 88 = agt + 132 and 200 = aot?/2 + 132t to get ag = 5 when t = 1—(1),
) 121
so s = —12.1t* +132t, v = —?t + 132.
121 242 70
(a) @ = ——= ft /s> (b) v=55 mi/h:? ft /s Whentzﬁ s

60
(c) v—Owhent—ﬁs

dv/dt =3, v=3t+ C1, but v = vyp when t =0 so C1 = vg, v = 3t +vg. From ds/dt = v = 3t + vg
we get s = 3t2/2 + vyt + Co and, with s = 0 when t = 0, Co = 0 s0 s = 3t?/2 + vpt. s = 40 when
t =4 thus 40 = 3(4)%/2 + vo(4), vo = 4 m/s

Suppose s = 5o =0, v =vg =0att =ty =0; s =s; =120, v = vy at t = t1; and s = s,
v =wvy =12 at t = t5. From Exercise 36(a),

2 _ .2
26=a= ﬁ, v? = 2as; = 5.2(120) = 624. Applying the formula again,
2(812— 80)2
V3 — v
15=q=—2 "1 2_3,2_3 _
a (53— 1)’ vy =v] — 3(s2 — s1), S0

sy=s1 — (v3 —v})/3 =120 — (144 — 624)/3 = 280 m.
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Chapter 6

A, t<?2

8 t>2 and,

a(t):{ g’ ii; ,so,withvozo,v(t):{

. 212, t<2
since s =0, s(t) = 8 _8 t>9 5= 100 when 8t — 8 =100, t = 108/8 = 13.5 s

The truck’s velocity is vy = 50 and its position is s = 50t+5000. The car’s acceleration is ac = 2,
so vo = 2t, s¢ = t? (initial position and initial velocity of the car are both zero). st = s¢ when
50t + 5000 = t2, t2 — 50t — 5000 = (t+50)(t—100) = 0, t = 100 s and s¢ = sp = t?> = 10,000 ft.

Let t = 0 correspond to the time when the leader is 100 m from the finish line; let s = 0 cor-
respond to the finish line. Then ve = 12, s¢ = 12t — 115; ar, = 0.5 for ¢t > 0, vy = 0.5¢ + 8,
sp = 0.25t2 + 8t —100. sc =0 at t = 115/12 ~ 9.58 s, and s;, = 0 at t = —16 + 4/41 ~ 9.61,
so the challenger wins.

s=0and v =112 when ¢t = 0 so v(t) = —32t + 112, s(t) = —16t% + 112t

(a) v(3) =16 ft/s, v(5) = —48 ft/s

(b) v = 0 when the projectile is at its maximum height so —32t + 112 = 0, t = 7/2 s,
s(7/2) = —16(7/2)% +112(7/2) = 196 ft.

(c) s = 0 when it reaches the ground so —16t? + 112t = 0, —16t(t — 7) = 0, t = 0,7 of which
t = 7 is when it is at ground level on its way down. v(7) = =112, |v| = 112 ft/s.

s =112 when t = 0 so s(t) = —16t% + vot + 112. But s = 0 when t = 2 thus
—16(2)2 + v9(2) + 112 = 0, vo = —24 ft/s.

(a) s(t) = 0 when it hits the ground, s(t) = —16t> + 16t = —16t(t — 1) = 0 when t = 1 s.

(b) The projectile moves upward until it gets to its highest point where v(¢) = 0,
v(t) = —32t+ 16 =0 when t = 1/2 s.

(a) s(t) = 0 when the rock hits the ground, s(t) = —16t> + 555 = 0 when ¢t = v/555/4 s
(b) w(t) = —32¢, v(v/bbb/4) = —8/555, the speed at impact is 8/555 ft/s

(a) s(t) = 0 when the package hits the ground,

s(t) = —16t% + 20t + 200 = 0 when ¢ = (5 4 5v/33)/8 s
(b) w(t) = =32t + 20, v[(5 + 5v/33) /8] = —20+/33, the speed at impact is 20v/33 ft/s

(a) s(t) = 0 when the stone hits the ground,
s(t) = —16t2 — 96t + 112 = —16(t> + 6t — 7) = —16(t + 7)(t —1) =0 when t = 1 s

(b) wv(t) = —32t — 96, v(1) = —128, the speed at impact is 128 ft/s

s(t) = —4.9t% + 49t + 150 and v(t) = —9.8¢ + 49
(a) the projectile reaches its maximum height when v(¢t) =0, —9.8t +49=0,t=5s
(b) s(5) = —4.9(5)% +49(5) + 150 = 272.5 m

(c) the projectile reaches its starting point when s(t) = 150, —4.9t? + 49t + 150 = 150,
—4.9t(t—10) =0, t =10 s

(d) v(10) = —9.8(10) + 49 = —49 m/s

(e) s(t) = 0 when the projectile hits the ground, —4.9¢% +49¢ + 150 = 0 when (use the quadratic
formula) ¢t ~ 12.46 s

(f) v(12.46) = —9.8(12.46) + 49 ~ —73.1, the speed at impact is about 73.1 m/s
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52.

53.

54.

55.

57.

58.

59.

60.

61.

259

take s = 0 at the water level and let h be the height of the bridge, then s = h and v = 0 when

t=0s0s(t) =—16t>+h
(a) s=0whent=4thus —16(4)> + h =0, h = 256 ft

(b) First, find how long it takes for the stone to hit the water (find ¢ for s = 0) : =16t + h = 0,
t = v/h/4. Next, find how long it takes the sound to travel to the bridge: this time is /1080
because the speed is constant at 1080 ft/s. Finally, use the fact that the total of these two

h Vh

times must be 4 s: —— + — = 4, h + 270v/h = 4320, h + 270v/h — 4320 = 0, and by

1080 4
—270 £ /(270)2 + 4(4320)
2

the quadratic formula vVh =
Vh ~ 15.15, h ~ 229.5 ft.

, reject the negative value to get

g =98/6 =4.9/3 m/s?, sov = —(4.9/3)t, s = —(4.9/6)t> + 5, s = 0 when t = 1/30/4.9 and

v =—(4.9/3)4/30/4.9 = —4.04, so the speed of the module upon landing is 4.04 m/s

s(t) = —%th + vot; s = 1000 when v =0, 80 0 =v = —gt + vg, t = vg /g,
1000 = s(vo/g) = —39(vo/9)* + vo(vo/g) = 3v3/g, so v§ = 2000g, vo = /2000g.
The initial velocity on the Earth would have to be v/6 times faster than that on the Moon.

3
1 3 1 2 1
favo = / 3rdr = 31'2:| =6 56. favc =5 7 1 / 952 dx = 1’3:| =1
3 —1 1 4 1 2 — (_1) 1 9 .

1 4 1 g
favezi/ sinx dr = —Cosx] =2/r
71-—0 0 s 0

1 4 1 g
favezi/ coszdr = singj} =0
T—20 0 e 0

1 °1 1 1
favezi/ —dr = (lne—Inl) =
e—1 1

T e—1

1 5 1 . b—et
fave—ln5_(_1)/ de—ln (5—6 )

) 5+1 T 1+In5
1 2
(a) fave = m/ iL'QdLL' = 4/3 (b) ($*)2 = 4:/3,51,'}k = :t2/\/§,
0 but only 2/v/3 is in [0, 2]
() Y
47
1l L
2 2
V3

1 4
(a) fave:m/ 2zdr =4 (b) 25[3*:4, ¥ =2
- 0
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63.

64.

65.

66.

67.

68.

69.

(c)

(a)

(b)

(a)

(b)

Chapter 6

y
sl /
A /
B |
/|
[ LY
2 4
I 1789 263
Vave = 7 | BE A2 =377 ==
Cs(4)—s(1)  100-7
vave— 4_1 - 3 —31
1 5
we = —— | (t+1)dt =7/2
Gave 5_0 O(+) 7/
v(r/4) —v(0)  V2/2-1
= = = —4
Aave 7T/4*0 7T/4 (2\/5 )/7'('

time to fill tank = (volume of tank)/(rate of filling) = [r(3)?5]/(1) = 457, weight of water in tank
at time ¢t = (62.4) (rate of filling)(time) = 62.4¢,

457

1
weight,,, = 62.4¢ dt = 14047 1b

(a)

(b)

(a)

(b)

(c)

(b)

(a)

(b)

=5 ),
If x is the distance from the cooler end, then the temperature is T'(x) = (15 + 1.52)° C, and

1 10
Toe = ——— | (15 + L52)da = 22.5° C
10— 0/0 (15 + 1.5z)dx

By the Mean-Value Theorem for Integrals there exists 2* in [0, 10] such that
fz)

10
= / (154 1.52)dx = 22.5, 15 + 1.52* = 22.5, * =5
10-10 J,

amount of water = (rate of flow)(time) = 4¢ gal, total amount = 4(30) = 120 gal

60
amount of water = / (4+t/10)dt = 420 gal
0

120
amount of water = / (10 + Vt)dt = 1200 4 160v/30 ~ 2076.36 gal
0

The maximum value of R occurs at 4:30 P.M. when ¢ = 0.

60
/ 100(1 — 0.0001¢?)dt = 5280 cars
0

b b b b
[ 5@ = fadddo = [ f@)ds [ fuds = [ f@)do~ funlb-a) =0
a a/b a a
because fave(b—a) = / f(z)dz
b b
no, because if / [f(z) — ¢]dz = 0 then / f(z)dr —c(b—a) =0so

1 b
= m/ f(z)dz = fave is the only value
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EXERCISE SET 6.8

1.

10.

11.

12.

13.

14.

(a) (b)

3 1 /4
/ u'du —f/ u2du
1 2 )7

(a) ;/

(c)

1/
(a) 5/1edu

261
™ 0
(c) %/_ sinu du (d) /_3(u—|—5)u20du
5/2 1
® f =
(d) % /3 (1 — 3)u2du
(b) /1udu

77/3\/* 1/2 du
a udu b / —_—
( ) /4 ( ) 0 V1 —u?
13 1) 1 !
u=2x+1, 5/1 utdu = 1OU5]1 =121/5, or 1—0(2x+ 1)5]O =121/5
1% Ly ’ 1 4 ?
=dx—2, — du = — = —(4z — 2 =
u=4x ,4/2 udu 16u]2 80, or 16(x )]1 80
1 ' 0
u=1-2x, —f/ u3du:—u4] =10, or —(1—2x)4} =10
2 /3 3 -1
1 (2 1,177 2
u=4-— 3z, —5/1 uSdu = —wug} 1 =19, or —7(4 — 33@)9} 1 =19

9 9
u:1+x,/(u—1)u1/2du:/(u3/2—u1/2)du=
1

1
8
=1192/15

2 2
or =(14z)%% - Z(1+2)%/?
5 3 .

4 4
u=4-—zx, / (u—4)u1/2du:/ (W% — 4t ?)du =
9

9

2 8 0
or =(4—1x)"? - Z(4—2)%? = —-506/15
5 3 s

9

2 512 2 3/
- - = =1192/1
U U 1 92/15,

4

= - = = - 1
5u 3u . 506/15

/4 w/4 /2
u:x/2,8/ sinudu:—Scosu} =8—4V?2, or —8cos(m/2)] =8—4V2
0 0 0
9 /2 9 /2 9 /6
u = 3z, f/ cosudu = = sinu =2/3, or —sin3z =2/3
3/ 37 3 .
u=a%+2 1/3u_3du——1 3——1/48 or ST _1——1/48
B "2 /s AP ’ 4(z242)2] ,
11 /4 /4 1 1\
uzfsc—f,ll/ sec? udu :4tanu} =8, or 4tan<x—>] =8
4 —m/4 —7/4 4 4 1—7
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15.

16.

17.

18.

19.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

Chapter 6

. 1 13
u = e + 4, du:emdz,u:671n3+4:§+4:§Whenx:—ln?),

7 7
1
u=e"3+4=3+4=7whenz=1In3, / duzlnu} =In(7) —In(13/3) = 1n(21/13)
13/3 U 13/3

u=3—4e", du = —4e®*dx, u = —1 when x =0, u = —17 when z = 1In5
—17 —17

1 1
—— / wdu = —-u? = —36
4 8 1.

V3 V3
= 2 L gu=2tan! =2(tan"' /3 —tan"1 1) = 2(7/3 4)=1/6
u=+/z, e u=2tan" " u = 2(tan —tan"'1)=2(w/3 —7/4) =7/
1
V3/2
' /\/3/2 - S L AP I S
u=e"* — ————du=—sin" " u =—-sinT —+sin - =—-+ - =——
2 V1-u? 1o 2 3 6 6
1 [° 171 25 1 171
§/ \/ﬂdu—3[4w(5)2]—12ﬂ 20 7/ \/16—u2du—2{4w(4)2]:27r
0 0

0 1
_%/1 mdu:%/o V1—w2du=-- [r(1)%] = 7/8

6
/ V36 — u2du = 7(6)?/2 = 187
-6

1 1 1 1
/ sinmcdx:—cosmc} =——(-1-1)=2/r
0 0

T i
/8 3 /8
A:/ 3 cos?xd:erSin%c} =3V2/4
0 0
7 7
1 1 1
-2 -1
d = — = —— _ = —
/3(x+5) x (x+5) L TR

A_/1 dr 1 1
Jo Bz+1)2 0 3Bz+1), 4

1/6 1 1 2 1 1 . 1/2
A= ——dx = - ———du = —sin” " u =7/18
0 V1 —9z2 3 Jo V1—u? 3 :|0 /
/2 /2
x:siny,A:/ siny dy cosy} =1
0 0
2
1 /2 x J 11 1 1
P — =
2—-0Jy (a2 +1)2 2105x2+10 21
1 Ve 2 Yy
ave — dr=—t = -
f 14— (—1/4) /_1/4860 mxdx p an Tx » -
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1 2 1 5 8
31. favc:Z/ e*Idm:fge* w} =—-(1-¢7°)
0

32. f 2 /1 du 2 tan-1 2 <7r 7r) T
. ave — —F = ——— tan u = |- — =) =
In3J;,yz1+u? In3 13 334 6 61ln3

1 2

2 2
33. -3z + 1)1/2] =2/3 34. —(5x — 1)3/2] = 38/15
3 0 15 1
2 ) 1 0
35. (2 + 9)1/2] = Z(V10 - 2v2) 36. —(t*+ 1)20] =1/10
3 ., 3 10 .
28 28

1
37. u=a>+4z+7, 7/
2 /)12

w2y = uw] V3B — VT2 = 27— V3)

12

2

38 /21d __ L —ip
) @82 T Tz o3,

1 /4 9 /4 5 VL3
39. —sin? Js} =0 40. —(tan x)g/Q] =2/3 41. = sin(2?) =0
2 —37/4 3 0 2 0
o 2
42, u=./x, 2/ sinudu:—Qcosu} =—4
1 71‘/3 1 71'/3
43. u =30, f/ secQudu:tanu} =3-1)/3
3 /4 3 /4
1t 1,7
44. wu = sin 30, f/ u?du = ug} =-1/9
3 /o 9" |,

1 1
45. u=4-3y,y=5(4-u), dy=—zdu

1 (116 —8u+u? Y s a0

4
1 [ Ly 16 2

= — [32u!/2 — —3/2 ¢ uf’/?] = 106/405
27 3 5 .

9

9 9
— 2
46. u=>5+uz, / 4 5du:/ (u'/? — 5u~Y/?)du = u3/2—10u1/2] =8/3
s Vu 4 3 4

e
47. ln(z + e)}o =1In(2¢) —lne=1n2 48. ——¢

1 Y3 1 A
49. = \/3:172, / du = sin ! u -~ (Y= T
" 2v3 Jo VA —u? 2v/3 2 ( )
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50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

Chapter 6

V2 1 1u-ﬁ
u:\/f,2/ ———du=2sin"" — =2(n/4—7/6) =m/6
3 1/2\/g 1 J 1t _11[2\/§ T T
f —_ —_— = — n —_ = - = —
YT a2 T 2|, 63 13

IR 1 u 1 7r
u=a?% = du = tan_l} =—(n/3—7m/6) =
2/1 3+ u? 2V3 V3], 2\/3( /3= m/6) 12v/3

/6
/ 1 1 23

7T/6 1 1
b in% 1— in? d = —si 5 — —si 7 = = —
(b) /0 sin® z(1 — sin® x) cos z dx (5sm T —osin'x 160 ~ 896 — 4480

/4

/4
1 7T/4
(b) tan? z(sec?z — 1) dz = - tan®z - / (sec’> x — 1) dx
—7r/4 3 —m/4
—m/4
/4
2 + (—tanz 4 x) 242 . +2
= — — n = - — —_— = —— —
3 e 3 2”372
—7/4
I I
(a) u:3m+1,g/ fu)du =5/3 (b) u =3z, g/ fu)du =5/3
1 0

0 4
(c) u=a2 1/2[1 f(u)du:fl/Q/0 flu)du=-1/2

1 0 1 1
u=1-—ux, / ™1 —x)"de = 7/ (1 —w)"u"du= / u"(1—u)"du = / 2"(1 —x)"dx
0 1 0 0

sinxz = cos(m/2 — x),
0

w/2 /2
/ sin"xdx:/ cos"(7r/2—x)dx:—/ cos"udu (u=m/2—1x)
0 0 /2

/2 /2
= / cos" udu = / cos" xdxr  (by replacing u by x)
0 0

1 1

n+1l n+2

0 1 1
u=1-ux, —/ (1 —w)u"du = / (1 —wu"du = / (u" —u" ) du =
1 0 0

1
(n+1)(n+2)

y(t) = (802.137) /61'528tdt = 524.959¢' 528 1 C; y(0) = 750 = 524.959 4 C, C' = 225.041,

y(t) = 524.959¢1-528 4 225 041, y(12) = 48, 233, 500, 000

10

10
/ =0Tt — —161764.7059¢ 01| = $132,212.96
0 0

275000

Ve =
ave 10 — 0

S(t) = /(25 + 10e—o~05t)dt = 25¢ — 2006—0.05t + C

(a) 5(10) — 5(0) = 250 — 200(e=0% — 1) = 450 — 200/+/e ~ 328.69 ft
(b) yes; without it the distance would have been 250 ft
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k 1
62. / e2rdr = 3, eQI]
0 2

63.

64.

65.

66.

67.

68.

69.

The area is given by
k = 5.081435.

265

k
:37

1
(e —1)=3,e* =7 k=-In7
0 2

2
1/(1 + kz?)dz = (1/VE) tan™* (2Vk) = 0.6; solve for k to get
0

1
(a) / sinrxdr = 2/7
0

_— 1 1/f 5 . o B 1 ) 1/f B
(a) Vipns=-—— Vyisin®(2r ft)dt = S fV; [1 — cos(4r ft)]dt
1/f=0Jo 2 0
1 1 e 1
ifVPQ |:t — m Sln(4ﬂ'ft):| = 5‘/;02, SO ‘/rms = ‘/p/\/5
0

(b) V,/v2=120,V, = 120v/2 ~ 169.7 V

Let u =t — x, then du = —dx and

/ft—as

the result follows by replacing v by x in the last integral.

(a)

(b)

xr =

I=—

o fla—u)+ f(u

/f t—udu—/f g(t —u)d

U

fla—u) _ fa—u )+ f(u) — flu)
Fa—o+ @™ /i fla—u)+ @) °

:/0 duf/0 Mdu,]a[so?]a,laﬂ

3/2

1
=, d
U

€r =

impossible because

1
1422

(c) m/4

1 L | ) L | -
——du, I = | ———(-1/u’)du = — | ———du = —I so I = 0 which is
u

1 1+1/u?

is positive on [—1,1]. The substitution v = 1/x is not valid because u

qut+1

is not continuous for all  in [—1, 1].

(a) Let u= —x then

(b)

" flade =

—a

—a

T rcwiu= [ rcwdu=— [ fuda

a —a —a

so, replacing v by x in the latter integral,

" flaydz =

—a

_ [ f(z)dz, 2 ’ f(z)dz =0, ’ f(z)dx =

0 a
The graph of f is symmetric about the origin so f(z)dzx is the negative of / f(x)dx
—a 0

thus

—a

" flade =

= [ stewa= [ swa= [Cwa= [ i

a 0 a
f(x)da = _f@MWﬁAfWMx=

0 a 0
f(z)dz —|—/ f(z)dz, let w = —x in f(z)dx to get
0 —a
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50 f(x)da:/oaf(x)da:Jr/oa f(a:)d:cQ/Oaf(x)da:

The graph of f(z) is symmetric about the y-axis so there is as much signed area to the left
of the y-axis as there is to the right.

1
70. (a) By Exercise 69(a), / xy/cos(z?)dxr =0
—1
(b) u=2—n/2,du = dz,sin(u+ 7/2) = sinu, cos(u + 7/2) = —sinu

T /2 /2
/ sin® 2 cos® z dx = / sin® u(—sin® u) du = — / sin'® u du = 0 by Exercise 69(a).
0 —m/2 —m/2

EXERCISE SET 6.9
1. y y
(a) P © |
2 2
1+ 1
L !
1 2 3 1 e
2. y
37
27
17
1
21 3
3002
qac 11/c
3. (a) Int| =In(ac)=lna+Inc=7 (b) Int =In(1/c) = -5
Nl 5l
qa/c 1a®
(c) 1nt1 =In(a/c)=2—-5=-3 (d) 1nt1 =Ina® =3Ina=6
1va 1 12
4. (a) Int azlnal/zzilrla:9/2 (b) Int a:1n2+9
Nl 5l
2/a a
(c) hat}1 =In2-9 (d) 1nt}2:9—1n2

5. In5 = 1.603210678; In5 = 1.609437912; magnitude of error is < 0.0063

6. In3 & 1.098242635; In3 = 1.098612289; magnitude of error is < 0.0004

7. (a) z7h x>0 (b) 2%, 2#0
(¢) —2? -0 <z <400 (d) —z, —c0o <z <400
(e) z3,2>0 (f) mz+az, >0

(g) z— ¥x, —c0o <z < +00 (h) e;,az:>0
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8. (a) f(h’l 3) = 6721113 — eln(1/9) — ]_/9
(b) f(ln2)=em?43e 2 =243em(1/2) =243/2=7/2

9. (a) 37 = eTrlnB (b) 2\/5 — eﬂan

10. (a) 7 % =e 27 (b) 22 = ¢2ehnw

1 12 1 zq 2
w0 ()] [ ()] -
r——+00 xX Tr—+00 x

2
(b) y =2z, lim (1+ y)2/y = lim [(1 + y)l/y} — 2
y—0 y

—0

1 y/3 1 yq1/3 1 yq1/3
12. (a) y =3z, lim (1 + > = lim [(1 + ) ] = { lim (1 + ) } =el/3
y——+00 Y y—+o00 Yy y—+o00 Y
: 1/3z 1. 1213 s
(b) lim (1+2) Zalcli%{(l-i-x) } —e
13. J(v)=22—-x 14. ¢ (z)=1-cosz
1 2\ 3 lnxl _
15. (a) E(&r)—; (b) e x_l
1 1
16. (a) 2zvz2+1 (b) — (2) sin ()
x T
cos T —(2% + 3)sin & — 2z cosz
17. F’ = —— F” =
7. P = S P N
(a) 0 (b) 1/3 () 0
18. F'(x)=+3x2+1, F'(x) = s
322 +1
(a) 0 (b) VI3 (c) 6/VT3

2
d x
19. (a) %/1 tV1 +tdt = /1 + 22(27) = 22°\/1 + 22

1v2

2
v 2 2
(b) / t\/1+tdt:—g(z2+1)3/2+g(x2+1)5/2— G
1

20. @) o [ fd =L / " F(t)dt = — f(a)

g(z)
® (w)f(t)dtz—;i | it = —fle@)d @)

t 2
21. (a) —sina? (b) —%se@x:—tarﬂx
an® x

22. (a) —(22+1)% (b) — cos® (i) (_1) _ cos®(1/z)

2 2
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23.

24.

25.

26.

27.

28.

29.

30.

Chapter 6
3z —1 49 2 -1
922 +1 " et
If f is continuous on an open interval I and g(z), h(x), and a are in I then
9(x) a g9(z) h(z) 9(x)
/ fdt= [ e+ / F)dt = —/ )t + / F(t)dt
h(x) h(x) a a a
d 9@ , ,
s0 —— f@)dt = —f(h(z))W' () + f(g(x))g' ()
dzx h(z)
(a) sin?(z%)(3z2) — sin®(2?)(2z) = 322 sin?(2?) — 22 sin?(z?)
1 1 2
b 1) — —1)=——=
(b) 1+x() l—x( ) 1—z2
1 1
F'(z)= 3—(3) ——(1) = 0so F(x) is constant on (0,40c). F(1) =In3 so F(z) =1n3 for all z > 0.
x x

10

3 5 7
from geometry,/0 f(?f)dtzo,/3 f(t)dt:6,/5 f(#)dt = 0; and g f(®)dt

- / P4t 31y3dt = 3
7
(a) F(0)=0, F(3) =0, F(5) =6, F(7) = 6, F(10) = 3

(b) F is increasing where F' = f is positive, so on [3/2,6] and [37/4, 10], decreasing on [0, 3/2]
and [6,37/4]
(¢) critical points when F'(z) = f(x) = 0, so z = 3/2,6,37/4; maximum 15/2 at = 6, minimum
—9/4 at x = 3/2
(d)  AF®
6
41
2+

1 10

1
fave = 15— | fOdt = {5F(10) =03

x<0:F(x)= /m (—t)dt = —th} _ %(1 — ),
-1

—1 2

0 x 1 1 (1-22)/2, <0
xEO:F(x):/ (—t)dt+/ tdt = -+ 2% F(z) =

—1 0 22 (1+22)/2, >0

e 1
ogxgzzF(x)z/ tdtzixz,
0

22/2, 0<x<2

2 —2, z>2

2 T
x>2:F(x)—/tdt—|—/ 2dt—2+2(x—2)—23:—2;F(x)—{
0 2
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31.

32.

33.

34.

36.

37.

38.

39.

40.

é =+ §1'4/3

x 3 x
=2 t3dt =2+ 13| =

1

o 2 2 2
y(x) = / (tY2 472t = a3/ — 2 4 2xt/? — 9 = ZpB/2 4 9gt/2 8
. 3 3 3 3

x
yle) =14 / (sec® t —sint)dt = tanz + cosx — \/5/2
/4

y(z) = / te’dt = 5675”2 ~3 35. Plz)=F +/ r(t)dt individuals
0 0

S(T) = 51 + /1T o(t)dt

IT has a minimum at x = 12, and I has a zero there, so I could be the derivative of II; on the other
hand I has a minimum near = = 1/3, but II is not zero there, so II could not be the derivative of
I, so I is the graph of f(z) and II is the graph of foz f(¢)dt.

1
(b) lim f(xk -1)= —aﬁt]tzo =lnz

(a) where f(t) = 0; by the First Derivative Test, at t = 3

(b) where f(t) = 0; by the First Derivative Test, at ¢t = 1,5

(c) att=0,1or 5; from the graph it is evident that it is at t =5
(d) att=0,3 or 5; from the graph it is evident that it is at ¢t = 3

(e) Fis concave up when F”' = f’ is positive, i.e. where f is increasing, so on (0,1/2) and (2, 4);
it is concave down on (1/2,2) and (4,5)

() F)
1E
0.5
! ! ! LY
1 3 5
-05F+
1k
(a) 4 erf(x)
! ! ! -
-4 -2 2 4
1k

(c) erf’(x) > 0 for all x, so there are no relative extrema
(e) erf”(z) = —4ze=*" /\/7 changes sign only at 2 = 0 so that is the only point of inflection
(g) lim erf(z) =41, lim erf(z)=-1

Tr— —00

T— 00
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41.

42.

43.

44.

45.

46.

Chapter 6

C'(x) = cos(mz?/2), C"(x) = —7wasin(rz?/2)

(a) cost goes from negative to positive at 2km — 7/2, and from positive to negative at
t = 2km + 7/2, so C(z) has relative minima when m22/2 = 2kt — 7/2, x = +/4k — 1,
k=1,2,..., and C(z) has relative maxima when 7z?/2 = (4k + 1)7/2, x = £/4k + 1,
E=0,1,...

(b) sint changes sign at t = km, so C(z) has inflection points at m2?/2 = kn, x = +v/2k,
k=1,2,...; the case k = 0 is distinct due to the factor of z in C”(z), but = changes sign at
z = 0 and sin(mz?/2) does not, so there is also a point of inflection at z =0

v F(x+h)—F 1ot
Let F(z) = / Intdt, F'(x) = lim (z+h) (z) = lim — Intdt; but F'(z) = Inx so
1 h—0 h h—0 h J,
1 x+h
lim — Intdt =Inz
h—0 h

x

xT x xT
Differentiate: f(z) = 3e3%, so 2 +/ f@®)dt=2 —|—/ 3e3tdt =2 + e‘rﬂ =243 — 3 =

provided €3* =2, a = (In2)/3.

(a) The area under 1/t for z <t < x4 1 is less than the area of the rectangle with altitude 1/x
and base 1, but greater than the area of the rectangle with altitude 1/(x + 1) and base 1.

x+1 z+1

(b) / tdtzlnt} =Iln(z+1)—Inz =In(1+1/z), so

1/(z +1) < In(1+ 1/2) < 1/z for > 0.
(c) from Part (b), /(@) < n(+1/z) < ol/z ol/(@H1) < 1 4 1/2 < e'/®,

e/ (@) < (14 1/x)® < e; by the Squeezing Theorem, liIJIrl (1+1/x)" =e.
(d) Use the inequality e*/(®t1) < (14 1/z)* to get e < (14 1/z)**+! so

(14+1/2)% <e< (1+1/x)"F

- 1\ 3
e — -

50

From Exercise 44(d) y(50), and from the graph y(50) < 0.06

0 / 100

F'(z) = f(x), thus F’(x) has a value at each z in I because f is continuous on [ so F is continuous
on I because a function that is differentiable at a point is also continuous at that point
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CHAPTER 6 SUPPLEMENTARY EXERCISES

5. If the acceleration a = const, then v(t) = at + vo, s(t) = at? + vot + so.

6. (a) Divide the base into n equal subintervals. Above each subinterval choose the lowest and
highest points on the curved top. Draw a rectangle above the subinterval going through the
lowest point, and another through the highest point. Add the rectangles that go through the
lowest points to obtain a lower estimate of the area; add the rectangles through the highest
points to obtain an upper estimate of the area.

(b) m=10: 25.0 cm, 22.4 cm
(¢) n=20: 244 cm, 23.1 c;m

1 1 3 1 3
3 35
S|l -1-—7)=——F d) -2
@ 5(-1-2) =3 (@)
(e) not enough information (f) not enough information
1 5 . .
8. (a) 3 +2= B (b) not enough information
1 13
(c) not enough information (d) 4(2) - 3§ =3

9. (a) /11d93+/11\/I—JL‘le‘Z2(1)+7T(1)2/2=2+7T/2

1 8 1
(b) g(z“' + 1)3/2} - m(3)%/4 = g(103/2 —1)—97/4

e 1
(c) u=2? du= 2xdr; 5/ V1—u?du = §W(1)2/4:7r/8
0

1
10. - by
2 1
0.8
0.6
04
02}
A VAT
0.2 0.6

11. The rectangle with vertices (0,0), (m,0), (w,1) and (0,1) has area 7 and is much too large; so

is the triangle with vertices (0,0), (7,0) and (7, 1) which has area 7/2; 1 — 7 is negative; so the
answer is 357 /128.

Divid 9 e2® . 3e*
12. ivide e* + 3 into e** to get =e" — —— so
v * & e 3 e +3
/ < /””d 3/ ¢ =" —3In(c"+3)+C
x= [ e’dr — r=¢e” —31In(e
e +3 e +3
13. Since y = €* and y = Inx are inverse functions, their graphs s
are symmetric with respect to the line y = x; consequently the A
areas A; and As are equal (see figure). But 4; + Az = e, so
e 1 1
A
/lnxdx—F/ e’dr =As+As3=A+ A1 =¢ 2 A5 | x
1 0
1 e
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14.

15.

16.

17.

Chapter 6

I s b &
1 ,:2: YAz wh - " dAz=1/nfor0<z<1 Th
() nkg_\/; f(xy)Az where f(z) =z, x} /n, and Az /nfor 0 <z < us

1 ' 2de = =
niH%olez:\/ /r T

1~ [k
b) — - YAz wh = =k dAz=1/nfor0<z <1 Th
(b) nz<n> Zf zy)Az where f(z) = 2*, z} /n,and Az =1/n for 0 < z us

1
lim — ( > 4dx =
n—-4o0o ’rL 5
(c) E (z3)Az where f(z) = e*,z} = k/n, and Ax = 1/n for 0 < z < 1. Thus
k=1 =1
n /n
li =1 YAz = Ydr =e— 1.
T ,; ngrwaf AT = / e

1
Since f(x) = — is positive and increasing on the interval [1,2], the left endpoint approximation
x

1
overestimates the integral of — and the right endpoint approximation underestimates it.
x

(a) For n =5 this becomes

2
(b) For general n the left endpoint approximation to / —dr =1n2is
1z

n n n—1

1 1 1 1 . . . Lo
E kZ:l m = ; m = kZ;O m and the I'lght endpomt approximation 1s

n 1 n 1 2 n—1 1
; e This yields ; Tk < /1 —dz < Z S Wthh is the desired inequality.
1 1 1 1
(c¢) By telescoping, the difference is — — — = — so — <0.1,n >5
n  2n  2n 2n —
(d) n>1,000

The direction field is clearly an even function, which means that the solution is even, its derivative
is odd. Since sin x is periodic and the direction field is not, that eliminates all but x, the solution
of which is the family y = 2%/2 + C.

bg:
=
N

(@) 1-242: 3+ +nn+1)=>Y kk+1)=
1 k=1 k=1

nn+1)2n+1) + %n(n +1)= %n(n +1)(n+2)

(b) S(i—;)zzgl— Zk— n—l—n12~;(n—1)(n):127(n;1);

@ ¥ [Ser| -y
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14 19
18. (a) > (k+4)(k+1) (b) > (k—1)(k—4)
k=0 k=5

19. For 1 < k < n the k-th L-shaped strip consists of the corner square, a strip above and a strip to
n

the right for a combined area of 1+ (k—1)+ (k—1) = 2k —1, so the total area is Z(Qk —1) =n?
k=1

n

n n 1
20. 1+3—|—5—|—~~-+(2n—1):;(Zk'—l):2;k—;1:2~§n(n+1)—n:n2

21. (35 —3%) 4+ (35 —35) + ... 4 (317 — 316) = 317 _ 34
1 1 1 1 1 50
22. (1-= oY (oYY
( 2)+<2 3>+ +<50 51) 51

o3 (L LY (L 1Y, (L 1N_1  _ 39
To\22 12 32 22 202 192 ) 202 400

24. (22— 2)+ (23 —22) 4 ... 4 (2101 — 9100y — 9101 _ 9

n

- 1 1 1 1
25. (a) ;(2k1)(2k+1):2z(2k1_2k+1)

k=1
L[Ny (L oy Loy, !
2 3 3 5 5 7 2n—1 2n+1
_1 1 1 _ n
) n+1| 2n+1
1
(b) lim L
n—too 2n+1 2
- 1 " /1 1
26. (a) Y = (>
—k(k+1) Z=\k k+1
O AU S A S S A U £ B
o 2 2 3 3 4 n n+1
1 1 _n
o n+l n+1
(b) lim 1

n

27. Z(xl —I)= ixz - ii = ixz —nZ but T = %ixl thus
i=1 i=1 i=1 i=1

i=1

n n
E T; = NI SOE (x; —Z)=nT—nz=0
i=1 i=1

28. S—rS= iark — iar]Hl

k=0 k=0
=(a+ar+ar®+---+ar") — (ar +ar? + ar3 + -+ + ar" ™)
=a—ar"t =aq(1—r*tl)

so (1—7)S =a(l—r"*1) hence S =a(l —r"t)/(1 1)
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29. (a) Zsk“ Zs (3k) = 30-3%) _ §(320 -1)
—3 2
5 5 172 ) 1 5
(b) ;02’“ 22 ok — — =23 _ 2
© ffm (1) _EDA-EYDY) 20
— 2 B 1—(-1/2) 3

30. (a) 1.999023438,1.999999046,2.000000000; 2 (b) 2.831059456,2.990486364, 2.999998301; 3
31. (a) If u=secx, du = secxtanxdz, /sec2 ztanxdr = /udu =u?/2 4 Oy = (sec’ x)/2 + Cy;

if u = tanz, du = sec? zdz, /seczxtanxda: = /udu =u?/24 Cy = (tan?2)/2 + Cs.

(b) They are equal only if sec? z and tan? x differ by a constant, which is true.

L 2 T oo 1]
82 gsec’s) = 5(2-1)=1/2 and Jtan x}o = 51-0)=1/2

2
33. /\/ 1+ 272/3dx = /x_1/3\/ 22/3 + 1dz; u = 22/ + 1, du = gx_l/?’dx

g/ulﬂdu: WP+ C =P 1) 40
b on noob
3. (@) [ 3 fuwdr=Y" / fol(@)da
¢ k=1 k=179

b b
(b) yes; substitute ¢ fx(x) for fi(z) in part (a), and then use / ek fr(z)de = ck/ fe(z)dx
from Theorem 6.5.4 ‘ ‘

4
35. left endpoints: =} =1,2,3,4; Zf(x};)Ax =2+3+2+1)(1)=38
k=1

4

right endpoints: z} = 2,3,4, 5; Z flep)Az=3+2+1+2)(1)=8
k=1

36. (a) z;=0,1,2,3,4

4
S fapAz=(+e +e*+e’+et) (1) =(1-¢")/(1-¢)=85791
k=1
(b) xF=1,2,3,4,5
4
S fapAz= (el +e®+e’ +et+e°) (1) =e(l—e)/(1—e) = 233204
k=1

(c) x;=1/2,3/2,5/2,7/2,9/2
4
flap)Az = (61/2 +e3/2 452 4 T2 4 e9/2) (1) =e/2(1—€%)/(1 — €) = 141.446
k=1

o—

1 ‘1 1 c 11 1
37. fave: — —dx = Inz = — = s
e—1J), x e— e—1 z* e—1
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38.

39.

41.

42.

43.

44.

45.

46.

47.

48.

6

lim —
n—-+o00 n n?

—~[25(k—1) 25(k—1)?15 125
> | |-

k=1

0.351220577, 0.420535296, 0.386502483 40. 1.63379940, 1.805627583,1.717566087

n—-+o0o

n 1
f(x):e‘”,[a,b]:[0,1],Aac:l; lim Zf(sc,*c)l:/ efdr=e—1
n Pt nJo

(a) e® (b) Inz

(a) /196 ﬁdt (b) /—xln(e2+e—1) ﬁdt

(a) F'(z)= izi;?;; increasing on (—o00, —v/3], [v/3, +00), decreasing on [—v/3, /3]
(b) F"(z)= 7(56223_967)2; concave down on (—o0,0), concave up on (0, +00)

(c) xggloo F(x) = Foo, so F has no absolute extrema.

(d) o5t

F(x)
| | | | | | | / X
_71 4

-0.5

1 1
N 1—|—x2+1—|—(1/x)

F'(x)

5(—1/2®) = 0 so F is constant on (0, +00).

(—3,3) because f is continuous there and 1 is in (-3, 3)

(a) The domain is (—oo,+00); F(z) is 0 if z = 1, positive if x > 1, and negative if x < 1, because
the integrand is positive, so the sign of the integral depends on the orientation (forwards or
backwards).

(b) The domain is [—2,2]; F'(z) is 0 if x = —1, positive if —1 < z < 2, and negative if
—2 <z < —1; same reasons as in Part (a).

The left endpoint of the top boundary is ((b—a)/2, h) and the right endpoint of the top boundary
is (b+a)/2,h) so

2hz /(b —a), z<(b—a)/2
f(x) =< h, b—a)/)2<z<(b+a)/2
2h(x —b)/(a —b), x> (a+b)/2

The area of the trapezoid is given by

(b,a)/g 2h (b+a)/2 b 2h _ b
/ z der/ hder/ Ldm = (b—a)h/4+ah+(b—a)h/4 = h(a+Db)/2.
0 b—a (b—a)/2 (b+a)/2 @ — b
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49. (a) no, since the velocity curve is not a straight line
(b) 25<t<40 (c) 3.54 ft/s (d) 141.5 ft
(e) no since the velocity is positive and the acceleration is never negative
(f) need the position at any one given time (e.g. sg)

52 3752

t
1 1t
50. w(t):/O 7/7dr = t*/14, assuming wy = w(0) = 0; wave:%/% t2/7dt:%ﬁ N

26
Set 676/3 = t2/14,t = ig\/ﬁ, so t &~ 39.716, so during the 40th week.

= 676/3

1 1 1
51. u =5+ 2sin 3z, du_600s3mdx;/Mdu—3u1/2—|—0—3\/5+2sin317+C’
u

1 4 4
2. = = —dx: | 2 — 1,3/2 _ = 3/2
52. u=3++/z, du Qﬁdm’ / Vudu U +C 3(3—!—\/5) +C

1 1 1
du=——+0C

=4 C
3au? 3au 3a2x3 + 3ab +

53. u=az®+b, du = 3ax?dx; /

1 1 1

54. u = azx?, du = 2axdxr; — /sec2 udu = — tanu + C = — tan(az?) + C
2a 2a 2a
1 1

1 3 1 1
55. (- ——+-— = 389/192 56. —— sin® =0
( 3u  wu + 4u4>} L, / 3r o T o
2

2
1
57. u=Inz, du:(l/x)dx;/ dulnu] =1n2
1 u 1

58. /01 e 2de = 2(1 — 1/+/e)

1/4
59. u=e"2 du= —2e **dx; —1/ / (1 + cosu)du = 3 —&—1 sin 1 —sin1
2/, 87 2 4

100000
60. 100,000/(In 100,000) =~ 8686;/ 3 dt ~ 9629, so the integral is better
2 n

b
61. With b = 1.618034, area = / (z + 2? — 2%)dr = 1.007514.
0

1 2 2
62. (a) f(x)= §x2 sin3z — o sin 3z + g cos 3z — 0.251607

s 4

1 7
63. (a) Solve Zk“ —k—k> 4+ 7 = 0 to get k = 2.073948,

1 1 1
(b) Solve —7 cos 2k + gk?’ +5 =3 to get k = 1.837992.

r t T
64. F(z)= dt, F'(x) = ——, so F is increasing on [1, 3]; F; = F(3) =~ 1.152082854
@)= | St P = gon [1,3) Finax = F(3)

and F F(1) ~ —0.07649493141

min —
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65.

277

(a) IR (b)  0.7651976866 (c) Jo(z) =0 if 2 = 2.404826
| L1

CHAPTER 6 HORIZON MODULE

1.

v5(0) = 35 cosa, so from Equation (1), z(t) = (35 cos a)t; v,(0) = 35sina, so from Equation (2),

y(t) = (35sin )t — 4.9¢%.

dz(t dy(t
@ 0t = T 35050, v,) = Y0 35600 - 0.8t
dt dt
(b) wy(t) =35sina — 9.8, vy(t) = 0 when ¢t = 35sina/9.8;
y = v, (0)t — 4.9t> = (35sina)(35sin ) /9.8 — 4.9((35sin ) /9.8)? = 62.5sin? @, so
Ymax = 62.5 sin? a.

0.004
t=x/(35cos ) so y = (35sina)(z/(35cosa)) — 4.9(x/(35 cos a))® = (tan o)z — — z?;
cos? a
the trajectory is a parabola because y is a quadratic function of x.
o o o o o o o o 65
15° | 25° | 35° | 45° | 55° | 65° | 75° | 85
no | yes | no | no | no | yes | no | no
0 =7/ 120
0

y(t) = (35sina s)t — 4.9t = 0 when t = 35sin /4.9, at which time

x = (35cosa)(35sin «/4.9) = 125 sin 2qy; this is the maximum value of z, so R = 125 sin 2« m.

(a) R =95 when sin2a = 95/125 = 0.76, a = 0.4316565575,1.139139769 rad = 24.73°,65.27°.

(b) y(t) < 50 is required; but y(1.139) ~ 51.56 m, so his height would be 56.56 m.
0.4019 < o < 0.4636 (radians), or 23.03° < a < 26.57°



