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Chapter 1

Numerical Linear Algebra

From a practical standpoint numerical linear algebra is without a doubt the single most important
topic in numerical analysis. Nearly all other problems ultimately reduce to problems in numerical
linear algebra; e.g., solution of systems of ordinary differential equation initial value problems by
implicit methods, solution of boundary value problems for ordinary and partial differential equations
by any discrete approximation method, construction of splines, and solution of systems of nonlinear
algebraic equations represent just a few of the applications of numerical linear algebra. Because
of this prevalence of numerical linear algebra, we begin our treatment of basic numerical methods
with this topic, and note that this is somewhat non-standard.

There are two main problems encountered in numerical linear algebra: i) solution of linear
systems of equations, and 4i) the algebraic eigenvalue problem. Much attention will be given to the
first of these because of its wide applicability; all of the examples cited above involve this class of
problems. The second, although very important, occurs less frequently, and we will provide only a
cursory treatment.

1.1 Solution of Linear Systems

As will often be done throughout this book, we will begin this topic with a short review of the
basic mathematical background. We will then proceed to the treatment of the two main classes of
methods for solving linear systems: i) direct elimination, and i) iterative techniques. For the first
of these, we will consider the general case of a nonsparse N x N system matrix, and then study a
very efficient elimination method designed specifically for the solution of systems whose matrices
are sparse, and banded. The study of the second topic, iterative methods, will include only very
classical material. It is the author’s opinion that students must be familiar with this before going
on to study the more modern, and much more efficient, methods. Thus, our attention here will be
restricted to the topics Jacobi iteration, Gauss-Seidel iteration and successive overrelaxation.

1.1.1 Some Facts from Linear Algebra

Before beginning our treatment of numerical solution of linear systems we will review a few im-
portant facts from linear algebra, itself. We typically think of linear algebra as being associated
with vectors and matrices in some finite-dimensional space. But, in fact, most of our ideas extend
quite naturally to the infinite-dimensional spaces frequently encountered in the study of partial
differential equations.

We begin with the basic notion of linearity which is crucial to much of mathematical analysis.
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Definition 1.1 Let S be a vector space defined on the real numbers, R (or the complex numbers,
C), and let L be an operator (or transformation) whose domain is S. Suppose for any u,v € S and
a,b € R (or C) we have

L(au + bv) = aLu + bLv. (1.1)

Then L is said to be a linear operator.

Examples of linear operators include M x N matrices, differential operators and integral oper-
ators.

It is generally important to be able to distinguish linear and nonlinear operators because prob-
lems involving only the former can often be solved without recourse to iterative procedures. This
is seldom true for nonlinear problems, with the consequence that corresponding algorithms must
be more elaborate. This will become apparent as we proceed.

One of the most fundamental properties of any object, be it mathematical or physical, is its
size. Of course, in numerical analysis we are always concerned with the size of the error in any
particular numerical approximation, or computational procedure. There is a general mathematical
object, called the nmorm, by which we can assign a number corresponding to the size of various
mathematical entities.

Definition 1.2 Let S be a (finite- or infinite-dimensional) vector space, and let || - || denote the
mapping S — Ry U {0} with the following properties:

i) |lv|| >0 with |v]| =0 iffv=0, YveS,
i) llav| = |a| [|v]|, Vv € S, a €R,
i) |lv+w| < o] + [[w]] V v,weS.

Then || - || is called a norm for S.

Note that we can take S to be a space of vectors, functions or even operators, and the above
properties apply. It is important to observe that for a given space S there are, in general, many
different mappings || - || having the properties required by the above definition. We will give a few
specific examples which are of particular importance in numerical linear algebra.

If S is a finite-dimensional space of vectors with elements v = (vy,vo,...,vx)T then a familiar
measure of the size of v is its Euclidean length,

N oO\?
vl = (Z U?) : (1.2)
i=1

The proof that | - ||,, often called the Euclidean norm, or simply the 2-norm, satisfies the three
conditions of the definition is straightforward, and is left to the reader. (We note here that it is
common in numerical analysis to employ the subscript £ to denote this norm and use the subscript
2 for the “spectral” norm for matrices. But we have chosen to defer to notation more consistent
with pure mathematics.) Another useful norm that we often encounter in practice is the maz-norm
or infinity-norm defined as
= . 1.3
0]l RS |vil (1.3)
In the case of Euclidean spaces, we can define another useful object related to the Euclidean
norm, the inner product (often called the “dot product”).
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Definition 1.3 Let v,w € S, where S is a N-dimensional Euclidean Space. Then

N
(v,w) = Eviwi (1.4)
=1
is called the inner product.

It is clear that (v,v) = ||v||§ for this particular kind of space; moreover, there is a further property
that relates the inner product and the norm, the Cauchy-Schwarz inequality.

Theorem 1.1 (Cauchy-Schwarz) Let S be an inner product space with inner product (- ,-) and
norm || - ||,. If v,w € S, then
(v, w) < vl flwlly - (1.5)

We have thus far introduced the 2-norm, the infinity-norm and the inner product for spaces of
finite-dimensional vectors. It is worth mentioning that similar definitions hold as well for infinite-
dimensional spaces, i.e., spaces of functions. For example, suppose f(x) is a function continuous
on the closed interval [a, b], denoted f € Cl[a,b]. Then

[flloe = max |f(z)]. (1.6)

z€ [a,b]

Similarly, if f is square-integrable on [a, b], we have

b >
I = ([ r2ar)

The space consisting of all functions f such that || f||, < oo is the canonical Hilbert space, L?[a, b).
The Schwarz inequality holds in any such space, and takes the form

/abfgdxs (/abedxf (/a”gzdwf Y f.ge Il bl.

We next need to consider some corresponding ideas regarding specific calculations of norms of
operators. The general definition of an operator norm is as follows.

Definition 1.4 Let A be an operator whose domain is D. Then the norm of A is defined as

I4]l = max [[Az]] v = € D(A) . (1.7)
x||l=

It is easy to see that this is equivalent to

_ | Az]]

Al = max
[0 ||z]|

from which follows an inequality similar to the Cauchy-Schwarz inequality for vectors,
[Az]| < [[A] [l (1.8)

We should remark here that (1.8) actually holds only in the case when the matrix and vector norms
appearing in the expression are “compatible,” and this relationship is often used as the definition
of compatibility.



4 CHAPTER 1. NUMERICAL LINEAR ALGEBRA

We observe that neither (1.7) nor the expression following it is suitable for practical calculations;
we now present three norms that are readily computed, at least for M x N matrices. The first of
these is the 2-norm, given in the matrix case by

1
2

M,N
IAll, = | D el ] - (1.9)

2,j=1

Two other norms are also frequently employed. These are the 1-norm

M
All. = » 1.1
141, lglj%;\awl, (1.10)
and the infinity-norm
N
1Al = 12%)](\/[2;|aij| : (1.11)
]:

We note that although the definition of the operator norm given above was not necessarily
finite-dimensional, we have here given only finite-dimensional practical computational formulas.
We will see later that this is not really a serious restriction because problems involving differential
operators are essentially always solved via discrete approximations leading to finite-dimensional
matrix representations.

There is a final, general comment that should be made regarding norms. It arises from the
fact, mentioned earlier, that in any given vector space many different norms might be employed.
A comparison of the formulas in Egs. (1.2) and (1.3), for example, will show that the number one
obtains to quantify the size of a mathematical object, a vector in this case, will change according to
which formula is used. Thus, a reasonable question is, “How do we decide which norm to use?” It
turns out, for the finite-dimensional spaces we will deal with herein, that it really does not matter
which norm is used, provided only that the same one is used when making comparisons between
similar mathematical objects. This is the content of what is known as the norm equivalence theorem:
all norms are equivalent on finite-dimensional spaces in the sense that if a sequence converges in
one norm, it will converge in any other norm. This implies that in practice we should usually
employ the norm that requires the least amount of floating-point arithmetic for its evaluation. But
we note here that the situation is rather different for infinite-dimensional spaces. In particular, for
problems involving differential equations, determination of the function space in which a solution
exists (and hence, the appropriate norm) is a significant part of the overall problem.

We will close this subsection on basic linear algebra with a statement of the problem whose
numerical solution will concern us throughout most of the remainder of this chapter, and provide
the formal, exact solution. We will study solution procedures for the linear system

Az = b, (1.12)

where z,b € RV and A: RV — RY is a nonsingular matrix. If A is singular, i.e., det(4) = 0, then
(1.12) does not, in general, admit a solution; we shall have nothing further to say regarding this
case. In the nonsingular case we study here, the formal solution to (1.12) is simply

r=A""b. (1.13)

It was apparently not clear in the early days of numerical computation that application of
(1.13), i.e., computing A~! and multiplying b, was very inefficient—and this approach is rather
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natural. But if A is a N x N matrix, as much as O(N*) floating-point arithmetic operations
may be required to produce A~!. On the other hand, if the Gaussian elimination procedure to
be described in the next section is used, the system (1.12) can be solved for z, directly in O(N?)
arithmetic operations. In fact, a more cleverly constructed matrix inversion routine would use this
approach to obtain A~! in O(N3) arithmetic operations, although the precise number would be
considerably greater than that required to directly solve the system. It should be clear from this
that one should never invert a matriz to solve a linear system unless the inverse matriz, itself, is
needed for other purposes, which is not usually the case.

1.1.2 Numerical solution of linear systems: direct elimination

In this subsection we will provide a step-by-step treatment of Gaussian elimination applied to a
small, but general, linear system. From this we will be able to discern the general approach to
solving nonsparse (i.e., having few zero elements) linear systems. We will give a general theorem
that establishes the conditions under which Gaussian elimination is guaranteed to yield a solution
in the absence of round-off errors, and we will then consider the effects of such errors in some detail.
This will lead us to a slight modification of the basic elimination algorithm. We then will briefly
look theoretically at the effects of rounding error. The final topic to be covered will be yet another
modification of the basic Gaussian elimination algorithm, in this case designed to very efficiently
solve certain sparse, banded linear systems that arise in many practical problems.

Gaussian Elimination for Nonsparse Systems

We will begin by considering a general 3 X 3 system of linear algebraic equations:

a1 a2 a3| |T1 b1
ag1 ax ay| |z2| = |b2| , (1.14)
az1 as2 asz| [z3 b3

where the matrix A with elements a;; is assumed to be nonsingular. Moreover, we assume that
no a;; or b; is zero. (This is simply to maintain complete generality.) If we perform the indicated
matrix/vector multiplication on the left-hand side of (1.14) we obtain

a1171 + a12T2 + a13r3 = by
a921T1 + a22T2 + A93T3 = b2 (1.15)

a31x1 + azore +azzry = b3 .

It is clear from this representation that if ag; = a31 = as2 = 0, the solution to the whole system
can be calculated immediately, starting with

b

3 = )
ass

and working backward, in order, to z1. This motivates trying to find combinations of the equations
in (1.15) such that the lower triangle of the matrix A is reduced to zero. We will see that the
resulting formal procedure, known as Gaussian elimination, or simply direct elimination, is nothing
more than a systematic approach to methods from high school algebra, organized to lend itself to
machine computation.

The Gaussian elimination algorithm proceeds in stages. At each stage a pivot element is selected
so as to appear in the upper left-hand corner of the largest submatrix not processed in an earlier
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stage. Then all elements in the same column below this pivot element are zeroed by means of
elementary operations (multiplying by a constant, replacing an equation with a linear combination
of equations). This continues until the largest submatrix consists of only the element in the lower
right-hand corner. We demonstrate this for the system (1.15).

At stage 1, the pivot element is a11, and in carrying out calculations for this stage we must zero
the elements as; and as;. If we multiply the first equation by the Gauss multiplier mo1 = ag1/a11
and subtract the result from the second equation, we obtain

[(121 —an (%)] x1 + [a22 — a2 (%>] o + [a23 — a3 (@)] 3 = by — by (@)
ail ail all aii

or
0 z1 + (ag2 — maia12)z2 + (ags — maia13)zs = by — mo1by.

We see that if we replace the second equation of (1.15) with this result we will have achieved the
goal of zeroing ag;. Similarly, define ms; = as1/a11, and carry out analogous operations between
the first and third equations of (1.15). This completes the first stage, because we have now zeroed
all elements below the pivot element in the first column of the matrix A. The system can now be
expressed as

a1 a2 a3l [z by
0 a3 ajs| |z2| = |b5] ,
* * E3

where
* * >k
Ay = gz — M21G12, A3 = a3 —M21a13, by = by —ma1by,
* * >k
azy = aza —M31a12, a3z = a3z —M31a13, by =bg —m31b1.
We are now prepared to continue to stage 2. Now the pivot element is a3, (not ag!) and we

have only to zero the element a3,. To show more clearly what is happening, we write the system
at this stage as

* * >
A99 T2 + A93T3 = b2

* * t3
a3pT2 + a3313 = by .

Now we define m3, = a3,/a3,, multiply this by the first equation (of the current stage), and subtract
from the second. This yields

ax as ad

* * 32 * * 32 % * 32
[a32 — Qg9 (_* )] Z2 + [%3 — Qg3 (_* )] z3 = bz — b, ( * ) .

Q99 Q99 Qo9

Thus, if we define

bl — * * * ol — * *
a33 = a3z — M3pla3, b3" = b3z —m3pby,

then the system takes the desired form, namely

a1 a2 ai3| |x1 b1
0 a3y a3s| |z2| = |05 - (1.16)
k% k%

There are several important observations to be made regarding the form of (1.16), and how it
was achieved. First, we note that the matrix in (1.16) is of the form called upper triangular; and as
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suggested earlier, such a system can be easily solved. In arriving at this form, the first equation in
the original system was never changed, but more importantly, neither was the solution vector, or
the ordering of its elements. Thus, the solution to (1.16) is identical to that of (1.14). Obviously,
if this were not true, this whole development would be essentially worthless. Next we observe that
for the 3 x 3 matrix treated here, only two elimination stages were needed. It is easily seen that
this generalizes to arbitrary N x N matrices for which N — 1 elimination stages are required to
achieve upper triangular form. Finally, we point out the tacit assumption that the pivot element
at each stage is nonzero, for otherwise the Gauss multipliers, m;; would not be defined. It is quite
possible for this assumption to be violated, even when the matrix A is nonsingular. We will treat
this case later.

We can now complete the solution of Eq. (1.14) via the upper triangular system (1.16). We
have

z3 = b3"/a3; ,
T2 = (b5 — a3373)/as;
z1 = (b1 — ai12x2 — a1323) /a1 -

From the preceding we should see that Gaussian elimination proceeds in two basic steps. The
first transforms the original system to an equivalent (in the sense that it has the same solution)
system with an upper triangular matrix. This is called the (forward) elimination step. The second
step merely solves the upper triangular system obtained in the first step. As just seen, this proceeds
backwards from the last component of the solution vector, and is termed backward substitution.

We summarize the above in a pseudo-language (or meta-language) algorithm from which a
computer code can be easily written. We will use this type of structure in various forms throughout
the text. It has the advantage of generality, thus permitting actual code generation in any language,
just as would be true with a flow chart; but use of pseudo-language algorithms is often more
appropriate than use of flow charts in scientific computing where one encounters difficulties in
making long complicated formulas fit inside the boxes of a flow chart.

Algorithm 1.1 (Gaussian Elimination)

1. Forward Elimination

Dok=1,N-1 (increment stage counter)
Doi=k+1,N (increment row indezx)
Mik = Qi Gk (calculate Gauss multiplier)
b; = b; — mby (modify RHS of i" equation)
Doj=k+1,N (increment column indez)
Ajj = Qjj — MikQk;j (modify matriz components of i'" equation)
Repeat j
Repeat 1
Repeat k

2. Backward Substitution

zy =by/ann
Doi=N-—1,1

.Tz':O
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Doj=i+1,N
Ti = T + Q45T
Repeat j
z; = (bi — zi)/aii
Repeat i

At this point we comment that it should be clear from the structure of this algorithm that
O(N?) arithmetic operations are required to obtain a solution to a linear system using Gaussian
elimination. In particular, in the forward elimination step there is a nesting of three DO-loops, each
of which runs O(N) times. In addition, the backward substitution step requires O(N?) operations;
but for large N this is negligible compared with O(N?). It is important to realize that even on
modern supercomputers, there are many situations in which this amount of arithmetic is prohibitive,
and we will investigate ways to improve on this operation count. However, for nonsparse matrices
Gaussian elimination is in most cases the preferred form of solution procedure.

We will now state a theorem that provides conditions under which Gaussian elimination is
guaranteed to succeed.

Theorem 1.2 (LU-Decomposition) Given a square N X N matriz A, let Ay denote the principal
minor constructed from the first k rows and k columns. Suppose that det(Ag) #0VEk=1,2,... N—
1. Then 3 a unique lower triangular matriz L = (£;;) with €11 = lyy = --- = {nyy = 1 and a unique
upper triangular matriz U = (u;;) 3 LU = A. Furthermore,

N
det(A) = Hu“
=1

We remark that it is not entirely obvious that Gaussian elimination, as presented above, actually
corresponds to LU-decomposition of the theorem; but, in fact, the lower triangular matrix of the
theorem can be recovered from the Gauss multipliers, as demonstrated in Forsythe and Moler [7],
for example. The importance of LU-decomposition, per se, will be more apparent later when we
treat direct solution of sparse systems having band matrices.

Rounding Errors in Gaussian Elimination

We next consider a well-known example (cf. [7]), the purpose of which is to demonstrate the effects
of rounding errors in Gaussian elimination. The system

0.0001 1.0{ |z, _ [1.0

[ 1.0 1.0] |:.’172:| - [2.0] (1.17)
has the solution 1 = 1.000, 2 = 1.000 when solved by Cramer’s rule with rounding to three
significant digits. We now perform Gaussian elimination with the same arithmetic precision. Since

this is a 2 x 2 system, there will be only a single forward elimination stage. We choose the natural
pivot element, a1; = 0.0001, and compute the Gauss multiplier

Mot = a1 /a1 = 10% .
Then, to three significant digits,

aby = agy — ma1a1z = 1.0 — (10%)(1.0) = —10%,
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and
by = by — ma1by = 2.0 — (10%)(1.0) = —10%.

We then have
T2 = b3/agy = 1.0,

and b 1.0 — (1.0)(1.0
— a19r .0 — (1. .
T = = 1272 = (1.0)( ):0.0.
ail 104
Thus, the second component of the solution is accurate, but the first component is completely
wrong.

An obvious remedy is to increase the precision of the arithmetic, since three significant digits is
not very accurate to begin with. Often, this might be the simplest approach. Unfortunately, even
for this simple 2 x 2 system we could choose a11 in such a way that Gaussian elimination would fail on
any finite machine. The desire to produce machine-independent algorithms led numerical analysts
to study the causes of rounding errors in direct elimination methods. It is not too surprising that
the error originates in the forward elimination step, and is caused by relatively (with respect to
machine precision) small values of the pivot element used at any particular stage of the elimination
procedure. From this piece of information it is clear that at the beginning of each stage it would
be desirable to arrange the equations so that the pivot element for that stage is relatively large.

There are three main strategies for incorporating this idea: i) column pivoting, ii) row pivoting
and 4ii) complete pivoting. The first of these is the easiest to implement because it requires only row
interchanges, and therefore does not result in a re-ordering of the solution vector. Numerical ex-
periments, performed for a large collection of problems, have shown that complete pivoting is more
effective than either of the partial pivoting strategies, which are generally of comparable effective-
ness. Thus, we recommend row interchange (column pivoting) if a partial pivoting strategy, which
usually is sufficient, is employed. The Gaussian elimination algorithm given earlier requires the
following additional steps, inserted between the “k” and “” DO-loops of the forward elimination,
in order to implement the row interchange strategy.

Algorithm 1.2 (Row Interchange, i.e., Column Pivoting)

1. Locate largest (in absolute value) element in column beneath pivot element

Omar = |akk|
tmaz = K
Doi=k+1,N
If |aik| > @maz, then
Umaz = |aik]
Tmaz = 1
Repeat 1

If iphae = k, begin i-loop of forward elimination
2. Interchange rows to place largest element of current column in pivot position
Doj=k N

Otemp = OQkj

Okj = Qimaz,j
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Qjrraz,j — Gtemp
Repeat j

btemp = by,
b = b

Tmazx

bimaz = btemp

It is important to note that these steps must be executed at every stage of the forward elimi-
nation procedure. It is not sufficient to seek the largest pivot element prior to the first stage, and
then simply use the natural pivot elements thereafter. It should be clear from the detailed analysis
of the 3 x 3 system carried out earlier that the natural pivot element at any given stage may be
very different from the element in that position of the original matrix.

We should also point out that there are numerous other procedures for controlling round-off
errors in Gaussian elimination, treatment of which is beyond the intended scope of this text. Some
of these, such as “balancing” of the system matrix, are presented in the text by Johnson and
Riess [15], for example.

Condition Number of a Matrix

We shall conclude this treatment of basic Gaussian elimination with the derivation of a quantity
which, when it can be calculated, provides an a priori estimate of the effects of rounding and data
errors on the accuracy of the solution to a given linear system. This quantity is called the condition
number of the system matrix.

We begin with the general system

Az =10

with exact solution z = A~'b. We suppose that A can be represented exactly, and that somehow
A~! is known exactly. We then inquire into the error in the solution vector, z, if b is in error by
6b. If the error in z is denoted dz, we have

Az + dz) = b+ 6b,

from which it follows that
dxz = A"L6b.

Thus,
1zl < [lA7*]] (168 (1.18)

Now from the original equation we have
16l < (Al flll,
and using this with (1.18) yields

oz ol < (1A= llsbll 1A 1l

or
oz _
Ioall 4y ay
]

160]]

TR (1.19)
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The inequality in Eq. (1.19) shows that the relative error in the data vector b is amplified by
an amount || A||||A™}|| to produce the relative error in the solution vector. This quantity is called
the condition number of A, denoted

cond(4) = || 4] A7, (1.20)
or often simply x(A). With a bit more work, it can also be shown (see [7], for example) that

lo4]
4]

162

ol A
Iz + oz = cond(4)

(1.21)

This inequality, together with (1.19), shows the gross effects of rounding errors on the solution
of linear systems. It is of interest to note that the elimination step of Gaussian elimination results
in the replacement of the original system matrix A with the LU-decomposition LU — §A, and the
original forcing vector b with b* — b, where §A and db are due to round-off errors.

There are several remarks to make regarding the condition number. The first is that its value
depends on the norm in which it is calculated. Second, determination of its exact value depends on
having an accurate A~'. But if A is badly conditioned, it will be difficult (and costly) to compute
A~! accurately. Hence, cond(A) will be inaccurate. There has been considerable research into
obtaining accurate and efficiently-computed approximations to cond(A). (The reader is referred to
Dongarra et al. [14] for computational procedures.) A readily calculated rough approximation is
the following: Al

All2
cond(A) =~ Tdet(A)]’
which is given in Hornbeck [11] in a slightly different context. It should be noted, however, that
this is only an approximation, and not actually a condition number, since it does not satisfy the
easily proven inequality,

(1.22)

cond(A) > 1.

A system is considered badly conditioned, or ill conditioned, when cond(A) > 1, and well con-
ditioned when cond(A) ~ O(1). However, ill conditioning must be viewed relative to the arithmetic
precision of the computer hardware being employed, and relative to the required precision of com-
puted results. For example, in current single precision arithmetic (32-bit words), condition numbers
up to O(10%) can typically be tolerated; in double precision (64-bit words) accurate solutions can
be obtained even when cond(A) > O(10°%). The interested reader may find the discussions of this
topic in Johnson and Riess [15] quite useful.

LU-Decomposition of Sparse, Band Matrices

Our last topic in this subsection is treatment of certain sparse, band matrices by means of direct
elimination. We note that iterative procedures of the sort to be discussed later are generally
preferred for solving linear systems having sparse coefficient matrices. There is, however, one
particular situation in which this is not the case, and we will consider this in the present discussion.

Sparse band matrices arise in a number of important applications as will become apparent as
we proceed through these lectures; specific instances include construction of spline approximations
and numerical solution of boundary value problems for ordinary and partial differential equations.
Thus, efficient treatment of such systems is extremely important.

Sparse, band matrices appear, generally, as in Fig. 1.1. Here, the diagonal lines represent bands
of (mostly) nonzero elements, and all other elements are zero. This particular matrix structure
is still too general to permit application of direct band elimination. In general, this requires that
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O

O

Figure 1.1: Sparse, Band Matrix

matrices be in the form called compactly banded, shown in Fig. 1.2. Part (a) of this figure shows a
three-band, or tridiagonal matrix, while Part (b) displays a pentadiagonal matrix. Both of these
frequently occur in practice in the contexts mentioned above; but the former is more prevalent, so
it will be the only one specifically treated here. It will be clear, however, that our approach directly
extends to more general cases. In fact, it is possible to construct a single algorithm that can handle
any compactly banded matrix with symmetric band structure.

@ (b)

Figure 1.2: Compactly Banded Matrices: (a) tridiagonal, (b) pentadiagonal

The approach we shall use for solving linear systems with coefficient matrices of the above form is
formal LU-decomposition as described in Theorem 1.2. The algorithm that we obtain is completely
equivalent (in terms of required arithmetic and numerical stability with respect to rounding errors)
to Gaussian elimination, and to the well-known Thomas algorithm [32] for tridiagonal systems. We
write the system as
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&, a5, X b,

%1 %o s % b,

%1 B A3 %3 b,
a, &, 43 x|=1h | (1.23)

aN—l,l aN—l,2 aN—1,3 XN—l Q\I—l
A A XN by

Observe that indexing of the elements of A is done differently than in the nonsparse case treated
earlier. In particular, the first index in the present sparse case is the equation (row) index, as was
true for nonsparse matrices; but the second index is now the band number, counting from lower
left to upper right corners of the matrix, rather than the column number.

In order to derive the LU-decomposition, we assume the matrix A can be decomposed into the
lower and upper triangular matrices, L and U, respectively (as guaranteed by the LU-decomposition
Theorem). We then formally multiply these matrices back together, and match elements of the
resulting product matrix LU with those of the original matrix A given in Eq. (1.23). This will lead
to expressions for the elements of L and U in terms of those of A.

A key assumption in this development is that L and U are also band matrices with the structure
of the lower and upper, respectively, triangles of the original matrix A. We thus have

L= , U= : (1.24)

Multiplication of L times U then yields
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d de
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Thus, as we would hope, the matrices of our proposed LU-decomposition when multiplied
together lead to the same tridiagonal matrix structure as that of the original matrix A in Eq. (1.23).
We immediately see that ¢; = a;; must hold V i = 2,...,N. Also, di = a;2, which permits
calculation of e; = a13/d1 = a13/a12. In general, we see that we can immediately calculate d; and
e; at each row of LU, since ¢; and e;_; are already known. Hence, determination of the components
of L and U is a straightforward, well-defined process.

Once we have obtained an LU-decomposition of any matrix, whether or not it is sparse or
banded, solution of the corresponding system is especially simple. Consider again the general
system

Az = b,

and suppose we have obtained upper and lower triangular matrices as in the LU-decomposition
Theorem, i.e., such that A = LU. Then

LUz = b,

and if we set y = Uz, we have
Ly =b.

But b is given data, and L is a lower triangular matrix; hence, we can directly solve for y by forward
substitution, starting with the first component of y. Once y has been determined, we can find the
desired solution, z, from Uz = y via backward substitution, since U is upper triangular. Again,
we emphasize that this procedure works for any LLU-decomposition; its use is not restricted to the
tridiagonal case that we have treated here.

We now summarize the preceding derivation for solution of tridiagonal systems with the follow-
ing pseudo-language algorithm.

Algorithm 1.3 (Solution of Tridiagonal Systems by LU-Decomposition)
1. Construction of L and U from elements of A

Doi=1,N
If’i > 1, then ;2 = Q;2 — G;10;—1,3
If’i < N, then a;3 = ai,g/az’,g
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Repeat 1
2. Forward substitution (Solve Ly =b)

Doi=1,N
Ifi=1, then by =by/aiz
else by = (b; — a;1bi—1)/a;z
Repeat 1

3. Backward substitution (Solve Uz =1y)

N = by
Doi=N-1,1
z; = bj — a; 3T

Repeat 1

It is worthwhile to compare some of the details of this algorithm with Gaussian elimination
discussed earlier for nonsparse systems. Recall in that case we found, for a N x N system matrix,
that the total required arithmetic was O(N3), and the necessary storage was O(N?). For the
tridiagonal case the situation is much more favorable. Again, for a N x N system (i.e., N equations
in N unknowns) only O(N) arithmetic operations are needed to complete a solution. The reason
for this significant reduction of arithmetic can easily be seen by noting that in the tridiagonal case
there are no nested DO-loops. Furthermore, the longest loop is only of length N. It is clear from
(1.23) that at most 5N words of storage are needed, but in fact, this can be reduced to 4N — 2 by
storing the solution vector, z, in the same locations that originally held the right-hand side vector,
b. Rather typical values of N are in the range O(10?) to O(10%). Hence, very significant savings in
arithmetic (and storage) can be realized by using band elimination in place of the usual Gaussian
elimination algorithm. We should note, however, that it is rather difficult (and seldom done) to
implement pivoting strategies that preserve sparsity. Consequently, tridiagonal LU-decomposition
is typically applied only in those situations where pivoting would not be necessary.

A final remark, of particular importance with respect to modern vector and parallel supercom-
puter architectures, should be made regarding the tridiagonal LU-decomposition algorithm just
presented. It is that this algorithm can be neither vectorized nor parallelized in any direct manner;
it works best for scalar processing. There are other band matrix solution techniques, generally
known as cyclic reduction methods, that can be both vectorized and parallelized to some extent.
Discussion of these is beyond the intended scope of the present lectures; the reader is referred to
Duff et al. [6], for example, for more information on this important topic.

1.1.3 Numerical solution of linear systems: iterative methods

From the preceding discussions of direct elimination procedures it is easily seen that if for any
reason a system must be treated as nonsparse, the arithmetic required for a solution can become
prohibitive already for relatively small N, say N ~ ((10*). In fact, there are many types of
sparse systems whose structure is such that the sparsity cannot be exploited in a direct elimination
algorithm. Figure 1.1 depicts an example of such a matrix. Matrices of this form arise in finite-
difference discretizations of fairly general two-dimensional elliptic operators, as we shall see in
Chap. 5; for accurate solutions one may wish to use at least 10* points in the finite-difference mesh.
This results in often unacceptably long execution times, even on supercomputers, when employing
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direct elimination methods. Thus, we are forced to attempt the solution of this type of problem
via iterative techniques. This will be the topic of the present section.

We will begin with a general discussion of fized-point iteration, the basis of essentially all
commonly used iteration schemes. We will then apply fixed-point theory to linear systems, first in
the form of Jacobi iteration, then with an improved version of this known as Gauss-Seidel iteration,
and finally with the widely-used successive overrelazation.

Fundamentals of Fixed-Point Iteration

Rather than start immediately with iterative procedures designed specifically for linear problems, as
is usually done in the present context, we will begin with the general underlying principles because
these will be of use later when we study nonlinear systems, and because they provide a more direct
approach to iteration schemes for linear systems as well. Therefore, we will briefly digress to study
some elementary parts of the theory of fized points.

We must first introduce some mathematical notions. We generally view iteration schemes as
methods which somehow generate a sequence of approximations to the desired solution for a given
problem. This is often referred to as “successive approximation,” or sometimes as “trial and error.”
In the hands of a novice, the latter description may, unfortunately, be accurate. Brute-force, trial-
and-error methods often used by engineers are almost never very efficient, and very often do not
work at all. They are usually constructed on the basis of intuitive perceptions regarding the physical
system or phenomenon under study, with little or no concern for the mathematical structure of the
equations being solved. This invites disaster.

In successive approrimation methods we start with a function, called the iteration function,
which maps one approximation into another, hopefully better, one. In this way a sequence of possi-
ble solutions to the problem is generated. The obvious practical question that arises is, “When have
we produced a sufficient number of approximations to have obtained an acceptably accurate an-
swer?” This is simply a restatement of the basic convergence question from mathematical analysis,
so we present a few definitions and notations regarding this.

Definition 1.5 Let {y,}>°_, be a sequence in RN . The sequence is said to converge to the limit
y € RY ifVe>03 M (depending on €¢) >V m > M, ||y — yn|| < €. We denote this by

limy, 00 Yym = y-

We note here that the norm has not been specified, and we recall the earlier remark concerning
equivalence of norms in finite-dimensional spaces. (More information on this can be found, for
example, in Apostol [1].) We also observe that when N = 1, we merely replace the norm, ||-||, with
the absolute value, |- |.

It is fairly obvious that the above definition is not generally of practical value, for if we knew
the limit y, which is required to check convergence, we probably would not need to generate the
sequence in the first place. To circumvent such difficulties mathematicians invented the notion of
a Cauchy sequence.

Definition 1.6 Let {y,,}°_; € RN and suppose thatV ¢ > 03 M (depending one) >V m,n > M,
lym — ynl|| < €. Then {ym} is a Cauchy sequence.

By itself, this definition would not be of much importance; but it is a fairly easily proven fact
from elementary analysis (cf. [1]) that every Cauchy sequence in a complete metric space converges
to an element of that space. It is also easy to show that R" is a complete metric space V N < oo.
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Thus, we need only demonstrate that our successive approximations form a Cauchy sequence, and
we can then conclude that the sequence converges in the sense of the earlier definition.

Although this represents a considerable improvement over trying to use the basic definition
in convergence tests, it still leaves much to be desired. In particular, the definition of a Cauchy
sequence requires that ||y, — yn|| < € hold V € > 0, and V m,n > M, where M, itself, is not
specified, a priori. For computational purposes it is completely unreasonable to choose € smaller
than the absolute normalized precision (the machine-€) of the floating-point arithmetic employed.
It is usually sufficient to use values of € ~ O(e/10), where e is the acceptable error for the computed
results. The more difficult part of the definition to satisfy is “ V m,n > M.” However, for well-
behaved sequences, it is typically sufficient to choose n = m + k where k is an integer between
one and, say 100. (Often k£ = 1 is used.) The great majority of computer-implemented iteration
schemes test convergence in this way; that is, the computed sequence {y,,} is considered to be
converged when ||y,+1 — ym|| < € for some prescribed (and often completely fixed) e. In many
practical calculations € ~ 1072 represents quite sufficient accuracy, but of course this is problem
dependent.

Now that we have a means by which the convergence of sequences can be tested, we will study a
systematic method for generating these sequences in the context of solving equations. This method
is based on a very powerful and basic notion from mathematical analysis, the fized point of a
function, or mapping.

Definition 1.7 Let f: D — D,D C RY. Suppose x € D, and x = f(z). Then z is said to be a
fized point of f in D.

We see from this definition that a fixed point of a mapping is simply any point that is mapped
back to itself by the mapping. Now at first glance this might not seem too useful—some point
being repeatedly mapped back to itself, over and over again. But the expression x = f(z) can be
rewritten as

z — f(z) =0, (1.25)

and in this form we recognize that a fixed point of f is a zero (or root) of the function g(z) = z— f(z).
Hence, if we can find a way to compute fixed points, we automatically obtain a method for solving
equations.

From our earlier description of successive approximation, intuition suggests that we might try
to find a fixed point of f via the following iteration scheme:

T = f(Tm—1)

where zj is an initial guess. This procedure generates the sequence {z,,} of approximations to the
fixed point z*, and we continue this until ||z;,11 — Zm|| < €.
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It is of interest to analyze this scheme graphically for f: D — D, D C R!. This is presented in
the sketch shown as Fig. 1.3. We view the left- and right-hand sides of x = f(x) as two separate
functions, y = z and z = f(z). Clearly, z = z* such that y = z is the fixed point of f; that is,
x* = f(z*). Starting at the initial guess xg, we find f(z¢) on the curve z = f(z). But according
to the iteration scheme, z1 = f(z(), so we move horizontally to the curve y = z. This locates
the next iterate, x1 on the z-axis, as shown in the figure. We now repeat the process by again
moving vertically to z = f(z) to evaluate f(z1), and continuing as before. It is easy to see that the
iterations are very rapidly converging to x* for this case.

A

f(x)

z=f(x)
fox*)

f(x) 7

LIl

f(Xo) +

I
I
I
I
I
I
I
I
I
I
H —
, X X

X0 X X

Figure 1.3: Graphical analysis of fixed-point iteration: the convergent case

But we should not be lulled into a false sense of confidence by this easy success; in general,
the success or failure of fixed-point iteration depends strongly on the behavior of the iteration
function f in a neighborhood of the fized point. Consider now the graphical construction presented
in Fig. 1.4. We first observe that the function f indeed has a fixed point, z*. But the iterations
starting from zo < z* do not converge to this point. Moreover, the reader may check that the
iterations diverge also for any initial guess zy > z*. Comparison of Figs. 1.3 and 1.4 shows that
in Fig. 1.3, f has a slope less than unity (in magnitude) throughout a neighborhood containing
the fixed point, while this is not true for the function in Fig. 1.4. An iteration function having a
slope whose absolute value is less than unity in a neighborhood of the fixed point is a fundamental
requirement for the success of a fixed-point iteration scheme. This is equivalent to requiring that an
interval on the z-axis, containing the fixed point, be mapped into a shorter interval by the iteration
function f. In such cases, f is said to be a contraction. The following theorem utilizes this basic
idea to provide sufficient conditions for convergence of fixed-point iterations in finite-dimensional
spaces of dimension N.

Theorem 1.3 (Contraction Mapping Principle) Let f be continuous on a compact subset D C RV
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. A 7= f(x)
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Figure 1.4: Graphical analysis of fixed-point iteration: the divergent case

with f: D — D, and suppose I a positive constant L <15
1f(y) = f(@)|| < Llly —=l| Vz,yeD. (1.26)

Then 3 a unique z* € D > z* = f(z*), and the sequence {x,,}5°_, generated by i1 = f(zm)
converges to £* from any (and thus, every) initial guess, xo € D.

The inequality (1.26) is of sufficient importance to merit special attention.

Definition 1.8 The inequality,
1f(y) = f@ <Llly-zl Vz,yeD

is called a Lipschitz condition, and L is the Lipschitz constant.

There are several things to note regarding the above theorem. The first is that satisfaction of
the Lipschitz condition with L < 1 is sufficient, but not always necessary, for convergence of the
corresponding iterations. Second, for any set D, and mapping f with (1.26) holding throughout,
z* is the unique fixed point of f in D. Furthermore, the iterations will converge to z* using any
starting guess, whatever, so long as it is an element of the set D. Finally, the hypothesis that f is
continuous in D is essential. It is easy to construct examples of iteration functions satisfying all of
the stated conditions except continuity, and for which the iterations fail to converge.

Clearly, it would be useful to be able to calculate the Lipschitz constant L for any given function
f- This is not always possible, in general; however, there are some practical situations in which L
can be calculated. In particular, the theorem requires only that f be continuous on D, but if we
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assume further that f possesses a bounded derivative in this domain, then the mean value theorem
gives the following for D C R!:

f() = f(a) = f'(§)(b—a), for some £ € [a,b].
Then
70) = £@] = 171 b~ al < (w7} bl
z€[a,b]
and we take
L = max |f'(z)].
z€[a,b]
(We comment that, for technical reasons associated with the definition of the derivative, we should
take D = [a — €,b + €], € > 0, in this case.)

For D C RY, the basic idea is still the same, but more involved. The ordinary derivative
must be replaced by a Fréchet derivative, which in the finite-dimensional case is just the Jacobian
matriz, and the “max” operation must be applied to the largest (in absolute value) eigenvalue of
this matrix, viewed as a function of z € D C RY. We note that there are other possibilities for
computing L in multi-dimensional spaces, but we will not pursue these here.

Jacobi Iteration

We are now prepared to consider the iterative solution of systems of linear equations. Thus, we
again study the equation Az = b. For purposes of demonstration we will consider the same general
3 x 3 system treated earlier in the context of Gaussian elimination:

@111 + a12T2 + @133 = by
a21%1 + a2 + a3T3 = by (1.27)

as1T1 + azaTo + azzrs = bs.

We want to rearrange this to obtain a form suitable for application of fixed-point iteration.
There are several ways in which this might be done, but the natural approach that is almost always
taken is to formally “solve” each equation for its “diagonal” component; i.e., solve the first equation
for z1, the second for x5, etc. This leads to

1

T = a_n(bl — a12%2 — a1323) = fi(z1, 2, 3)
1

zg = —(bg — 2121 — ag3x3) = fo(z1, 22, 23)
az?
1

z3 = a_33(b3 — a31z1 — azxx2) = f3(z1, 2, 3).

We now see that with x = (x1,z2,23)7 and f = (f1, fo, f3)7, we have obtained the form
z = f(xz), as desired. Moreover, the iteration scheme can be expressed as

m+1 1 m m
™ = an (bl—alzﬂﬂg )—a13$:(s ))

m—+1 1 m m
:IIg + ) = @ <b2 — 0,21$§ ) - G,23.’17g )) (1.28)

m—+1 1 m m
3:{(; +1) :a—33<b3—0,31$§ )—a32$§ )),
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where we have introduced parenthesized superscripts to denote iteration counters on individual
subscripted solution components. The above equations are an example of what is known as the
Jacobi iteration method for solving linear systems. For a system of N equations, the general i*»
equation of the iteration procedure is

N

(m+1) _ 1 (m) | =

z, " " i bi_Jz::laij-'Ejm = fil@1, 72, .., TN)- (1.29)
J#

The algorithm for performing Jacobi iteration on a general N x N system is as follows.
Algorithm 1.4 (Jacobi Iteration)
1. Set m =0, load initial guess into (™

2. Doi=1,N

1 N
.CE,L(-m+1) = — bz' — E aija:g-m)
(477 1

]_
J#i
Repeat 1

3. Test convergence:

x§m+1) . mz(m)

If max < €, then stop
7

(m)

1

else set x :$Z(m+1)’ i=1,....,N
m=m-+1

go to 2

It is always desirable to predict, a priori, whether an iteration scheme applied to a particular
problem will converge. Recall that for fixed-point iteration we must show that the Lipschitz constant
is less than unity in absolute value. For the case of Jacobi iteration applied to linear systems this
leads to a specific requirement on the system matrix, as we will now show.

Theorem 1.4 Let A be a N X N nonsingular matriz, and suppose Jacobi iteration is used to solve
the system Ax = b. A sufficient condition for convergence is

N
jail > Y lag| Vi=1,2,...,N. (1.30)
j=1
J#i
The condition given by inequality (1.30) is known as (strict) diagonal dominance of the matrix
A. Tt has not been our previous practice to prove theorems that have been quoted. However, the
proof of the above theorem provides a clear illustration of application of the contraction mapping
principle, so we will present it here.
Proof. We first observe that for any square matrix A, we have A = D — L — U, where
D is a diagonal matrix with elements equal to those of the main diagonal of A, and L and U are
respectively lower and upper triangular matrices with zero diagonals, and whose (nonzero) elements
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are the negatives of the corresponding elements of A. (Note that these matrices are not the L and
U of the LU-decomposition theorem stated earlier.) Then (D — L — U)z = b, and

™D = D HL +U)z™ + D b= f (:v(m)> . (1.31)

It is easily checked that this fixed-point representation is exactly the form of (1.28) or (1.29).

To guarantee convergence of the iteration scheme (1.31) we must find conditions under which
the corresponding Lipschitz constant has magnitude less than unity. From (1.31) it follows that
the Lipschitz condition is

1)~ f@)ll = | (L + D)z + Db~ D (L + D)y — Db
=[P+ )@ -y
< |7 @+ )| e~y

Hence, the Lipschitz constant is
K=|pNL+U),

so convergence of Jacobi iteration is guaranteed whenever |D~!(L + U)|| < 1. If we now take || - ||
to be the infinity-norm, then

1 X
K =max | — aj
i |a“| Z | Z]|
7j=1
J#
Thus, we find that in order for K < 1 to hold, we must have

N
|aii| > Z|ai]’| Vi=1,2,...,N.
j=1
J#i
That is, diagonal dominance is required. This concludes the proof.

An important consequence of this is that, typically, only sparse systems can be solved by
iteration. As is easily seen, in this case many of the terms in the summation in Eq. (1.29) are zero,
and hence need not be evaluated. This, of course, reduces both storage and arithmetic in addition
to providing a better opportunity for achieving diagonal dominance.

Gauss-Seidel Iteration

Recall from the algorithm for Jacobi iteration that the right-hand side of the i** equation (1.29) is
evaluated using only results from the previous iteration, even though more recent (and presumably
more accurate) estimates of all solution components preceding the i’ one have already been calcu-
lated. Our intuition suggests that we might obtain a more rapidly convergent iteration scheme if
we use new results as soon as they are known, rather than waiting to complete the current sweep
through all equations of the system. It turns out that this is, in fact, usually true, and it provides
the basis for the method known as Gauss-Seidel iteration. In this scheme the general i** equation
is given by
(m+1) _ 1 i)~ (m)

z; =— |b — Zaijx- — Z aij T, , (1.32)

1 .. J
a
” j=1 j=i+1
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i =1,2,...,N. We note that this is not strictly a fixed-point algorithm because both ™) and
2™+ appear in the iteration function. It is fairly easy, however, to effect a rearrangement that
formally achieves the fixed-point form. This is important for theoretical studies but is of little value
for practical computation, so we will not pursue it here.

It is worthwhile to make some comparisons with Jacobi iteration. Because all equations are
updated simultaneously in Jacobi iteration, the rate of convergence (or divergence) is not influenced
by the order in which individual solution components are evaluated. This is not the case for Gauss-
Seidel iterations. In particular, it is possible for one ordering of the equations to be convergent,
while a different ordering is divergent. A second point concerns the relationship between rates of
convergence for Jacobi and Gauss-Seidel iterations; it can be shown theoretically that when both
methods converge, Gauss-Seidel does so twice as fast as does Jacobi for typical problems having
matrix structure such as depicted in Fig. 1.1. This is observed to a high degree of consistency in
actual calculations, the implication being that one should usually employ Gauss-Seidel instead of
Jacobi iterations.

Successive Overrelaxation

One of the more widely-used methods for iterative solution of sparse systems of linear equations is
successive overrelazation (SOR). This method is merely an accelerated version of the Gauss-Seidel
procedure discussed above. Suppose we let z; represent the it" component of the solution obtained
using Gauss-Seidel iteration, Eq. (1.32). Let w be the so-called relazation parameter. Then we can
often improve the convergence rate of the iterations by defining the weighted average

xgmﬂ) =(1- w)xgm) + wz
mz(-m) + w (m:‘ — x(m))
= mz(-m) + wAz;

Then, replacing =} with (1.32) leads to the general i** equation for SOR:

1 i—1 N
$§m+1) = Iz(m) +w — b; — Zaijxg-mﬂ) - Z aijw§m) - fE(m) ) (1-33)
i j=1 j=i+1
1=1,2,...,N.

For 1 < w < 2, this corresponds to SOR; for 0 < w < 1, we obtain a damped form of Gauss-
Seidel often termed underrelazation. When writing a Gauss-Seidel code one should always include
the relaxation parameter as an input. Clearly Eq. (1.33), SOR, reduces to (1.32), Gauss-Seidel,
when w = 1. Thus, a computer program written using (1.33) exhibits a great deal of flexibility in

terms of controlling the rate of convergence of the iterations.
We now present a pseudo-language algorithm for implementing SOR.

Algorithm 1.5 (Successive Overrelazation)
1. Input w, € and mazitr; load initial guess into z(©).
2. Begin iterations

Do m =0, mazitr

set mazdif =0
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3. Evaluate SOR formula

Doiv=1, N
1 i—1 N
1
A.CCZ' = a,_ bz - Zaing-m—i_ ) - Z aij$§-m) - .Tz(m)
" j=1 j=i+1

if |Az;| > mazdif, then mazdif = |Ax;|
xgmﬂ) = a:gm) + wAz;

Repeat i
4. Test convergence
if mazdif < €, then print results, and stop
Repeat m

5. Print message that iterations failed to converge in maxitr iterations

A few comments should be made regarding the above pseudo-language algorithm. First, it
should be noticed that we have provided a much more detailed treatment of the SOR algorithm in
comparison with what was done for Jacobi iterations; this is because of the overall greater relative
importance of SOR as a practical solution procedure. Second, it is written for general (nonsparse)
systems of linear equations. We have emphasized that it is almost always sparse systems that are
solved via iterative methods. For these, the algorithm simplifies somewhat. We will encounter
cases of this sort later in Chap. 5. Finally, we want to draw attention to the fact that there are
really two separate criteria by which the algorithm can be stopped: i) the iteration convergence
tolerance, € and i) the maximum permitted number of iterations, mazitr. The second of these is
crucial in a practical implementation because we do not know ahead of time whether convergence
to the required tolerance can be achieved. If it happens that it cannot be (e.g., due to round-off
errors), then the iterations would continue forever unless they are stopped due to exceeding the
maximum specified allowable number.

1.1.4 Summary of methods for solving linear systems

In this subsection we will briefly summarize the foregoing discussions in the form of a table. Table
1.1 presents a listing of the main types of problems one encounters in solving linear systems of
equations. For each type we give the preferred solution method, the required storage for a typical
implementation, and the total floating-point arithmetic needed to arrive at the solution, all in
terms of the number IV of equations in the system. We note that the total arithmetic quoted for
iterative solution of sparse systems is a “typical” result occurring for SOR applied with optimal
relaxation parameter to solution of the discrete two-dimensional Poisson equation (see Chap. 5 for
more details). In general, for the case of sparse systems of this type, the arithmetic operation count
can range from slightly greater than O(N) to as much as O(N?).

A final remark on the comparison between direct and iterative methods, in general, is also in
order. Although the operation count is high for a direct method applied to a nonsparse system, this
count is precise: we can exactly count the total arithmetic, a priori, for such methods. Moreover,
this amount of arithmetic leads to the exact solution to the system of equations, to within the
precision of the machine arithmetic.

By way of contrast, we can never exactly predict the total arithmetic for an iterative procedure
because we do not know ahead of time how many iterations will be required to achieve the specified
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Table 1.1: Summary of methods for linear systems

System Matrix Preferred Method Re%t&rrqgaﬁem Ari-lt-r?;[r?étic
Nonsparse Direct elimination O(N? O(N?
Sparse Iteration, e.g., SOR O(N) O(N™
Sparse, compactly | Sparse, band L U-decom- O(N) O(N)
banded position

accuracy, although in simple cases this can be estimated quite well. Furthermore, the solution
obtained is, in any case, accurate only to the prescribed iteration tolerance, at best. On the other
hand, in many practical situations it makes little sense to compute to machine precision because the
problem data may be accurate to only a few significant digits, and/or the equations, themselves,
may be only approximations. All of these considerations should ultimately be taken into account
when selecting a method with which to solve a given linear system.

1.2 The Algebraic Eigenvalue Problem

The second main class of problems encountered in numerical linear algebra is the algebraic eigen-
value problem. As noted earlier, eigenvalue problems occur somewhat less frequently than does
the need to solve linear systems, so our treatment will be rather cursory. Nevertheless, in certain
areas eigenvalue problems are extremely important, e.g., in analysis of stability (in almost any
context) and in modal analysis of structures; hence, it is important to have some familiarity with
the treatment of eigenvalue problems. In this section we will begin with a brief description of the
eigenvalue problem, itself. We will then give a fairly complete treatment of the simplest approach
to finding eigenvalues and eigenvectors, the power method. Following this we briefly discuss what
is known as inwverse iteration, an approach used primarily to find eigenvectors when the eigenvalues
are already known. We then conclude the section with a short, mainly qualitative description of
the QR method, one of the most general and powerful of all eigenvalue techniques.
Eigenvalue problems are of the form

AX = X, (1.34)

where A is an eigenvalue of A, and X is the corresponding eigenvector. It is usual to rewrite (1.34)
as
(A= XX =0,

which clearly displays the homogeneity of the eigenvalue problem. As a result of this, nontrivial
solutions, X, exist only for those values of A such that A — Al is a singular matrix. Thus, we can
find nontrivial eigenvectors for every A such that

det(A — M) = 0, (1.35)

and only for such A. It is not hard to check that (1.35) is a polynomial of degree N in X if A
is a N x N matrix. Thus, one method for finding eigenvalues of a matrix is to find the roots of
this characteristic polynomial. If N < 4 this can be done exactly, although considerable algebra
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is involved for N > 2. Moreover, the eigenvectors must still be determined in order to obtain a
complete solution to the eigenvalue problem. We shall not consider such approaches any further,
and will instead direct our attention toward numerical procedures for calculating approximate
results for arbitrary finite V.

1.2.1 The power method

The power method is probably the simplest of all numerical methods for approximating eigenvalues.
As we will see, it consists of a fixed-point iteration for the eigenvector corresponding to the largest
(in magnitude) eigenvalue of the given matrix. Construction of the required fixed-point iteration
can be motivated in the following way.

Let {X;})¥, denote the set of eigenvectors of the N x N matrix A. We will assume that these
eigenvectors are linearly independent, and thus form a basis for RV . Then any vector in RY can
be expressed as a linear combination of these eigenvectors; i.e., for any Y € RY we have

Y=cX1+cXo+ --+cnXn,

where the ¢;s are constants, not all of which can be zero. Multiplication of Y by the original matrix
A results in
AY =1 AX1+cAXo+---+envAX N, (136)

But since the X;s are eigenvectors, we have AX; = \;X; Vi=1, 2, ..., N. Thus (1.36) becomes
AY = M X1+ coXoXo + -+ ey AN XN,

Now if Y is close to an eigenvector of A, say X;, then ¢; will be considerably larger in magnitude
than the remaining c;s. Furthermore, if we multiply by A a second time, we obtain

A%Y = e N X 4 M3 Xy + - + ey A X

Clearly, if |A1] > |A2| > --- > |An| then as we continue to multiply by A, the term corresponding to
the largest eigenvalue will dominate the right-hand side; moreover, this process will be accelerated
if Y is a good estimate of the eigenvector corresponding to the dominant eigenvalue.

We now observe that the heuristic discussion just given does not supply a useful computational
procedure without significant modification because none of the X;s or ¢;s are known a priori.
In fact, it is precisely the X;s, or at least the one corresponding to the largest A, that is to be
determined. There are a couple standard ways to proceed; here we will employ a construct that
will be useful later. From the original eigenvalue problem, AX = AX, we obtain

(X7, AX) = X (X",X),
or
(XT, AX)
XT,X)
The right-hand side of (1.37) is called the Rayleigh quotient. If X is an eigenvector of A, we can
use this formula to directly calculate the corresponding eigenvalue.

We now employ (1.36) to construct a fixed-point iteration procedure to determine the eigenvec-
tor X corresponding to the largest eigenvalue, \. We write

XM = AX(=D = A™Y = ¢ AP X + -+ + ey A XN

N m
s 1.38

j=1 M1

A= (1.37)
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Now notice that in the Rayleigh quotient for finding A, the true eigenvectors must be replaced by
the iterates defined by (1.38). Thus, the value obtained for \ is itself an iterate, defined by

<X<m)T,AX<m)>

A (xm xm)

But from (1.38) we have
AX™) = x(mt1),

Thus, we can write the iterate of A simply as
< xmT X(m+1)>

A= < xm7T X(m)> '

(1.39)

We now want to show that this iteration procedure based on Egs. (1.38) and (1.39) does, in
fact, converge to the largest eigenvalue of the matrix A. From (1.38) and (1.39) we have

N m m+1
Ai Aj
> (71) (—/\i) cici (XF, X;)

A(m—{—l) )\1 =1

= N ™ ™
Ni \j
Sy (_A1> (_Ai> cici (X, X;5)

ij=1

We have assumed from the start that [A;| > |A2| > -+ > |An], so as m — oo the first term in the
series on the right will dominate. Thus it follows that

lim A™HD) = X\ + O (/M) (1.40)

m—0o0

Hence, the sequence {)\(m)} converges to A1 as we expected. This also indirectly implies convergence
of the fixed-point iteration given by Eq. (1.38). In addition, it should be noted that in the case of
symmetric matrices, the order of the error term in (1.40) increases to 2m. (For details, see Isaacson
and Keller [12].) It is this feature that makes the present approach (use of the Rayleigh quotient)
preferable to the alternative that is usually given (cf. Hornbeck [11]).

We now present a pseudo-language algorithm for the power method. There is one further item
that needs emphasis: it is the specific definition of ¥ (™) used in the computational algorithm. Notice
in step 2, below, that this is defined as the normalization of the X vector. This normalization did
not appear in our earlier theoretical treatment, but it is necessary for the computational algorithm.
This is due to the fact that eigenvectors are not uniquely defined; without the normalization the
magnitude of the computed quantities grows continually with each iteration, and ultimately results
in uncontrollable round-off error and overflow. Computing with the normalized vector Y instead
of the original vector X alleviates this problem.

Algorithm 1.6 (Power Method)

1. Set iteration tolerance € and maximum number of iterations, maxitr;
Assign components of initial guess vector X(0) (usually taken to be all 1s).
Set iteration counter m = 0.
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2. Calculate two-norm of X™), and set

yom _ XM
[ X,

3. Calculate X(m+1) = Ay (m),

4. Form the Rayleigh quotient
< x(mT X(m+1)>

A(m+1) —
e,

5 Ifm=0,goto7
6. Test convergence of \(mt1);
If |)\(m+1) — )\(m)| < €, then print results and stop. else go to 7

7. If m < maxitr, then m=m+1
go to 2

else print error message and stop.

The power method provides the advantage of simultaneously calculating both an eigenvalue
(the largest in magnitude), and a corresponding eigenvector. On the other hand, a fair amount of
effort is required to modify the algorithm so that eigenvalues other than the largest can be found.
In addition, because the power method is a basic fixed-point iteration, its convergence rate is only
linear, as we shall show in Chapter 2. There are many other schemes for calculating eigenvalues
and eigenvectors, and we will briefly describe a couple of these in the following subsections.

1.2.2 Inverse iteration with Rayleigh quotient shifts

The inverse iteration algorithm can be derived by viewing the algebraic eigenvalue problem,
Eq. (1.34), as a system of N equations in N + 1 unknowns. An additional equation can be ob-
tained by the typical normalization constraint needed to uniquely prescribe the eigenvectors, as
discussed above. This (N +1) x (N +1) system can be efficiently solved using Newton’s method (to
be presented in Chap. 2). Here we will merely present the pseudo-language algorithm for inverse
iteration, and refer the reader to Ruhe [24] for more details.

Algorithm 1.7 (Inverse Iteration with Rayleigh Quotient Shifts)

1. Set iteration tolerance € and mazimum number of iterations, maxitr;
Load initial quess for X and X\ into X, X0,

Set iteration counter, m = 0.

2. Normalize eigenvector estimate:
x(m)

yom = 2
|,
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3. Use Gaussian elimination to solve the linear system
(A_MWQXMHn:wm

for X(m+1),
4. Calculate the Rayleigh quotient to update \:

<mmﬂxmﬂ§

)\(m-l—l) _ -
R

5. Test convergence:

I (Y - YO e 309 <
then print results and stop.
else if m < maxit, then m =m +1
go to 2

else print error message and stop.

As can be deduced from the steps of this algorithm, it has been constructed from two more basic
numerical tools, both of which have already been introduced: i) Gaussian elimination, and i) the
Rayleigh quotient. Inverse iteration has the advantage that it can be used to find any eigenvalue of
a matrix (not just the largest), and its corresponding eigenvector. Furthermore, it turns out that
the convergence rate is at least quadratic (in a sense to be described in Chap. 2), and is cubic for
symmetric matrices. The main use of this algorithm, however, is in finding eigenvectors only. It is
widely used in conjunction with the QR algorithm (to be discussed in the next section) for finding
all eigenvalues and eigenvectors of an arbitrary matrix. Finally, we remark that the matrix in step
3 of the algorithm is nearly singular (and hence, ill-conditioned) and typically nonsparse, so it is
necessary to employ high precision arithmetic and robust pivoting strategies to guarantee accurate
results when solving for X (m+1),

1.2.3 The QR algorithm

The QR method is one of the most efficient, and widely used, numerical algorithms for finding all
eigenvalues of a general N x N matrix A. It is constructed in a distinctly different manner from our
two previous methods. Namely, like a number of other procedures for computing eigenvalues, the
QR method employs similarity transformations to isolate the eigenvalues on (or near) the diagonal
of a transformed matrix. The basis for such an approach lies in the following concepts.

[)eﬁnition 1.9 Let A and P be N x N matrices with P being nonsingular. Then the matriz
A = PAP7' is said to be similar to the matriz A, and P(-)P~" is called a similarity transformation.

A fundamental property of similarity transformations is contained in the following:

Theorem 1.5 The spectrum of a matriz is invariant under similarity transformations; i.e., c(A) =
o(A), where o denotes the set of eigenvalues {)\,}Z]\il
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These ideas provide us with a very powerful tool for computing eigenvalues. Namely, we attempt
to construct a sequence of similarity transformations which diagonalize the original matrix A. Since
the new diagonal matrix has the same eigenvalues as the original matrix A (by the preceding
theorem), these can be read directly from the new (transformed) diagonal matrix. The main
difficulty with such an approach is that of constructing the similarity transformations. There is
nothing in the above definition or theorem to suggest how this might be done, and in fact such
transformations are not unique. Thus, the various algorithms utilizing this approach for computing
eigenvalues can be distinguished by the manner in which the similarity transformations are obtained.

In the QR method this is done in the following way. It is assumed that at the m!” iteration the
matrix A(™) can be decomposed as the product of a unitary matrix Q(™ (A unitary matrix is one
whose inverse equals its transpose; i.e., Q! = QT.) and an upper triangular matrix R(™)_ Hence,

Alm) — o(m) gm),

Then we calculate A™+1) ag A(m+1) = RM)Q(M) Tt is easily checked that A1 is similar to A(™)
and thus has the same eigenvalues. But it is not so easy to see that the eigenvalues can be more
easily extracted from A™*1) than from the original matrix A. Because A need not be symmetric, we
are not guaranteed that it can be diagonalized. Hence, a fairly complicated procedure is necessary
in implementations of the QR method. The interested reader is referred to Wilkinson and Reinsch
[36] for details.

We have already noted that the QR method is very efficient, and that it is capable of finding
all eigenvalues of any given matrix. Its major disadvantage is that if eigenvectors are also needed,
a completely separate algorithm must be implemented for this purpose. (Of course, this can be
viewed as an advantage if eigenvectors are not needed!) Inverse iteration, as described in the
preceding section, is generally used to find eigenvectors when eigenvalues are computed with a QR
routine.

We will not include a pseudo-language algorithm for the QR method. As may be inferred from
the above discussions, such an algorithm would be quite complicated, and it is not recommended
that the typical user attempt to program this method. Well-validated highly efficient versions of
the QR procedure are included in the numerical linear algebra software of essentially all major
computing systems.

1.2.4 Summary of methods for the algebraic eigenvalue problem

In the preceding subsections we have provided a brief account of methods for solving algebraic
eigenvalue problems. This treatment began with the power method, an approach that is straight-
forward to implement, and which can be applied to determine the largest (in magnitude) eigenvalue
of a given matrix and its corresponding eigenvector. The second method considered was inverse
iteration with Rayleigh quotient shifts. This technique is capable of finding an arbitrary eigen-
value and its associated eigenvector provided a sufficiently accurate initial guess for the eigenvalue
is supplied. As we have already noted, this procedure is more often used to determined eigenvec-
tors once eigenvalues have already been found using some other method. One such method for
finding all eigenvalues (but no eigenvectors) of a given matrix is the QR method, the last topic
of our discussions. This is a highly efficient technique for finding eigenvalues, and in conjunction
with inverse iteration provides a very effective tool for complete solution of the algebraic eigenvalue
problem.

In closing this section we wish to emphasize that the methods described above, although widely
used, are not the only possible ones, and in some cases might not even be the best choice for a
given problem. Our treatment has been deliberately brief, and we strongly encourage the reader to
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consult the references listed herein, as well as additional ones (e.g., the classic by Wilkinson [35],
and the EISPACK User’s Manual [27]), for further information.

1.3 Summary

This chapter has been devoted to introducing the basics of numerical linear algebra with a dis-
tinct emphasis on solution of systems of linear equations, and a much briefer treatment of the
algebraic eigenvalue problem. In the case of solving linear systems we have presented only the
most basic, fundamental techniques: i) the direct methods—Gaussian elimination for nonsparse
systems, tridiagonal LU decomposition for compactly-banded tridiagonal systems, and i) the iter-
ative schemes leading to successive overrelaxation, namely, Jacobi and Gauss-Seidel iteration, and
then SOR, itself. Discussions of the algebraic eigenvalue problem have been restricted to the power
method, inverse iteration with Rayleigh quotient shifts, and a very qualitative introduction to the
QR method.

Our principal goal in this chapter has been to provide the reader with sufficient information
on each algorithm to permit writing a (fairly simple) computer code, in any chosen language, that
would be able to solve a large percentage of the problems encountered from the applicable class of
problems. At the same time we hope these lectures will provide some insight into the workings of
available commercial software intended to solve similar problems.

Finally, we must emphasize that these lectures, by design, have only scratched the surface of
the knowledge available for each chosen topic—and barely even that for the algebraic eigenvalue
problem. In many cases, especially with regard to iterative methods for linear systems, there are far
more efficient and robust (but also much more elaborate and less easily understood) methods than
have been described herein. But it is hoped that the present lectures will provide the reader with
adequate foundation to permit his/her delving into the theory and application of more modern
methods such as Krylov subspace techniques, multigrid methods and domain decomposition. An
introduction to such material can be found in, e.g., Saad [25], Hackbusch [9] and Smith et al. [26],
and elsewhere.
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Chapter 2

Solution of Nonlinear Equations

In this chapter we will consider several of the most widely-used methods for solving nonlinear
equations and nonlinear systems. Because, in the end, the only kind of equations we really know
how to solve are linear, our methods for nonlinear equations will involve (local) linearization of
the equation(s) we wish to solve. We will discuss two main methods for doing this; it will be
seen that they can be distinguished by the number of terms retained in a Taylor series expansion
of the nonlinear function whose zeros (the solution) are being sought. Once a method of local
linearization has been chosen, it still remains to construct a sequence of solutions to the resulting
linear equations that will converge to a solution of the original nonlinear equation(s). Generation
of such sequences will be the main topic of this chapter.

We will first present the fixed-point algorithm of Chap. 1 from a slightly different viewpoint
in order to easily demonstrate the notion of convergence rate. Then we will consider Newton’s
method, and several of its many modifications: i) damped Newton, 4i) the secant method and i)
regula falsi. We will then conclude the chapter with a treatment of systems of nonlinear equations
via Newton’s method.

2.1 Fixed-Point Methods for Single Nonlinear Equations

In this section we will derive two fixed-point algorithms for single nonlinear equations: “basic”
fixed-point iteration and Newton iteration. The former is linearly convergent, in a sense to be
demonstrated below, while the latter is quadratically convergent.

2.1.1 Basic fixed-point iteration

Here we consider a single equation in a single unknown, that is, a mapping F: R — R, and require
to find z* € R such that F(z*) = 0. We can, as in Chap. 1, express this in fixed-point form

z" = f(z") (2.1)

for some function f that is easily derivable from F'. If we approximate f by a Taylor series expansion
about a current estimate of z*, say z("™, and retain only the first term, we have

* = f(z'™)+ 0O (:l:* — m(m)) :

Since the second term on the right cannot be evaluated without knowing z*, we are forced to
replace z* on the left-hand side with z("1) and neglect the second term on the right-hand side,

33
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which results in the usual fixed-point form:
oM = f(av(m)) . (2.2)

This is sometimes called Picard iteration.
If we subtract this from (2.1) we obtain

o — ™D = f(z*) — f (a:(m)) . (2.3)
Now define the error at the m** iteration, e,,, by
em =z — 2™ . (2.4)
Then if f is Lipschitz with Lipschitz constant L, we find that
lem+1| < Llem| -

We see from this that at each iteration the error will be reduced by a factor L. This also
shows that the error at the (m + 1) iteration depends linearly on the error at the m!* iteration.
Moreover, it is easily seen that the iterations converge more rapidly when L < 1 (and diverge
for L > 1). However, given a particular nonlinear function F' whose zero is to be found, we have
very little control over the value of L; it is mainly a property of the function F'. So if more rapid
convergence of iterations is desired, a different approach must be used. This leads us to a study of
Newton methods.

2.1.2 Newton iteration

We again consider the equation
F(z") =0, (2.5)

F: R — R But now, instead of writing this in fixed-point form, we will employ a Taylor expansion
applied directly to the function F. For the m! approximation to z* we have

F(z*)=F (x(m)) + F' (w(m)) (m* - ZE(m)) +0 ((:1:* - x(m))2> +

If we now note that the left-hand side must be zero by Eq. (2.5), we obtain

F(x(Tn)) 2
* oy e(m) _ 2\ ) * _ .(m)
AN F’(x(m))—I_O((z T ) )+ .

Applying arguments analogous to those used in the preceding section, we replace z* with z(m+1)
on the left-hand side and drop the last term on the right-hand side to arrive at

(m)
Sty _ gomy _ F (@) (2.6)
! (x(m))
This is the well-known Newton iteration formula.
Clearly, if we define

F (x(Tn))

(m+1)) = ,(m) = \*
G (:c ) =z 7 () (2.7)
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and write

Zm+) — @ ($<m)) ,

we see that Newton’s method is also in fixed-point form; but the iteration function is more com-
plicated than that for Picard iteration.

It can be shown that if F € C? and F' # 0 in an interval containing z*, then for some
x € [x* — €,2* + €], the Lipschitz constant for G is less than unity, and the sequence generated by
(2.6) is guaranteed to converge to z*. In particular, we have

) Platm) | F ) F ()
G( )_1 F’(,’E(m))+ [F,(gc(m))]2 ’

Since F € C? for x € [z* — ¢,2* + €], F" is bounded, say by M < oco. Moreover, F’ # 0 on this
interval, so |G’ (m(m)) | < M*|F (:c(m)) |. Clearly, if (™) is close to z*, F (x(m)) will be close to zero
(by continuity of F'). It follows that the Lipschitz constant is less than unity, and as a consequence
of the contraction mapping principle, the iterations converge. This provides a sketch of a proof
of “local” convergence of Newton’s method; that is, the method converges if the initial guess is
“close enough” to the solution. Global convergence (i.e., starting from any initial guess) can also
be proven, but only under more stringent conditions on the nature of F'. The interested reader
should consult Henrici [10] or Stoer and Bulirsch [28] for more details.

It is of interest to examine the rate of convergence of the iterations corresponding to Eq. (2.6).
This is done in a manner quite similar to that employed earlier for Picard iteration. The first step
is to subtract (2.6) from the Newton iteration formula evaluated at the solution to obtain

F (x(m))

* o (mtl) _ x . (m) -\ )
T -z T VY + fa (x(m)) )

since F'(z*) = 0. We also have, as used earlier,

2

0= F(z*) = F ($<m>) e (x(m>) (w _ x<m>) n %Fu (xun)) (x _ x<m>) 4.

Thus,
2

1
(m)y — _ g (m) x . (m)\ _ — (m) x _ (m) .
We substitute this into the above, and use the definition of e,,, Eq. (2.4), to obtain

1F" (a:(m)) )
Cm+1 = €m — €y — §mem .

Hence, with F' € C? and F'(z(™)) # 0, this reduces to
lem+1| = Klem|” (2.8)

with K < co. So the error at the (m + 1) iteration of Newton’s method is proportional to the
square of the error at the m!® iteration. This gives rise to the often used terminology quadratic
convergence of Newton’s method. It is easy to see from (2.8) that once the error is < O(1) it decays
very rapidly. In fact, once the error is reduced to single precision machine e, only one additional
iteration is required to achieve double precision accuracy. This very rapid convergence is one of the
main reasons for the wide use of Newton’s method.
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It is worthwhile to examine Newton’s method from a geometric standpoint, just as we did
for fixed-point iteration in Chap. 1. Consider the following figure depicting a sequence of Newton
iterations. Geometrically, the iterations proceed as follows. Starting from an initial guess z(®) “eval-
uate” F at (9. Then from the point (x(o),F(w(O))) draw a tangent (corresponding to F' (:E(O)))
to intersect the x-axis. This point of intersection is the next iterate, (). Tt is of interest to note
that if F' is linear, Newton’s method converges in a single iteration, independent of the initial guess,
since the slope through the point (:c(o),F(x(O))) is the graph of F, itself. Furthermore, it is easily
seen from the graphical construction that convergence is very rapid, even when F' is not linear, in
agreement with what we would expect from (2.8).

F(x) A

F(x©) -

F(x@) S

F(xD)

/

Figure 2.1: Geometry of Newton’s Method

Newton’s method is one of the most widely used of all root-finding algorithms. Nevertheless, it
can sometimes fail unexpectedly. Here, we provide an example of such a failure, and demonstrate
a useful remedy. Suppose we wish to solve

F(z) =tanhz = 0.

It is easily checked that FF € C*°(R), and that F' # 0, except at +oo. Furthermore, we of course
know that there is only a single, simple zero, z = 0, as indicated in Fig. 2.2. If we start at z = z(0),
the tangent constructed at (z(?), F(z(?))) intersects the z-axis at z(!) where F'(z(1))) is rather
small. The next iteration would result in an even smaller value F’(z(?)), and the iterations diverge
rapidly. This unfortunate behavior occurs in this particular problem simply because the Newton

step,
F(z)
Ar = ———=
T P@)
is too large, since F' is very small and F' = 1. The remedy is to replace Az with §Axz with
0<d6<1.
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F(¥) )

F(x(o)) 1 __

x@

- __| F(x®)

Figure 2.2: Newton’s Method Applied to F(z) = tanhz

In the particular construction of Fig. 2.2, if § < 2/3 is used, quite rapid convergence ensues.
Thus, we replace Eq. (2.6) with

F (x(m))

(m+1) _ p(m) _ 52 \" J
\m =g\ F (x(m)) )

0<d<1. (2.9)

It should be observed, however, that with this so-called damping, Newton’s method no longer
exhibits the quadratic convergence proven earlier unless § = 1. In general, it converges only
linearly when damping is employed. Proof of this is left as an exercise for the reader.

We close this section by presenting a pseudo-language algorithm for implementing Newton’s
method.

Algorithm 2.1 (Newton’s Method)
1. Input 6, €, maxitr and initial guess, 37(0); set m = 0.
2. Evaluate F (x(m)) and F' (:v(m)).
3. Form the Newton step,
F (J;(m))
Ax=——F"——5,
F! (ztm)

4. Update solution estimate:
2 = 3™ 4 §Az

5. Test convergence:

if |Az| < €, then print results and stop
else if m < maxitr, then m =m+1
go to 2

else print error message and stop
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We note that convergence tests other than the one employed in the above algorithm may be
used. Philosophically, at least, we would expect to have |F (a:(m))| < € since we are seeking
z* 3 F(z*) = 0. Nevertheless, the test given above is probably the most widely used because
one can argue that once Az becomes sufficiently small, additional corrections will have no effect,
and will thus be a waste of arithmetic. But the following should be noted. Clearly, if |F'| is
very small but nonzero close to the desired root, the test used in the above algorithm may be
unreasonably conservative. On the other hand, if |F'| > |F|, convergence may be indicated for
an inaccurate approximation to the root. It is thus sometimes useful to employ a test of the form
max (|Az|, |F|) < e.

2.2 Modifications to Newton’s Method

One of the main objections to the use of Newton’s method has always been the requirement to
calculate the derivative of the function F' whose zero is sought. In some situations this is merely
tedious, but in others either the derivative does not exist at all, or it cannot be expressed in terms
of elementary functions. In the former case, it may be advisable to reformulate the problem so
that the new function is differentiable, or possibly an iteration scheme not requiring derivatives (or
their approximations) might be used. On the other hand, if difficulty in evaluating the derivative
of F is the only problem, the methods to be presented in this section should be of value.

2.2.1 The secant method

These first of these methods to be considered is the secant method. To construct the iteration
function for this method we begin with the Newton iteration formula, Eq. (2.6):

l_(m-i—l) — w(m) _ F (‘T(m))
?
F’ (w(m))
and replace F' with an approximation that depends only on values of F, itself. In the next chap-
ter we will consider several such approximations in fair detail. The secant method is typically
constructed using a simple, intuitive one. In particular, we use

o (m(m)) _ F (:L'(m)) - F (;n(mfl)) Lo (:cm _ m(m_l)) ’

z(m) — g(m=1)
and the iteration formula becomes
(z(m) — zm=D) F (z(m))
F (z(m) — F (z(m-1) (2.10)
=z 4 Az .

SmH1) — pm) _

There are several things to notice with regard to this iteration scheme. The first is that it is
not a fixed-point method because the iteration function depends on more than just the most recent
approximation to z*. (It is sometimes called a fixed-point method with “memory.”) Nevertheless,
the behavior of the secant method is quite similar to that of Newton iterations. The convergence
rate is nearly quadratic with error reduction from one iteration to the next proportional to the
error raised to approximately the 1.6 power. (Proof of this can be found in standard numerical
analysis texts, e.g., Stoer and Bulirsch [28].) Second, if we always keep two successive values of
F in storage, then only one function evaluation is required per iteration, after the first iteration.
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This is in contrast to two evaluations (the function and its derivative) needed for Newton’s method.
Finally, it is necessary to supply two initial guesses for the root being approximated. It is often
sufficient to merely select these as estimated upper and lower bounds for the solution, but other
approaches are also used; for example one might start the secant iterations with an initial guess
plus one fixed point iteration employing this initial guess to obtain the second required guess.
Figure 2.3 presents a schematic of the application of the secant method. We note that many

F(x) A

F(X(l)) -

F(x@) 4

x©)

F(x@) 4

]
|
|
|
|
|
|
|
|
|
|
|
|

_____ L F(x©@)

Figure 2.3: Geometry of Secant Method

of the difficulties encountered with Newton’s method can also occur with the secant method, and
that one of the remedies is use of a damping factor. In particular, we can replace Az with dAz in
Eq. (2.10), as was done in Eq. (2.6) for Newton’s method. An additional problem, not present in
Newton’s method, occurs as the zero of F' is approached in the secant method. Namely, F’ (x(m)) —
F (a:(m_l)) can approach zero, leading to floating-point overflow during evaluation of Eq. (2.10).
The main remedy for this problem is use of higher precision machine arithmetic.

The algorithm for the secant method is very similar to the Newton algorithm, with the exception
of the definition of Az. Hence, we shall not present a formal pseudo-language treatment for this
case, and instead leave this construction as an exercise for the reader.

2.2.2 The method of false position

For one reason or another, it is sometimes necessary to bound the interval on which a root of an
equation is sought. Usually, but not always, this is because the equation has more than one zero,
and a particular one may be desired. For example, if we wish to find all zeros of a polynomial of
degree n and we have already found some of them, we would want to restrict the intervals on which
further roots are sought. One procedure for doing this is the method of false position, or regula
falsi. This method is rather similar to the secant method in that it does not require evaluation
of derivatives. But at the same time, in contrast to the secant method, the derivative appearing
in Newton’s method is not formally approximated. Instead of using a tangent (as in Newton’s
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x*

%O x@ x® X

- F(xO)

Figure 2.4: Geometry of Regula Falsi

method) or a local secant (as in the secant method) to determine the next approximation to the
root, regula falsi employs a chord, or in some sense a nearly global secant.

Probably the best way to understand the regula falsi algorithm is through its geometry. We
present this in Fig. 2.4. As can be seen from this figure, the geometry of regula falsi is similar
to that of the secant method. But in regula falsi one of the end points of a prescribed interval is
always used in constructing the secant. Recall that in the secant method this occurs only for the
first two iterations. It is this property of regula falsi that permits bounding of the solution, but at
the same time it can greatly degrade the convergence rate.

We will now present the regula falsi algorithm for finding a solution to the equation F(z) =0
on the interval [a, b].

Algorithm 2.2 (Regula Falsi)
1. Input €, maxitr, a and b; set m = 2.
2. Ewvaluate F(a) and F(b).
3. Calculate the first estimate of z*:

L@ _p_ (b—a)F ()
F(b) — F(a)

4. Evaluate F (x(m)); if |F (w(m)) | <€, then print result and stop

5. Calculate z(™+1):
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If F (™) - F(a) <0, then

(@) —a) F (o)

(m+1) — .(m) _
o o F (m(m)) — F(a)

If F (™) - F(b) <0, then

(- (M) F(b)

m+1) _
F(b) — F (z(m)

2

6. If m < mazxitr, then m=m+1
go to 4

else print error message and stop

An interesting point to make regarding this algorithm is that, unlike the secant method, this is
a fixed-point iteration with the iteration function

(&™) — a) F (am)
F (x(m)) — F(a)
f (;z:(m)) — (2.11)

(b — (™) F(b) _ -
b_F(b)—F(:c(m)) if F(zM).-F(b)<0.

m) _

if F (z(™).F(a) <0

o

As might be expected from earlier discussions, it can be shown that this iteration function results
in a linear convergence rate. Hence, it is not very efficient. On the other hand, if a zero exists on
a specified interval, and F' is continuous, the regula falsi method is guaranteed to find it.

2.3 Newton’s Method for Systems of Equations

In Chap. 1 we derived a basic fixed-point iteration scheme to treat systems of equations from
the start because we wished to apply it to linear systems. In the present chapter we began by
considering only a single nonlinear equation because convergence rate estimates are more easily
obtained for this case. But in practice we very often must face the task of solving systems of
nonlinear equations. Rather typically, Picard iteration is not suitable because either convergence
is too slow, or it does not occur at all. Because of this, Newton’s method is the most widely-used
approach for treating nonlinear systems. It can be shown (via the Newton-Kantorovich theorem, cf.
Stoer and Bulirsch [28]) that Newton iterations still converge quadratically for nonlinear systems,
just as for a single equation.

Let F: RY — RN be in C%(D), D C RV, and suppose we seek z* € D > F(z*) = 0. Recall
that for N = 1 we can find z* via the iterations given by Eq. (2.6); that is

F (:l;(m))

F! (ac(m)) ’

m-+1) m)

£+ Z 4

provided F' # 0 for z near z*. To generalize this to the case N > 1, we need a reasonable
interpretation of the derivative of mappings F: RV — RV . It turns out that the Jacobian matriz of
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F is the correct interpretation of the derivative for this case. Hence, if we let z = (z1, 3, ..., z5)T
and F = (Fy, F, ..., Fy)T, then the Newton iteration scheme becomes
- q-1
) g [OROF | OR]Tpom
0x1 0x9 ozn
o 9 @ @ e @ FQ
0y 0ra Oz
= — . . : (2.12)
OFNn OFN OFN F
LN ] 2L | 011 0o oz N | -
In more concise notation this is
(M) — (m) _ [ 7 (F<m))]‘1 F(m)
(2.13)

=z™ 4+ Az |

where J(F') denotes the Jacobian matrix of F', shown on the right-hand side of (2.12). From this
it follows (by definition) that

Az =— [J (F<m))] Fm

It should be noted that, contrary to what might at first appear to be the case, it is not necessary to
compute the inverse Jacobian matrix when using Newton’s method. In particular, upon multiplying
the above expression by J (F (m)) we obtain

J (F(m)) Ag = —Fm) (2.14)

Once (™) is known, for example z(% is specified at the start, F(™ can be evaluated (this is
just the system to be solved), and J (F(m)) can be directly calculated, since this just consists of
the partial derivatives of F, evaluated at £(™). Thus, Eq. (2.14) is a linear system for Az, with
known system matrix and right-hand side. It can be solved using Gaussian elimination described
in Chap. 1. After Az has been determined, we can immediately obtain the updated approximation
2™+ to z* from the second line in (2.13). We see from this that solving systems of nonlinear
equations mainly requires that we only be able to solve systems of linear equations.

We note that, in general, damping may be required just as for a single equation. But it can now
be introduced in several ways. First, one can use the same amount of damping on every equation
by multiplying each component of Az by the scalar constant 0 < § < 1. One might also employ
a damping vector (formally, a diagonal matrix) which, in general, would allow damping of each
component of the solution by a different amount. Finally, even a damping matrix, say D, might be
utilized. Although the latter two alternatives are seldom used, it is important to be aware of these
possibilities because they can be valuable in special situations.

We close this section with the pseudo-language algorithm for applying Newton’s method to
systems of nonlinear equations.

Algorithm 2.3 (Newton’s Method for Systems)

1. Input 8, € and mazitr; initialize solution vector £(9); set m = 0.
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2. FEvaluate the vector F (a:(m)).
3. Test convergence:

If |F|| <€, then print results and stop.
else evaluate elements of Jacobian matriz, J (F (a:(m))> .

4. Solve the linear system
J (F) Az = —F™

for Az using Gaussian elimination.
5. Update approzrimation to solution vector:

) = (M) 4 §Ag

6. If m < mazxitr, then m=m+1
go to 2

else print error message and stop

We remark that the structure of Algorithm 2.3 is somewhat different from that of the corre-
sponding single-equation case, Algorithm 2.1. In particular, we have moved the convergence test
ahead of the derivative evaluation in the present algorithm to avoid the expense of an additional
evaluation of the Jacobian matrix.

2.4 Summary

In this chapter we have considered several of the main methods in wide use for solving nonlinear
algebraic equations and systems. The procedures treated here included basic fixed-point iteration
already encountered in Chap. 1 for linear equations, Newton’s method, the secant method and
regula falsi for single equations, and Newton’s method for systems. It is clear from the above
discussions that the basic fixed-point iterations represent the simplest approach, but they are not
usually preferred because of their rather poor convergence rate. Newton’s method is probably the
most popular technique for solving nonlinear equations because of its quadratic convergence rate.
But it sometimes must be damped if bad initial guesses are used. It should also be mentioned
that Newton’s method is sometimes started with a Picard iteration to improve the initial guess.
The secant method is formally the most effective of the approaches we have considered here in the
sense that its convergence rate is nearly that of Newton’s method, but it requires only a single
function evaluation per iteration. Regula falsi provides the advantage of bounding the domain in
which a solution is sought, but as noted above, it is a basic fixed-point iteration; so it converges
only linearly.

We have treated only Newton’s method for systems of nonlinear algebraic equations. It was
seen that this is a natural extension of the single equation case, and this along with its quadratic
convergence rate contribute to its popularity. Its main disadvantage is its requirement of calculation
of Jacobian matrix elements. There are a number of so-called gquasi-Newton methods (which,
in a sense, extend the secant method to systems) that are often used, especially in the context
of nonlinear optimization, to alleviate this difficulty. However, it is seldom that full quadratic
convergence rates are achieved by these techniques. We refer the interested reader to [28] for
further discussions on this topic.
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Finally, we wish to emphasize that there are numerous other procedures for solving nonlinear
algebraic equations, and the choice of methods presented here at least in part reflects a bias of
the author. Conspicuous by its absence is the bisection method. This is usually the first method
treated in elementary texts because of its intuitive appeal. But its convergence rate is very low,
and it is quite difficult to extend to use for systems of equations; hence, we have chosen to ignore it
in these lectures. We have also neglected to discuss methods designed specifically for finding zeros
of polynomials. The methods we have presented are capable of doing this, but other approaches
can be more efficient in specific situations. The reader should consult books devoted specifically
to solution of nonlinear equations by, for example Ostrowski [21] or Traub [34] for information on
various of these important and interesting subjects.



Chapter 3

Approximation Theory

In numerical analysis there are three main mathematical objects which we must often approximate:
i) functions, i) integrals of functions, and i) derivatives of functions. We have already seen a
case of the last of these in contructing the secant method for solving nonlinear equations. In
this chapter we will treat all three in some detail; but in all cases we will study only rather
basic and widely used methods. In the approximation of functions we will consider least squares
methods briefly, and then devote some time to exact Lagrange interpolation and construction of
cubic splines. Approximation of integrals will be done via the trapezoidal rule, Simpson’s rule, and
Gauss-Legendre quadrature for integrals on subsets of the real line. We will then show how these
can be applied recursively to evaluate multiple integrals. Following this we will present methods
for approximating derivatives, mainly via the finite-difference approach. In a final section we will
consider one of the most important, yet too often neglected, topics in numerical analysis, namely
grid function convergence. We will see that, at least in a limited way, we are able to assess the
accuracy of our approximations based on the results, themselves.

3.1 Approximation of Functions

We begin this section with the least squares method, for the most part because this provides a good
application of Newton’s method, which was just discussed at the end of the preceding chapter. Then
Lagrange interpolation is discussed. This method is widely used, especially when abscissas are not
equally spaced. We then discuss cubic spline interpolation. This will provide the first concrete
application of tridiagonal LU-decomposition presented in Chap. 1.

3.1.1 The method of least squares

Least squares methods are among the most widely-used techniques in the analysis of experimental
data. In later sections we will consider the so-called exact approximation methods which force
the interpolation function to exactly equal the data at certain prescribed points. This is generally
inappropriate in the analysis of the data from almost any experiment since such data are usually
of only limited accuracy. Least squares methods will not generally lead to exact reproduction of
the data value at any particular point. On the other hand, they provide the best possible fit, of all
the data, in a certain global sense.

The reader may have previously encountered the use of least squares procedures under the name
linear regression, or multiple regression. The linear regression formulas are derived from the same
basic principles we will use here. But when data are to be fit to linear functions, specific use can be

45
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made of linearity to simplify the computational formulas. In the present treatment we will assume
the data are to be fit to nonlinear functions (i.e., nonlinear in the parameters to be determined),
and no simplifications will be made. Our method will still be valid in the linear case, but it may
be computationally less efficient than would be use of linear regression formulas.

A

£(X)

* Experimental Data
— Least Squares Fit

Figure 3.1: Experimental Data for Least Squares Curve Fitting

As a starting point we consider the graph of some experimental data, displayed in Fig. 3.1. Tt
may be desirable for any of a number of reasons to find a single function with which to represent
these data. The first step in the general, nonlinear case is to select a functional form which exhibits
many of the qualitative features of the data. It is always a good idea to first plot the data to gain
some insight into the choice of function for the attempt at curve fitting. In the present case, the
data are somewhat suggestive of a damped sine wave, but with phase shift, and possibly z-varying
frequency. We could no doubt fit these data reasonably well by utilizing a polynomial of degree at
least three (why degree three?). Often there may be theoretical reasons for choosing a particular
function to which to fit the data; but in the absence of any theory, a polynomial of sufficient degree
to accommodate all of the zeros and local maxima and/or minima is a reasonable choice.

For the data in Fig. 3.1, we might on intuitive grounds choose

g(z) = AeP® sin(az +v) + B (3.1)

to perform the least squares correlation. In this expression, o, (3, 7, A and B are all unknown
parameters to be determined from the data via the least squares method. It is not unusual to fit
data to this number of parameters, and it is worthwhile in the present case to examine just what
influence each of these has on the value of the function g. The parameter A is the amplitude of
the sine function with respect to the mean value, B. For the data shown in Fig. 3.1 we would
probably estimate B = 0 and A less than or equal to the absolute maximum data point value. The
parameter 3 is the exponential decay rate, which can be easily estimated from the data; -y is the
phase shift, which should be approximately 7/2 in the present case. Finally, « is the frequency,
which again can be estimated from specific data. It is important to be able to make reasonably
good estimates of the parameters for a nonlinear curve fit of data because these are needed as
initial guesses in the iteration scheme (usually Newton’s method) that must be employed to solve
the nonlinear equations whose solutions are the parameter values.
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We now consider more details of how to determine the parameters of the least squares fit. We
first need to make clear what it is that we wish to accomplish. Suppose there are N data pairs

(x4, f(z5)), i =1, ..., N that we want to represent by the function g. This function, of course,
depends on z, but it also depends on the five unknown parameters o, 3, 7, A and B. Let the
vector = (n1,M2,---,nar) formally represent these parameters, and denote g as g(z, 7). The goal

of a least squares correlation (fit) of data is to select the components 7; of the parameter vector
such that the sum of the squared differences [g (zi,n) — f(:)]° is as small as possible. In other
words, we want to choose 1 to minimize

S(a,m) =Y [g (@in) = f (@) (3.2)

S(z,n) is often referred to as the least squares functional, and we should observe that it is actually
only a function of the parameter vector 7.

We know from vector calculus that the minimum of a function occurs at the point where its
gradient is zero, and at the same time its Hessian matrix (the matrix of second partial derivatives
of S(n)) is positive definite. We shall assume, for convenience that the latter holds, but we note
that this is not automatic. We now view S as a function only of 7, since performing the summation
removes the z dependence. Then the minima of S occur for those n such that

VyS=0;

that is
oS
22 20, Vj=1,2,...,M. 3.3
o (3.3

Equations (3.3) comprise a system of M nonlinear equations called the normal equations, for the
M(< N) unknown parameters, n; (in the case of Eq. (3.1), M = 5). Thus, we expect to be able to
solve these via Newton’s method. Define

oS
F'nana"'an =3 Vj:1,2,...,M;
(1, m2 M) on;
then for F = (Fy,..., Fy)T we have
~1
p(mt1) = p(m) _ [J (F(m))] Flm) (3.4)

Our main task becomes one of finding the analytical expressions for the components of F' and
J(F). We will carry out part of this calculation for the function given in Eq. (3.1) to provide a
concrete demonstration of the technique. From Eq. (3.2) it follows that

N
S _ ,5~ 99

on; — Onj

[g(xzan)_f(xz)]:()’ Vi=12...,M. (35)
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Now in our example 71 = «, 79 = 3, 13 =, 74 = A and 15 = B. Thus, from (3.1),

dg dg .

_— = —— = A ’Bwl ;

o da x;Ae’" cos (ax; + )
dg dg -

_— = —— = A B :
T, z;AeP" sin (ax; + )
dg Og .

—_— = —— = A ,3.’,51 .

s~ Oy e’ cos (ax; + )
5_54 - g_fx = %% sin (0; + )

99 _ 99 _,

8’/)5 0B )

We now use the common shorthand notation f(z;) = f; that is used extensively in numerical
analysis and write the system of five equations to be solved for n = (o, 8,7, A4, B)T by Newton’s

method:

N

Fi(n) = Z x;AePT cos (ax; + ) [Aeﬂ““ sin (az; +7v) + B — fz] } =
i=1
N

Fy(n) = Z z;AeP% sin (ax; + ) [Aeﬂ““ sin (az; +v) + B — fz] } =
i=1
N

F3(n) = Z

{

{

{A¢77 cos (ami +) [ sin (azi +4) + B~ fi] } =0
{5 sin (0 + ) [ A sin (eai +7) + B~ ;] } =0

{

AeP%i sin (az; +7) + B — fz} =0

The next step is to derive the Jacobian matrix J(F') of the system. From (3.5) we obtain

oF; 82§ YT 8% dg g
23 [ vim) ~ £) + (3.6
o, Onong — [ Onj 871 On; Ok
for j,k = 1,2,..., M. We already have the expressions required to construct the second term in

brackets in these equations. All that remains is to derive the second partial derivatives of g. We
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0 0
will carry this out only for F; | = 9 _ 9],
am O«

0? .
99 _ —z? AeP% sin(aw; + )

= z2 AePi cos(ax; + )

= —z;AeP%i sin(az; 4 )

= g;eP%i cos(az; + )

We leave the remaining calculations to the reader, and note that this would typically be done using
symbolic manipulation languages such as Maple or Macsyma, for example.

The algorithm for solving least squares problems merely consists of the Newton’s method algo-
rithm of Chap. 2 in which the nonlinear equations are evaluated using Eq. (3.5) (with the factor of
2 deleted), and Egs. (3.6) are used to construct the required Jacobian matrix. Thus, we shall not
present additional details, but it is worth mentioning that the same procedure can be employed for
minimization of general nonlinear functions. Its use is not restricted to least squares problems.

3.1.2 Lagrange interpolation polynomials

The next method to be considered for function approximation is Lagrange interpolation. We should
all be familiar with linear interpolation; we will see that this is the simplest case of Lagrange
interpolation. Lagrange interpolation is one of a class of methods termed ezact. This terminology
comes from the fact that Lagrange polynomials are constructed so that they exactly reproduce
the function values at the abscissas of the given data points. For example, recall that the linear
interpolation formula is constructed so that it exactly reproduces both endpoint function values on
the interval of interpolation because it is simply a straight line through these two points. Hence,
it is a first degree exact interpolation polynomial, and we will see below that it is a Lagrange
polynomial.

A Basic Exact Interpolation Construction Method

It is probably of some value to build an exact interpolation polynomial in an intuitive, although
computationally inefficient, manner first in order to demonstrate some of the basic ideas. Suppose
we are given three points (z1, f1), (22, f2) and (z3, f3), and we are required to construct an exact
interpolation polynomial p,(x) of degree n which takes on the values f1, fo, f3 at z1, x2, =3,
respectively. Our first task is to determine the appropriate degree, n, of the polynomial with which
we intend to represent these data. In general a polynomial of degree n is of the form

pu(z) = ag + a1z + agz® + -+ + apz™. (3.7)

Thus, it contains n + 1 coefficients to be determined, and this implies that n + 1 points (z;, f;) will
be required. Conversely, if n + 1 points are given, and it is required that they be interpolated with
an exact polynomial, the polynomial must in general be of degree at least n. In our particular case
we are given three points, so we must employ a polynomial of degree at least two; i.e., a quadratic.
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The next step is to formally evaluate Eq. (3.7) at each of the points. We obtain

p2(71) = f1 = ap + ayz1 + agz?
po(r2) = fo = ag + ayxa + agx} (3.8)
po(z3) = f3 = ag + a3 + azz?

with the left-hand equalities arising due to the requirement of exactness. Now since the f;s and z;s
are given, we see that (3.8) is merely a linear system of three equations for the three a;s. It can be
demonstrated that the system matrix is nonsingular if and only if z; # x; when ¢ # j. Thus, the
solution exists and is unique, and this implies the following:

Theorem 3.1 Let {z;}"1! be a set of distinct points on R', and let f; = f(z;). Then 3 a unique
polynomial p,: R — R of degree n, p,(z) = Y1 yaiz’ >

pn(zi))=fi Vi=12,....,n+1. (3.9)

Several remarks are of value at this time. The first is that polynomials of higher degree can be
constructed through the same set of points merely by deleting one or more, as required, lower-order
terms and replacing these with higher-order ones. The other is that although the system matrix
correponding to (3.8) can be shown to be nonsingular, it is often ill-conditioned. So coefficients
obtained as solutions to (3.8) may be subject to large rounding errors. Finally, although we will
restrict our attention to exact polynomial fits in these lectures, the procedure just described can
be used with other functional forms, e.g., rational functions, exponentials, etc.

Construction of Lagrange Polynomials

We will now present a construction method that is numerically stable, and more efficient than
Gaussian elimination for the present application. To begin we assume that p,(z) can be expressed

as
n+1

pa(x) = Liz)fi | (3.10)
i=1

where the f;s are the given ordinates. The problem now reduces to determining the £;s. Clearly,
at least one of these must be a polynomial of degree n (and none can have degree > n) if this is to
be true of p,, and in Lagrange interpolation this is true for all the ¢;s. Moreover, if p,(z;) = f; is
to hold, we should expect that

1 fori=y
ti(aj) = ! (3.11)
0 fori # j;
or
bi(zj) = bij

where §;; is the Kronecker-6.
The above requirements lead us to the following prescription for the £;s:

n+1

(z — z;) .
i=1 !
J#i

It is easily checked that when z = z;, each factor in the product is unity, so 4;(z;) = 1. Similarly
for £ = z; for some j # 4, one of the factors appearing in Eq. (3.12) will be zero, and we have
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li(z;) = 0. Finally, if z # z; Vi =1,...,n + 1, all of the factors are nonzero. There are n such
factors, because the one corresponding to j = ¢ is deleted. Hence, each ¢; is of degree n.

The pseudo-language algorithm for Lagrange interpolation is easily constructed (simply evaluate
Eq. (3.12) for any desired value of z, and substitute the results into Eq. (3.10)), so we leave this to
the reader. However, the followings remarks are of value. Each ¢; requires 2n — 1 multiplies for its
construction. Then an additional n + 1 multiplies and n adds are needed to evaluate Eq. (3.10).
In any case the total arithmetic required to evaluate p, at any desired point is only O(n?) by this
method. If we were to follow the intuitive idea, and solve Eq. (3.8) for the polynomial coefficients
a; by Gaussian elimination, O(n3) arithmetic operations would be required just to determine the
a;s. Additional work would still be needed to evaluate p,(z). However, it should be mentioned
that in many applications n is quite small; in these cases there may be situations in which there is
no distinct advantage in employing (3.10) and (3.12).

We now present a specific example of applying the preceding Lagrange interpolation formulas.
To provide a familiar context, and at the same time avoid undue algebraic complications, we will
construct the formula for linear interpolation between the two points (z1, f1) and (z2, f2). Since
there are two points, the Lagrange polynomial must be of degree one; i.e., it is a (generally affine)
linear function. Thus, from (3.10), we have

2
pi(x) =Y (@) fi = Ga() fr + La(z) f2 -
i=1

We next employ (3.12) to construct £; and £o:

nt (x — z;) S (z—z T—x
li(z) = Bl LN L/ VNS A
i(z) ]1;[1(33,—:31) Jl;llzvl—xj T1 — To
J#i J#1
and
2 (x — z;) T —x
ly(z) = I = .
2() jl;Il(Q_‘T]) To — T,
j#2
Hence,
T— T—z
pi(z) = 2+ a2, (3.13)
1 — T2 Ty — X1
or, after slight rearrangement,
pi(z)=fi+ fo = hi (x — 1) . (3.14)
ro — I

The form of (3.14) is the standard one which would be obtained by writing the equation of the
straight line between (z1, f1) and (z2, f2), thus suggesting uniqueness of at least the first-degree
Lagrange interpolation polynomial.

Another thing that can be deduced from Eq. (3.14) is the accuracy achieved by linear interpo-
lation. Suppose we were given only the point (z1, f1), but in addition were also given the first two
derivatives of f evaluated at x1, i.e., f'(z1) and f”(x1). Then for any z close to z; we can expand
f in a Taylor series about x1:

£(@) = f(on) + )@ = 21) + 5@ =2 (3.15)
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We notice that this is the same as (3.14) through the first two terms, except that f'(z1) in (3.15)

is replaced by the slope (f2 — f1)/(z2 — z1) in (3.14). Now if we approximate f'(z1) by a forward

difference (similar to what was used to develop the secant method in Chap. 2), we obtain
_fao—f

fl@)=fi= oy 11 %f{'($2—$1)+“- ;

as we will show in more detail later in this chapter. Substitution of this into Eq. (3.15) yields

fo—f1

T2 — I

fle) = A +

(@ — 1) + %f{’ (= 21)° = (2 — &) (@ —21)] + - . (3.16)

We see that f(z) in (3.16), which is a precise (infinite Taylor expansion) representation, agrees
with p1(z) up to the third term. This term is called the dominant truncation error, and since
r < 1, the term is bounded by C(z3 — z1)2, where C is a constant. That is

f(z) = pi(z) = Clay — 31)”. (3.17)

From this we see that linear interpolation is second-order accurate in the step size Ax = 19 — 1.
Thus, as Az is reduced p;(z) more accurately approximates f(z) V x € [z1, z2], in agreement with
our intuition. But beyond this we see that the error in this approximation decreases with the
square of Az. Similar analyses show that, in general, a Lagrange polynomial of degree n provides
an approximation of order n+ 1. In particular, it is shown, for example, in Isaacson and Keller [12]
that if f(x) is approximated by a polynomial of degree n, then

1 o (n+1)
f(z) —pn(z) = CES (Zl;ll(iﬂ - :vi)) f &, (3.18)

where the z; are the abscissas of the data points used to construct p,, f (n+1) denotes the (n+ 1)
derivative of f, and
min(zi,...,Tn41,2) < € < max(zi,...,Tnpy1,T) -

It is clear that if we define

Az = lrg%xn(xi—l—l - i),

we have

f(z) — pu(z) = CAz™ | (3.19)

Linear Interpolation in Two Dimensions

We conclude this section on Lagrange interpolation by demonstrating how to apply linear interpo-
lation in two independent variables. Rather than present a theoretical development, we will employ
an intuitive approach. In Fig. 3.2 we depict a grid of function values corresponding to a function
f(z,y): R2 — R!. Suppose we are given the values of f at the four points (z1,v1), (z2,v1), (z1,v2)
and (z2,y2), and we are required to find a linear approximation to f at the point (z*,y*). The
intuitive approach, which turns out to work quite well in this case, is to first hold y fixed and
interpolate in z, at each of the two fixed values of y namely, at y; and y3. Once this has been
done, we interpolate in the y direction with x fixed. It is not hard to check that the order of these
operations can be reversed without affecting the result.

One can easily derive a single closed formula for multi-dimensional linear interpolation, but it
is just as easy to recursively apply the formula for a single dimension, that is Eq. (3.14). Based on
this, we have the following algorithm.
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Calculate f,, here

Interpolate f,,and f,,
to obtain f,,

Calculate f,; here

—

|
|
|
|
]
. 1
Xy X X5 X

Figure 3.2: f(z,y): R?2 - R!

Algorithm 3.1 (Two-Dimensional Linear Interpolation)
Assume the four triples of numbers (z1,y1, f11), (2,91, f21), (Z1,Y2, f12) and
(x2,Y2, fo2) are given.

1. For fized y = y1 interpolate between x1 and To:

f - fin

9 — I1

fa=fu+ """ —m)

2. For fized y = yo interpolate between x1 and xo:

o — T
3. For fized x = =* interpolate between y1 and ys:
Joo=fa+—— J2 = Jn (y" — )
Y2 — N

We note that these expressions can be combined, analytically, to obtain the above mentioned
bilinear interpolation formula:

for — fu1 (:v* _ :131) + fi2 — fu
T2 — 1 Y2 —

Joo = fun + (" — 1)

foo—fo = fra+ fu . .
+ (z2 — 1) (y2 — y1) (z* — 1) (y" —y1) (3.20)

We leave as an exercise to the reader showing that this expression provides a second-order ap-
proximation to f(z,y) in the same sense already discussed in the one-dimensional case. (Hint:
note the resemblence of (3.20) to a Taylor expansion of f.) Finally, we mention that even higher-
dimensional linear (and higher-degree) approximations can be constructed in a manner analogous
to that summarized in Algorithm 3.1.
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Difficulties with high-degree interpolation polynomials

We conclude this section by observing that one of the major shortcomings of using Lagrange
polynomials is that the high-degree polynomials required for formal accuracy often exhibit very poor
behavior away from the abscissas, as is illustrated in Fig. 3.3. Over long intervals it is impossible
to obtain reasonable accuracy with a single low-degree polynomial; but the “wiggles” that occur

A

y

B () j\ ‘L "

—

X

Figure 3.3: I1l-Behavior of High-order Lagrange Polynomials

when high-degree global approximations are used may also be unacceptable. For example, it is
clear from Fig. 3.3 that p/ () is not generally a good approximation to f’(z), and this often can
be a severe disadvantage. In the next section we will present a possible remedy.

3.1.3 Cubic spline interpolation

We probably know from experience that linear interpolation usually works reasonably well. The
reason for this it is that is usually applied over short subintervals of the domain of definition of
the function being interpolated. This is often sufficient when only function values are needed.
But if derivatives of the interpolated function are required, for example to be used in Newton’s
method, local linear interpolation cannot be used. This can be seen from Fig. 3.4. In particular,
the derivative of the interpolation polynomial pi(z) for z € [z, z2] is exactly the constant (fo —
f1)/(xz2 — z1). On the other hand for z € [z3,x3] the derivative is (f3 — f2)/(z3 — z2). Hence, there
is a discontinuity in p} at z = zs.

An approximation procedure that provides at least a partial remedy both to the wiggles of
high-degree polynomials and to the derivative discontinuities of local low-degree approximations is
the cubic spline. The cubic spline is applied locally, although the procedure differs considerably
from linear interpolation in the details of its implementation. In addition, it is constructed in such
a way that the interpolation formula is globally twice continuously differentiable. This is sufficient
smoothness for most applications.
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. A (%)

pl(X) » XE [XZ 1X3]
Point of slope discontinuity

x pl(X), XE[Xl ’XZ]

f f f —
X1 X, X3 X

Figure 3.4: Discontinuity of 15! Derivative in Local Linear Interpolation

Theoretical Construction

We begin with the formal definition of the cubic spline. Let P be a partition of [a,b] such that
a=T1<x2<...<xp=>0.

Definition 3.1 A cubic spline S(z) on P is a function S: [a,b] — R with the properties:
i) S € C?%a,b], and

it) S coincides with an ezxact interpolation polynomial of degree three on every subinterval [z;,z; 1],
1=1,...,n—1.

The z;s of the partition P are called the knots of the spline, and the values S”(z;), i.e., the second
derivatives of the spline evaluated at knots, are called moments.

The first step in deriving the equations for determining the coefficients for spline interpolation
is to recognize that since the spline is a cubic on each subinterval, its second derivatives must be
linear functions on each subinterval. Thus, if S and Sj’ ; are the moments at successive knots,
then from Eq. (3.13) we see that
T—Zi an T~ Tigl
i+l T T

S§"(z) = s (3.21)

hit1 hit1

where hjt1 = xi41 — 24, and = € [z;,x;41]- Observe that S” is continuous V z € [a,b]. Note also
that we do not assume the h;s to be equal. Next, we integrate (3.21) twice: the first integration

yields
— 7.)2 e )2
S'(x) = % Sty — % i+ A (3.22)
(2 1

and a second integration leads to

203 e 3
Sy = BB gn B T)T g g oy B (3.23)
6hiy1 6hit1
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In order to evaluate the integration constants A; and B;, i = 1,...,n, we make use of the
exactness of S on each of the subintervals. In particular, when z = x; we have from (3.23),

3
Ti — T
S($z) = _% SZ{’-I-BZ' = f;
i

= z+IS"+B fi .

Similarly, when z = x;41,

1
S(ziy1) = z—|—ISI+1 +hiv14i + B = fiq1 -

Hence, the integration constants are

. B h.
Az’ — fz—f}—ll fz _ zg—l( 4 S//)
” B (3.24)
fz _ Z+1 (S”)

If we substitute these into (3.23) and use the fact that (z — z;11)® = (z — z; — hi11)3, after some
algebra we arrive at a canonical expression for S that is analogous to p;(z) in (3.14):

1
S@) =it [T L ogrgn Vi | @ - a)
hisr 6

Sty — S
+ESZ{I(.’IJ—.’L‘,')2+1( i+1 z)

5 (z —z;)%. (3.25)

hit1

It should be observed immediately that S is expressed in terms only of the original ordinates,
the f;s, and the moments, the S/, and that S is continuous on [a,b]. Moreover, it is clear that
(3.25) is in the form of a truncated Taylor series for f(z), expanded about z;. From earlier results
we would expect

f(2) = S(z) = O(*)

to hold, since S is locally a cubic. It is clear from (3.25) that in order for this to be true, the
following must be satisfied:

7 1 1
fi— [f21+1 fi_ 6 (287 + Si\1) hi—l—1:| = O(h%), (3.26)
- s = (’)(hQ) : (3.27)
R —
Z(// _ < i+1 z) — O(h) . (3.28)
hz—l—l

It is easily shown that (3.27) implies (3.26) and (3.28); we leave this as an excercise for the reader.
However, (3.27) is not automatic. The reader is referred to deBoor [5] for details of this, and in
general, for further discussion of cubic splines.

Computational Algorithm

We now turn to development of a computational scheme for determining the S). The main piece
of information which has not yet been used is continuity of S’'(z). From (3.22) and (3.24) we have
at the i** knot,

/ _ (:C - xi)2 "o (,7; - $i+1)2 "o hiy1
S (‘,I") - 2hi+1 i+1 2hi+1 SZ 6 ( 1+1

fz+1 fz )

hz+1

- SN+ (3.29)
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We can also write this for ¢ — 1:
2 2
T—mwi 1) o (T—m)° h; " Ji— fi1
S'(z) = ( ! S; — ; S, = 3.30
(iL‘) 2hz 7 th i—1 ( z 1) + h/z ( )
At x = z;, these two expressions must have the same value, by continuity. Thus, after some
manipulation, we obtain

hi 1 hivi v _ fii—fi  fi— fina

€S£L1 + g(hi+1 + hi)Si' + G = I > , (3.31)
which holds for i = 2,...,n — 1. (It does not hold at the endpoints since only one formula for S
holds at these points.) When i = 1, and z = z;, we have from (3.29)
_ h _
S Pt L P W R
_ h2 S// _ 2 f2 1
6 2+ hy
Similarly, for ¢ = n, and x = z;, using (3.30)
2
n~— +4n— h n - Jn—
S'(zn) = _ (@0~ zn1)* S (8-S + Jn = fn1
2hn hn
(3.33)
— h_n S" + 'n S// fn fn 1
6 t3  he

If (3.32) and (3.33) are used to complete the system (3.31), then endpoint values of S’ must be
prescribed. In some cases, they may actually be given as part of the data, but it is more usual to
approximate them from the f;s near the endpoints. Recall from our error analysis that we want to
obtain S§” as a second-order approximation to f” in order to maintain fourth-order accuracy for f.
We also found that S’ must be at least third-order accurate. In a later section we will treat such
derivative approximations. For the present, we will merely denote these required derivatives by f]
and f}, respectively, and assume they are of the required accuracy. Then the system of equations
to be solved for the moments of S takes the form

2S{’+S”:£(f2_f1—f{) , fori=1;

ho ho
hi hit1 6 fivi—fi  fi— fia
75!/ +25+LS” — (Z _
hi+hig1 ! hi+hivt TN b+ iy hit1 h;
fori=2,...,n—1; and
6 Jn— fna1 .
'_14—2,5‘;£:E(f,'1 = hnn ) , fori=n.
If we define
P W -
Z_hi+hi+1’ Z_hi+hi+1,
and (6 (foo
o 2—J1 ) —
h2( I f1> fori=1,
6 firi—fi  fi— fi—l) .
b; = < ( — forl<i<mn,
’ hi + hit1 hit1 h
L%(f'rlz fn hj:n 1) fori=mn,
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then we see that the system takes the form

2 A\ —Si,_ By ]
p2 2 N22 0 Sy by
M3 u3 . .
_ _ = |- (3.34)
0 Hn—1 2 >\n—1 '” )
L Mn 2 | -Sn_ _bTL_

This is a tridiagonal system that can be readily solved using the tridiagonal LU-decomposition
discussed in Chapter 1.

We point out that there are two other commonly used sets of conditions for determining the
moments of S. The first is simply S7 = S = 0. This condition yields what is often called
the natural cubic spline. Observe that this implies that there must be no curvature in f(z) near
the endpoints of the interval [a,b]. It is a widely used alternative, but such wide application is
due mainly to its convenience. It cannot be generally recommended. When it is employed the
system (3.34) contains two fewer equations; namely equations (3.32) and (3.33) are deleted. The
tridiagonal character of the system is not altered because for ¢ = 2, the first term in (3.31) is zero
and this is also true for the last term when 1 = n — 1. The final condition sometimes employed to
augment (3.31) is a periodicity condition. It is not widely used, and we will not discuss it further
here. Details can be found in DeBoor [5], a basic practical reference for splines, and in Stoer and
Bulirsch [28].

We shall close this section with a complete algorithm for construction and evaluation of cubic
splines.

Algorithm 3.2 (Cubic Spline with 15¢ Derivative Specified at Endpoints)

A. Spline Construction

1. Doi=1, n—1
hit1 = wip1 —

2. Doi=1,n
ag; = 2
Ifi =1, then a1; =0 ;
az; =1;
6 (fo—fi
b = — -
% h2 ( h2 fl
If1<i<mn,th ==
f <M, then a1; = [ hi + higt
hit1
=)\ =
as; 1 hi+hi+1
poo 0 (fi+1 —fi  fi— z'—1>
Y R+ hin hit1 hi
If i=mn then a1; =1
az; =0

__i I_fn_fnfl
A G
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3. Call tridiagonal LU-decomposition to calculate S, i=1,...,n.

4. Calculate local cubic polynomial coefficients
Doi=1, n—-1

Cii = fi
Cas = = 2 (o804 S hins
7
1
Cy; = =S
372 2 ZII 1
Cus = > 2L~ Si
"6 hiq

B. Evaluate Spline at Desired points.

1. Input z-value
2. Doi=1 n—1
If z; > x or z;41 < z, then repeat 4

else f =0
Doj=1, 4
f=f+Ciilz —z) ™!
3. Return

3.2 Numerical Quadrature

The term numerical quadrature refers to the numerical evaluation of definite integrals, for example,

of the form ,
/ f(z) dz .

In general, either or both of @ and b may be transfinite. However in our treatment here we will be
concerned only with intervals [a, b] that are finite.

The underlying idea in all numerical quadrature is to replace the integrand, f(z), for which
we presumably cannot find a primitive (antiderivative), with an approximation that can be easily
integrated. One of the main approaches to this goal is to approximate f with the Lagrange polyno-
mials, p,, developed in the preceding section, and then integrate p,,. This leads to the Newton-Cotes
quadrature formulas, of which trapezoidal and Simpson’s rules are familiar examples. Another pos-
sibility is to approximate f with Legendre polynomials (which we have not discussed, see, e.g. [28]),
and obtain the Gauss-Legendre quadrature methods. In any case quadrature formulas can always
be written in the form

/bf(w) dz = hiwifi ; (3.35)
a i=1

where the f; are given values of f(x) as appear, for example, in Lagrange interpolation, h is the step
size (usually the distance between successive abscissas where f is evaluated), and the w; are the n,,
quadrature weights. It is important to note that the w; vary from one method to another, but that
they do not depend on the function f being integrated. This makes numerical evaluation of definite
integrals extremely simple and efficient, and even very accurate methods can be implemented on
hand-held calculators.

We will here consider three different methods: i) trapezoidal rule, i) Simpson’s rule, and i)
Gauss-Legendre quadrature. In addition, we will discuss some methods for improving the accuracy
of the trapezoidal rule, and for applying any given method to evaluation of multiple integrals.
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3.2.1 Basic Newton-Cotes quadrature formulas

In this subsection we will consider the two most fundamental Newton-Cotes formulas, the trape-
zoidal rule, and Simpson’s rule. We will also discuss two modifications of the former that signifi-
cantly improve its accuracy.

The Trapezoidal Formula

The simplest, nontrivial numerical quadrature scheme is the trapezoidal rule. It is worthwhile to
begin development of this method via the geometric interpretation of the integral. We recall that
the numerical value of a definite integral over an interval [a,b] is merely the area under the graph
of the integrand over this interval. In applying the trapezoidal rule, we replace the integrand with
a piecewise linear function, as shown in Fig. 3.5. Clearly, the area of the i** trapezoidal panel is

Uit fu)

where h is the (uniform) step size used to partition [a,b]; i.e., for a partition with n points,
a=1z1 <22< <z =">0 h=(b—a)/(n—1). We then sum these contributions over all the
panels, which will always be one less than the number of points in the partition. Thus,

n—1

b h
[ 1@ do= Y (it fi)

i=1

Now observe that, except for f; and f,, each value of f appears twice. Hence, the above can
be written as
n—1
(fi+fa)+) fz'] : (3.36)
i=2

b 1
/Gf(w)dw:h 3

We see for this composite (covering more than one panel) trapezoidal formula that the weights are

A Error at

f() i" panel

a Xi Xi+1 b X

Figure 3.5: Geometry of Trapezoidal Rule
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given by

{% ifi=lori=n,

w; =

1 otherwise .

It is of interest to note that these weights have the favorable properties, with respect to rounding
errors, of being all of the same sign and being of approximately the same magnitude. Many
quadrature formulas do not possess these attributes.

We now present an heuristic argument to show that the trapezoidal rule is second-order accurate;
that is, the error of this approximation is O(h?). Recall that we observed at the beginning that
quadrature schemes are generally constructed by integrating polynomial approximations to the
integrand. The above development depends on this, but has been carried out in a very intuitive
manner. Here we will make this slightly more formal, but not completely rigorous. For a complete,
rigorous treatment the reader is referred to the standard text on numerical quadrature, Davis and
Rabinowitz [4].

From Fig. 3.5 it is clear that we have replaced f(z) with a piecewise linear function; so for
z € [zj,zit1] C [a,b], we have

pi(z) = f(z) + O ((z — 2:)%),
from results in Section 3.1.2. Now integrate f over the i*? panel to obtain
Ti41 Ti+1 3
/ f(z) de = / pi(z)dz + O ((zis1 — :)°),
x; Zq

and note that O ((zi11 — z;)) ~ O(h3). By a basic theorem from integral calculus we have for the
integral over the entire interval [a, b],

/abf(:v)d:vztgll/a:wrl d:v—Z/mHl . d:v-l—(?(zzlh?’)

The first term on the far right is simply the trapezoidal approximation, while for the second term
we have

Zh?’ (n—1)h

But by definition, h = (b — a)/(n — 1); hence

n—1
> ¥ =(b—a)h’.
=1

It follows that

n—1

(f1+fn +Efz

1=2

+O®h?). (3.37)

/f

For the interested reader, we note that it can be shown (c¢f. [4], or Henrici [10]) that the dominant
truncation error for the trapezoidal method, here denoted simply by O(h?), is actually of the form

=2 (b — a) f"(€), € € [a,b].
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Modifications to Trapezoidal Quadrature

We will now consider two simple modifications to the trapezoidal rule that can be used to signifi-
cantly improve its accuracy. These are: i) use of end corrections, and ii) extrapolation. The first of
these requires very precise knowledge of the dominant truncation error, while the second requires
only that the order of the truncation error be known. Thus, extrapolation is preferred in general,
and can be applied to a wide range of numerical procedures, as we will discuss in more detail in a
later section.

For trapezoidal quadrature it turns out that the exact truncation error on any given subinterval
[%i,ziy1] C [a,b] can be found from a completely alternative derivation. (For details see [28].) If
instead of employing Lagrange polynomials to approximate f we use Hermite polynomials (which,
again, we have not discussed), we obtain a fourth-order approximation of f, and thus a locally
fifth-order approximation to [ f. In particular, we have

Tit1 2 5
[ @ de = S0 i) - G5 - 1) - 00 (3.38)

provided f € C*(z;,x;11). Now observe that the first term on the right is exactly the original local
trapezoidal formula, while the second term is an approximation to _1—’53 "(&), € € [z5,zi41]- The

important thing to observe regarding (3.38) is that when we sum the contributions from successive
subintervals, all but the first and last values of f’ in the second term cancel, and we are left with

/abf(a:)da::h

n—1 h
S+ )+ Fi— 15— 1| + 0. (3.39)
=2

This is called the trapezoidal rule with end correction because the additional terms contain infor-
mation only from the ends of the interval of integration.

If f] and f] are known exactly, or can be approximated to at least third-order in h, then (3.39)
is a fourth-order accurate method. Moreover, for any function f that is periodic on [a, b], we have
fi = f1, and the end correction term is exactly zero. This shows that the usual trapezoidal rule
(3.37) provides a fourth-order approximation to integrals of periodic functions over their interval
of periodicity.

The second modification to the trapezoidal rule involves the use of extrapolation to cancel lead-
ing terms in the truncation error expansion. This procedure is known as Richardson extrapolation,
and can be used in any situation in which i) the domain on which the approximations are being
done is discretized, and 4i) an asymptotic expansion of the error in powers of the discretization
step size is known. In contrast to endpoint correction, the error terms need not be known exactly
for application of Richardson extrapolation. Only the power of the discretization step size in each
term is required.

For the trapezoidal rule, it can be shown (see [28]) that

T(h) =TI +7mh2+mh* + -+ 1,h"" + -+, (3.40)

where [ is the exact value of the integral,

b
I= [ f() do,
and

T(h) = h

n—1
S+ f)+ Zfi] ,

=2
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the trapezoidal quadrature formula.

The basic idea in applying Richardson extrapolation is to approximate the same quantity,
I in this case, using two different step sizes, and form a linear combination of these results to
eliminate the dominant term in the truncation error expansion. This procedure can be repeated to
successively eliminate higher and higher order errors. It is standard to use successive halvings of the
step size, i.e., h, h/2, h/4, h/8,..., etc., mainly because this results in the most straightforward
implementations. However, it is possible to use different step size ratios at each new evaluation.
We will demonstrate the procedure here only for step halving.

Thus, we begin by evaluating (3.40) with A replaced by h/2:

h h? h*
T(Z2) =7 41
<2> -|'7'14 +T216+ (3 )

Now observe that the dominant error term in (3.41) is exactly 1/4 that in (3.40) since both expan-
sions contain the same coefficients, 7;. Thus, without having to know the 7; we can eliminate this
dominant error by multiplying (3.41) by four, and substracting (3.40) to obtain

4T (g) —T(h) =3I — th‘* + O(h®).

Then division by three leads to the new estimate of I which is accurate to fourth-order:

4T(8) — T(h)

T*(h) = -

=1 imh‘* + O(h®). (3.42)
An important point to note here is that not only has the original dominant truncation error been
removed completely, but in addition the new dominant term has a coefficient only 1/4 the size of
the corresponding term in the original expansion.

When this procedure is applied recursively to the trapezoidal rule, two orders of accuracy are
gained with each application. This occurs because only even powers of h occur in the error expansion
as can be seen from (3.40). This technique can be implemented as an automatic highly-efficient
procedure for approximating definite integrals known as Romberg integration. Details are given in
[28], and elsewhere.

Simpson’s Rule Quadrature

We now briefly treat Simpson’s rule. There are several ways to derive this fourth-order quadrature
method. The basic theoretical approach is to replace the integrand of the required integral with a
Lagrange cubic polynomial, and integrate. In Hornbeck [11] Simpson’s rule is obtained by a Taylor
expansion of an associated indefinite integral. Here, we will use Richardson extrapolation applied
to the trapezoidal formula. To do this we must employ the global form of the trapezoidal rule,
Eq. (3.37), because we wish to exploit a useful property of the truncation error expansion. As we
have already seen, the global trapezoidal rule has an even-power error expansion while the local
formula contains all (integer) powers of h greater than the second. Thus, recalling Eq. (3.37), we

have
n—1

1 2
§(f1+fn)+i222fi + O(h%). (3.43)

/abf(w)dx:h

Now we double the value of h and observe (see Fig. 3.6) that on the resulting new partition of
[a, b] only the odd-indexed points of the original partition still occur. In particular, the summation
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P

P
5+ o

Figure 3.6: Grid-point Indexing on h and 2h Grids

(3.43) must now run over only odd integers from i = 3 to n — 2. This implies that n — 2 must be
odd, and hence n is odd. We then have

n—2

b
1
/ f dz =2h §(f1+fn)+ Z fi| + OR?). (3.44)
i\ odd
We now apply Richardson extrapolation by multiplying Eq. (3.43) by four, substracting Eq. (3.44)
and dividing by three:

/ fdz = g 4 %(fl +fn)+Zfi] -2 %(fl +fa)+ Y fil ¢ +OY.
a i=2 i=3
i,0dd

We can rearrange this expression to obtain a more convenient form by observing that the first
sum contains both even- and odd-indexed terms. Thus,

b h n—2 n—1
RS 1A SERTD IFI RS
i,;dd i,e_ven

Finally, it is common for purposes of computer implementation to re-index and write this as

n—1 n—1
b 3 5 3
/ F@) de=5 | fit fa+2 3 ot 4 foi| +O(RY. (3.45)
a 1=2 i=1
This is the form of Simpson’s rule from which very efficient algorithms can be constructed. We see
from (3.45) that the weights for composite Simpson’s rule are as follows:
fori=1ori=n
for 3<i<n-—2,1o0dd

for2<i<n-—1, i even.

Wk WIN W

Also observe that (3.45), as well as the formula that precedes it, reduces to the familiar local
Simpson’s rule when n = 3.
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3.2.2 Gauss-Legendre quadrature

The two Newton-Cotes methods considered in the preceding section require that function values be
known at equally spaced points, including the endpoints of integration. It turns out that higher-
order methods can be constructed using the same number of function evaluations if the abscissas
are not equally spaced. The Gauss-Legendre quadrature scheme to be considered now is a case of
this. In particular, a Gauss-Legendre formula employing only n abscissas has essentially the same
accuracy as a Newton-Cotes formula using 2n — 1 points. Thus, only about half as many integrand
evaluations are required by Gauss-Legendre to achieve accuracy equivalent to a Newton-Cotes
quadrature method. However, this sort of comparison is not very precise and should be viewed as
providing only a rough guideline. The more precise statement is the following: A Gauss-Legendre
method using n absissas will exactly integrate a polynomial of degree < 2n — 1. By contrast a local
Newton-Cotes formula requiring n points will exactly integrate a polynomial of degree < n — 1.

The Gauss-Legendre formulas are always local in the sense that the interval of integration is
always [—1,1]. This is because the Legendre polynomials from which the methods are derived
are defined only on [—1,1]. This, however, is not really a serious limitation because any interval
[a,b] C R! can be mapped to [—1,1]. We will here consider only the case of finite [a,b]. If we map
a to —1 and b to 1 by a linear mapping we have

y—(-1) _1-(-1) _ 2

T —a b—a b—a’

where z € [a,b] and y € [—1,1]. Thus, given y € [—1,1], we can find z € [a,b] from

w:a+%(b—a)(y-|—1). (3.46)

/abf(x) dz

using Gauss-Legendre quadrature. From (3.46) it follows that

Now, suppose we wish to evaluate

~—

dr==(b—-a)dy,

N —

and the integral transforms as

/abf(w) dz = %(b—a)/l f <a+%(b—a)(y+1)) dy, (3.47)

-1
which is now in a form to which Gauss-Legendre quadrature can be applied.
As we noted earlier, all quadrature formulas take the form

/bf(a:) dx :hiwifi.
a i=1

For the Newton-Cotes formulas h was always the uniform partition step size; but for Gauss-Legendre
there is no corresponding quantity. However, if we recall the form of the transformed interval given
above, we see that
b—a

5
As can be inferred from our discussion to this point the f; do not correspond to evaluations of f
at points of a uniform partition of [—1,1]. Instead the f; are obtained as f(y;) where the y; are
the zeros of the Legendre polynomial of degree n + 1. Tables of the y; and w; are to be found, for
example in Davis and Rabinowitz [4]. We provide an abbreviated table below for n = 1, 2 and 3.

b=
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Table 3.1: Gauss-Legendre evaluation points y; and corresponding weights w;

n ¥ i

1 | +0.5773502692 | 1.0000000000

2 0.0000000000 | 0.8888888889
+0.7745966692 | 0.5555555556

3 | £0.3399810436 | 0.6521451547
+0.8611363116 | 0.3478548451

3.2.3 Evaluation of multiple integrals

We will conclude our treatment of basic quadrature methods with a brief discussion of numerical
evaluation of multiple integrals. A standard reference is Stroud [31]. Any of the methods discussed
above can be easily applied in this case; it should be emphasized however, that the large number of
function evaluations generally required of the Newton-Cotes formulas makes them unsuitable when
high accuracy is required for triple integrals. Here, we will treat only the case of double integrals,
but the procedure employed is easily extended to integrals over domains of dimension higher than
two.

Consider evaluation of the integral of f(z,y) over the Cartesian product [a,b] X [c,d]. It is
not necessary to restrict our methods to the rectangular case, but this is simplest for purposes of
demonstration. Moreover, nonrectangular domains can always be transformed to rectangular ones
by a suitable transformation of coordinates. Thus, we evaluate

/ab/cdf(x,y) dy dx.

d
gmz/ﬂwww (3.48)

we see that evaluation of the double integral reduces to evaluation of a sequence of single integrals.

In particular, we have
b pd b
[ [ @) dydo= [“g(a) da,
a c a

b m
/ g(z) dz = hy Y wigi, (3.49)
a i=1

If we define

so if we set

then from (3.48) the g;s are given as
d n
9i = g(zi) = / flaoy) dy=hy > wifi.
C ]:1

Hence, the formula for evaluation of double integrals is

b d m,n
/ / f(z,y) dy dz = hyhy Z wiw; fij. (3.50)

ij=1
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All that is necessary is to choose partitions of [a,b] and [c,d] to obtain h, and h, (unless Gauss-
Legendre quadrature is used for one, or both, intervals), and then select a method—which deter-
mines the w; and w;. We note that it is not necessary to use the same method in each direction,
although this is typically done. We also note that in the context of implementations on modern
parallel processors, it is far more efficient to evaluate the m equations of the form (3.48) in parallel,
and then evaluate (3.49) instead of using (3.50) directly.

3.3 Finite-Difference Approximations

Approximation of derivatives is one of the most important and widely-used techniques in numerical
analysis, mainly because numerical methods represent the only general approach to the solution of
differential equations—the topic to be treated in the final two chapters of these lectures. In this
section we will present a formal discussion of difference approximations to differential operators.
We begin with a basic approximation obtained from the definition of the derivative. We then
demonstrate use of Taylor series to derive derivative approximations, and analyze their accuracy.
Following this we will consider approximation of partial derivatives and derivatives of higher order.
We then conclude the section with a few remarks and approximation methods that are somewhat
different from, but still related to, the finite-difference approximations described here.

3.3.1 Basic concepts

We have already used some straightforward difference approximations in constructing the secant
method and cubic spline interpolation. These basic approximations follow from the definition of
the derivative, as given in Freshman calculus:

i [+ ) = (@)
h—0 h

= f'(2), (3.51)

provided the limit exists. To obtain a finite-difference approzimation to f'(z) we simply delete the
limit operation. The result is the first forward difference,

) o F@ N~ 1@)
Py = DEE 2

If we note that z;11 = z; + h, then in our usual notation we see that

fivi—=fi  firmi—fi
= 3.52
h Tiyl — T5 (3.52)

is the forward-difference approximation to f’(z;).
It is crucial to investigate the accuracy of such an approximation. If we assume that f € C? in
a neighborhood of = x;, then for h sufficiently small we have the Taylor expansion

1
fir1 = fi+ fih+ §fi"h2 e
Substitution into (3.52) yields
fir1—fi 1

h h
! 1 "
_fi+§fih+"' .

(s gine g im e ) = 1)

Hence, the leading error in (3.52) is % f¥h; so the approximation is first order in the step size h.
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3.3.2 Use of Taylor series

There are many different ways to obtain derivative approximations, but probably the most com-
mon is by means of the Taylor series. We will demonstrate this now for a backward-difference
approximation to the first derivative. We again assume f € C?, and write

fici=fi— fih+ f”h2

Then it follows inmediately that
fi—fie1

g=tficta

In order to obtain derivative approximations of higher-order accuracy, we can carry out Taylor
expansions to higher order and form linear combinations so as to eliminate error terms at the
desired order(s). For example, we have

+O(h). (3.53)

1 1
fi+1 — fz + fzh + f//hz + Efillth + f////h4 120 Z/////hS .,
and
! 1 "y 2 ny3 nry 4 " 5
fir = i fihot g FIR = IR o R — o
If we substract the second from the first, we obtain
1
fiv1 = fiii=2fih+ gfimh3 te
and division by 2h leads to
f'l _ fir1 — fim i 1 mp2 fZ”mh4 (3_54)

T 2h 67" 120
This is the centered-difference approximation to f'(z;). As can be seen, it is second-order accurate.
But it is also important to notice that its error expansion includes only even powers of h. Hence,
its accuracy can be greatly improved with only a single Richardson extrapolation, just as was seen
earlier for trapezoidal quadrature.

Use of Richardson extrapolation is a common way to obtain higher-order derivative approxi-
mations. To apply this to (3.54) we replace h by 2h, fi11 with fi1o, and f;_1 with f;_o. Then
recalling the procedure used in Romberg integration, we multiply (3.54) by four, substract the
result corresponding to 2h, and divide by three. Thus,

' Jit1 — fiz1 fit2 — fi—o
e () () o

(fi—a — 8fic1 — 8fit1 — fir2) + (’)(h4).

(3.55)

12h

This is the fourth-order accurate centered approximation to the first derivative.

There is yet another way to employ a Taylor expansion of a function to obtain a higher-order
difference approximation. This involves expressing derivatives in the leading truncation error terms
as low-order difference approximations to eliminate them in favor of (known) grid function values.
We demonstrate this by constructing a second-order forward approximation to the first derivative.
Since we are deriving a forward approximation we expect to use the value of f at x;11. Thus, we
begin with

1 1
fivr = Jit B+ SFW 4 fIR
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and rearrange this as

PR Ll (k| L VU (3.56)
h 6

We now observe that we can obtain an approximation of the desired order if we have merely a

first-order approximation to f/. We have not yet discussed approximation of higher derivatives,

but as we will see later the only required idea is simply to mimic what we do analytically for exact

derivatives; namely we repeatedly apply the difference approximation. Now recall that

f’l fz—|—1 fz (h),

so we expect that

It then follows that
1
= o) (fix2 = fix1 — fix1 + i) + O(R)
1
=12 (fire = 2fix1 + fi) + O(h).

We now substitute this into (3.56):

fi= 5 |fivs = fim 5 o = 21 + )| +002),

or
1

fz, 2h ( 3fz + 4fz+1 fz'+2) + O(hz)- (3.57)

This is the desired second-order forward approximation. A completely analogous treatment leads
to the second-order backward approximation; this is left as an exercise to the reader.

3.3.3 Partial derivatives and derivatives of higher order

The next topics to be treated in this section are approximation of partial derivatives and approxi-
mation of higher-order derivatives. We will use this opportunity to introduce some formal notation
that is particularly useful in developing approximations to high-order derivatives and, as will be
seen in the next two chapters, for providing concise formulas for discrete approximations to differ-
ential equations. The notation for difference approximations varies widely from author to author,
and that used here is simply the preference of this author.

In general we will take D(h) to be a difference operator based on step size h. (When no confusion
is possible we will suppress the notation for h.) We then denote the forward-difference operator
by D4 (h), the backward operator by D_(h) and centered-difference operators by Dg(h). Thus, we
have the following;:

Dy (h)f; = fz+1h i () + O(h) (forward) (3.58a)
D_(h)f; = % = f'(=i) + O(h) , (backward) (3.58b)
Do(h)f; = Jirr = fim1 _ F(z:) + O(R?) . (centered) (3.58¢)

2h
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When we require partial derivative approximations, say of a function f(z,y), we alter the above
notation appropriately with either D, (k) or D, (h). Hence, for example, for the centered difference

we have

Doa(h)fig = TSmOy oy (3.59)
and

Doy (h) iy = Tttt %(wi,yi) +0(h?) . (3.60)

We noted earlier that approximation of higher derivatives is carried out in a manner completely
analogous to what is done in deriving analytical derivative formulas. Namely, we utilize the fact
that the (n + 1) derivative is just the derivative of the n'® derivative:

dntt d dnf
a1 = i (%) |
In particular, in difference-operator notation, we have
D"*(h) f; = D(h) (D™(h)fi) -

We previously used this to obtain a first-order approximation of f”, but without the formal notation.
We will now derive the centered second-order approximation:

D§fi = Do(Dof;) = Do [%(fi—f—l - fi—l)]

_ 1 [(fi+2—fi) B (fi —fi—2>]
~2h 2h 2h

1

= W(fiﬁ —2fi + fiv2)-

We observe that this approximation exactly corresponds to a step size of 2h, rather than to h,
since all indices are incremented by two, and only 2h appears explicitly. Hence, it is clear that the
approximation over a step size h is

fic1 = 2fi + fira
h2

Djfi = = ["(z:) + O(h?). (3.61)
In recursive construction of centered schemes, approximations containing more than the required
range of grid point indices always occur because the basic centered operator spans a distance 2h. It
is left to the reader to verify that (3.61) can be obtained directly, by using the appropriate definition
of Dy(h) in terms of indices i —  and i + 5. We also note that it is more common to derive this

using a combination of forward and backward first-order differences, D, D_ f;.

3.3.4 Differentiation of interpolation polynomials

There are two remaining approximation methods which are related to differencing, and which are
widely used. The first is divided differences. We will not treat this method here, but instead discuss
the second approach, which gives identical results. It is simply differentiation of the Lagrange
polynomial. Suppose we are required to produce a second-order accurate derivative approximation
at the point z;. Now we expect (correctly) on the basis of earlier discussions, that differentiation
of a polynomial approximation will reduce the order of accuracy by one power of the step size.
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Thus, if we need a first derivative approximation that is second-order accurate, we must start with
a polynomial which approximates functions to third order.
Hence, we require a quadratic, which we formally express as

Ze (z) + O(h3),

where h = max |z; — z;|. Then we have

flz )=p’2( ) + O(h?)
_Ze' ) fi + O(h?) .

We can now obtain values of f’ for any z € [z1,z3]. In general, we typically choose the z; so that
z; = z for some . The main advantage of this Lagrange polynomial approach is that it does not
require uniform spacing of the z;s, such as is required by all of the procedures presented earlier. (It
should be noted, however, that Taylor series methods can also be employed to develop difference
approximations over nonequally spaced points; but we shall not pursue this here).

3.4 Richardson Extrapolation Revisited

We have previously used Richardson extrapolation to construct Simpson’s rule from trapezoidal
quadrature, and also to obtain higher-order difference approximations. It is also the basis for the
Romberg integration method. In recent years Richardson extrapolation has come into wide use in
computational numerical analysis, and because of this we feel a more general treatment is needed
than can be deduced merely from the applications discussed above. In all of these examples we
were extrapolating a procedure from second- to fourth-order accuracy, which depends upon the
fact that only even powers of the step size appear in the truncation error expansion. Furthermore,
extrapolation was always done between step sizes differing by a factor of two. There are many cases
in which all powers of h (and for that matter, not just integer powers) may occur in the truncation
error expansion. Moreover, for one reason or another, it may not be convenient (or even possible)
to employ step sizes differing by a factor of two. Hence, it is important to be able to construct the
extrapolation procedure in a general way so as to remove these two restrictions.

Let {z;}?_, be a partition of the interval [a, b] corresponding to a uniform step size h = z; 11 — ;.
Let f(z;) be the exact values of a function f defined on this interval, and let {f?}? , denote the
corresponding numerical approximation. Hence,

f = fi) + 1T + 1h® 4 O (R%) (3.62)

for some known ¢, € R, m =1,2,..., and (possibly) unknown 7,,, € C which also depend on the
grid point x;. We have earlier seen in a special case that it is not necessary to know the 7,,.

The functions fih, usually called grid functions, may arise in essentially any way. They may
result from interpolation or differencing of f; they may be a definite integral of some other function,
say g, as in our quadrature formulas discussed earlier (in which case the i-index is superfluous); or
they might be the approximate solution to some differential or integral equation. We will not here
need to be concerned with the origin of the fz-hs.

Let us now suppose that a second approximation to f(z) has been obtained on a partition of
[a,b] with spacing rh, r > 0 and r # 1. We represent this as

Th — f(zg) + 11 (rh)T + 19 (rh)? + O (h®). (3.63)
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We note here that we must suppose that there are points z; common to the two partitions of [a, b].
Clearly, this is not a serious restriction when r is an integer or the reciprocal of an integer. In
general if the f;s are being produced by any operation other than interpolation, we can always
employ high-order interpolation formulas to guarantee that the grid function values are known at
common values of z € [a, b] for both values of step size.

We now rewrite (3.63) as

irh:f(ivi)-l-?"qlﬁhql +7"q27'2hq2+0(hq3).

From this it is clear that the g{*-order error term can be removed by multiplying (3.62) by r%, and
substracting this from (3.63). We obtain

irh — rqlfih = f(z;) — r® f(z;) + rPh? — ri* b2 + O (h%)
= (1 —7%) f(z;) + O (h?) .

We now divide through by (1 — r%) to obtain

rh _ paq1fh
e 1 _qufz = f(zi) + O (h®) .

From this it is clear that we should define the general extrapolated quantity f;" as

fi = ﬁ = f(z:) + O (h?) . (3.64)
We now demonstrate that for the special cases treated earlier, for which ¢; = 2, g2 = 4, and

r = 2 we obtain the same result using Eq. (3.64) as found previously; namely

Afh— 2 1

= (4 - ) = Fe) + o)

Similarly, if the leading term in the truncation error expansion is first order, as was the case with
several of the difference approximations presented in the preceding section, we have ¢; = 1, g0 = 2,
and for r = 2 (3.64) yields

fr=2ft — 2" = (o) + O(?) .

3.5 Computational Test for Grid Function Convergence

Whenever solutions to a problem are obtained via numerical approximation it is necessary to
investigate the accuracy of the results. Clearly, if we know the answer to the problem we are
solving ahead of time we could always exactly determine the error of the numerical solution. But,
of course, if we already know the answer, we would not need a numerical solution in the first place,
in general. (An important exception is the study of “model” problems when validating a new
algorithm and/or computer code.)

It turns out that a rather simple test for accuracy can always be (and should always be) per-
formed on solutions represented by a grid function. Namely, we perform a Cauchy convergence
test on the grid function in a manner quite similar to that discussed in Chapter 1 for iteration
procedures. For grid functions, however, we generally have available additional qualitative infor-
mation, derived from the numerical method itself, about the theoretical convergence rate of the
grid functions generated by the method. In particular, we almost always have the truncation error
expansion at our disposal. We have derived numerous of these throughout this chapter.
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For example, from (3.62) we see that
flr=f(@i) + mh® + - = f(zi) + O (B%),

and by changing the step size to rh we have

= f@) + mrT Rt -
The dominant error in the first case is

el = f(zi) — fI = kT, (3.65)
and in the second case it is

ef = f(z;) — fI" = mr@ A4 (3.66)

provided h is sufficiently small to permit neglect of higher-order terms in the expansions. Thus,
the theoretical ratio of the errors for two different step sizes is known to be simply

Hence, for a second-order method (g; = 2) a reduction in the step size by a factor of two (r = )
leads to a reduction in error given by
2
w11
2 4’

i.e., the error is reduced by a factor of four.

In practical problems we usually do not know the exact solution, f(z); hence we cannot calculate
the true error. However, if we obtain three approximations to f(z), say { fz-h} , { fzh / 2}, and { fz-h/ 4},
we can make good estimates of 71, g1, and f(x;) at all points x; for which elements of all three grid

functions are available. This merely involves solving the following system of three equations for 7,
q1 and f(.’Ez)

£l = f(ai) + miho
717 = )+ 2 mhe
FMY = (@) + 47 0mho

Now recall that f7, fih/ 2, th /* and h are all known values. Thus, we can substract the second
equation from the first, and the third from the second, to obtain

th _ fih/Q _ (1 . 2*(11) Ao, (3.68)
and
fz'h/Q . fih/4 —9n (1 _ 2*111) T hIt. (3.69)
Then h/2
fih - fz
A L S—— U} (370)
h/2 h/4 ?
7=

which is equivalent to the result obtained above using true error. Again note that ¢; should be
known, theoretically; but in practice, due either to algorithm/coding errors or simply to use of step
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sizes that are too large, the theoretical value of ¢; may not be attained at all (or possibly at any!)
grid points z;.
This motivates us to solve Eq. (3.70) for the actual value of ¢;:

h/2
In lifih —Ji ]

h/2 _ gh/t
q = Ji o Ji : (3.71)
Then from Eq. (3.68) we obtain
it - 57

Finally, we can now produce an even more accurate estimate of the exact solution (equivalent to
Richard extrapolation) from any of the original equations; e.g.,

f(zi) = ff — 7 h%. (3.73)

In most pratical situations we are more interested in simply determining whether the grid
functions converge and if so, if convergence is at the expected theoretical rate. To do this it is
usually sufficient to replace f(z;) in the original expansions with the value fz-h/ * or a Richardson
extrapolated value obtained from this, say f;*. The latter is preferred, and for sufficiently small h
it leads to

& = fl—ff =2nhm .

Similarly,

~h/2 hI2 koo
&' =" —fi=27"h",

and the ratio of these errors is

éf’ ~ fzh_fl* :2(11
~h/2 — ,h/2 )
6’/ fi/ —f

2 2

Yet another alternative (and in general, possibly the best one) is simply to use Eq. (3.72),
i.e., a Cauchy convergence test. We generally know the theoretical value of ¢q;. Thus, the left
side (obtained from numerical computation) can be compared with the right side (theoretical).
Even when ¢; is not known we can gain qualitative information from the left-hand side alone. In
particular, it is clear that the right-hand side is always greater than unity. Hence, this should be
true of the left-hand side. If the equality is not at least approximately satisfied, the first thing to
do is reduce h, and repeat the analysis. If this does not lead to closer agreement between left- and
right-hand sides in the above, then it is fairly certain that there are errors in the algorithm.

Finally, we note that the above procedures can be carried out for arbitrary sequences of grid
spacings, and for multi-dimensional grid functions. But in both cases the required formulas are
more involved, and we leave investigation of these ideas as exercises for the reader.

3.6 Summary

This chapter has been devoted to presenting a series of topics which, taken together, might be called
“classical numerical analysis.” They often comprise a first course in numerical analysis consisting
of interpolation, quadrature and divided differences. As will be evident in the sequel, these topics
provide the main tools for development of numerical methods for differential equations.
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As we have attempted to do throughout these lectures, we have limited the material of this
chapter to only the most basic methods from each class. But we wish to emphasize that, indeed,
these are also the most widely used for practical problem solving. All of the algorithms presented
herein (and many similar ones) are available in various commercial software suites, and above all
else we hope the discussions presented here will have provided the reader with some intuition into
the workings of such software.
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Chapter 4

Numerical Solution of Ordinary
Differential Equations

Development of the ability to solve essentially any ordinary differential equation (ODE) on the
digital computer is one of the major achievements of modern numerical analysis. While it is not
the case that absolutely any and every ODE problem can be solved easily, it is true that the
great majority of problems that occur in practice can be solved quite efficiently with a well-chosen
method. This is true generally independent of whether the problems are linear or nonlinear.

There are two types of problems associated with ODEs: ) initial-value problems (IVPs), and i)
boundary-value problems (BVPs). Numerical methods for IVPs are highly developed, and except
for extremely large systems or problems involving very high-frequency oscillations, there exist many
standard software packages that can be readily used. The main purpose of discussions here will be to
treat very basic methods that will provide insight into construction of such software. The situation
is not quite so favorable for BVPs, especially for nonlinear problems and for systems. One of the
main approaches is to convert these problems to IVPs and then use the initial-value packages. This,
however, has no guarantee of success; our approach to BVPs will be to use techniques developed
specifically for such problems. These have been demonstrated to be very effective, and with the
aid of Richardson extrapolation can be highly accurate.

The chapter is subdivided into two main sections, each providing treatment of one of the
main types of ODE problems. Section 1 will deal with initial-value problems, and section 2 with
boundary-value problems.

4.1 Initial-Value Problems

In this section we discuss some of the main methods for solving initial-value problems for ordinary
differential equations. We begin with a brief mathematical background for such problems, and then
proceed to treat single-step numerical methods, multi-step methods and finally stiff ODEs

4.1.1 Mathematical Background
Initial-value problems for n**-order ODEs can always be cast in the following general form:
F (u(”),u("fl), ... ,u',u,t) =0 (4.1)

7
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with initial data

(4.2)

u("*l)(to) =cp,

where F, u € R™ and t € R'. Parenthesized superscripts here denote order of differentiation.
We should start by noting that an n'?-order differential equation will require n initial conditions,
as given in (4.2), to permit evaluation of the n integration constants arising during the n formal
integrations needed to obtain a solution.

We will not usually encounter systems of ODEs in a form as general as (4.1), (4.2). It is often,
but not always, possible to solve each equation in the system for its highest derivative term. When
this is the case (4.1) can be written as

d"u

dtr
where now f € R™. The initial data (4.2) still apply in this case. We now consider only a single
component of the vector equation (4.3), but we will not use any distinguishing notation.

It is an important fact that any equation of the form (4.3) can be written as a system of n first-
order equations. Moreover, initial conditions of the form (4.2) provide the correct initial data for
this system, as we will show below. The consequence of all this is that study of the numerical initial-
value problem can be restricted to first-order systems without loss of generality. This approach is

essentially always employed, and we will follow it here.
To express (4.3) as a first-order system, let

=f (u(”_l),u("_Q), ... ,u',u,t) , (4.3)

_ d_u _ % _ dyn—2
= di s Y2 = dt ) ) Yn—1 = dt .
Now, observe that
dt dt dt dt? dt3 dtn—1 dtn ’

which shows that dy,_1/dt = f.
Thus, the system of equations corresponding to (4.3) is

au _
dyr _
dt Y2
(4.4)
dyn—o _
dt Yn—1
dyn—1

= f (yn—layn—Qa .. ,ylau’t) -
dt
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This is a system of n first-order equations for u, the desired solution, and its first n — 1 derivatives.
The required initial data are given in (4.2). In particular, we have

’u,(to) =C1
' (to) = y1(to) = c2

"D (tg) = yn_a(to) = cn_1
u™ D (tg) = yn_1(to) = cn.

Equations (4.4) and (4.5) are the form of (4.1) and (4.2) that we would input to standard ODE
software packages as found, for example, in the IMSL or NAG libraries, and it is the only form to
be treated here.

We next demonstrate the procedure of going from (4.1), (4.2) to (4.4), (4.5) for a specific case.
Consider the following problem:

1
d2u1 2 . dU1 dUQ 2
(W) + sin (E) — (E) — U9 — COS wt=0 (4.68.)
d3u d’u du
P ( dt22) tup = Hw =0, (4.65)

Since (4.6a) is second order, two initial conditions will be needed, while (4.6b) is third order, and
will require three conditions. In particular, we have

’ul(to) =a Ug(to) =cC
ui(to) =b  uy(to) =d (4.7)
uy(to) = e

The first step is to “solve” each of (4.6a) and (4.6b) for their respective highest derivative. For
(4.6a) we obtain

1
1 1
d2'u,1 duQ 2 . du1 2 _
ol {coswt + ug + (E) — sin (%> =fi, (4.8a)
and from (4.6Db)
d3U2 d2UQ dU1 o
W:exp (W)—’U/Q—'-E—’U,l:fg (48b)

We are now prepared to convert this to a first-order system. Let

_du o dy
N="w et T A v
(4.9)

g _dn dn_ du
YUra T @ at . a7
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Then, the system takes the form

dup
ﬁ—yl
! du\ ) ?
% = {coswt—l—uz—i- (%) — sin (%)}
dug_
a7
dzl_
a2
@:exp(@> Lt B
dt dt? dt )

By making use of the definitions (4.9), we can write these equations entirely in terms of the
dependent variables appearing on the left-hand sides. The final form of the system, with appropriate
initial conditions is

% =y u(to) = a
1

1 2
%: {coswt—l—m—l—zf —sinyl} y1(to) = b
du
d—t2 =2z ug(to) = ¢ 10
dz1
ke #1llo) = d
dz
d_t2 — eXp(ZQ) — ug + Y1 — U1 Z2(t0) = e.

The system (4.10) is coupled and strongly nonlinear. Existence and/or uniqueness for such systems
is not guaranteed, a priori. We shall not address such questions in this presentation; but the reader
must be warned that since numerical methods for initial-value problems can be applied irrespective
of nonlinearities, computed results to problems such as (4.10) must be viewed with some caution.

A second remark is also important at this time. It is that although we have demonstrated that
any higher-order system of the form (4.3) can be written as an equivalent first-order system, it is
not true that every first-order system arises as a reduction of some higher-order equation. Thus,
any general algorithm for solving ODE IVPs must be written for general systems, and not merely
for the special form shown in (4.4).

4.1.2 Basic Single-Step Methods

In this section we will begin with a detailed treatment of the simplest single-step method, the
forward Euler method; we will then consider the backward Euler procedure. Following this we
present analyses of two higher-order methods, the implicit trapezoidal scheme and its explicit
counterpart Heun’s method, which is a Runge-Kutta method.

Explicit (Forward) Euler Method

The first method we consider, Euler’s method, is one that should almost never be used in practice.
However, it is extremely simple, and thus provides a useful pedagogical tool. It will be evident
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that the method is easily coded even on a hand-held calculator; we might at times consider using
it in this context. We will treat only a single first-order equation since the extension to systems is
mainly a matter of notation.
Consider the equation
u' = f(u,t) ’ (4'11)

with initial condition u(tg) = ug. If we replace v’ with a first forward difference and evaluate f at
time ¢, we obtain

— U
Un+1 — Un o~ f(un,tn) ’

h

or
Unt1 = Up + hf(un, tn) - (4.12)

Clearly if u,, is known, we can evaluate the right-hand side and thus explicitly calculate uy41.
This is a characteristic feature of ezplicit methods: the grid function values at a new time step
can be directly (not requiring numerical linear algebra and/or iteration) evaluated from values
at previous time steps. We also observe that the right-hand side of (4.12) involves only a single
previous time step. Hence, Euler’s method is an explicit single-step method.

We now investigate the truncation error for Euler’s method. Intuitively, we would expect this
method to be only first-order accurate because we have used a first-order approximation to u'.
Indeed this turns out to be true in a certain sense; but it is important to understand some details.
Our treatment is not intended to be rigorous, but it is correct with respect to the basic notions.
(For a rigorous development, we recommend Gear [8]). In going from the ODE to the difference
approximation, the exact result would be (for sufficiently small h)

Un+1 — U

"+ O(h) = f(un,tn) -
It is clear from this that as A — 0, the original differential equation is recovered. Thus, Euler’s
method is said to be consistent with the differential equation. Analogous to (4.12) we have

Unt1 = Un + hf(Un,tn) + O(hZ) ) (4.13)

and in this form Euler’s method would appear to be second-order accurate. However, the formula
(4.13) advances the solution only a single time step, and during this step an error of order h? is
incurred. This is called the local truncation error, and it is second order for Euler’s method.

Now suppose we wish to solve (4.11) on the interval (0, 7], using N time steps. Then the
(uniform) time step is h = 7/(N — 1). From (4.13) we see that after N — 1 steps (the number
needed to obtain uy) we will have accumulated a truncation error equal to (N — 1)O(h?). Thus,
the global truncation error for Euler’s method is O(h). The order of a method is always taken to
be the order of the global truncation error; hence, Euler’s method is first-order accurate just as we
originally expected.

We next consider the stability of Euler’s method. There are many different definitions employed
in studying stability, but basically, we consider a difference approximation to a given problem to
be stable if the solution to the difference equation does not blow up any faster than the solution
to the differential equation. For the analyses presented herein, we employ the following somewhat
more precise statement of this idea.

Definition 4.1 A method is absolutely stable for a given step size h, and for a given differential
equation, if the change due to a perturbation of size d in any mesh value u,, is no larger than
0V up, n>m.
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We note that the perturbations referred to in the definition typically arise from round-off error in
machine computation.
To examine absolute stability of Euler’s method we consider a very simple IVP,

v =Au, u(0) = uo , A = const. < 0. (4.14)

The exact solution to this problem is

u(t) = upe |

so if A < 0, the solution decays to zero exponentially. The Euler’s method approximation to (4.14)
is
Upt1 = Up + Ahuy, = (1 4+ Ah)uy,.

Thus,

Uy = (1 + )\h)’u,()
U9 = (1 + /\h)u1 = (1 + Ah)2’U,0

Uy = (1+ Ah)up—1 = -+ = (1 + Ah)"ug .

Now suppose that ug is replaced by vg = ug+4, where § is the error in the machine representation
of ug and corresponds to a perturbation in the sense of the definition of absolute stability. For
example, if ug = m, |d] > 0 will hold on any machine, no matter what the word size happens to be
because it will always be finite, and 7 does not have a finite exact representation. After n steps we
have

vn = (1 + \h)™(ug + )
= (14 Ah)™ug + (1 + Ah)"6
= up + (1 + AR)"S

Now define the error at time step n to be

Thus, taking zg = J, we see that the error satisfies the same difference equation as does the solution,
uy. Then after n steps the original error § will have been amplified to

(I1+AR)"6,
and it follows that in order to guarantee absolute stability for Euler’s method we must have
14+ M| <1. (4.15)

The quantity on the left is called the amplification factor.

In general, we permit A to be complex, and the region of absolute stability of Euler’s method is
usually drawn in the complex Ah-plane, as shown in Fig. 4.1: the stable region for Euler’s method
applied to (4.14) is simply the disc centered at (—1,0) and having unit radius. If A € R!, then
Euler’s method is stable for Ah € [—2,0]. This shows that the method is never absolutely stable
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Unstable  'MAh
Unstable
Stable
: -
(-1,0) Re Ah
Unstable
Unstable

Figure 4.1: Region of Absolute Stability for Euler’s Method Applied to v’ = Au

if A > 0, and for A < 0, but |A| > 1, the step sizes required for stability are extremely small. For
these reasons, Euler’s method is seldom used in practical calculations.

It is interesting to observe the effects of instability on the computed solution. For simplicity, we
take ug = 1 in (4.14), and set A = —100. At ¢ = 1, the exact solution is u(1) = 3.72 x 10~%* ~ 0.
From (4.15) we see that to guarantee stability we must choose the step size h so that

|1 —100n| <1,

or
1-100h <1 and 1-100h > -1.

The first of these implies h > 0, which we would expect in any case. From the second we find

With h exactly equal to 51—0, the amplification factor is unity, and FEuler’s method becomes
Unp = (—1)"u0 .

Hence, as the time steps proceed u(t) = tuyp = 1 which remains bounded, but is completely
wrong.

Next consider h = 0.01. In this case, the amplification factor is zero, and u, =0 V n > 0. This
is very inaccurate close to ¢ = 0, but asymptotically correct as ¢t — oo. If we set h = 0.001, the
amplification factor is 0.9. To reach t = 1 we need 1000 time steps, so the Euler’s method solution
is

U1000 = (0.9)100011,0 >~ 1.748 x 10746 ,

which is at least beginning to resemble the exact solution. Moreover, the computed solution at
t = 0.1 is ujgp = 2.66 x 107° compared with the exact solution u(.1) = 4.5 x 107°. Hence, the
method produces results that are at least of the correct order of magnitude for short times, and
decreasing h to h = 0.0001 yields reasonably accurate results.
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h=0.0001 ——-—-
h=0.001 ------

u()

-6.0E04 — ——

Figure 4.2: Forward Euler Solutions to v’ = Au, A < 0

Finally, we consider h = 0.1; then the amplification factor is 9, and Euler’s method becomes
Uy = (—=9)"uy .
To integrate to ¢ = 1, we need 10 steps, and this leads to
ugp = 3.487 x 107,

which is completely ridiculous.

Figure 4.2 summarizes these results. Of particular note is the phenomenon of growing oscil-
lations in the unstable case. Such oscillations provide a tell-tale symptom of instability rather
generally in numerical integration procedures, and their appearance is a signal that the time step
size should be reduced.

We conclude from all this that Euler’s method is generally unreliable because of its poor stability
characteristics, and it should be used only with extreme caution.

Implicit (Backward) Euler Method

There is a relatively simple remedy to the stability problems encountered with Euler’s method.
Recall that in developing this method we replaced v’ with a forward-difference approximation. We
now instead use a backward approximation to obtain

Un — Unp—
”Tnl = F(un,tn) ,

or
Up = Un—1 + hf(un, tyn) .
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If we translate this forward by one time step the result is analogous to the earlier form of Euler’s
method (4.12):

Up+1 = Up + hf(un+1, tn+1) . (416)
This approximation is known as the backward Fuler method. It is still a single-step method, but it
is now implicit. In particular, we cannot in general calculate a new time step by merely plugging
in results from a preceding time step. Usually, f will be a nonlinear function of u,1; so (4.16) is
a nonlinear equation for u,,; that can be solved by a fixed-point algorithm applied at each time
step. Newton’s method is typically used. Thus, we write (4.16) as

Flunt1) = tnt1 — up — hf(tni1,tn41) =0, (4.17)

and application of Newton’s method leads to

(m)
WMD) ) r (“"“) (4.18)
n+1 n+1 (m) ) .
F’ (un+1)
where
of

F,(Un+1) =1-h

. 4.19
Oun 1 ( )

The truncation error analysis for backward FEuler can be carried out analogously to what was done
for forward Euler, and the result is the same; the backward Euler method is first-order accurate.
We leave demonstration of this as an exercise for the reader.

We now consider the stability properties of (4.16) with respect to the IVP (4.14). In this case
f is linear in u, so we have

Uyl = Up + AUy,

which can be solved for u, 1 without iteration (because of linearity):
Un+1 — )\hun—l—l = Un ,

and
Unp

Untl = 70

Analogous to what we did in analyzing absolute stability of (forward) Euler’s method, we find for
backward Euler that

(4.20)

1
Up = m’lj,o . (4.21)
Thus, the amplification factor is |(1 — Ah)™!|, and the condition for absolute stability is
1

— <1

[1—AR| = 7
or

[1—Ah| >1. (4.22)

This is all of the complex Ah-plane except for the open disc of unit radius centered at (1,0).
Our first observation is that (4.22) is satisfied V A < 0 (or A 3 Re A <0 if XA € C), independent
of the step size h. Thus, for the problem considered previously, with A = —100, there are no



86 CHAPTER 4. NUMERICAL SOLUTION OF ODEs

restrictions on h for maintaining stability. For example, for h = %, the amplification factor is %,

Up = .

Hence uso ~ u(1) = 1.393 x 1072* ~ 0. This is actually much larger than the exact result, but
both are so near zero that in many practical situations the backward Euler result would be quite
acceptable. If we choose h = ﬁ, we have uigo ~ u(1) = 7.889 x 10~3! which is significantly closer
to the exact result. Finally, for A = 0.1, which is very unstable for forward Euler, the backward
Euler result at t =1 is ujg ~ u(l) = (ﬁ)m = 3.855 x 10~ 1, which is still sufficiently close to zero
for many practical purposes.

We close this section on Euler single-step methods with the following remarks. We have shown
the Euler methods to be stable, at least for sufficiently small step size h, and we have also indicated
that they are consistent with the differential equation whose solution is being approximated. But
we have not proven that the numerical solutions actually converge to the solution of the differential
equation as h — 0. Here, we will simply note that such convergence is guaranteed by the combina-
tion of consistency and stability. We will consider this more formally and in greater detail, in the
context of partial differential equations in Chap. 5.

Higher-Order Methods, General Remarks

Despite the stability of backward Fuler, it is still only first-order accurate, and if high accuracy is
required, very small time steps will be necessary. This means that a great amount of arithmetic
will be needed to integrate to large values of final time, and the final accuracy may be significantly
degraded by round-off error. Rather generally, numerical methods for solving ODE IVPs have
a maximum attainable accuracy which occurs when the sum of truncation and round-off errors
attains its minimum, as depicted in Fig. 4.3. One can view this figure as representing the case
of a fixed initial-value problem, solved by a single method, using different stable step sizes. The
conclusion to be drawn is that we should employ higher-order methods so that truncation error will
be relatively small, even when large time steps are used. Then long integrations will be possible
without an unreasonable accumulation of round-off error.

\ Total Error
) / -7
N g
N 7

—_ > -~ -
S RN -
= - _ _ -
i - -
. Truncation
Step size of Error
minimum
total error
Round-off
Error
f —

Increasing h ——

Figure 4.3: Comparison of Round-off and Truncation Error
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Trapezoidal Integration

The first higher-order method we shall treat here is the trapezoidal rule. Once again, we consider
the first-order differential equation
v = f(u,t) (4.23)

with initial condition
’u,(t()) = UQ - (4.24)

As usual, we take h = t,, 11 — t,,. If we integrate (4.23) between t,, and ¢, ; we obtain

tn+1
Upt1 — Un :/ f(u,t) dt .
tn

We now approximate the integral on the right with the trapezoidal rule as described in Chap. 3,
which results in

tn s =t + 5 [ s, ts1) + S i )] + OG) (4.25)

The local truncation error for the trapezoidal rule is O(h?®), and by an argument analogous to that
used for Euler’s method, the global truncation error is O(h?). Thus, trapezoidal integration is a
second-order method, and as a consequence we expect the error to be reduced by a factor of four
each time the step size h is halved.

An important observation to make regarding (4.25) is that it is implicit, and we must employ an
iteration scheme very similar to that used above for the backward Euler method. As a consequence f
must generally be evaluated for each Newton iteration, making this approach somewhat inefficient.
On the other hand, rather generally, implicit methods have very favorable stability properties,
and this is true for the trapezoidal rule. It can be shown that its region of absolute stability
is essentially all of the left-half complex Ah-plane. However, before we present the details of a
trapezoidal integration algorithm, it is of interest to consider an explicit method which can be
easily obtained from the trapezoidal rule.

Heun’s Method

Observe that in (4.25) we cannot explicitly evaluate f(upy1,tn+1) because we do not yet know
Up+1, but if we could estimate u,41 with sufficient accuracy using only previous information we
could evaluate (4.25) explicitly. In particular, denote this estimate as w;; |, and rewrite (4.25) as

B st ) + F s 80)] (4.26)

Up+1 = Up + 2

The only candidate presently available for calculating u,, | is Euler’s method, namely

Up 1 = Up + hf(Un, ty) .

Substitution of this into (4.26) leads to

P LF it 1t ), )+ F ot )] - (4.27)

Upt+1 = Uy + 9

This explicit method is known as Heun’s method. We will later see that it is one of the simplest
nontrivial Runge-Kutta schemes. It can also be viewed as a simple predictor-corrector technique.
These will be discussed in more detail later in the study of multi-step methods.



88 CHAPTER 4. NUMERICAL SOLUTION OF ODEs

We note here that Heun’s method is also globally second order, despite the fact that we have
used a first-order approximation to obtain u;,, ;. To prove this we need to show that

Fuh 1 tnt1) = funtr,tns1) + O(R?) .

Then we see from (4.26) that the local error is O(h®). To prove the above equality we need to
assume that f is Lipschitz in u, but this is no more restrictive than what is needed to guarantee
uniqueness of solutions to (4.23) in the first place. If f is Lipschitz we have

|f(u:,+1atn+1) - f(un+1atn+1)| <L ‘U;JA - un—H‘
= Lun + hf(un,tn) — tins1]
~ O(h?) .

This holds because the expression in absolute values on the right-hand side is just Euler’s method,
which we have already shown in Eq. (4.13) to be locally second order. This provides the desired
result.

Heun’s method (4.27) is an easily programmed explicit scheme. It is significantly more accurate
than Euler’s method, and it also has somewhat better stability properties when applied to problems
having oscillatory solutions. Nevertheless, it is important to note that there are many other higher-
order methods which are more accurate, more stable and efficient—but more difficult to construct.

Heun/Trapezoidal Algorithm

We will now develop a detailed algorithm that permits solution of general systems of first-order
IVPs by either Heun’s method or by the trapezoidal rule. As noted earlier, trapezoidal integration
is implicit, and at each time step the (generally) nonlinear system

F(unt1) = Unt1 — up — g [f (Wn+t1,tnt1) + flun, tn)] =0, (4.28)
u, f, F € RP, where p is the number of equations, must be solved. This is done via Newton’s
method, so we must supply the Jacobian matrix of F' as part of the problem input. We show that
Ju(F') can be expressed entirely in terms of the partial derivatives of f and the step size h. This will
permit us to prepare input based only on the analytical problem being solved, and not requiring
problem-dependent changes to the discrete equations.
Let

_ T
Un+1 = (ul,n—l—l; U2,n+1y--- ;'U/p,n—}—l)

for a system of p first-order equations. Then for the i*® component of F, (4.28) leads to

oF; h 0f; o
= 0ij 2 M1 Vi,j=12,...,p. (4.29)

OUjmy1

Thus, we see that
h

T(F) =T=27u(0)
so in order to input a problem to be solved by the trapezoidal method we need only code the f;s
and the elements of J,(f).

In addition, at each time step we need to supply an initial guess for the Newton iterations. Since
we will produce an algorithm that also can employ Heun’s method, it is reasonable to use this as
the initial guess for the trapezoidal rule at each time step. This leads to very rapid convergence
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of the Newton iterations. But we note that it is not really necessary to use such an elaborately
constructed initial guess. It is usually quite acceptable to employ the result from the previous
time step, or possibly an Euler’s method prediction. We now summarize the preceding ideas in a
pseudo-language algorithm.

Algorithm 4.1 (Heun/Trapezoidal Method)

1. Read control flags: negns, maxitr, nsteps
Read numerical parameters: h, 9§, €
Read initial data: (u;p,1 = 1,neqns), to

2. Begin time stepping
Do n =0, nsteps — 1
tn+1 = tn + h

3. Begin Newton iterations for current time step
Do m =1, mazitr
Ifm>1,gotob6

4. Evaluate ug, , for use in Heun’s method
Do i=1, negns
gi = f(zaunatn)
’u’;'k,n—l—l = Ujn + hgi
Repeat 1

5. Calculate initial guess for trapezoidal rule from Heun’s method
Do i=1, negns

0 .
'u’z(,rz—l—l = Ujn + %(gz + i, upy 15 tnt))

Repeat 1
If mazitr =1, go to 11 [Heun’s Method]

6. Load J(f) for Newton iteration
Call Jacobn (neqns, usﬁ_zl),tnﬂ, J(f))

7. Evaluate F (ugj_zl)) , J(F)
Do i =1, negns
F; = “%;P ~-5f (z',uﬁfii”,tnﬂ) — (i + 59:)
Do j =1, negns
J(F)ij = 6i5 — 3T ()i
Repeat j
Repeat 1

8. Solve for Auni1 using Gaussian elimination
Call Gauss(Aup11, —F, J(F),neqns)

9. Calculate ||Auny1|| and increment up4q
AtUmar =0 .
Do i =1, negns
If |Aui,n+1| > Aumag, AUmaz = ‘Aui,n—kl‘

(m) _  (m—1) )
Ui i1 = Ui i1 T 0AU

Repeat 1
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10. Test convergence of Newton iterations
If At < €, go to 11
Repeat m
Write “Warning: Newton iterations failed to converge at time step n+ 1”

11. Print results: n+1, tpi1, (Uiny1, 1 =1, negns)
Repeat n
End

Function f(i,u,t)

Go to (10, 20, ...), 4

10 f Ziflﬁht)
Return
20 f ::jé(u,ﬂ
Return
End

Subroutine Jacobn(negns, u, t, J(f))

Do i =1, negns
Do j =1, negns

J(f)ij = 0fi/Ou;
Repeat j
Repeat 1

Return
End

Note: a Gaussian elimination algorithm such as Algorithm 1.2 is also required.

4.1.3 Runge-Kutta Methods

We observed earlier that Heun’s method is actually a second-order Runge-Kutta (R-K) method.
Here, we will re-derive Heun’s method, via the technique used to derive all explicit R-K methods.
The basic idea is to obtain a procedure that agrees with a given Taylor method through a prescribed
order by introducing intermediate function evaluations to replace derivative evaluations. To make
this clear we need to first briefly consider the Taylor series approach.

As always, we begin with the IVP

u' = f(u,t), u(ty) =uo . (4.30)

Suppose u € C™*1(tg,7), and expand u in a Taylor series:

hn+1
(n+1)V

h? h™
u(t+h) =u(t) +u'h+ u"; +- 4 u(”)m +uH(€) (4.31)
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where & € [t,t + h]. Now, at first glance, this does not appear to be very useful since u is the
unknown function in (4.30). So in particular, it does not appear that derivatives of u should be
known. On the other hand, we have

u'(t) = f (u(t),?)

directly from (4.30). Clearly, this can be evaluated at ¢t = ty; so the first two terms on the right-
hand side of (4.31) are known. We should immediately recognize that if we truncate the series after
the second term we will have obtained Euler’s method, a (locally) second-order R-K scheme.

A u'(t)

u u
u(t +h) 4
u(t+2) +
ut) +
f f f y
t t+5  t+h t
Figure 4.4: Geometry of Runge-Kutta Methods
If we differentiate (4.30) with respect to time we obtain
u' = a—fu’ + or _of + of (4.32)

ou ot Ou ot~

Thus, we have produced a means for evaluating yet a third term in (4.31). We could continue in this
way for as many terms as desired so long as we are willing to calculate the ever more complicated
formulas for higher derivatives. An algorithm based on a Taylor series method is extremely simple
once all the derivatives have been derived. But obtaining these in the first place is an arduous task,
especially for systems of equations, although we note that software systems such as Macsyma and
Maple can accomplish this quite readily, and even generate source code.

In 1895 Runge conjectured that high-order single-step methods could be obtained without the
need to evaluate derivatives, and this idea was later implemented by Kutta. The main notion
really involves recognizing that the Taylor series approach is actually an extrapolation procedure,
as indicated in Fig. 4.4. In particular, we could calculate u(t + h) either by using u(t), u'(t), v"(t),
..., or by using intermediate (i.e., between ¢ and £+ h) points to estimate these required derivatives.
The latter is the underlying notion employed in the construction of Runge-Kutta methods.

We now carry out the formal derivation of Runge-Kutta methods of order two. We first write
the Taylor series method of order two in our usual notation:

2

h
Upt1 = Up + uLh + u;ﬁ? ) (4.33)
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From (4.30) u!, = f(un,t), and from (4.32)

n_ a_f
Up, = ou (tnytn) ftn,tn) +

of

Hence, we can express (4.33) as

2
Upt1 = Up + hf(unatn) + % [(g_’lfo + %) (Unatn):|
= Up + hd(un, tn, h) .

(4.34)

(We note in passing that every single-step method can be expressed in the form (4.34).) Our goal
now is to construct an approximation to ¢ that differs from ¢ in terms of O(h?) and higher, and
which does not involve u".

We begin by expanding f in a formal Taylor series as a function of two independent variables.
Thus, we have

f(u+Au,t—|—At):f(u,t)+gAu+gAt
ou ot (4.35)
1 [62f 8% f 82 f :
= (Au)? + 2 AuA 2 (At)?
T3 | gaz AW+ 25 gt + G (A1)

Now At is h in our earlier notation, but for purposes of generality, we set
At = ph

since we may want to consider some fraction of a full time step. Furthermore, it is clear from (4.31)
that Au = u'h + O(h?). But again, for generality, we set

Au = ghu' = qhf(u,t) .

Substitution into (4.35) and introduction of discrete time indexing then results in

f(un + qhf(un,tn), tn + ph) =
af af

f(unatn) + th(unatn)%(unatn) ‘l'pha(unatn) + O(hQ) . (4'36)

Now consider a function ¢*(uy, t,,h) corresponding to a general single-step method.
¢*(Un, tn, h) = Glf(un,tn) + aZf(un + th(una tn)atn —I—ph) y (4'37)

where a1, ag, p and g are constants to be determined. If we multiply (4.36) by a2, and substitute
into the above, we obtain

¢*(unatn;h) = (Cl1 + a2)f(unatn)

{20 (s ) 92 (s ) + 020 50 (1) | + O) . (4.38)

We see that this differs from (4.37) by terms of order h?, and (4.37) depends only on the function f
and some as yet undetermined constants. We find these constants by comparing (4.38) and (4.34).
Hence,

1 1
a1+ay=1, azpzi, and agq:E.
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From the last two of these we see that p = ¢ = ﬁ, provided ag # 0, and the first relation yields

a1 = 1 — ag. Thus, given ao # 0, we can calculate p, ¢ and a1, and these constants determine a
function ¢* which differs from ¢ by terms of order A%, and higher. We see from this that Runge-
Kutta methods are not uniquely determined simply by specifying the order. This can be used to
great advantage by selecting coefficients that, e.g., minimize truncation error.

There are two choices of a9 in wide use. The first is as = % Then a; = %, and p =¢g=1; so
¢* in (4.37) becomes

¢*(“natna h) = %f(unatn) + %f(un + hf(un + hf(umtn)atn + h) -

Thus (4.34) is

Up4+1 = Up + g [f (Unstn) + f(un + hf(un,tn), tn + h)] , (4.39)

which we recognize as Heun’s method.
The second choice is ao = 1. Thena; =0 and p=g¢q = % This leads to

h h

which is known variously as modified Euler, modified Euler-Cauchy, or simply the midpoint method.
It is of interest to compare the truncation error for these two methods. From (4.35) we see that
the O(h?) term for a general R-K method has the form

o’ f 0% f

h2 2
wr'y | 5(€m) 556+ 2paf(En)

with &, n € [u,u + Au] x [t,t + At]. For Heun’s method p = ¢ =1, and ag = %; so the truncation
error term is % of the form given above. For the midpoint formulas p = g = %, and ao = 1, which
leads to a factor of i. Thus, the leading truncation error of the midpoint rule is only half of that
of Heun’s method.

We close this section on Runge-Kutta methods by noting that the higher-order R-K schemes are
derived by the same procedure as presented here. But this becomes extremely tedious for methods

of order higher than two. In general, all Runge-Kutta methods can be written in the form

Up41 = Up + h¢(unatnafa h)a

where
M

¢ = wik;,
=1
with
i—1
ki = f U, + Za‘ijkjatn + aih
j=1

3, c1=0, co=c3 = %, and ¢4 = 1. Also,
ao] = azp = %, a43 = 1 and a3y = a41 = a4 = 0. Coeflicients for general R-K explicit methods are
often summarized in tables of the form

For classical fourth-order R-K, wy = wyq = %, Wy = Wy = L
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where ¢ is a column vector with first component equal to zero, w’ is a row vector, and Ay, is a

lower triangular matrix. The general representation for a fourth-order R-K method is then

0
C2 a21
C3 | @31 a32
ci|an an ag
| wi wy ws wy

Hence, classical fourth-order R-K has the representation

0

1)1

112 1

310 2

110 0 1
1111
6 3 3 6

Tables of this form can be found for a great variety of R-K methods in Lapidus and Seinfield [18].
They provide a useful way to store R-K coefficients in a general R-K algorithm implementation.

4.1.4 Multi-Step and Predictor-Corrector, Methods

One of the major disadvantages of the R-K methods is that as the order of the method is increased
the required number of function evaluations also increases. Hence, if f(u,t) is a complicated vector
function, required arithmetic increases rapidly with order of the method. At least a partial remedy
to this difficulty can be gained by using the multi-step methods to be discussed in this section.
There are many such methods, and many different ways by which they may be derived. Here, we
will restrict attention to the class of explicit procedures known as the Adams-Bashforth methods
and the related class of implicit schemes known as the Adams-Moulton methods. These are often
used in combination to construct predictor-corrector techniques. Our approach to deriving these
methods will be similar to that used for the second-order Runge-Kutta method of the previous
section, namely via the method of undetermined coefficients. However, we will begin with an
outline of the general technique which would be used in a more rigorous construction of these
methods.

As the name implies, a multi-step method is advanced in time using information from more

than just a single previous step. In general, we can consider k-step methods to solve the by now
familiar IVP

u = f(uat)a ’u,(to) = Uo -

If we assume a constant step size h, then formal integration of this equation between time ¢,, and

tny1 yields
tnt1 tnt1
/ o' dt :/ f(u,t) dt,
tn tn
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or

tnt1
Upt1 = Up —I—/ f(u,t) dt . (4.41)
tn

Up to this point everything is exactly the same as in our earlier derivation of the trapezoidal
rule. (In fact, the trapezoidal rule is an implicit multi-step method—but a somewhat trivial one.)
We can evaluate the integral on the right-hand side by replacing f with an interpolation polynomial
spanning the time steps from n — k + 1 to n + 1 to obtain a (generally implicit) k-step method.
In particular, we obtain from this a quadrature scheme for approximating the integral in (4.41); so
from our earlier discussion of quadrature methods we expect (4.41) to take the form

k
Upy1 = Up + h Z Bifati—i - (4-42)
=0

It is standard procedure to further generalize this as

k k
Unt1= Y Qthng1—i+h Y Bifnsii, (4.43)
i=1 i=0
but for our purposes here we will always have oy = 1, and a; =0,V i = 2,...,k; so (4.42) will be

the only form of multi-step methods to be constructed herein. Furthermore, we note that whenever
Bo =0, (4.42) is explicit, but otherwise it is implicit and must be solved for u,; by iteration. We
will now derive ;s for both an explicit and an implicit method.

Adams-Bashforth Method

For the explicit method we can write (4.42) as

k
Unt1 =tn+ 0> Bifns1i-

=1

For simplicity we take k = 2, and obtain

Up+1 = Up + h(ﬁlfn + /82fn*1) . (4'44)

Since there are actually three coefficients to be determined (including «1) we would expect to
produce a method that is exact for polynomials of degree two, and is thus accurate to third order.
Thus, we expand u, in a Taylor series to third order about u,11. (Note that we could also expand
Un+1 about uy, and obtain the same results). This yields

h2
Up = Uny1 — Up 1 h + UZ+17 +O(h?) .

Furthermore, we have
2

h
Up = Un 41 — Ungrh + “Z'H? +O(h’) = fn

and

Up—1 = U1 — 2up 1+ 2 B+ O(R) = foi
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Substitution of these into (4.44) leads to

2
! n
Upg1 = U4l — Upyrh+tp g o T

h [,31 (Iu’;z—l—l - ug+1h) + :62('“;;4—1 - 2“24—1]3)] + O(h?’) .
We now collect terms on the right-hand side according to powers of h. Thus,

1
Unt1 = U1 + (B1+ B2 — Dhug g + (5 - B - 2ﬂ2> hup ;.

Finally, we equate powers of h on the right- and left-hand sides to obtain the two equations for
determination of 81 and fBs:

Pr+p2=1
1
B1+ 2B = 3
The solution to this system is 81 = %, Bo = —%. These are the coefficients of the second-order

(global order is order of the method) Adams-Bashforth formula. The higher-order methods can be
derived in exactly the same way.

Adams-Moulton Method

We next carry out the same procedure for an implicit k-step Adams-Moulton method, again for
k = 2. In this case (4.42) is

Up+1 = Up + h (6(>)kfn+1 + IBTfn + ;B;fn—l) . (445)

We see now that for an implicit k-step method there are four (including af) coefficients to be
determined. As a consequence we obtain an increase of one power of A in the formal local accuracy.
Thus, the Taylor expansions employed must be carried one term further. We have, for example,

! " h? n h? 4
Un = Up41 — un—l—lh + un—|—1? - 'u’n—HF + O(h ) .
The remaining two expansions given earlier are sufficient. Substitution into (4.45) then yields

h? h3
_ ! n m
Un 41 = Untl = Upyrh + Unt17g" ~ Un+17

+h [ﬂgu;zﬂ + b1 (“;z+1 —tUph+ “Z,ﬂh;) + B3 (uni1 — 2up i+ 2up 1 1)
=t (65 + 5 = 5 — Dt + (5 — B 265 )l ut?
+ (5604285 - ) itian® + 00
The system of equations for the 5*s is then
Bo+Bi+6=1
Bl +28; =

P +4p65 =

Wl N
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and we find
5 1

* *_2 x _
ﬂo_ﬁa 181_55 /82_ 12

Both Adams-Bashforth (4.44) and Adams-Moulton (4.45) methods can be used separately. But
it is typical to use an Adams-Bashforth method as an explicit predictor to begin iterations of an
Adams-Moulton method. One can use various combinations of order and k for such a predictor-
corrector pair, but it is quite often that a k-step method, with k& the same for both predictor
and corrector is used. This is because the order of the complete method is always the order of
the corrector, provided it is iterated to convergence. Moreover, in any case, each iteration of the
corrector results in a gain of one order in A until the order of the corrector is achieved. Since at
least one iteration of the corrector will always be used, it is reasonable to use a predictor that is
one order less accurate and hence, also a k-step method with &£ the same as the corrector.

Predictor-Corrector Algorithm

We now provide an algorithm for implementing an arbitrary k-step predictor-corrector pair of
Adams-Bashforth/Adams-Moulton type. There are three specific implementational details to be
noted. The first occurs in step 2 where we require generation of k& — 1 starting values using a
single-step method. The need to do this is one of the major shortcomings of multi-step methods,
in general. In practice, if fourth-order Adams multi-step methods are being used, then fourth-
order Runge-Kutta is typically employed to compute the starting values. But other approaches are
possible.

The second thing to note is that there is really only one term of the implicit method that must
be re-evaluated at each iteration. Thus, a significant amount of arithmetic can be saved if at the
start of each new time step the remaining terms are calculated and placed in a temporary array
to be re-used at each iteration. The elements of this array are denoted g;, 1 = 1,...,negns in the
algorithm.

Finally, we observe that only a simple fixed-point iteration has been employed for solution of
the implicit difference equations, rather than Newton’s method, as was used for the trapezoidal
rule. This is usual for the Adams-Moulton method because, in general, for methods of order higher
than two, the stability properties are not especially good. Thus, the class of problems to which
these methods should be applied is somewhat restricted, and for such problems class simple Picard
iteration converges very rapidly, usually within a few iterations.

Algorithm 4.2 (Adams-Bashforth/Adams-Moulton Integrator)

1. Read control flags: neqns, maxitr, nsteps, kap,kan
Read numerical parameters: h, €
Read initial data: (u;0,7=1,...,neqns), to
k =max (kap,kanm)

2. Generate k — 1 starting values for each of the i =1,..., negns equations using a single-step
method; e.g., a k" -order Runge-Kutta method.

3. Begin time stepping
g1 =19+ (k) — 1)h
Don=k—1, nsteps

4. Ewaluate the explicit Adams-Bashforth Predictor Formula
Do i =1, negns
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Uin+1 = Wi + D Efi]f Bifin+1—j
Repeat i
tn+1 == tn + h

If maxitr <1, go to 7.

5. Begin implicit Adams-Moulton Corrector Iterations
m=1
Do i =1, negns
gi =tn + RN B fing1

W™
im1 = Wintl

Repeat 1
Do m =1, maxitr
Atpmez =0

Do i1 =1, negns
fi,n—l—l =f (iaugz_latn+l)

+1
'U'Z(,TZ_}-l) =g+ hIBE)kfi,n-H

+1 +1
If ugzﬂ) — ugﬂ_l‘ > AUper then AUpar = “1(,724-1) — u%il
Repeat 1

6. Test convergence of fixed-point iterations
If Attyyay < €, then go to 7

Repeat m
Print “Warning: iterations failed to converge at t = t,+1; maximum iteration error =
AtUmaz”

7. Print results for t = t,41

8. Shift storage of f;s to begin next time step
Do i =1, negns
Do j=k,0
fin—j = fin—jt1
Repeat j
Repeat 1
Repeat n
End

Function f(i,u,t)
Go to (10,20,....), %

10 f = fl(uat)

Return

20 f = f2(u7t)

Return

End
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In closing this section we note that stability analysis for multi-step methods is somewhat more
complicated than for single-step methods. In particular, single-step methods can be adequately
characterized by their region of absolute stability in the Ah-plane. However, for multi-step methods
it is not sufficient to consider only absolute stability because the difference equations for multi-step
schemes possess multiple solutions. It is always the dominant one that corresponds to the solution
of the differential equation; but in long time integrations, unless the difference approximation is
such that the “parasitic” solutions remain small compared with the dominant one, the error of the
numerical solution will eventually become unacceptable. It is growth of the parasitic solution that
makes use of multi-step methods difficult for the class of so-called stiff equations which we treat in
the next section.

4.1.5 Solution of Stiff Equations

One of the more difficult classes of problems in numerical IVPs is solution of stiff equations and
stiff systems. These problems arise from a variety of physical situations, but probably were first
encountered in chemical kinetics. They are characterized, intuitively, as having at least two widely
disparate time scales. But there is a precise mathematical definition that specifically excludes
problems that are actually unstable. Often this distinction is not made; but it is important because
stability of the underlying differential problem is necessary to the success of any numerical scheme
if long-time integrations are attempted.

The main feature resulting from widely different time scales is that one component of the
solution may very rapidly decay to zero, and be completely unimportant, while other components
may be slowly varying. One would expect to be able to employ large time steps, and still be able
to predict the slow components with good accuracy. But it turns out that stability is determined
by the rapidly changing component(s); so even though they may be too small to be of importance,
they may nevertheless impose the requirement of very small time steps to maintain stability.

It should also be noted that stiffness is not always so simple as the above discussion might imply.
In particular, it is possible for all components of a solution to contribute to stiffness, even though
the qualitative behavior of none of them indicates rapid decay. An example of this is given by the
following problem, which can be found in Gear [8], and elsewhere. Consider the linear system

u' = 998u + 1998v u(0)
v

1
v’ = —999u — 1999y (0) =0,

with exact solution

U(t) — 26_t o e—lOOOt ,

’U(t) — _e—t + e—lOOOt .

Notice that both components have terms that very rapidly decay to zero, but the solution itself,
changes only slowly, as shown in Fig. 4.5. On the other hand |u/| and |v'| are large and v' < 0.
This is what causes the stiffness of this system. This example also indicates that, contrary to an
often-held belief, stiffness does not necessarily arise as a consequence of nonlinearity; this system
is linear.

Formally, for an IVP to be considered stiff, it must have the properties given in the following
definition.

Definition 4.2 The ordinary differential equation initial-value problem for u' = f(u,t), u,f €
RP, is said to be (locally) stiff whenever any eigenvalue A of Jy(f) has Re A < 0.
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Figure 4.5: Solution of a Stiff System

Observe that this implies that v’ = Au, A < 0, and |A\| > 1 is, in a sense, stiff; that is,
stiffness can occur even for single equations with a single time scale. Recall that this was precisely
the problem with which we demonstrated the difficulties encountered with Euler’s method, and
the remedy of the implicit backward Euler method. Tt can be shown that the trapezoidal rule
exhibits stability properties similar to those of backward Euler, and as we have already seen, it is
considerably more accurate. In particular, both of these methods have the property of A-stability,
defined below, which is very desirable for methods employed for solving stiff equations.

Definition 4.3 A method is said to be A-stable if all numerical approximations tend to zero as the
number of time steps n — oo when it is applied to the differential equation uv' = \u with a fized
step size h > 0, and a (complez) constant A with Re A < 0.

Because the only restrictions on A and A are those stated, the implication of the definition is
that the method has an absolute stability boundary at —oc in the left-half complex Ah-plane if it is
A-stable. The stability diagram for backward Fuler is shown in Fig. 4.6, and indicates that this is
true. This can be easily derived from the form of the amplification factor of backward Euler given
earlier in Eq. (4.22).

Similarly, it can be readily checked that the amplification factor for the trapezoidal rule in this
case is
1+ AR
1—3An

For stability we require that this be less than or equal to unity; thus,

1 1
1+ M| <|1—=
‘ 2Ah‘ ‘ S

must hold. Clearly, if h > 0 and A € R with A < 0, this always holds. If A € C, we have A\ = py+iv;
and we require

1 1 1 1
‘1 + §,uh+i§1/h <|1- §,uh - iiljh

for stability. Calculating the squared modulus on each side yields

1 \> hn, 1 \* hn,
- —2<(1-2 —2.
(1+2uh) + T (1 2,uh> + e
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We see from this that the imaginary part will not change the sense of the inequality so absolute
stability holds V A with Re A < 0. Hence, trapezoidal integration is A-stable.

Im AhA
Stable
Stable
'\
U Re Ah
Stable
Stable

Figure 4.6: Region of Absolute Stability for Backward Euler

Of the methods we have discussed in this chapter trapezoidal integration is by far the most
effective single method for the solution of stiff IVPs. The individual multi-step methods discussed
here are generally not suitable because of the following theorem due to Dahlquist [3].

Theorem 4.1 No multi-step method of order greater than two can be A-stable. Moreover, the
method of order two having the smallest truncation error is the trapezoidal rule.

Based on our experience with the explicit Euler method, we would expect that explicit R-K
methods also would not be A-stable; however, there are higher-order implicit R-K methods that are
A-stable. Unfortunately, these are quite difficult to derive and implement, and they are relatively
inefficient.

We close this section by noting that in practice the A-stability requirement is generally more
stringent than necessary. Gear [8] presents less restrictive forms of stability, namely A(«)-stability
and stiff stability. He has developed a widely-used, very efficient method for solving stiff systems
based on the latter of these, using k-step methods with k£ as large as 6, in which both k£ and the
time step size h are automatically varied from one time step to the next to maintain stability and
achieve specified accuracy.

4.2 Boundary Value Problems (BVP) for Ordinary Differential
Equations

In this section we will consider the solution of boundary-value problems for ODEs. These arise
in the analysis of many different problems in engineering and mathematical physics. In the great
majority of cases the problems involve a second-order differential equation with boundary conditions
prescribed at each of two ends of a finite interval [a, b]. This is often called a two-point boundary-
value problem. This is the only case we shall treat here; the reader is referred to more advanced
treatments, such as Keller [16] for discussion of other types of BVPs.

There are two widely-used general classes of procedures for solving ODE BVPs. These are i)
shooting, and 77) finite-difference methods. We shall discuss the first of these briefly and present the
second in considerable detail. We then conclude with a somewhat different approach, the Galerkin
procedure, that is more often applied to PDEs but is most easily understood in the ODE context.
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4.2.1 Mathematical Background

We begin by considering some elementary mathematical background material for ODE BVPs. The
most general form of the problem to be considered here is

Lu= f(u,u,z), =€ /Ja,b] (4.46)

with
Byu(a) = A (4.47a)
Byu(b) = B, (4.47b)

where B, and By are (at most) first-order, possibly nonlinear, operators. As one might infer from
our earlier discussion of coordinate transformations employed with Gauss quadrature, there is no
loss in generality in taking ¢ = 0 and b = 1, and we will sometimes employ this slight simplification.
We view [ as a generally nonlinear function of u and v, but for the present, we will take f = f(z)
only. L is assumed to be a linear second-order operator, so for this case (4.46) reduces to

Lu = az(z)u” + a1 (z)u’ + ag(z)u = f(z) . (4.48)

In our discussion here, the boundary operators in (4.47) will be such as to lead to one of the
following three types of conditions, applied at z = a:

Bu(a) = u(a) = A, (Dirichlet) (4.49a)
Bu(a) =u'(a) = A, (Neumann) (4.49b)
Bu(a) =u'(a) + au(a) = 4, a<0. (Robin) (4.49c¢)

The same types also apply at £ = b where o > 0 must hold. It should be observed that more
general boundary conditions sometimes occur; for example, periodicity conditions. The reader is
referred to Keller [16] for methods of treatment.

A complete boundary-value problem consists of an equation of the form (4.48) and a boundary
condition of the form of one of (4.49) applied at each end of the interval. We note that a different
type of boundary condition may be applied at each end, and that in general the value of A is
different at the two ends. For such a problem to have a solution it is generally necessary either
that f(z) # 0 hold, or that A # 0 at one or both ends of the interval. When f(z) =0, and A =0
at both ends of [a,b], the BVP is said to be homogeneous, and will in general have only the trivial
solution, u(z) = 0.

An exception to this is the eigenvalue problem for the differential operator L:

Lu=Xu, Bpu=Biu=0 =z€l0,1].

For specific values of A (the eigenvalues) this problem will have nontrivial solutions (the eigen-
functions). We shall not treat eigenvalue problems here except to note that use of finite-difference
approximations to be discussed below reduces this problem to an algebraic eigenvalue problem to
which the methods of Chap. 1 may be applied.

4.2.2 Shooting Methods

The earliest numerical procedures applied to solution of two-point boundary-value problems were
methods based on initial-value problem techniques, such as discussed earlier. The basic notion is
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to view (4.48) as an initial-value problem starting at = = 0. Since (4.48) is second order, two
initial conditions are required. But only one boundary condition can be given at x = 0. Suppose
it is the Dirichlet condition u(0) = A. We must now guess a value for /(0) in order to start the
initial-value problem. Take u/(0) = (1), and integrate (4.48) from z = 0 to z = 1 using any stable
initial-value method. The result might appear as in Fig. 4.7. In particular, the boundary condition,
say u(1) = B will not have been satisfied. So we select a second value of v'(0), say 8%, and “shoot”
again. The original curve suggests that we should take 82 > (1) the result might be as shown.

This approach can be formalized as a Newton iteration by observing that the value of u(1) that
is actually obtained is an implicit function of . In particular, we can employ Newton’s method to
solve the equation

u(1,8) —B=0.

For linear equations this turns to out to work fairly well because an auxiliary equation can be
derived in such a way that exactly two iterations are always required (see [16]). However, the
situation is not nearly so favorable for nonlinear problems.

B(Z) u=8®

T u=B

oM
1) u=B
B

U=A

x=0 x=1

Figure 4.7: Geometric Representation of the Shooting Method

In general, shooting is felt to have the advantage of high-order accuracy available via the well-
developed initial-value methods. But it has the disadvantage of being iterative, thus requiring
implementation of some algebraic equation solving method in addition to the IVP method. In
addition, the method may completely fail for problems whose solutions exhibit steep gradients
anywhere in the domain.

4.2.3 Finite-Difference Methods

For the above reasons, finite-difference methods have become more widely used in recent years.
It was at one time felt that the standard centered-difference approximations to be employed here
were often not sufficiently accurate. However, when these are used in conjunction with Richard-
son extrapolation, the resulting solutions are accurate to fourth order, which is equivalent to the
accuracy attained with usual implementations of the shooting method (typically Runge-Kutta).
Furthermore, the finite-difference methods still work satisfactorily in regions of large gradients, at
least if local mesh refinement is employed.
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The basic idea in applying the finite-difference method is extremely simple. We merely replace
all of the differential operators in (4.48) and (4.49) with difference operators as treated in Chap. 3.
This results in a system of algebraic equations which, as we will see below, is banded and sparse
(in fact, tridiagonal). Thus, it can be very efficiently solved by the methods of Chap. 1.

Discretization of the Differential Equation

We begin by introducing a partition of the interval [0, 1] consisting of N points: {z;}}¥,, such that
0=2z1 <23 <+ <zy_1 < zy = 1. Furthermore, we shall always employ a uniform spacing
for the computational mesh. When local mesh refinement is needed, it is best accomplished via a
coordinate-stretching transformation prior to discretization of the domain and equations. However,
we shall not treat this matter here. The interested reader is referred to Thompson et al. [33].
Figure 4.8 depicts the computational mesh. The solution to (4.48) will be approximated at each of
the N grid points, and the ordered collection of these grid point values is called the grid function.
Finally, we observe that for the general interval [a, b], we would have h = (b —a)/(N —1).

0 1 2 3 eeceeoe | eecoceee N-1 N N+1
®o— — @ . 4 . 4 . 4 @ @ o — — 0
x=0 fe—h—>f xi=(i-1)h x=1

Figure 4.8: Finite-Difference Grid for the Interval [0, 1]

As mentioned at the beginning of this section, we will use only second-order centered approxi-
mations in the present treatment. Thus, at the i’ grid point (4.48) can be expressed as

Lpu; = ag; DE(h)u; + a1,;Do(h)u; + ag ju; = f; . (4.50)

One expects, correctly, that this approximation exhibits a second-order truncation error; moreover,
the expansion for the truncation error contains only even powers of h. To demonstrate this, we
first carry out the indicated differencing. We have

Uj—1 — 2U; + Ujaq Uja1 — Uj_1
G2,i( : hQZ = >+a1,i (*ﬁ o7 : >+GO,iUi = fi.

Multiplication by A%, which is standard, yields

agi (wi-1 — 2ui +uiv1) + ma1; (Uir1 — ui—1) + agih*u; = h2f;

2
and regrouping of terms leads to
h 2 h 2
a; — al,ia U;—1 + (ao’ih — 20,2,@') u; + | ag; + al,ia Uit = h fZ . (451)
In general, this difference equation holds for all interior grid points on (0,1); i.e., fori =2,..., N—1.

Some modifications, to be given later, will be needed at the two boundary points.
For notational convenience, we now define

h
Cii=az; — aLig

_ 2
Coi = ag;h” —2a9; ,

C3; =ag; + ALy -
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Then (4.51) can be written as
Cl,iui_l + CQ,Z"U/Z' + Cg,i’u,ﬂ_l = h2fi . (4.52)

This form strongly suggests the tridiagonal matrix structure alluded to earlier. But it will be
necessary to show that introduction of boundary conditions does not alter this structure.

Truncation Error Analysis

We will next derive the truncation error for the interior grid point approximations (4.52). As the
reader should expect by now, the approach makes use of Taylor expansions, and as a consequence,
a certain degree of smoothness will be required of u(z) in order for the truncation error estimates
to be valid. We have

2 h3 h?
Ui71:Ui—u;h+u 7— ”,6 +u ;,”24 Tty
N h3 ht
o h " n
w1 = i Tl el

Substitution into (4.52), and rearrangement by grouping terms containing like powers of h leads to

h2
(Cl,i + CQ,Z' + Cgﬂ')ui + (03,1' — C’u)hug + (Cl,i + C3,i)?u;'

h3 m h4 ulm 2
+(C32 Clz)_u +(Cl,i+03,l)24 ) h fz -

Now from the definitions of the Cj ;s we have

Cii+ Coj+ Cs; = agih?* |
Ci; + C3; = 2az; ,
C3; — C1i = ayzh .

Thus, the above becomes

h* h*
! " mn mn
agh’u; + a1 ih*uf + agih*uf + ay; B Ui T a2y =h’fi .
We now divide by h?, and rearrange terms to find
h2 h2
" ! mn nn
aziu; + a1u; + agiu; — fi = Ol T 02,75

The left-hand side is just the original differential equation written at the grid point 7, while the right-
hand side is an O(h?) error term, provided u € C*(0,1). Hence, as we expected, the differential
equation and difference approximation differ by terms that are of O(h?). Thus, the method is
second-order accurate. We note that for boundary-value problems there is no distinction between
local and global approximation because error does not accumulate in moving from one grid point
to the next as it does for initial-value methods.



106 CHAPTER 4. NUMERICAL SOLUTION OF ODEs

Boundary Condition Implementation

We will now construct second-order accurate boundary approximations. When only Dirichlet con-
ditions are imposed, there is no approximation needed. However, there is an important point to
make for this case; namely, the differential operator (i.e., the equation) does not hold at a boundary
at which a Dirichlet condition is applied. This is because we have already prescribed the solution
at this point by assigning the value given in the boundary condition. Thus, in place of (4.52) we
would merely have the equation

0271u1 =A (4.53)

with Co 1 = 1, at for example, the first grid point. In particular, then, we take C1; = C3; = 0.
Clearly, we would not even need to solve the equation at this point, except for the fact that it is
coupled with the second equation. If we wish to carry out the algebra ahead of time we can reduce
the number of equations in the system by one for each Dirichlet condition, but it is easier to write
general codes by using the approach given here.

We next show how to implement Neumann conditions. In this case, since the derivative of the
solution, but not the solution itself, is prescribed at the boundary, the differential equation still
holds even at the boundary. Thus, we have two relations that must be satisfied at the same point.
At first, this might appear to present a dilemma; but, in fact, for the approximations employed
here, it is quite fortuitous. We begin by approximating the Neumann condition (4.49b) at i = 1 by

the centered difference
Uz — UQ

2h
Now observe that the grid function value ug is not defined on our original grid (Fig. 4.8), and the
point corresponding to ¢ = 0 is termed an image point. In order to formally solve for ug we need an
additional relation, and this is provided by the difference approximation to the differential equation
written at ¢ = 1. In particular, (4.52) is

=A. (4.54)

C11up + Cour + C3 1ug = W2 fy

which also contains the image point value ug. We now solve (4.54) for ug and substitute the result
into the above. This yields

C11(ug — 2hA) + Coqus + Cs jup = B2 fy
or
02’1’LL1 + (0171 + 03’1)’112 = h2f1 + QhACLl . (455)

The main observation to be made here is that the tridiagonal matrix structure is now maintained,
and at the same time second-order accuracy will be achieved. It is left to the reader to derive a
similar result at « = N, where an image point corresponding to i = N + 1 occurs. Finally we note
that the same image points occur for Robin boundary conditions, and that they may be treated in
precisely the same manner as shown here for the Neumann condition.

Complete BVP Discretization

We summarize the treatment given here by presenting the matrix structure and pseudo-language
algorithm for solving the following problem.

az(z)u”" + a1 (z)u' + ap(x)u = f(x), =z €[0,1)
uw'(0) = A (4.56)
u(l) =B .
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The first equation of the system will be (4.55). Then the next N — 2 equations will all be of
the form (4.52), and the last equation will be of the form (4.53) but written for the grid point
zpn. The matrix form of this is shown in Fig. 4.9. The tridiagonal structure is quite evident from

[Ca,1 Ci1+C5,1 17 v [f1+2AC1]
Ciz2 Cs2 Cs2 O U fo
Ci3 Cy3 Cs3 u3 f3
LT T : _ 2 :
Cii Coi  Csy u; fi
O Cin1 Con1 C3n-1]||unv—1 fv-1
| 0 1 ][ unv | i B/h2

Figure 4.9: Matrix Structure of Discrete Equations Approximating (4.56)

this figure. Clearly, the system can be efficiently solved for the grid function values {u,}f\il using
the tridiagonal LU-decomposition of Chap. 1. A pseudo-language algorithm for implementing this
approach follows.

Algorithm 4.3 (Finite-Difference Solution of Linear BVPs)

1. Enter problem data: Number of grid points, N; endpoints of solution domain, a, b; boundary
condition type flags, ibca, ibch; boundary values A, B.

2. Calculate discretization step size: h = (b —a)/(N —1).

3. Load matriz coefficients for all grid points
Doi=1, N

h
Cri=a2i— a5
_ 2
Cg,z‘ = ao,ih - 2012’1'
_ h
Csi=azi+a1ig
_ 32
b; = h*f;
Repeat 1

4. Modify end point coefficients to account for b.c.s
If ibca = 1 (Dirichlet b.c.), then

Ci1=0C31=0
Co1 =1
b = A

Else if ibca # 1 (Neunmann or Robin b.c.), then

C31=0C31+C1,1

by = by + 2hAC) ,

If ibca = 3 (Robin b.c.), then Ca1 = Co1 + 2haCi
Cip=0

End if
If ibcb = 1, then
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Cin=C3n=0
Con =1
by =B

Else if ibchb # 1, then

Cin=Cin+Csn

by =by + 2hBCg,N

If ibcb = 3, then OQyN = CQ’N + 2han,N
Cyn =0

End if
5. Call Tridiag(C,b,N)
6. Doi=1, N
u; = b;

Repeat 1

4.3 Singular and Nonlinear Boundary-Value Problems

In this section we will consider several special topics, any or all of which can be of great utility in
applications. We begin with a brief discussion of coordinate singularities, as arise from use of polar
coordinate systems. This is followed by a basic treatment of nonlinear equations. Four approaches
are presented: i) Picard iteration, i) Newton’s method, i7i) quasilinearization, and i) Galerkin
procedures.

4.3.1 Coordinate Singularities

Correct treatment of the problem of coordinate singularities is important for problems posed in
polar geometries. Consider the following model problem:

u"—i—%u'—u:f(r) , 7€[0,R),
u'(0) =0,
u(R)=1.

Clearly, when r = 0, the coefficient of the first-derivative term is singular. We might first consider
multiplying through by r, but this simply yields the boundary condition at » = 0, and we have no
guarantee that the differential equation, itself, will be satisfied. In this particular situation, it is
typical that the condition u'(0) = 0 results from geometric symmetries, and is not even an actual
boundary condition, since r = 0 is, in fact, not really a boundary. Thus, it is crucial to guarantee
that the differential equation also be satisfied.

This requirement can be met by considering the limit of the differential equation as r — 0. We
have

1
. motor 1
711_1)% [u + SU u:| 11111(1) fr).
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If we assume u € C%(0, R), and f(r) is bounded on [0, R], only the second term on the left-hand
side presents any difficulties. In fact, we have

W (0) + lim ~4’ — u(0) = £(0) .

r—=0 1T
Since u/(0) = 0, we can apply L’Hospital’s rule to the remaining limit:

1 "
lim ~u = lim ©— = u”(0) .
r—=0T r—0 1

Thus, at r = 0, the differential equation becomes
" —u=f,

which no longer contains a singularity.
On a discrete grid this is
2uf —u1 = fi,

and the difference approximation is

ug — 2u1 +u
() mm

We see, once again, that an image point appears; but we still must satisfy the boundary (symmetry)
condition u'(0) = 0, which in discrete form is

Uz — Ug

2h

=0 = wuy=mus.

Thus, the difference equation at r =0 (1 = 1) is
—(h? +4)u; + 4uy = K2 f; .

Hence, the tridiagonal form will still be preserved while satisfying both the differential equation
and symmetry condition to second order.

We should remark here that although the above development is straightforward and mathemat-
ically consistent, other approaches have been widely used; these often yield reasonable results, but
can sometimes completely fail unexpectedly. One such approach is to implement only the Neumann
boundary condition, and ignore the differential equation, at the point of singularity, as mentioned
earlier. Now suppose in our preceding example we imposed the condition u(R) = 0, and in addition

defined f(r) as
£(r) = {1 -

0 otherwise.

This would correspond to a steady-state heat conduction problem in a cylinder of radius R with
heating due to a line source on the axis. If we were to implement only the Neumann condition
at 7 = 0, thus avoiding the singularity, we would no longer have any heat input, and the solution
would be the trivial one, u = 0.

The only approach that can consistently circumvent such difficulties is the one utilizing I.’Hospital’s
rule for removal of the coordinate singularity, as we have described above.
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4.3.2 Iterative Methods for Nonlinear BVPs

Our next topic is solution of nonlinear two-point boundary-value problems. Recall that our original
equation (4.46) was formally nonlinear. We repeat it here:

Lu = f(z,u,u’) , (4.57)

where L is a linear operator of order two. We will begin by considering three methods for solving
(4.57) in the context of finite-difference approximation: i) Picard iteration, i5) Newton iteration,
and iii) quasilinearization. We then conclude our discussions of ODE BVPs in the next section by
presenting a Galerkin approximation for a special case of (4.57).

Picard Iteration

If we replace L with Ly, where from earlier notation
Ly = a:Dj(h) + a1,:Do(h) + ao;

then, as we have already seen, the left-hand side or the resulting system of discrete equations is
just a matrix times a vector, as shown in detail following Eq. (4.56). Thus, we can write the formal
solution representation of (4.57) as

U = L;lf(a:,u,u') ,
which immediately suggests the fixed-point iteration scheme

um D = 1 f (a0 ™) (4.58)

where we are now viewing u and f to be grid functions.

We know that a sufficient condition for convergence of this iteration procedure is that the
Lipschitz constant be less than unity. For many mild nonlinearities in f, this can be proven to
hold. In such cases, the solution of (4.57) is straightforward. We simply discretize the equation as

Lhui = f (LEZ',’U,Z', M) . (459)
2h
We then guess a solution to be substituted into the right-hand side, and the resulting difference
equation can be solved as already discussed. This is repeated as indicated by (4.58), until the
desired degree of convergence is achieved.
Unfortunately, this simple procedure does not always succeed, and even when it does, conver-
gence may be rather slow.

Newton’s Method

A remedy to these difficulties is use of Newton’s method. We begin by writing (4.59) as

Uig+1 — Us—1
Fi(ui—1,ui, uiy1) = Lpu; — f (xz',uz', z+27hz> =0. (4.60)
As the notation implies, each of the F;s depends on only three grid function values because of our
use of centered differences. It then follows that J(F'), the Jacobian matrix of F, is tridiagonal; so
the Gaussian elimination procedure usually employed for Newton’s method should be replaced with
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the tridiagonal LU-decomposition algorithm of Chap. 1. We will demonstrate these ideas with the
following example.
Consider the problem

" = 8(z) — (u)? —sinu = f(z,u,u'), ze€(0,1),

u(0) =u(l) =0 . (4.61)

Here, S(z) is a known forcing function. The differential equation then has L = d?/dz?, and the
second-order accurate difference approximation is

) Qs ) ) ) 2
Uj—1 — 2U; + Uit _g _ Ui4+1 — Ui—1 — sinus
h? ¢ 2h !

As we have indicated earlier in the linear case, it is preferable to multiply through by k2, so this

becomes

1 .
Ui—1 — 2U; + Uiy = h2SZ — Z(ui_H — ui_1)2 — h? sSinu; -

Then for each 1 = 2,..., N — 1, we have

1 .
Fy=u;—1 —2u; + uipq + Z(’U,Z’_H - ’u,i_1)2 + h? sinu; — hZSz =0, (4.62)
and fori=1andi=N
Fi=u;=0. (4.63)

The solution procedure for the nonlinear BVP (4.61) now consists of solving the system of
nonlinear algebraic equations, (4.62), (4.63) via Newton’s method. We compute the elements of
the Jacobian matrix of F' in the usual way. For general i, we have

8Fi:0, 8Fi:0, ey OF; =0,
ouq Jug Ou;—o
OF;
=1-—(ujr1 — uj—
a’U/Z_]_ 2(ul+1 uZ 1),
OF;
* = —2+ h?cosu;,
8ui
OF; 1
=14 — (%1 — uj_
6ui+1 + 2(”1-}-1 Uy 1) )
F; F;
OF; =0, ... 3“:0, i=2,...,N—1.
6ui+2 é)uN

For i =1, F; /0u; = 1, and all other partial derivatives are zero; similarly, 0Fy /0uy = 1, with all
other partial derivatives being zero. It is clear that the Jacobian matrix is tridiagonal as we noted
earlier. Thus, Newton’s method can be implemented in a very efficient manner.

There are two other widely-used procedures for treating nonlinear BVPs. Although they are
usually discussed in the context of PDEs, we choose to introduce them here because they are, in
fact, useful in the ODE problem; but even more, they can be presented with greater clarity in
the ODE context than is true for PDE problems. These methods are: quasilinearization, and the
Galerkin procedure.
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Quasilinearization

Quasilinearization is generally equivalent to Newton’s method, except in the specifics of its im-
plementation. In Newton’s method, as just presented, we discretize the nonlinear equation and
then locally linearize the nonlinear (algebraic) difference equations at each iteration. By way of
contrast, in quasilinearization (often called the Newton-Kantorovich procedure) we first linearize
the nonlinear operator(s), and then discretize the resulting linear equation(s). Iterations are then
performed in a manner similar to that of Picard iteration, but of course, using a different iteration
function that results in quadratic convergence just as for Newton’s method.
Recall that our prototypical nonlinear equation is (4.57):

Lu = f(x’lu’7 ul) 7

where f is generally nonlinear in v and u'. We view u and ' as being distinct independent functions
and expand f in a Taylor series, called a Fréchet-Taylor series, in terms of these:

Flz,uu) = f (x,u(o)’u/(0)> N (g_i)(ﬂ) (u_u(o)) N (g)@) (u' _u,(o)) P

where 4(© and /9 are initial estimates of u and u’ , respectively, which are typically updated after
each iteration. Equation (4.57) now becomes

(0) (0)
(@) & (5o o)

9\ 91\
—(8—5) u<°>—(8—5,) /O (4.64)

It is clear that this equation is linear in w, and that it can be discretized in the usual manner.
In particular, the left-hand side can still be cast in the form of (4.52). To see this we write this
left-hand side in detail:

(0) (0)
asu” + au’ + agu — (8_f> u — <8f> U

ou’ Ou
(0)
@)
Thus, for the general m!”* iteration if we define

do(z) = ao(z) — (g_i)(m)

o) =t~ (2"

as(z) = az(x)
(m) (m)
F(r) = (m) Y _ (O amy _ (OF N am)
f(.T) _f<$’u ’u ) (au U aul U 9
we obtain a linear equation of precisely the same form as treated earlier; namely

do(z)u" + ay (z)u' + ao(z)u = f(z) . (4.65)

u'+

of (0)
ag — (a—u) ] u .
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As a consequence of the preceding definitions, the difference equation coefficients take the form

. afr\'™1] n
Ol = as;i— [al,z‘ - (8—5,> ] 3

i

(m)
Cé;’?) = [ao,i — (g—i) ] h2 - 2a2’i

1

(o \™] n
A1 ou’ ; 2

rlm m m a (m) m a (m) m
fi( ) =f (mz,uz( ),Douz(- )> — (Q_{L) uz( ) _ (3—11:'> Douz(- ) .

Cg(:?) =ag; +

In our usual notation for iteration procedures, the discrete form of (4.65) now can be expressed as

CPu™ M + ofPu{™ )+ oY = R

at the general i** interior grid point. Clearly, boundary condition implementation is done in
the same way as demonstrated earlier for linear equations. Furthermore, we note that nonlinear
boundary conditions can be linearized via quasilinearization in a manner analogous to the treatment
presented here for the differential equation. The algorithm required to implement quasilinearization
for solution of (4.57) is the following.

Algorithm 4.4 (Quasilinearization Solution of Nonlinear ODE Two-Point BVPs)

1. Input number of grid points N, maxitr, €, boundary points a, b, boundary condition flags and

(0)

values, initial guess {uZ } J set iteration counter, m = 0; calculate h = (b —a)/(N — 1)
1=

2. Form difference approzimations of u' (m), if needed

3. Ewvaluate the nonlinear function f, and its Fréchet derivatives at u(™, u' ™,

4. Calculate C&(L), Cg?), C’:,E’T?), f-(m), 1=1,2,...,N, and store in banded matriz

1

5. Implement boundary conditions as in step 4 of Algorithm 4.3

6. Call tridiagonal LU-decomposition to calculate {ugmﬂ)}il
7. Test convergence:
If Hu(m"'l) — ulm) || < €, then stop
else if m < mazitr, then m =m+ 1
go to 2.
else print error message and stop

We note in closing this section that this function space version of Newton’s method exhibits the
same quadratic convergence as does the usual Newton’s method on R" .
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4.3.3 The Galerkin Procedure

The Galerkin procedure possesses features that are fundamentally different from finite differencing.
In finite-difference methods, all approximations are local, extending over only a few grid points,
and their derivations are based on Taylor series expansion, thus implying considerable smoothness.
In the Galerkin procedure we begin by assuming a global functional representation of the solution
function. For reasons that will become more clear as we proceed, this global representation should
be in the form of a (generalized) Fourier series, say

u(z) =Y argr(z) , = €[a,b]. (4.66)
k=1

The functions {¢x}7°, are called the basis functions of the Galerkin approximation. They
are usually chosen to automatically satisfy any boundary conditions that are to be satisfied by
u(z), although this is not strictly necessary and certainly not always possible. A more important,
and in fact, necessary, requirement is that the set of functions {¢y ()}, be complete in L?[a,b).
In general, completeness is not an easy property to check. However, it is known that the set
of eigenfunctions of any regular (or even singular) Sturm-Liouville problem is complete, and this
supplies us with a quite rich assortment of possible basis sets. The importance of completeness
cannot be overstated, for completeness of a given basis set in L?[a,b] implies that any function
in L?[a,b] can be represented by a series of the form (4.66). Hence if the solution to the BVP
under consideration is in L? we are guaranteed that Fourier coefficients {a;}$° ; exist, and that the
resulting series (4.66) is convergent. Without completeness of the {¢y}, we have no such guarantee.

Finally we observe that there is one other property of the {¢} that is desirable. It is orthonor-
mality. Clearly, if the set {¢y} is complete it can be made orthonormal via the Gram-Schmidt
procedure. Orthonormality implies the following relationship amongst the ¢ys:

where (¢;, ¢;) = [ ¢i¢;. Although this is not an absolute requirement, it is a useful property in
terms of implementing the Galerkin procedure, and also for testing convergence of the series (4.66).
It is recommended that orthonormal basis sets essentially always be used.

Example Problem

It is probably best to illustrate implementation of the Galerkin procedure by means of a simple,
but fairly general example. We choose the following problem:

u" —u? = f(x), z€(0,1), (4.68)

with boundary conditions
u(0) =u(l) =0. (4.69)

Observe that this is a nonlinear problem, and this will lead to some minor complications in imple-
menting the Galerkin procedure.

Our first task is to choose a set of basis functions. A general way to do this is to consider
the eigenvalue problem corresponding to the linear part of the differential operator. Thus, we seek
{or}32 satisfying

" =Xp, z€(0,1) (4.70)
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with boundary conditions
#(0)=¢(1)=0. (4.71)

Since this is an eigenvalue problem associated with a very basic Sturm-Liouville problem, it is
known that the eigenfunctions are complete in L2[0,1]. Furthermore, the principal part of the
operator is the same in both (4.68) and (4.70). Thus, we expect a series of the form (4.66) to
provide a solution to the problem (4.68,4.69) when ¢ys are solutions of (4.70,4.71). It is also worth
mentioning that in the case where the boundary conditions (4.69) are nonhomogeneous, we might
still use as a basis the same functions ¢ obtained from (4.70,4.71). These would no longer satisfy
the boundary conditions, say

u(0)=A, u(l)=B5B; (4.69")

but we can make a slight modification to (4.66) to remedy this. Namely, we replace (4.66) with

u(z) = A(l—x) + Bz + Y ardp(z) - (4.66")
k=1

This implies a new basis set, {1,z} U {¢}72,. We should observe that this basis set is complete,
but no longer orthonormal.

Once the basis functions have been chosen and a series representation has been constructed,
we are ready to determine the unknown series coefficients. We begin by substituting (4.66) into
(4.68). This yields

Y aidl(x) - (Z aiqsi(m)) = f(@) . (07)

We note that the nonlinear term requires some special attention. Namely, it should be rewritten

o)
_ (EZ: aiqﬁi) zj:aﬂﬁj :

to prevent inadvertent loss of terms from the final product series. We next rearrange these so that

2
(Z az¢z> = ZZaiajqﬁiqﬁj .
i J

%

In general, the validity of such a rearrangement, and hence of the above indicated equality, requires
absolute convergence of the individual series involved in the rearrangement. However, for the
Fourier series considered here it can be shown, via the Parseval identity, that less is required.
Indeed, all that is necessary is convergence in #2. But this is required for (4.66) to be a solution, in
the first place.

We next rewrite (4.72) as

D aidf(z) =Y aiajpid; = f(z) . (4.73)
i 0
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We must now find a way to determine the set of coefficients, {a;}3°,. In particular, we need a
procedure for obtaining an infinite system of equations from (4.73) since the axs comprise an infinite
sequence of unknown coefficients. Recall that each of the ¢gs is a known function, as is the function
f- Thus, if we form the inner product of (4.73) with ¢, we obtain an algebraic equation for the
ags. Moreover, by (4.66), there are exactly the same number of ¢;s as ays; so if we form an inner
product corresponding to each ¢, we will obtain the required number of equations. Thus, we have

<Z az‘¢§'a¢k> - <Z aiaj¢i¢ja¢k> = (f, éx) (4.74)

i,j
for kK =1,2,.... This expression, or the equivalent,

<u” - u21¢k> = <fa ¢k> )

is called the weak form of Eq. (4.68). The reason is that the ags obtained from (4.74) do no
necessarily lead to a function u(z), via (4.66), that satisfies Eq. (4.68), itself; that is,

u” —u? = f(z).

The reason for this is quite clear. Equation (4.74) is an integral relation while (4.68) is a differential
equation. It is possible that ags determined from (4.74) will not lead to a function u(z) that
is smooth enough to permit the differentiation required in (4.68). Recall that we only require
{ax} € €2, which implies only that u(z) € L.

Now we observe that the system of equations, (4.74), is not suitable for numerical computation
because it is of infinite (countable in this case) dimension. To implement the Galerkin procedure
we must be content to consider approximations

N
un(z) = apdi(x) (4.75)
k=1
such that
u(@) =un(@)+ Y apdi(w)
k=N-+1

=un(z) + R(z) .

Clearly, if the series (4.66) is convergent (which is required for existence of a solution) 3 N (de-
pending on €) such that
[uw(z) —un(z)l| = [R(z)]| <e Ve>0,

for some norm, || - || (in particular, for the L?-norm). Thus, for some N we can carry out the
preceding development using (4.75) in place of (4.66) and expect to obtain a reasonably good
approximation to the solution of (4.68,4.69).

In place of the infinite system (4.74), we now have the N x N system

N N
<Z ai¢§',¢k> - <Z aiaj¢i¢ja¢k> =(f, ¢x) (4.76)
i=1

ij=1
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for k =1,2,...,N. We now carry out the indicated integrations (which in some cases may require
numerical quadrature) to obtain

N N
> aild dk) — > aiai{bidi, bk = (f, b))
i=1 1,j=1
or
N N
ZaiAik - Z a,z'asz'jk = Fk ; k= 1, 2, ‘e ,N ; (477)
i=1 1,j=1

with Ay =< @7, ¢ >, Bijr =< ¢id;, dr >. Equation (4.77) is a N x N nonlinear system for the
ags; it is customary to solve it via Newton’s method.

Convergence of Galerkin Procedures

It is important to note that the matrices corresponding to the values of the inner products, A
and Bjji, are nonsparse. So the values of permissible NV are generally much smaller than is the case
for finite-difference methods. On the other hand, it can be shown that under certain smoothness
assumptions on u, and with appropriate types of boundary conditions, the Galerkin procedure (and
spectral methods, in general) are “infinite” order. This means that if we define the error to be

en = |lu(z) — un(z)]]

for some norm || - ||, then ey — 0 faster than any finite power of 4. That is,

1
eNNO(m) Vp<oo.

There are two separate convergence tests that must be performed on Galerkin solutions to
nonlinear problems. The first is convergence of the Newton iterations used in the solution of
(4.77). This can be done in the usual manner, since as far as these iterations are concerned, only a
finite-dimensional system is involved. The second is convergence of the series representation (4.75).
This is analogous to convergence of grid functions in the case of finite-difference solutions. But now
we monitor convergence with respect to increasing the number of terms in the series expansion.
We will consider two alternative criteria by which to test convergence.

The first is the one that we would always prefer to satisfy because it implies that the solution
is as smooth as required by the differential equation. Namely, we check that

lenl = max |u}y —u} — f| <e,
z€[0,1]
for all N greater than or equal to some value Ny. This is the strong operator maz-norm error or
maz-norm residual. 1t is possible, for reasons alluded to earlier, that convergence in this norm may
not be achieved.
The second convergence test is strong convergence in L2. This implies that ||ex ||, < € for all N
greater than some specific Ny; i.e.,

(/01 () — un (2)]? dm)é <e.
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Since, in general, we do not know u(z), we typically replace the above with

([ i) - v @) <,

where M > 1. If the ¢s are orthonormal, it follows from (4.75) and Parseval’s identity that we

may simply test
N+M

Z ai<e.

k=N+1

4.3.4 Summary

We close this section by noting that no treatment has been given for coupled systems of two-point
boundary-value problems. Although it not is a difficult task to devise methods that maintain full
coupling (cf. Isaacson and Keller [12]) it is often the practice to decouple systems and solve them
one ODE at a time. Iterations must then be used to recover the effects of coupling. This can be
viewed as a block Gauss-Seidel procedure in which each block is the complete vector corresponding
to the grid function of one differential equation. These grid functions are each computed by the
methods we have discussed above.



Chapter 5

Numerical Solution of Partial Differential
Equations

5.1 Introduction

In contrast to the situation for ordinary differential equations, the state of development of numerical
methods for partial differential equations (PDEs) is somewhat less advanced. This is so for a variety
of reasons, not the least of which is the fact that, theoretically, PDEs are more difficult to treat
than are ODEs. In turn, this is true for a number of reasons. Recall that there are only two basic
types of problems associated with ODEs: IVPs and BVPs. Moreover, in each of these cases the
required auxiliary conditions are readily identified, and they can be implemented numerically in a
quite uniform manner across a broad spectrum of individual problems.

In the PDE case there are three separate classes of problems: (i) IVPs, usually called “Cauchy”
problems in the PDE context, (i) BVPs, and (%) initial boundary value problems (IBVPs).
Furthermore, within each of these classes, individual problems may be formulated for one or more
types of linear differential operators, namely elliptic, parabolic, or hyperbolic, as well as various less
easily classified nonlinear operators. The generic features of solutions, and to some extent solution
techniques, differ among these problem types. Additionally, because partial differential equations
are often posed on domains of more than one spatial dimension, boundary conditions must usually
be imposed along a curve (or even a surface), rather than simply at two endpoints as in the ODE
case. Likewise, initial data must be prescribed for the entire spatial domain, instead of at a single
point as for ODE IVPs. All of these features combine to provide a richness in variety of PDE
problems that is not present for ODE problems. But this richness implies difficulties that also are
not present in the ODE case.

In this chapter we will mainly restrict attention to the partial differential equations of classical
mathematical physics, namely the heat, wave and Laplace/Poisson equations, and we will treat
these only with well-known, “classical” numerical methods. This is done for the sake of brevity;
but it is important that these elementary methods be mastered prior to any attempt to study more
complicated problems and correspondingly more advanced numerical procedures. We begin this
chapter with some basic mathematical facts regarding each of the three types of equations to be
studied, and then proceed to treat in turn parabolic, elliptic and hyperbolic equations. In a final
section we will briefly consider first-order hyperbolic equations and systems.

119
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5.1.1 Mathematical Background

There are two pieces of mathematics regarding partial differential equations that are extremely
important for numerical analysis. The first of these, classification, is one of the first topics covered
in any elementary PDE course, while the second, well posedness, is generally introduced in more
advanced courses. Here, we will briefly discuss each of these.

Classification of Linear PDEs

The three above mentioned types of equations are all examples of linear second-order partial dif-
ferential equations. The most general form of such equations, when restricted to two independent
variables and constant coefficients is

AUgy + Dugy + CUyy + dug + euy + fu = g(z,y) , (5.1)

where g is a known forcing function, a,b,c,..., are given constants, and subscripts denote partial
differentiation. In the homogeneous case, i.e., g = 0, this form is reminiscent of the general quadratic
form from analytic geometry:

ar? +bzy+cy’ +de+ey+ f=0. (5.2)

Equation (5.2) is said to be elliptic, parabolic or hyperbolic according as b?> — 4ac is less than,
equal to, or greater than zero. This same classification is employed for (5.1), independent of the
values of g(z,y). In fact, it is clear that the classification depends only on the coefficients of the
highest-order derivatives. This grouping of terms,

QUgy + bugy + Cly,y ,

is called the principal part of the differential operator in (5.1). The type of the equation is com-
pletely determined by the principal part. It should be mentioned that if the coefficients of (5.1)
are permitted to vary with z and y, the type of (5.1) may change from point to point within the
solution domain. This can pose difficulties whose treatment requires methods far beyond the scope
of he material presented here.

We next note that corresponding to each of the three types of equations there is a unique
canonical form to which (5.1) can always be reduced. We shall not present the details of the
transformations needed to achieve these reductions, as they can be found in many standard texts
on elementary PDEs (e. g., Berg and MacGregor [2]). On the other hand it is important to be
aware of the possibility of simplifying (5.1), since this may also simplify the numerical analysis.

It can be shown when b? — 4ac < 0, the elliptic case, that (5.1) reduces to

Ugy + Uyy + Au = g(:v,y) s (5'3)

where A = 0, £1. When A = 0 we obtain Poisson’s equation, or Laplace’s equation in the case
g = 0. For the parabolic case, b> — 4ac = 0, we have

Uy — Uyy = g(x, y) ) (54)

which is the heat equation; and for the hyperbolic case, b> — 4ac > 0, Eq. (5.1) can always be
transformed to
Uzz _Uyy+Bu :g($,y) ) (55)

where B = 0 or 1. If B = 0, we have the wave equation, and when B = 1 we obtain the linear
Klein-Gordon equation.
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Basic Concept of Well-Posedness

Before proceeding to introduce numerical methods for solving each of the three main classes of
problems it is worthwhile to give some consideration to the question of under what circumstances
these equations do, or do not, have solutions. This is a part of the mathematical concept of
“well-posedness.” We begin with a formal definition of this property.

Definition 5.1 A problem consisting of a partial differential equation and boundary and/or initial
conditions is said to be well-posed in the sense of Hadamard if it satisfies the following conditions:

(i) a solution ezists,
(i) the solution is unique,

(iii) the solution depends continuously on given data.

The well-posedness property is crucial in solving problems by numerical methods because essentially
all numerical algorithms embody the tacit assumption that problems to which they apply are well
posed. Consequently, a method is not likely to work correctly on an ill-posed problem. The result
may be failure to obtain a solution; but a more serious outcome may be generation of numbers
that have no association with reality in any sense. It behooves the user of numerical methods to
understand the mathematics of the problem sufficiently to be aware of the possible difficulties, and
symptoms of these difficulties, associated with problems that are not well posed.

We close this discussion of well-posedness by describing a particular problem that is not well
posed. This is the so-called “backward” heat equation. It arises in geophysical studies in which it
is desired to predict the temperature distribution within the earth at some earlier geological time
by integrating backward from the temperature distribution of the present. To demonstrate the
difficulties which arise we consider a simple one-dimensional heat equation.

Ut = Klgg , < € (—o00,00), te[-T,0),

with
u(z,0) = f(z) -

Formally, the exact solution is

(z

w(z, ) = W de (5.6)

=/ o;f(é)e‘

the derivation of which (cf. Berg and MacGregor [2]) imposes no restrictions on the sign of ¢. But
we see immediately that if ¢ < 0, u(z,t) is imaginary (since k, the thermal diffusivity, is always
greater than zero), if it exists at all. In fact, unless f decays to zero faster than exponentially at
infinity, there is no solution because the integral in (5.6) does not exist. It will turn out that this
basic property of the heat equation places restrictions on the form of difference approximations that
can be used to numerically solve it. Below we will present a very natural difference approximation
to the heat equation that completely fails, in part, because of nonexistence of solutions to the
backward heat equation.
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5.1.2 Discretization Methods

Although in the sequel we will discuss only basic finite-difference methods for discretizing PDEs,
in the present section we will provide brief discussions of various discretization techniques. We
note at the outset that temporal discretizations are almost always basically either finite-difference
or quadrature based, but many different methods, and combinations of these, may be employed
for spatial discretizations. Figure 5.1 depicts the main features of what are probably the most
widely-used approaches: i) finite difference, i), finite element and 4ii) spectral.

As we will describe in considerable detail in later sections, finite-difference methods are con-
structed by first “gridding” the solution domain as indicated in Fig. 5.1a, and then deriving
systems of algebraic equations for grid point values which serve as approximations to the true so-
lution at the discrete set of points defined (typically) by the intersections of the grid lines. The
figure depicts the 2-D analogue of what was already been done for ODE BVPs in Chap. 4.

Finite-element methods (FEMs) are somewhat similar to finite-difference methods, although
they are typically more elaborate, often somewhat more accurate, and essentially always more dif-
ficult to implement. As can be seen from Fig. 5.1b the problem domain is subdivided into small
regions, often of triangular or (in 3-D) tetrahedral shape. On each of these subregions a polynomial
(not unlike those discussed in Chap. 3, but multidimensional) is used to approximate the solution,
and various degrees of smoothness of the approximate solution are achieved by requiring construc-
tions to guarantee continuity of a prescribed number of derivatives across element boundaries. It
should be remarked that the mathematics of FEMs is highly developed and is based on variational
principles and “weak” solutions (cf. Strang and Fix [29]), in contrast to the Taylor-expansion
foundations of finite-difference approaches.

Figure 5.1c displays the situation for spectral methods. One should observe that in this case
there is no grid or discrete point set. Instead, assumed forms of the solution function are constructed
as (generalized) Fourier representations. In this case, the unknowns to be calculated consist of a
finite number of Fourier coefficients leading to what amounts to a projection of the true solution
onto a finite-dimensional space. We previously constructed such a method in Chap. 4 in the
solution of ODE BVPs via Galerkin procedures.

There are numerous other discretization methods that have attained fairly wide acceptance in
certain areas. In computational fluid dynamics finite-volume techniques are often used. These
are often viewed as lying between finite-difference and finite-element methods in structure, but in
fact they are essentially identical to finite-difference methods despite the rather different viewpoint
(integral formulation of governing equations) employed for their construction. Other less often-used
approaches deserving of at least mention are spectral-element and boundary-element methods. As
their names suggest, these are also related to finite element methods, and particularly in the latter
case are applicable mainly for a very restricted class of problems.

In addition to all these individual techniques, various calculations have been performed us-
ing two or more of these methods in combination. Particular examples of this include finite-
difference/spectral and finite-element/boundary-element methods. Discussion of details of such
schemes is far beyond the intended scope of the present lectures, and from this point onward our
attention will be focused on basic finite-difference methods that have been widely used because of
their inherent generality and relative ease of application.

5.2 Parabolic Equations

In this section we will consider several widely-used methods for solving parabolic problems. We
begin with forward and backward FEuler methods applied to the 1-D heat equation, the former
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for the Cauchy problem and the latter for an initial boundary value problem. Both of these are
first-order accurate in time. We then treat two second-order methods. The first is unconditionally
unstable and should never be used, but it is a very intuitively natural scheme; the second is the
well-known unconditionally stable Crank-Nicolson method. We end the section with analysis of the
Peaceman-Rachford alternating direction implicit method, a very efficient technique for applying
the Crank-Nicolson scheme to 2-D parabolic equations.

5.2.1 Explicit Euler Method for the Heat Equation

We begin our study of the numerical solution of parabolic equations by introducing the simplest
procedure for solving the Cauchy problem for the one-dimensional heat equation. We consider

Ut = Ugy , T E (—O0,00) , tE (OaT] ) (57)

with
u(z,0) = ug(z) - (5.8)

This can be treated in a manner analogous to what was done for ODE initial value problems in
Chap. 4.

Recall that for such problems, the easiest scheme to construct is the forward Euler method,
which consists of replacing the time derivative with a forward difference, and evaluating the right-
hand side at the previous time level. Thus, (5.7) becomes

n+l _ . n
U Um

A = (“ww)nm

or
ult = w4 E(ugg)?, - (5.9)
In (5.9) the m-subscripts denote spatial grid points, while the n-superscripts indicate the time level.

To complete the discretization we replace uz,; with a centered-difference approximation, and obtain

k
unm+1:unm+ﬁ(unm_1_2u;;+u;;+l) , m=1,2,...,M. (5.10)

As indicated in Fig. 5.2, k denotes the time step, and h is the spatial step. Recall that in
the context of ODEs, Euler’s method is a single-step method; in the PDE context we use the

h
n+1 r.\,
k \
-
n \| | IJ e J

m-1 m m+l ... M-1 M

Figure 5.2: Mesh star for Forward Euler Applied to Heat Equation

terminology two-level method, since two time levels, n and n + 1, appear. It is easily seen that
(5.10) is an explicit method, since the new time level values can be directly calculated from previous
ones. However, it should be apparent that we cannot compute all values at n+ 1 from (5.10) using
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only the values given at time level n because at the endpoints of the computational interval the
right-hand side of (5.10) requires one additional point. This is indicated in Fig. 5.2. Here, we show
the so-called stencil, or mesh star, for the general m* and M* grid points. The dashed line in the
latter stencil indicates that there is no grid point value available for that part of the stencil.
There are several methods by which this situation can be remedied; we will describe only one
of them here. It is to calculate only between m = 2 and M — 1 at the second time level, between
m = 3 and M — 2 at the third, etc. Thus, we must start with a sufficient number of grid points
at the initial time to guarantee that we cover the required spatial interval at the final time. This
approach is computationally inefficient because more grid points are computed than are needed
in all but the final step. On the other hand, stability analyses (see below) for such a method are
much more straightforward than for alternatives employing “outflow” or “nonreflecting” boundary
conditions. We now provide a pseudo-language algorithm for implementing this method.

Algorithm 5.1 (Forward Euler/Centered-Difference Approzimation for 1-D Heat Equation)

1. Input number of time steps Ny, number of space steps at final time N, time step size k, and
[az,bg] the solution domain at final time.

2. Input initial data: v, i =1,2,...,N,.
3. Load zeros at additional points needed to obtain solution on required final interval:

Doi= 1,Nt
0 —
UN,+i =

Repeat 1
4. Calculate spatial step size, h: h = (by — az)/(Ny — 1).
5. Begin time stepping:

Don= ]-aNt

mstrt =n— Ny + 1
mstop= Nz + Ny —n
Do m = mstrt, mstop
upy = it g (T — 2+ unth)
Repeat m

Output results for time step n

Repeat n

The main reason for introducing the explicit approximation (5.10) is that it is quite simple,
and it provides an easy starting point for the discussions of consistency and stability of difference
approximations to partial differential equations. By consistency we mean that the difference ap-
proximation converges to the PDE as h,k — 0, and by stability we mean that the solution to the
difference equation does not increase with time at a faster rate than does the solution to the dif-
ferential equation. Consistency and stability are crucial properties for a difference scheme because
of the following theorem due to Lax (see Richtmyer and Morton [23]).



126 CHAPTER 5. NUMERICAL SOLUTION OF PDEs

Theorem 5.1 (Laz Equivalence Theorem) Given a well-posed linear initial value problem, and
a corresponding consistent difference approzimation, the resulting grid functions converge to the
solution of the differential equations as h,k — 0 if and only if the difference approzimation is
stable.

It is important to understand the content of this theorem. One can first deduce the less than
obvious fact that consistency of a difference approximation is not a sufficient condition for guar-
anteeing that the grid functions produced by the scheme actually converge to the solution to the
original differential equation as discretization step sizes are refined. In particular, both consistency
and stability are required. As will be evident in what follows, consistency of a difference approx-
imation is usually very straightforward though sometimes rather tedious to prove, while proof of
stability can often be quite difficult.

Consistency of Forward Euler/Centered-Difference Approximation to the Heat Equa-
tion

We will now demonstrate consistency of the difference scheme (5.10). As a by-product we also
obtain the order of accuracy of the difference approximation. We rewrite (5.10) as

2k k
U = (1 B ﬁ) Um ~ 72 (um—1 +tpy) =0 (5.11)

Now from Taylor’s theorem,

k2
U = iy + K, + 5 () +
n —u" —h n h_2 n h_3 n h_4 n o
Uy 1 = Uy, (uw)m + 2 (uzc;c)m 6 (u:mz)m + 21 (uzzzz)m
U1 = Upy + (Ug)m + 2 (Ugz)m + 6 (Ugza)m + 24 (Ugzzz)m +

If we substitute these expansions into (5.11) and rearrange the result, we find

k h?

(ut — Ugy), + §(Utt)nm - E(“mmm)nm +--=0. (5.12)

The first term in this expression is the original differential equation. Thus, the difference approx-
imation converges to the differential equation provided the second term — 0 with h, &k (under the
assumption that all neglected terms are indeed small compared with the second). This will hold
whenever uy and Uggq, are continuous functions of (z,t); i.e., u € C**. Hence, consistency has
been shown.

The second term of (5.12) is the dominant, or principal, term of the global truncation error.
This is analogous to the ODE case. In order notation we also have that the local truncation
error is O (k (k + h?)). The global (in time) truncation error, and thus the order of the method
is O (k + hz). Hence, we have shown that the difference scheme based on forward Euler time
integration and centered spatial differencing is first order in time, and second order in space. This

is the expected result.
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Stability of Forward Euler Approximation to the Heat Equation

We next carry out a stability analysis for the difference equation (5.10). Define r = k/h?, and write
(5.10) as

ultt = (1 —2r)ul, + 7 (ul_q +uli) - (5.13)

It is not altogether obvious that difference equations can be unstable, (but recall the situation for
ODE IVPs discussed in Chap. 4) particularly when they are consistent approximations to a well-
posed PDE problem; but we will here demonstrate that this can be the case. It is worth noting that
were this not true the consequences of the Lax theorem would be mere triviality. We have already
seen that for a consistent difference approximation the difference between the theoretical solution
of the PDE and the theoretical solution of the difference equation is related to the truncation error,
and hence for sufficiently small h,k is always bounded. However, the theoretical solution to the
difference equation may not be achieved, mainly because of machine round-off error; so we must
define a new error component as the difference between the theoretical solution, v, and the actual

solution, v}, of the difference equation: we set
2z = Uy — Uy, -
We wish to investigate the growth of z7! as n increases, for if this quantity grows rapidly if follows
that the computed solution may bear no resemblance to the true solution.
To proceed with this investigation we note, as we have already seen in the ODE case, that for
linear difference equations z;}, must satisfy the same difference equation as does u;,, and v}},. Hence,

in the present case, from (5.13) we have
2 = (1= 2r)20 +r(2h ) + 20 (5.14)

We will now assume that z(z,t), the countinuous analog of the grid function {z}},}, has a Fourier
representation

2z, t) =Y A(t)ePr”
l

for arbitrary wavenumbers ;. We observe that this is a rather natural assumption in light of
the form of exact solutions to the heat equation. It is sufficient to consider a single term of this
series because if any one term is growing unboundedly, then this must also be true, in general,
for the series. Moreover, we want the initial error at ¢ = 0 to consist only of error in the spatial
representation, so we set

V4

77% — eateib’wm — eankeib’mh — gneiﬂmh . (5.15)

Clearly, at t = 0, the error is 20, = e’ furthermore, this will not grow in time, provided

€l<1. (5.16)

This the well-known von Neumann stability criterion. For two-level methods, and only a single
equation, it is both necessary and sufficient for stability; but for schemes employing three (or more)
time levels, and/or more than one equation it is only necessary, but not sufficient.

We now substitute the right-hand side of (5.15) into (5.14) to obtain

£n+leiﬂmh — (1 _ 2T)§nei,3mh +r <£neiﬁ(m71)h + gneiﬂ(m+1)h) ]
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Division of 7™ leaves

E=(1-2r)+r (eﬂﬂh —I—eiﬂh)
=1—2r(1 — cosBh)
=1 — 4rsin? % .

Thus, in order for the forward Euler method to satisfy the von Neumann condition (5.16) we must
choose r so that

h
—1§1—@1m2%—§1 Y Bh .
It is easily seen that the right-hand inequality is satisfied V r > 0, while the left-hand side implies

< 1
T 2B

- 2sin® 57

We must choose B8h so that the right-hand side is a minimum in order to place the strongest restric-
tions on 7. This minimum occurs when the denominator is a maximum, namely when sin? ﬁTh =1.
Thus, the stability requirement for the forward FEuler scheme is

0<r<-=. (5.17)

N —

(Of course we would not take r = 0 because this implies a zero time step.)

If we recall that r = k/h?, we see that an important consequence of this stability criterion is
that as the spatial grid is refined to achieve accuracy, the time steps must be decreased as the
square of the spatial grid size to maintain stability. For example, if h = 0.1, then we must have
k < 0.005. This is often far too restrictive, and it has led to development of implicit methods such
as those that we next consider.

5.2.2 Backward Euler Method for the Heat Equation

Although the backward Euler method is only first-order accurate in time, it is nevertheless widely
used because of its favorable stability properties, and its simplicity. Recall from our discussions
for ODEs that backward Euler is A-stable. We will see that for the PDE case it is unconditionally
stable for linear parabolic problems.

We now consider the heat equation on a bounded domain; i.e., we treat the initial boundary
value problem

up=1Uuzy , xz€(0,1), te(0,7], (5.18)

with
u(z,0) = ug(z) , (5.19)

and
u(0,t) = f(t), wu(l,t)=g(t) . (5.20)

Here ug(z), f(t) and ¢(t) are known functions. To approximate (5.18) with the backward Euler
method, we employ a backward difference for the time derivative approximation, and then in
contrast to (5.10), evaluate everything on the right-hand side at the advanced time level. Hence,

n n—1
Up — Uy

e
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or after shifting the indexing forward by one and introducing a centered-difference spatial approx-
imation,

k
ufn‘"l =upy + ﬁ(ufntll — 2ufn+1 + qujrll) . (5.21)

Now unknown 7 + 1 time level results appear on both sides of the equation so it is not possible to
explicitly solve for u%!: hence, this is an implicit method.

As is usual for such methods we first move all n + 1 time level terms to the left-hand side and
rearrange this as

1 1
—uth (; + 2) uptt —utl = ;u% , m=23,...,.M—1, (5.22)

which is a tridiagonal system for the u'!. Clearly, for m = 1 we have

n+l __ pn+1
’U,1 - f ’
and for m = M
n+l _ n+l
Uy, =g .

Just as was the case for ODEs these can be directly inserted into the system for w5, or they can
be used to eliminate u?“ and u’ﬁ'l from the equations corresponding, respectively, to m = 2 and
m=M —1in (5.22).

We will not present a detailed pseudo-language algorithm for the backward Euler method at
this time because it it very similar to that for the trapezoidal method to be presented later and, in

fact, can be embedded as an option in this latter algorithm.

Consistency and Stability of Backward and Euler

Consistency (and order of accuracy) of the backward Euler method is demonstrated in precisely
the same way as already carried out for forward Euler, and the result is the same. Namely, as we
should expect, backward Fuler is first-order accurate in time and second order in space. We leave
demonstration of this as an exercise for the reader.

The von Neumann stability analysis applied to (5.22) shows that the method is stable for any
value of r > 0; i.e., it is unconditionally stable. We leave this also as an exercise to the reader.
It should be noted, however, that such an analysis does not include the effects of either boundary
conditions or variable coefficients. Thus, we very briefly consider a method which does, but one
that is seldom used because it, in general, requires use of additional numerical methods to obtain
sharp predictions regarding stability.

The method is known as the matrix method, and it is based on the fact that any two level
method for PDEs can be formally represented as

Amtlyntl — gy g (5.23)

where A and B are both square matrices whose elements depend upon the specific difference
approximation employed, and the superscripts indicate that time-dependent coefficients can be
treated; f™ is a given nonhomogeneous function and/or boundary data. It is of interest to observe
that if the scheme is explicit, A»*! = I V n. By the same arguments employed in the von Neumann
stability analysis, we can show for the homogeneous case that the error vector z" satisfies (5.23)
without the inhomogeneous term. We have

An+1zn+1 — B"yn ,
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or after formally solving for 211,

2= (AmH) T B (5.24)
Now if the error is not to grow in time we must have

H (An+1) ~1 pn

<1,

where || - || denotes the spectral norm. Checking this requires computation of the largest eigenvalue

T
of [(A”H)_1 Bn] [(A”H)_1 Bn] , which can seldom be done analytically, and is usually rather

expensive if done numerically. Nevertheless, this approach does have some theoretical applications,
as we shall see later.

5.2.3 Second-Order Approximations to the Heat Equation

So far, the two methods considered have been only first-order accurate in time. Often, we wish to
have more accuracy to permit taking larger time steps. Thus we consider two second-order methods.
The first is a famous method, due to Richardson, which is consistent with the heat equation to
second order in both space and time, but which is unconditionally unstable, and hence useless.
The second is probably the most widely-used scheme for solving parabolic equations. It is based
on trapezoidal integration; it is also second order in both space and time, and is unconditionally
stable for linear constant coefficient problems. It is known as the Crank-Nicolson method.

Richardson’s Method for the Heat Equation

Richardson’s scheme is the most natural second-order method. It is constructed by replacing all
derivatives, in both space and time, with second-order centered differences. Thus, for the heat
equation we have the approximation

n+1 n—1 n _ n n
Uy = — Uy Um—1 2um + Uy 11

2k a h2 ’

or

!t =t i—];(unm_l — 2up, +Upyq) - (5.25)
We observe that this is a three-level difference scheme, and as a consequence it can have more than
one solution. Moreover, because it is centered in time, it has a backward, as well as a forward (in
time) solution; and this is the underlying reason for its instability. Recall that the backward heat
equation problem is ill-posed, and in general has no bounded solution. This lack of boundedness in
the true solution leads to lack of boundedness in the solution to the difference equation as well. We
note that a von Neumann stability analysis can be applied to (5.25); however, it is not as direct as
in the case of two-level schemes (it depends on conversion of the multi-level method to a system of
two-level difference equations; cf. Richtmyer and Morton [23]). Furthermore, the results obtained
provide necessary, but not sufficient, stability criteria.

We must again emphasize that this second-order discretization should never be used for solving
the heat equation, or any other parabolic equation. On the other hand, if one is merely seeking
a numerical evaluation of the heat equation (for example, to confirm heat balances in laboratory
experiments) at a fixed instant in time, then Eq. (5.25) is a quite satisfactory approximation. The
difference between this and using (5.25) to solve the heat equation is that evaluation does not imply

evolution, and it is (time-like) evolution of difference approximations that can lead to instability.




5.2. PARABOLIC EQUATIONS 131

Crank-Nicolson Method for the Heat Equation

To derive the Crank-Nicolson method we will employ a procedure that has received wide acceptance
in the study of difference methods for evolution equations, i.e., time-dependent equations. Namely,
we view the PDE as an ODE in time. Thus, we can write the heat equation as

du
di

= Uz, = F(u) , (5.26)
with initial and boundary conditions given by Eqgs. (5.19), (5.20) and develop solution procedures
based on ODE methods. It is worth mentioning at this point that it can be shown that the
eigenvalues of F'(u) are negative and large. Hence (5.26) viewed as a system of ODEs is stiff, and
we should seek an A-stable method for its solution.

Thus, we apply the trapezoidal rule to (5.26) and obtain

k
W = 2 ()™ ()]

We already know that this is (globally) second order in time, and it will be second order in space
if we approximate u,,; with second-order centered differences. Hence,

k
) 1
I e S [y — 20 ™y 4 (ul g — 2™+l )]

or after setting r = k/2h? and rearranging,

1 1
n+1 n+1 n+1 n n n
U 1—(2+;>um + UL = Uy, 1-|—<2—; Uy, — a1

Vm=23,...,M—1. (5.27)

Since the right-hand side consists of known values, this constitutes a tridiagonal system for the
implicit determination of the solution vector «™*! at time level n + 1.

We should comment that division by —r to obtain Eq. (5.27) is quite customary (although the
factor of % is usually not included in the definition of ) to improve the level of diagonal dominance
in the system matrix corresponding to (5.27). Recall that we observed in Chap. 1 that pivoting is
seldom performed in the context of tridiagonal LU decomposition, and that diagonal dominance is
required to control round-off errors.

It is of interest to analyze the consistency and stability of this widely-used method. In the
process we will obtain the formal truncation error. We note at the outset that (5.27) has been
arranged in a different manner than was the case for the explicit Euler formula (5.11). In particular,
to obtain (5.27) we have multiplied by 1/r. Our results will thus be global in time. We also carry
out the analysis in terms of the (n + 1) time level, rather than the n'® as done previously; but
this is an unimportant detail that cannot effect the results. To begin we write (5.27) as

1 1
uptl ol — (2 + ;) umtt — (2 — ;) up Hulth ol =0. (5.28)
We expand u?,_; about the n + 1** time level to obtain

unmt11 + Uy = 2u¢nnt11 - k(ut)n+11 + _(Utt)n+11 — —(uw)
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Next, we expand each of the terms appearing on the right in terms of the m! spatial grid point.
Thus,

WL = gt TR PR O w1, B ntl
Up—1 = Uy h’(uw) + 2 (wa)m 6 (waw)m + Y (U:c:c:c:c)m
1 1 1 h’2 h’3 1
(ut)nmtl = (ut)nm+ - h(utw)n+ + — B (Utzz)n+ 6 (utwww)nm+ +...

h2
(ue) ™y = (uee)p " — Blusa)p -~ + g(utm)%+1 —...

(ue) et = (wgee) ™ — B(wpee) ™ + ...

Henceforth we suppress the (-)%F! notation, and only explicitly denote grid point values having
other indices. Then

h? h? h*
n+1 +u 1:2(u_hu$+?uww_ 6 Ugzr + 4u$$$$_ )

h? h3
—k (ut — hugy + —Utgy — — Utz + - - >

2 6
k2 b h?
+7 Ut — uttw‘i‘?uttww_---
k.3
_?(uttt_hutttx‘*'---)‘*'-“-

After similar manipulations we also obtain

2 h3 h4

h
:n—f—_kll + um—|—1 =2 (u + hug + —Ugg + —Uggs +

B 6 Y —Ugzzr + - )

h? h3
—k (ut + hugg + ?utmm + Futmmm +.. >

2

k h2
+ 5 (e + huggy + 5 Uttar +...

k.3
—?(Uttt—Fhutm*—---)‘*’--- .

In addition, we have

1 1 1 k2 k3
_(2-}_;)1;—(2—;)u"m:—4u+(2—;) (kut—?utt‘l‘FUttt_ ) :

We now combine these results, and use the definition of r to obtain, after some rearrangement,

h? k? k? k
Ut — Ugg — T5lave + g Wit —  Uttaa + i(utmm —u) +...=0.
Finally, we observe that since u; = Uy, it follows that ug = Uy, and if u is sufficiently smooth
Ugzt = Uteg- Hence, in this case the O(k) term is identically zero, and since uszy = Uy, the O(k?)

terms can be combined so that the above becomes

n+l _ i
12

(ut — um)m [(Ummmm)nm+1h2 (Uttt)n+1k2] O(h2 + ]{I2) . (529)
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The right-hand side of Eq. (5.29) is the global truncation error; it clearly goes to zero as
h,k — 0, proving consistency of the Crank-Nicolson scheme. It should also be clear that our ODE
analogy breaks down to some extent because of the additive nature of the different portions of the
truncation error. In particular, letting only k¥ — 0, but with h finite, will not result in the exact
solution to a problem unless the solution happens to be such that u,,,, and all higher derivatives
are identically zero (as, for example, a low-degree polynomial). In fact, we would obtain the exact
solution to a different problem,

up = ugg +T(h) ,

where T'(h) is the spatial truncation error due to a step size h. It is important to keep this point
in mind when performing grid function convergence tests for PDEs because if h remains fixed
while k is decreased convergence will occur, but not to the true solution. This can often lead to
seemingly ambiguous results. For a method with truncation error O(h? + k2), k and h should be
simultaneously reduced by the same factor during convergence tests. Analogous arguments and
conclusions apply if h — 0 with & finite.

We next briefly consider a stability analysis for the Crank-Nicolson procedure. We would
expect, because trapezoidal integration is A-stable, that the Crank-Nicolson scheme should be
unconditionally stable for linear constant-coefficient problems. This is in fact the case as we will
show. We apply the von Neumann analysis discussed earlier, but once again note that this does
not account for boundary conditions. Again letting

Z’?n — gnezﬁmh

denote the difference between the true solution and the computed solution to (5.27) we obtain

¢ = 2—%—2cos,3h
—(2+%) + 2 cos Bh

Recalling that the von Neumann stability condition (which is both necessary and sufficient in this
case) is [£| < 1, we see that the following two inequalities must be satisfied:

1 1
2—;1—200s5h <1 and 2—5—200s6h >
—(2+ 7) + 2cos Bh (24 1) —2cos Bh

It is a simple exercise, left to the reader, to show that both of these hold, completely indepen-
dent of the value of r. Hence, the Crank-Nicolson method applied to the linear heat equation is
unconditionally stable.

Finally, we remark that this result is not significantly altered by the presence of inhomogeneities;
however, in such cases we employ a more general concept of stability. Namely, because the true
solutions may grow as fast as exponentially with time, it is too restrictive to require |¢| < 1. Instead,
generally for nonhomogeneous problems we only require

€| <1+ O(k)

for stability.

We conclude this section on second-order methods for parabolic equations with a pseudo-
language algorithm for the trapezoidal method. Before presenting this we will provide a slightly
generalized version of Eq. (5.27) allowing us to write a single code that embodies all of the forward
and backward Euler, and trapezoidal, methods for initial boundary value problems for the heat
equation. This is done by viewing the construction of the trapezoidal method is consisting of a



134 CHAPTER 5. NUMERICAL SOLUTION OF PDEs

simple average of values between the n and n + 1 time levels, and replacing this with a weighted
average. If we denote this weight by 6 (0 < 6 < 1) then the basic trapezoidal integration formula
is replaced by the more general form

u3f1=1#y+£%‘Num—l—2um—Fum+ﬂ”+1+(1—-@(um—1—2um'%“m+ﬂ”

It is easily seen that § = % yields the usual trapezoidal formula. If we set 8 = 1, we obtain
the backward Euler method, while § = 0 results in forward Euler. One often encounters the
terminology “semi-implicit”, “implicit” and “explicit” for these three cases, but the first of these
is misleading because as will be evident from the pseudo-languange algorithm that follows, the
trapezoidal method is no less implicit than backward Euler. They do, however, exhibit different
behavior for large values of time step k. In particular, despite the fact that trapezoidal integration
is A-stable, if k is too large solutions will oscillate (boundedly) from one time step to the next.
For this reason backward Euler is sometimes preferred even though it is only first-order accurate in
time. An instance of this is the case of calculating a steady-state solution by integrating a formally
time-dependent equation to steady state, a widely-used practice in computational fluid dynamics
and heat transfer.

If we define
_ Ok _(1-0)k
= nE Ty

then we can express the above equation in a form analogous to that of Eq. (5.27):

1 T 2r 1 T
1 1 1 2 2 2

We now present the pseudo-language algorithm for implementing this generalized trapezoidal
method.

Algorithm 5.2 (Generalized Trapezoidal Method)

1. Input number of time steps N, number of spatial grid points N, time step size k, and
endpoints of spatial domain, ay, by, time integration weight, 0.

2. Input initial data, v, m =1,..., Ny, and initial time, t°.

3. Calculate grid spacing: h = (by—a;)/(Ny—1), time integration parameters, ry = 0xk/h?, ro =
(1—0)*k/h2.

4. Begin time stepping

Don=1,N;
t" =k*n+t°
[Load tridiagonal matriz and right-hand side]
A171 =0
Ay =1
Az1 =0

By = Lftbndry(t™)
Dom=2,N;, —1
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A =1

A2,m = - (2 + %)
Azm =1

By = —12 (ulh +ulnh) + (2% . %) !
Repeat m
Al,Nm =0
Aoy, =1
1437]\/'m — O
By, = Rhtbndry(t"™)
[Solve tridiagonal system]
Call LUDCMP(A, B, N,)
[Store current time level solution]
Dom =1,N,
upy, = By,

Repeat m

[Go to next time step] Repeat n
End

FUNCTION Lftbndry(t)

Lftondry = formula for time-dependent left boundary condition
Return
End

FUNCTION Rhtbndry(t)

Rhtbndry = formula for time-dependent right boundary condition
Return
End

5.2.4 Peaceman-Rachford Alternating Direction Implicit
Scheme

Our final topic in this study of parabolic equations is the treatment of the two-dimensional heat
equation. We first point out that, generally, explicit methods should not be used because the sta-
bility requirements are even more stringent than in the one-dimensional case. Thus, we will restrict
attention to implicit methods. In fact, we shall consider only the two—dimensional analogue of the
Crank-Nicolson method although a similar approach based on backward Euler time integration is
also widely used.

The equation that we study is

Ut = Ugg + Uyy +f(x7yat) ’ (w,y) € (07 1) X (Oa 1) , tE (OaT] ; (531)

with prescribed Dirichlet conditions on the boundaries, and given initial data. If we apply the
trapezoidal rule to (5.31) we obtain for interior grid points

k
=l + 5 (1t + gy )t + (g + 0y ) + S+ | HO), (5.32)

Ilm — Iym
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which is the 2-D Crank-Nicolson method.

It is worthwhile to construct and examine the matrix of difference equation coefficients for this
2-D problem because this will highlight some of the difficulties that arise in the solution process,
and motivate a specific treatment. We rewrite (5.32) as

k k k
u?;zl - §(Umm + “yy)ln;;l = Uppy, + §(u$$ + tyy) o + ) ( Pt m) )

and then replace spatial derivatives with centered differences:

n+1 n+1 n+l _ 4, n+l n+1 n+1
Upm — BY¥) (“z 1m T Um—1 4ul,m t U g+ “l+1,m)

k
= u?;m 2h2 (ul 1,m + ul m—1 4u?,m + u?;m—f—l + uln—l—l,m) (fn+1 + fl?m) (533)

If we suppose that the spatial grid consists of N, points in the z direction, and Ny in the y
direction (with N, and N, such that h, = hy = h), then (5.33) holds for all | = 2,3,. —1 and
m = 2,3,...,Ny — 1. For a Dirichlet problem, if { = 1 or Ny, or m =1 or Ny, we replace (5.33)
with the appropriate Dirichlet condition,

Ulm = U(xlaymat) ) (534)

where o(z,y,t) is a prescribed boundary function. (We note that boundary condition evaluation
for the left-hand side of (5.33) must be at time level n + 1). Before writing the final form of the
difference equations we again introduce the notation r = k/2h?. We now divide by —r in (5.33)
and obtain

1
n+1 n+1 n+1 n+1 n+1
Uy 1m+ul,m—1 - <4+ ; ulm +u l’rn+1 tu l+1,m
1
_ n n n n n 2/ en+1 n
= Ui, — Um_1t (4 — ) Ym T Ymgy ~ Ygim W (fim + fim)-

We observe that everything on the right-hand side is known prior to the start of calculations for
time level n + 1, so we define

1
n — n n n n 2( pn+1 n
}Fl,m = "U_1m — Um-—1 + (4 - ; ul,m - ul,m—|—1 ul—i—l m h (f + fl,m)'

Hence, the difference equations at interior grid points can be expressed simply as

1
U+ U — (4 * ?) Ui+ Ui T U = (5-35)
Vi=23,...,N;—1land m =2,3,. — 1. Clearly, (5.35) is of the form
All mu?+11m + A2l,mu'lrj:r—llfl + A3l mul s + A4l mul,:r_),]—-kl + A5l mu?—:llm = bl;m . (536)

Moreover, (5.34) is also of this form if we set A3, = 1,4;,, = 0,i # 3, and by, = 0'?;;1. The
complete matrix associated with this system of difference equations has the structure dlsplayed in
Fig. 5.3.

This matrix consists of only five nonzero bands. However, the matrix structure shown is such

that this high degree of sparsity cannot be readily exploited. Thus, usual direct elimination cannot
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be applied. It is the presence of the two outer bands, symmetrically spaced NN, elements from the
main diagonal, that prevents use of sparse LU-decomposition. It turns out, however, that with a
little manipulation, the original system of difference equations can be converted to a system of two
sets of equations, each of which involves only one spatial direction, and requires solution of only
tridiagonal systems. Such procedures are described generically as alternating direction implicit
(ADI) methods. They require only O(N) (N = N, x N,) arithmetic operations per time step, in
contrast to the O (N 3) required by direct Gaussian elimination applied to the entire system.
To derive the ADI scheme to be used here, we observe that (5.32) can be approximated as

k k k
[I — 5 (Dga+ D(Q),y)] upl = [I + 5 (Do + Dg’y)] Ui + 5 (' + flm) (5.37)
VIi=2,...,N;—1,m =2,...,Ny, — 1. Now each of D§ ,us,m and D§ ,u;m, is just a tridiagonal

matrix times the vector u, as we have already seen in the study of ODE BVPs. Denote these
matrices as A; and Ay, respectively for notational simplicity, and write the above as

[I - §<Am + Ay)] 't = [I + g(Az - Ay)] v g(f"+1 + 1) (5.38)

Ny —— S

ull b 11

U, by,

u b

1N 1,N

Ny+1 Ny y

Usq b,y

u I,m — bI,m

u Nx,1 bNx,l

u Nx,Ny bNx,Ny

Figure 5.3: Matrix Structure for 2-D Crank-Nicolson Method.

We next observe that the left-hand side matrix can be factored as
k k k k2
and similarly for the right-hand side,

k k k k2
(I + §A$) (I + 5Ay) =T+ S(Ag+ Ay) + T Aady
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Notice that each of the two factored matrices on the left of these expressions is tridiagonal. More-
over, their products are within O (kz) of the original, unfactored matrices. We now substitute these
into (5.38):

k k k k
I—-A IT—-A,Jurtl=(T+-A IT+-A,)u”
k2

+ (fn—|—1 _|_fn) + ZAsz(un—}—l _ un) .

N

Finally, we observe that if u(z,y,t) is sufficiently smooth,

u?jnl —upm = O(k) Vi,m

by the mean value theorem. Hence, the factorization,

k k n k k n
(I - §A‘”> (I - EAy> "t = (I-I— §A$) (I+ 5Ay) u

+o (M) (5:39)

N | =

is within O (k3) of the original 2-D Crank-Nicolson scheme. That is, no significant error has been
introduced by the factorization. However, we must also observe that our goal of replacing Crank-
Nicolson with a system involving only tridiagonal matrices has not yet been achieved because (5.39)
contains matrix products—not single tridiagonal matrices.

The standard remedy is to split (5.39) into two equations as follows:

k » k k
(I - 5A1> ur = (1 + EAy) u"+ S, (5.40a)
(1 _ gAy) = (z i gA) wr g g, (5.40b)

Thus, we calculate the advanced time step grid function values in two different steps. The first
involves only z derivatives at the advanced time level (i.e., at n + 1*), while the second involves
only y derivatives. In each case the advanced time values are calculated implicitly, thus giving rise
to the name “alternating direction implicit,” or ADI. There are many such procedures, and the one
presented here is one which is among the oldest, but still most widely used, due to Peaceman and
Rachford [22].

It is rather common practice to view u™*!" as being equivalent to w3, In general, this is
not true for ADI-like schemes. In particular, for problems involving time-dependent boundary
conditions, second-order temporal accuracy is generally lost if boundary conditions for the first
split step are evaluated at ¢ = ¢"*2. The correct implementation of time-dependent Dirichlet
conditions is presented in Mitchell and Griffiths [20]; we shall not pursue this topic further herein
except to mention that in the specific case of Peaceman-Rachford ADI presented here, numerical

. . * 1,
tests generally indicate no loss of formal accuracy when u™+'" = 4" "2 is used.
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Formal Accuracy of Peaceman-Rachford ADI

We will now demonstrate formal accuracy of the Peaceman-Rachford scheme for the case f = 0.
Thus, we consider
k x k
(I— EAI) ntl (I+ —A ) (5.41a)

(I - gAy) utl = (I + gAw) um (5.41Db)

If we “solve” the first of these for u"*!", and substitute into the second, we obtain

-1
(I - gAy) utl = (I + gAa;) (I — gAz) (I + gAy) u"

We now multiply by I — Aw, and note that the matrices (I + A ) and (I — %Aw) commute, to

obtain L L L L

This is exactly the unsplit scheme, (5.39), with f = 0. Hence, for constant coefficient problems and
with f = 0, second-order global accuracy is achieved up to implementation of boundary conditions.
In fact, this is still true for f # 0 (and even time-dependent), but this is somewhat more tedious
to demonstrate and will note be done here.

Stability of Peaceman-Rachford ADI

We next consider stability of the split scheme. We shall not carry out a rigorous analysis, but
instead give an heuristic treatment that is somewhat specific to the 2-D heat equation. For this
particular case, it is easily seen that A, = A, up to multiplication by a permutation matrix. We
then recognize that each step of (5.41) corresponds to a 1-D Crank-Nicolson procedure, which
previously was shown to be unconditionally stable in the sense of von Neumann. Hence, if we
ignore boundary conditions, we can infer that for 2}, defined as in (5.15),

40| =l |28l

we have |¢;| <1 for the z-direction step. Similarly, for the y-direction we have

1 1*
] = eyl o0
with |{,| < 1. Thus, it follows that
lnr+nl = ‘€y| €z ‘zlm|
= ‘£| ‘zl,m‘ ’
with [£] = |£,€y| < 1. Hence, the von Neumann stability criterion is satisfied unconditionally for

the Peaceman-Rachford ADI method in the form considered here. It is clear for constant Dirichlet
conditions that £ = 1, so boundary points are also stable for this case. Moreover, it can be shown
via Taylor expansion that |£| =1+ O(k) in the nonconstant Dirichlet case provided the boundary
function is in C*.

In summary, we have argued that for the homogeneous heat equation with Dirichlet boundary
conditions, Peaceman-Rachford ADI is second-order accurate (for constant boundary conditions)
and unconditionally stable.
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Implementation of Peaceman-Rachford ADI

We will now consider some implementational details. Since A, = ngm and Ay = Dg,y, (5.40a)
written at the (I, m) grid point is

n+1* k n+1* n+1* n+1* _.n n _ n n
UWm — 242 ( I-1,m 2’U’l m T ul—|—1,m) =Um + 252 (ul,mfl 2ul,m + ul,m—|—1)

k
=+ §f17,lm .

As we have done previously for the Crank-Nicolson scheme, we set

k
r=—
2h?
and divide by —r to obtain
* 1 * * 1
1 1 1
u?jl,m - (2 + ;) ’U,Z;; + u?—:—l,m - _U'Zm—l + (2 o ;) u;fm o u?,m-i-l
— 1P fh, . (5.42)
Analogous rearrangement of (5.40b) leads to
]. * ]_ * *
+1 +1 +1 _ +1 +1 +1
umel - (2 + ;) u?;m + uln,erl - _u?fl,m + (2 - ;) 'U,Zm - uln+1,m

—R2fiA . (5.43)

There are several things to notice regarding Eqs. (5.42) and (5.43). The first is that each of these
separate steps is formally very similar to the 1-D Crank-Nicolson scheme, a fact we have already
used to make plausible the unconditional stability of the Peaceman-Rachford procedure. The
second is that (5.42) holds for each m = 1,2,..., N, except when Dirichlet conditions are imposed
at one, or both, y-direction boundaries. In particular, for each value of the index m, (5.42) results

. . . . . . * * *
in a tridiagonal system of N, equations for the grid function values {uﬁ;} ,ugj’nl yee- ,u?:;l yeens
b bl )
n+1*

u Nmm}. Hence, to compute the complete grid functions {uz;"nl*} we use O (N - Ny) arithmetic
operations.

Construction of the right-hand sides of (5.42) deserves some special attention. We first note
that all quantities are known either from previous computation or from given data; but some care
must be exercised in loading results from previous calculations. In particular, we must be sure
to use only results from time level n and not from n + 1* in constructing the right-hand side of
(5.42). Figure 5.4 indicates why this is a concern. At the m' row of grid points we will solve for
grid function values at time level n + 1* at locations indicated by dots. At each of these points
we must evaluate Eq. (5.42). But the right-hand side of this equation requires points, indicated

by squares corresponding to time level n. Thus, values {u;‘,m_l} and {u;fm +1} are needed. In

computer implementations we would almost always load the n + 1* values over the old n-level ones

to reduce memory requirements. But this means that the locations corresponding to uszl will

actually contain u?j;ll_*l This implies that we must keep a temporary storage vector of length N,

(actually max (Nm,,Ny)) so that u}, _, can be saved for use at row m when results for the n + 1*
level are loaded over uszl. Failure to do this will result in loss of temporal accuracy.
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Precisely the same treatment is employed in solving for the n + 1 level values u?j’nl . In this
case, again the right-hand side contains only known information, and all of the grid function values
are obtained from N, systems, Eq. (5.43), containing N, equations each. From this we conclude
that the total arithmetic per time step is O (N, - Ny). Since N = NN, is the length of the solution

vector, the Peaceman-Rachford scheme requires O(N) arithmetic operations per time step.

Boundary # 4
Ny
F' w
H* o)
> M+l =5 £ £ H H HH H i | g
G <
o m ¢ ® ® ® ® ® ® ® o 2
S <
8 m-1 kg tH tH tH tH tH tH =5 ] o#o
2
1 2 . | . N x
Boundary # 2

Figure 5.4: Implementation of Peaceman-Rachford ADI.

We now present a pseudo-language algorithm for implementing the Peaceman-Rachford scheme.

Algorithm 5.3 (Peaceman-Rachford for Dirichlet Problems)
1. Read inputs: Ny, Ny, Ny, k, h, and initial data

2. Calculate r = %2'; initiate time step indezx: n =10

3. Print inputs
4. Increment time: t" =" + n x k
5. Calculate n + 1* intermediate time level results
Dom =1,N,
If m =1 then
Dol=1,N,

Usy,l = uln,m
u;"m = Bndry (ml, Y, 1 + %, 2)
Repeat |

Else if m = Ny
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Dol=1,N,
uzm = Bndry (a:l, Ym, " + %,4)
Repeat 1

FElse

_DO l == ]-7N$
Ifl:]_ O'I"l:NCE then
Ay =0
Ag,l=1
A37l =0
Ifl = ]-7B1 = BndTy (:L‘laym’tn + %’ 1)
Ifl = Ny, By, = Bndry (a1, ym, " + 5,3)

B = —Ugy,] + (2 - %) u{fm — “2m+1 - h2fn (xl,ym,t”)
End if
Repeat |
Call LUDCMP (A, B, Ny)
Dol=1,N,
Usy,l = u;fm
Ui = B

Repeat 1

End if
Repeat m

6. Calculate n + 1 time level
Dol =1,N,
Ifl =1 then

Do m =1,N,

Usv,m = Uf o,

u;f’l’tll = BndTy (xla Ym, "+ k’ 1)
Repeat m

Else If | = N, then

Dom =1,N,
u;f:nl = Bndry (z;, Ym,t" + &, 3)
Repeat m

FElse

Dom =1,N,
If m =1 or m = Ny then
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Al,m == 0
A2,m =1
A3,m =0

If m =1, By = Bndry (x, Ym, t" + k,2)
If m = Ny, By, = Bndry (z;, ym,t" + k,4)

Else
Al,m =1
Ay == (2+7)
A3,m =1 . .
By = —Ugy,m + (2 — %) uz;l — ulrfll,m — h2fn (zg, Ym, t" + k)
End if
Repeat m
Call LUDCMP (A, B, Ny)
Dom =1,N,
Usy,m = UZ;;I*
1_
u;‘,;; = B,
Repeat m
End if
Repeat |

Print results for t = t"+!
7. Increment n

n=n+1
If n < Ny, then go to 4

else stop

Although the preceding algorithm has been constructed specifically for the heat equation, the
extension to more general 2-D parabolic problems is straightforward. On the other hand, the
Peaceman-Rachford procedure cannot be implemented for 3-D problems in any direct manner.
Nevertheless, there are numerous related methods that can be applied in this case. We refer the
reader to Douglas and Gunn [13] for a very general treatment.

In closing this section on the Peaceman-Rachford ADI method we should point out that in
recent years iterative techniques have often been employed to solve the five-band system shown in
Fig. 5.3, especially in FEMs. It is important to recognize, however, that such approaches cannot
possibly compete with the Peaceman-Rachford (or other similar “time-splitting” methods) scheme
in terms of total required arithmetic. Moreover, ADI schemes in general are highly parallelizable,
so they present several distinct advantages on modern multiprocessors.

5.3 Elliptic Equations

Recall that, as discussed earlier, constant coefficient elliptic PDEs in two space dimensions can
always be reduced to the canonical form

Uzg + Uyy + Au = f(z,y) , (5.44)
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where A = —1,0 or +1. In the present treatment we will consider only the case A = 0, so that

(5.44) becomes a Poisson equation. Moreover, we will restrict attention to Dirichlet problems on

rectangular domains. We remark that the cases A = +1 can be treated completely analogously to

the case treated here, and other types of boundary conditions can be implemented as in Chap. 4.
Two classical methods will be applied to the solution of

Uar + gy = F(@,9)  (@,9) € (aa,bs) % (ay,,) = O (5.45)

with
u(z,y) =g(z,y) , (z,y) €90 . (5.46)

These methods are: i) successive overrelaxation (SOR) and i) alternating direction implicit (ADI).
We have already encountered forms of these methods in our earlier studies. It must be noted that
although many other more efficient procedures for solving elliptic problems are now in existence,
SOR and ADI still are widely used, and they often form the basis for developing more sophisticated
modern methods.

We shall begin by discretizing (5.45) in our usual manner, namely by replacing derivatives with
second-order centered differences. Thus, for grid point (4, j) we have

Ui—1,j — 2Uij + Uit
2
hil?

Ui j—1 — 2Uij + Uij41
2
hy

+ = fij »

or (with hy = hy = h)

Wint1,j F Uijo1 — 4 g+ i1+ uin = B2 fi (5.47)

Vi=23,...,N; —1,and j = 2,3,..., Ny, — 1. Boundary conditions can be handled exactly as
they are for ODE two-point BVPs. Namely, at each boundary point, instead of (5.47) we have

Uij = Gij , 1=1,Ny withj=1,2,..., N, ,

5.48
j=1,N, withi=1,2,..., N, . (5.48)

This set of equations can be formally solved with the system (5.47), or it can be used to eliminate
terms from those equations in the system (5.47) corresponding to points adjacent to boundaries.
For general codes, written to permit other boundary condition types as well as Dirichlet conditions,
the former is preferred. The matrix form of (5.47), (5.48) is presented in Figure 5.5

The figure shows that the system matrix is sparse, and banded; but it turns out that matrices of
this form do not admit a sparse LU-decomposition. Thus, in general, if direct elimination methods
are employed, solutions require O(N?3) arithmetic operations, where N = NyNy. In practical
problems N can easily be 10%, or even larger. It is clear from this that iterative methods usually
must be employed. We shall first consider application of SOR.

5.3.1 Successive Overrelaxation

Recall from Chap. 1 that SOR is an accelerated form of Gauss-Seidel iteration, which in turn is
just a modification of Jacobi iteration. Because of the sparsity of our system matrix, it is better
to derive the SOR iteration equations specifically for (5.47), rather than to use the general SOR
formula of Chap. 1. Thus, for the (i,7)™ equation of (5.47) “solving” for u;; leads to the Jacobi
iteration equation

m
J

(™ + s+l -l - W)
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It is interesting to observe that u;; is computed as simply the average of its four nearest neighbors
whenever f;; = 0. Now we modify this iteration by always using the most recent iterate. From

the ordering of the u;; shown in Fig. 5.5 we see that when w™ ) is to be computed, u™Y

i 1—1,5
(m+1)

u; ;1> will already be known. Thus, we arrive at the Gauss-Seidel iteration formula

and

m+1 m+1 m—+1 m m
ul(j )_4< z( 1])+ 5]—1)+u§]-)|-1+u§+%,j_h2fij> .

If we denote this result by «};, the SOR formula can be expressed as

Zj’

u(m—}—l)

by = wug; + (1 —w)u (m)

%]

(m) +w( u; uz(]m)> = U( )‘l‘WA“U )

where w is the relaxation parameter. (For problems of the type treated herein, 0 < w < 2 must
hold.) The SOR algorithm for Poisson equations is the following.

Algorithm 5.4 (SOR for Elliptic Dirichlet Problems)
1. Initialize solution array, u;;, with initial guesses. Set iteration counter, m = 1.
2. Set errmz =0
3. Doi=1,N,

Do j =1,Ny
If m =1, then
If i =1 ori= Ng, ujj = gij
Ifj:1 OT‘j:Ny, Uij = Gij
Else
Au = 3 (w17 +uij 1+ g + g1y — B2 fij) — uig
If |Au| > errmz, errmz = |Aul|
Uj 5 = Ui 5 + wAu
End if
Repeat j

Repeat 1
If errmz < ¢, then stop,

else If m < maxit, then m =m+ 1
goto 2

else stop

We conclude this treatment of SOR by remarking that it is efficient primarily only for constant
coefficient Dirichlet problems. Other problems are readily coded, as can be seen from the simplicity
of the algorithm; but convergence is typically very slow, if it occurs at all. The convergence rate of
SOR depends strongly on the value of the relaxation parameter, w. For optimal w, only O (N 1'5)
arithmetic operations are needed. But for other than optimal w, as many as O (N 2) operations
may be required.
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5.3.2 The Alternating Direction Implicit Scheme

Because of the convergence difficulties often experienced when SOR is applied to more realistic
problems, various alternatives have been studied. One of the more successful of these has been the
alternating direction implicit (ADI) algorithm. The treatment we shall present is very similar to
that given earlier for parabolic equations. In fact, we introduce a temporal operator, and formally
integrate the resulting time-dependent problem to steady state. Such an approach is sometimes
called the method of “false transients.” Its efficiency depends upon use of unconditionally stable
time-stepping procedures, so that relatively large time steps may be taken. While this would lead
to great inaccuracy in an actual transient problem, it is of no concern when only a steady solution
is required because all contributions to temporal truncation error vanish at steady state.

We begin again with Egs. (5.45) and (5.46). But we now add a temporal operator, corresponding
to a “pseudo time,” T, to obtain

Ur :uww+uyy_f(xay) .

We already know that the Peaceman-Rachford method is unconditionally stable for linear problems
of this type. Thus, we can approximate the above with time-split formulas

k . k w K

[I - 503,4 U = [I + 5D(’{y] uj") — 5 fum; (5.49a)
k k .k

[I - gpg,y] i = [I + §D§,w} Wm = 5 fimy (5.49b)

V I, m, and use any desired value of time step, k. We observe that (5.49a,b) is identical to (5.40a,b)
except for the sign of f (which has been changed for notational consistency with (5.45)), and
our altered notation for the time step indices. The latter is due to viewing pseudo-time stepping
as being equivalent to iteration in the present case. In this regard, we also note that use of an
unconditionally stable time-stepping procedure implies convergence of the iteration procedure. In
particular, for the linear problems treated here, the connection between the amplification matrix of
the time-stepping algorithm and the Lipschitz constant of the iteration scheme is quite direct. As
a consequence, our only real concern with (5.49) is consistency. We wish to show that as n — oo,
(5.49) becomes a consistent approximation to (5.45).
To do this we note that from stability of the time stepping and hence convergence of the iteration
procedure, we have
(n)

Upm

)

as n — oo, provided a steady solution to (5.45) exists. It then follows that (5.49) takes the form

(n+1)
Ilym

%
_ul,m_

(Dg,w + Dg,y) Ulm = fl,m )

which is the consistent difference approximation to (5.45). Details of proving this are left to the
interested reader.

The implementation of ADI for the steady case is only slightly different from that for transient
calculations. The first, and more obvious, difference is that a convergence test must now be in-
corporated into the algorithm, since convergence to steady state must be tested. The second is
associated with the fact that the time-step parameter, r = k/2h?, of the transient calculations is
now a somewhat arbitrary iteration parameter. It has been found that iterations converge much
more rapidly if this parameter is varied from one iteration to the next. In general, only a finite
(and usually fairly small) number of different iteration parameters is used; one application of each
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of these on successive iterations until each has been used once is called a cycle. An algorithm
implemented so as to use a different iteration parameter on each iteration is said to constitute a
nonstationary iteration procedure. When only a finite set of parameters is used repeatedly, the
method is said to be cyclic. Thus, the ADI method just described is often termed cyclic ADI.

It should be noted that the cyclic ADI parameters for optimal performance are not easily
predicted for any but the simplest problems. Here we present a particular sequence applicable for
solving the Poisson equation on the unit square. We also point out that our definition of r is one-
half the usual definition. Thus, values of r obtained from the usual sequence, due to Wachspress
[13] must be divided by two before insertion into the preceding formulas. We first determine the
number of parameters making up the sequence. This is given as the smallest integer ng such that

(\@ — 1)(n0_1) < tan

o(N, — 1)

Then the iteration parameter sequence is given by

n

1

T os? (L) [COt2 (ﬁ)] .

2(Na—1)

for n =0,1,...,n0 — 1. Note that it is assumed that N, = N, in applying these formulas.

We end this discussion of elliptic equations by commenting that in recent years a great variety
of new and more efficient solution procedures has appeared. Some of these are of restricted appli-
cability, such as the fast Poisson solvers, while others such as the incomplete factorization methods
can be used to solve problems for which neither SOR nor ADI perform well. Many of these con-
stitute nonstationary iteration schemes, while others often represent more sophisticated forms of
SOR. Despite the effort that has gone into developing such methods, genuinely robust and efficient
methods still do not exist, and numerical solution of elliptic equations remains an important area
of research in computational PDEs.

5.4 Hyperbolic Equations

We begin this section with a fairly complete, but elementary, treatment of the classical second-order
wave equation. We discuss some of the basic mathematics associated with this equation, provide
a second-order accurate difference approximation for solving it, and then analyze the consistency
and stability of this scheme. We then present an introduction to the first-order wave equation, and
extend this treatment to first-order hyperbolic systems. The reader is referred to Strikwerda [30]
for a comprehensive treatment of these topics.

5.4.1 The Wave Equation
Hyperbolic equations are typified by the second-order wave equation,
Uit = Ugy - (550)

Here we will mainly consider the Cauchy problem for this equation. That is, we let € (—o0, 00)
and prescribe the initial conditions

u(z,0) = f(z) , (5.51a)
u(z,0) = g(z) . (5.51b)
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For this case, (5.50) has the exact solution (known as the d’Lambert solution),

T+t

w(z, ) = = f(a:+t)+f(x—t)+/

: RGEE (5:52)

An important property of this solution is that for any fixed and finite (z,t), the value of u is
determined from values of the initial data on the finite interval [z — ¢,z + ¢]. This interval is called
the domain of dependence of the point (z,t), and is depicted in Fig. 5.6.

The lines running between (z — ¢,0) and (z,t), and (z + ¢,0) and (z,t), are respectively the
right-running and left-running characteristics through the point (x,t¢). These are shown extended
beyond (z,t) in the figure to indicate the region of influence of the point (z,¢). The value of u
at any point in this shaded region depends on the value at (z,t), as well as elsewhere, of course.
The slope of the characteristics is determined from the wave speed, ¢, (which in the present case is

unity) as
1
6 = +tan? (—) .
c

This would correspond to the equation

2
Ut — C Ugy -

t A \ 7
\ /
\
(x,t) k

Region of
Influence

Domain of
Dependence

x-t X+t X

Figure 5.6: Domain of Dependence for the Point (z,t).

Second-Order Discretization of Wave Equation

We now consider numerical solution of Eq. (5.50) with initial conditions (5.51a,b). The most natural
explicit difference approximation results from replacing both differential operators in (5.50) with
centered differences. Thus, we obtain

1 n

n—1 n n+1\ __ n n
Uy — Uy, + Uy ) =13 (um_1 —2um+um+1) .

2

This can be explicitly solved for u at the (n + 1)** time level:

2

n+1l __ n n n n n—
Uy, =2y, + — (um_l — 2u,, + um+1) — U,

1
h? .
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Let p = k/h, and rearrange this to the form
ultt = 2(1 — p?)ul + p? (uly g +uly_q) —ul . (5.53)

We immediately observe that this is a three-level scheme. Hence, when n = 1, the left-hand
side of (5.53) will provide results at n = 2; but we must have an independent means to produce
results for n = 1. This can be done using the initial data as follows. First, the n = 0 time level is
specified by the initial condition u(z,0) = f(z). Now, from a Taylor expansion we have

ou\ k(0%
ul, = ud +k (8—':) +5 <8—;> + O(k?) . (5.54)

m m

But from (5.51b), (Ou/0t)?, is given as

ou
57 (& 0) =g(2) - (5.55)
Furthermore, from the differential equation we have
2u)’ 82u\’ d?f 1
(W) B (a_> B <d—> = gzt = 2fm o+ fmns1) + O(R) (5.56)
m m m

Substitution of (5.55) and (5.56) into (5.54) results in an equation for ), in terms of prescribed
initial data:

Upy = (1= p°) frm + %p2(fm+1 + fm-1) + kgm - (5.57)

This provides the additional information needed to start calculations using (5.53).

We next discuss implementation of (5.53). It should be noted that in practice the initial data,
f(z) and g(z) will only be specified on a finite interval, rather than for z € (—o0,00). As Fig. 5.7
indicates, the length of this interval must be set by the amount of information (number of spatial
grid points in the solution) required at the final time. Clearly, as can be seen from the form of
the mesh star, one grid point is lost from each end of the grid at each time step just as occurred
for the Cauchy problem in the parabolic case discussed earlier. Thus, once k and h are set, the
number of grid points on the initial interval required to obtain a desired number on the final interval
can be determined. The algorithm in this case is quite similar to Algorithm 5.1, and we leave its
development as an exercise for the reader.

Consistency and Stability of Wave Equation Discretization

Now that we have considered calculation using the formula (5.53), it is worthwhile to analyze it
with respect to consistency and stability. To check consistency, we require the following Taylor
expansions:

n+l _ . n n k_Z n k_3 n k_4 n

Uy~ = Uy, + k(ut)m + 9 (utt)m + 6 (um)m + Y (utttt)m + ...
k2 3 k4

“nm_1 = Uy, — k(ut)m + 3(Utt)?n - ?(uttt)?n + ﬂ(utttt)nm e
h2 h3 h4

U1 = Uy, + h(ug ), + i(uww)nm + F(umw)% + ﬂ(uwwm)nm +...
h2 h3 h4

Up—1 = Uy, — B(ug)p, + ?(wa)nm - E(uzm)?n + ﬂ(“mww)nm -
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Figure 5.7: Numerical Domain of Dependence of the Grid Point (m,n + 1).

The first two of these combine to yield

_ k*
upt A upt = 2up, 4 kP (un)p, + g (Wt -
and the latter two produce
h4

U1 + Upy_1 = 2up, + h2(um)"m + —(ugzzz)my +--- -

12
We next rewrite (5.53) as

2(1 — p*)ugy, + 0 (upyr + o) = (up +up ) =0,
and substitute the two preceding results to obtain

1
2(1 - p2)u% + 2/)21/711 + p? (um)%h2 + E(umm)%hzl] — 2up,

1
- [(utt)"ka + ﬁ(utttt)?nkll +...=0.

This reduces to

(), — (t )+ 75 [k — (tazaa)uh®] 4. = 0. (5.58)
Clearly, as h,k — 0, the dominant truncation error goes to zero, and the differential equation is
recovered; hence, the scheme (5.53) is consistent with the wave equation. Moreover, the method is
second-order accurate in both space and time.

We analyze the stability of (5.53) via a von Neumann analysis. This is particularly appropriate
in the present case because there are no boundary conditions. On the other hand, because (5.53)
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is a three-level difference scheme, the von Neumann condition supplies only a necessary (and not
sufficient) stability requirement. The preferred way to carry out analysis of a multi-level difference
equation is to reduce it to a system of two-level equations. For the present problem we define

n+l _  n
U™ = Uy, -

Then (5.53) is replaced by the system

up™ = 2(1 = p*)up, + p* (upy 1 +upy 1) — Vi

n+l _ ., n
vt =
For 8 € R we can write
U1 = ePhyr  and  ul | =e P

which holds because, for example,

0 h? 92
F . h? 2 n iBh, n
— I+h(zﬁ)—?ﬂ + .. | upy, =€

where F denotes Fourier transform. Then

h
utl =2 (1 — 2p? sin? %) Uy, — Uy,

m
ot =
which in matrix form is
umtt 2 (1 — 2p? sin? %) =1 [ul,
o] 1 0| Lvm

Now using arguments similar to those employed earlier when studying stability for difference ap-
proximations to parabolic equations, we know that the error vector must satisfy this same equation.
Denoting this by 27, € R?, we see that

Zmt ' =Capy
where
. 2 Bh
2(1- 2282 8}) —1
C=
1 0

is the amplification matrix. As we noted earlier, the von Neumann necessary condition for stability

1S
Icll<1,

where ||| is the spectral norm. Hence, we need to calculate the eigenvalues of C. The characteristic
polynomial is

>\2—2(1—2p2sin2%))\+1:0,
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which has roots

Ap =1 —2p?sin? = /6 + 2psmﬂ2 [p sin? — B 1] : (5.59)

We must determine the larger of these, and from the requirement
max (A4, ]A_]) < 1,

establish permissible bounds on p = k/h.
There are two cases to consider. First, if p? sin

/\i:1—2p25in2%ii{2psin%[l 0’ sm2'8 ] } .

which implies [A;| = |A_| = 1. Second, if p?sin? % > 1, it immediately follows that |[A_| > 1.
Hence, we must have

2%Slwehave

h
p2 sin? % <1

for stability. This implies that
1

p<
sin2 /J’h ?

and thus p < 1. Thus, it follows that k& < h must hold for stability of (5.53). We again emphasize
that this is a necessary, but not sufficient, condition in this case.

We now discuss an aspect of hyperbolic equations that does not arise in either parabolic or
elliptic equations. Recall that we earlier introduced the notion of the domain of dependence of a
point value of the solution to a hyperbolic equation. Although we did not mention it previously,
there is an important relationship between the domain of dependence of the differential equation,
and that of its difference approximation. (These are not the same, in general.) For each domain of
dependence, the respective solution is influenced only by the points included in its domain. Thus,
it follows that if the domain of dependence of the numerical approximation is contained within the
domain of dependence of the differential equation, initial data of the latter could be changed outside
the domain of dependence of the difference scheme (but inside that of the differential equation),
and the numerical solution would remain unchanged. In such a case, the solution to the difference
equation would not converge to that of the differential equation. This is the content of the well-
known Courant-Friedrichs-Lewy (CFL) condition, often simply called the Courant condition.

Theorem 5.2 (CFL condition) In order for a difference approzimation to a Cauchy problem for a
hyperbolic equation to converge (to the solution of the DE) as h,k — 0, the domain of dependence
of the difference equation must include that of the differential equation.

For the wave equation which we have been discussing, this implies that p < 1, which coincides
with the von Neumann condition. Although we have not, thus far, treated implicit methods for
hyperbolic problems, we note that the CFL condition is satisfied, independent of the value of p
for such methods because the domain of dependence of the difference equation is the entire spatial
domain under consideration. We shall not give any further treatment herein to the initial-boundary
value problem for the wave equation except to note that implicit methods can be constructed quite
readily merely by evaluating terms from the spatial approximation at the advanced time. For
example, we would have

n—1 n n+1\ __ n+1 n+1 n+1
Uy, _2um+um ) - ﬁ ( m—1 _2um +U’m+1)

2
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It is easily seen that after rearrangement this leads to a tridiagonal system to be solved at each
time step. Initial conditions are treated just as in the explicit case discussed above, and boundary
conditions are handled in the usual way.

5.4.2 First-Order Hyperbolic Equations and Systems

The last topic we shall treat here is one that is less classical than those discussed previously, but
one of great importance in practical computational physics: first-order hyperbolic equations. We
will first present several methods that are applicable to single equations, and then use one of these,
the Lax-Wendroff method, to solve a first-order hyperbolic system corresponding to the second-
order wave equation. Again, we will treat only the pure Cauchy problem; analysis of first-order
initial boundary value problems is well beyond the intended scope of these lectures. We refer the
interested reader to the monograph by Kreiss and Oliger [17] for a more thorough introduction to
this topic.

The First-Order Wave Equation

The first-order equation we shall study here is
u; +auy; =0, a>0, constant , (5.60)

with the initial condition
u(z,0) = f(z) . (5.61)

The exact solution to this problem is
u(z,t) = f(x — at) , (5.62)

as is easily checked. Associated with (5.60) is a single family of right-running characteristics with

slope
(@)
0 = tan =1
a

We require knowledge of this for construction of difference schemes which satisfy the CFL condition.
For the first-order equation (5.60), the CFL condition requires that the characteristics passing
through the advanced time level point pass inside the points of the mesh star at the current time
level. This is demonstrated in Fig. 5.7, and is equivalent to satisfaction of a CFL condition in the
sense of the CFL Theorem.

The simplest approximation to (5.60) satisfying the CFL condition is the first-order approxi-
mation

uptl —up _un b,
k h ’
or
ult! =l — paull, = ufh_y) = (1 — payull, + paul,_; , (5.63)
where p = % This scheme is explicit, and it is easily checked that the CFL condition is satisfied,

provided pa < 1. We defer the stability analysis to what will be developed below for another
method.

An obvious disadvantage of the method just presented is its first-order accuracy. We now
provide an approach that is second order in both space and time, known as the “leap frog” scheme
because it “leaps over”, i.e., does not include, the center point of its mesh star. It is constructed by
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Figure 5.8: Difference Approximation Satisfying CFL Condition.

replacing derivatives in both space and time by centered differences. Thus, (5.60) is approximated
by

un—|—1 _ unfl

n n
Ump1 — Up—1 0
?

m m —
ok YT o
or
uptt = ull !t — pa (uly —ulh_q) (5.64)

It is easily checked from the preceding figure that the CFL condition again requires pa < 1. The
stability analysis for (5.64) is identical in form to the von Neumann analysis earlier applied to
the second-order wave equation approximation; and the result is similar. Namely, von Neumann
stability coincides with satisfaction of the CFL condition. It is also easily shown by standard
methods (Taylor expansion) that the scheme is second-order accurate in both space and time.

The final method we shall consider for single first-order hyperbolic equations is the widely-used
Lax-Wendroff [19] scheme. To derive this method we expand u?%! in a Taylor series about u?, to
second order, and then use the differential equation (5.60), to replace derivatives with respect to ¢
with those with respect to . The derivation is completed by approximating the spatial derivatives
with centered differences. We have

2

unm+1 = u"m + k(ut)nm + E(Utt)zl + ... .

But from (5.60),
(ut)m = —alug)m -

From this it follows that

(Utt)nm = —G(Uzt)?n = —G(Utz)nm = 02(Um)?n )
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provided u is sufficiently smoth. Substitution of these results into the Taylor series yields

212
a“k

u"m+1 = up, — ak(ug); + 5

Then replacement of u; and ug,; with centered differences leads to

2 2
pa pla
upt! = ), — ?(u%—i—l — Up_1) + o (U1 — 2Upy, + U y1)
or o pa
Up ! = o (L pajug,_y + (1~ pra’)up, — o (1= pajup, . (5.65)

Since this is only a two-level scheme, the stability analysis is analogous to that used earlier for
parabolic equations. We again note that the error in calculating the solution to (5.65) also satisfies
(5.65), and we represent this as

n _ ¢n ifmh
zh =E&"e .

Substitution of this quantity into (5.65) followed by division by 27, yields the result:
1 . . 1 . .
— 2 =2 iBh —iBh\ _ — ifh _ _—ifh
E=(1 7")—!—27‘ (e +e ) 2r(e e )
= (1 — 2r? sin? %) —irsingh ,

where r = pa. The modulus of £ is then

€] [1 — 4r%(1 — r?) sin* %]2 ,

which shows that [{| < 1if 0 < r < 1. That is, for stability we must have pa < 1, which again
coincides with the CFL condition.

First-Order Hyperbolic Systems

We now consider application of the Lax-Wendroff scheme just studied to the first-order hyperbolic
system corresponding to the second-order wave equation. Starting with the wave equation,

U — Uggy =0,
we set
up =u; and  uo = uy .

Then we have

(u1)y — (u2)y, =0
from the original equation, and

(ug), — (u1), =0

from the transformation. These two equations can be represented as the first-order system

[(1J (1)] [Zjﬁ [—01 —01] [Z;Lzﬂ (5.66)
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ol L ol 2], =

A= [0 1] and U = (uy,ug)” |

or, equivalently,

Now set

10

so that
U,— AU, =0. (5.67)

We now derive the Lax-Wendroff formula for this system. We have

k2
Uptt =UR + k(Uy)p + 7(Utt)"m +.

But from (5.67)
Ut = AUz)7,

and analogous to what was found previously in the scalar case,
(Utt)% = _A2(Umm)7rln :

Thus,
1
Up'™t = Up + Ak(Ua)y, = AR (Usa ) + -+ -

Finally, we can write this in terms of centered-difference operators as follows:
k2
UMt = | T+ kADg — EA?D(% un . (5.68)

This same procedure can be applied to various other hyperbolic systems with system matrices
that are different from the matrix A given here. Moreover, although it is not straightforward, the
Lax-Wendroff method can also be applied to variable-coefficient problems.

5.5 Summary

In this chapter we have studied elementary numerical methods, based on the finite-difference ap-
proximation, for solving the partial differential equations of classical mathematical physics, as well
as for first-order wave equations and first-order hyperbolic systems.

For parabolic equations typified by the heat equation we presented both explicit and implicit
methods. We should recall that explicit methods are generally less stable than implicit ones, and
this is especially true in the parabolic case. Particularly for initial boundary value problems we
recommend use of the Crank-Nicolson method in most situations even though there is considerably
more required arithmetic per time step in comparison with explicit techniques because of the need
to solve tridiagonal linear systems at each time step. In the two-dimensional case we gave a fairly
detailed treatment of the Peaceman-Rachford ADI scheme applied to the heat equation. This
is a particular instance of a wide class of methods often referred to as “time splitting.” They
are extremely effective for solving time-dependent problems because of their favorable stability
properties, and because of the efficiency with which they can be solved, especially on modern
symmetric multi-processor (SMP) architectures.
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We discussed only two very basic techniques for solving elliptic equations such as Laplace’s
equation, namely SOR and ADI. We noted that there are by now many more sophisticated methods,
but the majority of these tend to be of somewhat limited applicability. Variants of SOR and ADI
are naturally highly parallelizable, and because of this they may yet prove to be as effective as
many of the modern procedures such as conjugate gradient, incomplete L U-decompositions and
generalized minimum residual (GMRES) to name a few.

In any case, it is important to recognize that iterative methods (at least in the guise of pseudo-
time marching) are essentially always used for solving the sparse, banded linear systems arising
from discretization of elliptic PDEs. Such systems can be extremely large (10° x 10° matrices are
now common), and direct methods requiring O(N?) arithmetic are not usually viable techniques.
But it must be mentioned that direct methods exist that require only O(N?) arithmetic operations
when applied to the sparse systems considered here; if these can be parallelized, then they may
prove to be effective alternatives to iteration.

Our discussions of hyperbolic PDEs included numerical treatment of the classical second-order
wave equation as well as first-order wave equations in scalar and vector form. Explicit methods
were emphasized because they are very efficient and easily implemented, and in the hyperbolic
case the requirements for stability (generally satisfaction of a Courant condition) tend to impose
far less restriction on the time step than is true for parabolic problems. We mainly treated only
the Cauchy problem. This was done to avoid the technicalities of numerical boundary conditions
for hyperbolic problems. This is still a very active area of research, particularly in the context of
computational electromagnetics, but also in computational fluid dynamics.

The main computational techniques we presented include straightforward centered differenc-
ing (in both space and time) for the second-order wave equation and the leap-frog method, the
equivalent scheme for first-order equations. In addition, we provided a fairly complete treatment
of the Lax-Wendroff scheme for first-order equations and systems. Although these are among the
most widely-used methods for hyperbolic equations, there are numerous other possibilities, as dis-
cussed in Strikwerda [30] and elsewhere. The interested reader is encouraged to consult the extant
literature.



References

[1]

[10]
[11]

[12]

[13]

[14]

[15]

T. M. Apostol. Mathematical Analysis. Addison-Wesley Pub. Co., Reading, MA, second
edition, 1974.

P. W. Berg and J. L. McGregor. Elementary Parial Differential Equations. Holden-Day, San
Francisco, 1966.

G. Dahlquist. A Special Stability Problem for Linear Multistep Methods. BIT 3, New York,
1963.

P. J. Davis and P. Rabinowitz. Methods of Numerical Integration. Academic Press, New York,
NY, 1975.

C. deBoor. A Practical Guide to Splines. V. A. Barker (ed.), Springer-Verlag, New York, NY,
1978.

I. S. Duff, A. M. Erisman, and J. K. Reid. Direct Methods for Sparse Matrices. Clarendon
Press, Oxford, 1986.

G. Forsythe and C. B. Moler. Computer Solution of Linear Algebraic Systems. Prentice-Hall,
Inc., Englewood Cliffs, NJ, 1967.

C. W. Gear. Numerical Initial Value Problems in Ordinary Differential Equations. Prentice-
Hall, Inc., Englewood Cliffs, NJ, 1971.

W. Hackbusch. Iterative Solution of Large Sparse Systems of Equations. Springer-Verlag, NY,
1994.

P. Henrici. Flements of Numerical Analysis. John Wiley & Sons, New York, 1964.
R. W. Hornbeck. Numerical Methods. Quantum Publishers, Inc., New York, NY, 1975.

E. Isaacson and H. B. Keller. Analysis of Numerical Methods. John Wiley & Sons, Inc., New
York, NY, 1966.

J. Douglas, Jr. and J. E. Gunn. A general formulation of alternating direction methods, part
i. parabolic and hyperbolic problems. Numer. Math., 6:428-453, 1964.

C. B. Moler J. J. Dongarra, J. R. Bunch and G. W. Stewart. LINPACK User’s Guide. STAM,
Philadelphia, PA, 1979.

L. W. Johnson and R. D. Riess. Numerical Analysis. Addison-Wesley Pub. Co., Reading, MA,
second edition, 1982.

159



160

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]
[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

REFERENCES

H. B. Keller. Numerical Methods for Two-Point Boundary-Value Problems. Dover Pub., Inc.,
New York, NY, 1992.

H. Kreiss and J. Oliger. Methods for the Approzimate Solution of Time Dependent Problems.
GARP Pub, 1973.

L. Lapidus and J. H. Seinfield. Numerical Solution of Ordinary Differential Equations. Aca-
demic Press, New York, NY, 1971.

P. D. Lax and B. Wendroff. Systems of Conservation Laws, volume 13. Can. Pure Appl.
Math., 1960.

A. R. Mitchell and D. F. Griffiths. The Finite Difference Method in Partial Differential Equa-
tions. John Wiley & Sons, Inc., Chichester, 1980.

A. M. Ostrowski. Solution of Equations and Systems of Equations. Academic Press, New York,
second edition, 1966.

D. W. Peaceman and H. H. Rachford, Jr. The numerical solution of Parabolic and Elliptic
Differential Equations, volume 3. J. Soc. Industrial Appl. Math., 1955.

R. D. Richtmyer and K. W. Morton. Difference Methods for Initial-Value Problems. John
Wiley & Sons, Inc., New York, NY, second edition, 1967.

A. Ruhe. “Computation of Eigenvalues and Eigenvectors” in Sparse Matriz Techniques. V.
A. Barker (ed.), Springer-Verlag, Berlin, 1977.

Y. Saad. Ilterative Methods for Sparse Linear Systems. PWS Publishing Co., Boston, 1996.

B. T. Smith, P. Bjerstad and W. Gropp. Domain Decomposition, Parallel Multilevel Methods
for Elliptic Partial Differential Equations. Cambridge University Press, Cambridge, 1996.

B. T. Smith, J. M. Boyle, J. J. Dongarra, B. S. Garbow, Y. Ikebe, V. C. Klema, and C. B.
Moler. Matriz Eigensystem Routines - EISPACK Guide, volume 6 of Lecture Notes in Com-
puter Science. Springer-Verlag, New York, NY, second edition, 1976.

Stoer and R. Bulirsch. Introduction to Numerical Analysis. Springer-Verlag, New York, 1980.

G. Strang and G. J. Fix. An Analysis of the Finite Element Method. Prentice-Hall, Inc.,
Englewood Cliffs, NJ, 1973.

J. C. Strikwerda. Finite Difference Schemes and Partial Differential Equations. Wadsworth
& Brooks/Cole, Pacific Groove, CA, 1989.

A. H. Stroud. Approximate Calculation of Multiple Integrals. Prentice-Hall, Inc., Englewood
Cliffs, NJ, 1971.

L. H. Thomas. “Elliptic Problems in Linear Difference Equations over a Network,” Watson
Sci. Comput. Lab. Rept., Columbia University, NY, 1949.

J. F. Thompson, Z. V. A. Warsi, and C. W. Mastin. Numerical Grid Generation: Foundations
and Applications. North-Holland, New York, NY, 1985.

J. F. Traub. [terative Methods for the Solution of Equations. Prentice-Hall, Inc., Englewood
Cliffs, NJ, 1964.



REFERENCES 161

[35] J. H. Wilkinson. The Algeibraic Figenvalue Problem. University Press, London, 1965.
[36] J. H. Wilkinson and C. Reinsch. Linear Algebra. Springer-Verlag, New York, NY, 1971.



