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PREFACE

Mathematics is a necessary avenue to scientific knowledgehwdpens new vistas of
mental activity. A sound knowledge of Engineering Mathensais must for the modern
engineer to attain new dimensions in all aspects of engimgeractices. Applied mathe-
matics is alive and very vigorous. That ought to be refleateduir teaching. In our own
teaching we became convinced that the textbook is crudimhubt provide a framework
into which the applications will fit. A good course has a clparpose, and you can sense
that it is there. It is a pleasure to teach a subject when itaging forward, and this one
is-but the book has to share in that spirit and help to estali

This book is a self-contained, comprehensive volume cogetie entire ambit of the
course of Engineering Mathematics for Ill Semester B. Tadyam of UPTU. This text
covers following contents

Unit-I: Function of Complex variable. Analytic function, C-R equations, Cauchys in-
tegral theorem, Cauchys integral formula for derivativearalytic function, Taylors and
Laurents series, singularities, Residue theorem, Evaluatf real integrals of the type

2 00
/ f(cosf,sin6)d6 and/ f(x)dx
0 —00

Unit-ll: Statistical Techniques - I. Moments, Moment generating functions, Skewness,
Kurtosis, Curve fitting, Method of least squares, Fittingstriaight lines, Polynomials,
Exponential curves etc., Correlation, Linear, non linaad enultiple regression analysis,
Probability theory.

Unit-1lI: Statistical Techniques - II. Binomial, Poisson and Normal distributions, Sam-
pling theory (small and large), Tests of significations: -Shuare test, t-test, Analysis of

xvii
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variance (one way) , Application to engineering, mediciagsiculture etc. Time series
and forecasting (moving and semi-averages), Statistigality control methods, Control
chartsX , R, p, np, and c charts.

Unit=IV: Numerical Techniques |. Zeroes of transcendental and polynomial equation
using Bisection method, Regula-falsi method and NewtopHRan method, Rate of con-
vergence of above methods. Interpolation: Finite diffeem difference tables, Newtons
forward and backward interpolation , Lagranges and Newtlivided difference formula
for unequal intervals.

Unit-V: Numerical Techniques II. Solution of system of linear equations, Gauss- Seidal
method, Crout method. Numerical differentiation, Numakimtegration , Trapezoidal
, Simpsons one third and three-eight rules, Solution ofrangi differential (first order,
second order and simultaneous) equations by Eulers, Bieadiforth-order Runge- Kutta
mehthods.

This book is written in a lucid, easy to understand langu&geh topic has been thor-
oughly covered in scope, content and also from the examimatdint of view. For each
topic, several worked out examples, carefully selectedteicall aspects of the topic, are
presented. This is followed by practice exercise with amsweeall the problems and hints
to the difficult ones. Students may visit the book websitp:fittww.darbose.com/em/ for
further discussion and updates.

We are hopeful that this exhaustive work will be useful tohbstudents as well as
teachers. If you have any queries, please feel free to wiriterasthi@psit.in

In spite of our best efforts, some errors might have crept ithé book. Report of any
such error and all suggestions for improving the futureieast of the book are welcome
and will be gratefully acknowledged.

AUTHORS

Kanpur, UP, India
August, 2009
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CHAPTER 1

ANALYTIC FUNCTIONS

The theory of functions of complex variable is utmost impattin solving a large number
of problems in the field of engineering. Many complicateedntls of real functions are
solved with the help of functions of a complex variable.

1.1 INTRODUCTION

Let Z andW be two non-empty set of complex numbers. A rfilassigns to each element
ze Z, auniquew € W, is called as complex function. i.e.,

f:Z—-W

We may also write,
w=f(2)
Herez andw are complex variables. As= x+ iy, x andy are independent real variables.

Let w=u-+iv, a function ofz, which implies thatu andv are functionx andy asz is
functionx andy. i.e,

Thus
w= f(z) = u(x,y) +iv(x,y)



2 ANALYTIC FUNCTIONS

There may be some relations such that, to a valug tifere may correspond more than
one value ofv, such asv = /z has two values ofv for eachz € Z. We call such relations
multivalued functionsOn the other hand in the usual sense functions returnigdesialue

of w for eachz € Z are calledsingle valued functionsWe use function for single valued
functions throughout the text.

1.1.1 Limits

A function f(2) is said to have limiA asz — a, if f(2) is defined in deleted neighborhdod
of aand ifve, 39 > 0, such thatf(z) — A| < € whenever < |z—a| < d.
If f(z) = f(x+iy) =u(x,y) +iv(xy). Leta= xo+iyo Then,

Iimf(z)=A=a+ip

z—a

=

A =

and

lim v(xy) =
am (xy)=B

1.1.2 Continuity

f(2) is said to be continuous at= a, if f(a) is defined and lim., f(z) = f(a). In other
words, Let functionf (z) of complex variable is said to continuous at the poir, if for
any given positive number, we can find a numbed such thati f(z) — f(z)| < &, for all
pointsz of the domain satisfyingg — 7| < 9.

Also, if f(z) = f(x+iy) = u(x,y) +iv(x,y). Let f(2) is continuous a& = Xo +iyo Then
u andv are separately continuous at the p@int X + iyo.

f(z) is said to be continuous in domain if continuous at each pitttat domain.

B EXAMPLE 1.1

The functionz, Reg(z), Im(z) and|z| are continuous in the entire plane.

1.1.3 Differentiability

Thecomplex derivativés defined as,

d . f(z+0z)—1(2)
—f(z2)= Im —————=.
dz @) Alz—»o Az
The complex derivative exists if this limit exists. This mseahat the value of the limit is
independent of the manner in whi&iz — 0. If the complex derivative exists at a point,
then we say that the function ég@mplex differentiabléhere.

1A subselCy of the complex plane containirgg is said to be neighborhood &, if for some real numbed > 0,
the sef{ze C: |z— 7| < 8} C Cy. Further the seEy — {2z} is called deleted neighborhood z.
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B EXAMPLE 1.2

Show thatf (z) = zis not differentiable.

Solution: Consider its derivative.

d . f(z+02)-f(2)
—f(2) = lim ————————~,
dz @ AIZTO Az
gz— lim z+Az—2
dz= az0 Az
= |lim gz
" az-0Az

First we takeAz = Ax and evaluate the limit.

Ax
lim —=1
Dx—0 AX
Then we take\z = iAy.
i —idy
Ay—0 iy
Since the limit depends on the way tiet— 0, the function is nowhere differentiable. O

B EXAMPLE 1.3

Prove that the functiori(z) = |22 is continuous everywhere but nowhere differen-
tiable except at the origin.

Solution: Sincef(z) = |22 = x? +y?, the continuity of the functiorf (z) is evident because of the
continuity ofx? + y2.
Let us consider its differentiability,

_ f(z0+02) — ()
#(z0) = lim —~2T°%9~ 1\%0)
(20) 6;1]0 oz
|20+ 822 — |z)?

= lim
dz—0 oz

(20+ 62) (20 + 82) — 2075)
5z—0 oz

= lim o+ 62+205—2
0z—0 oz

= lim Zg+ zo(SZ (Sincedz— 0= 32— 0)
5z—0 oz

Now atzy = 0, the above lim,it is clearly zero, so thE{0) = 0. Let us now choosg, # 0, let

dz=rel®
dz=re 10

= 02 =e 29 —cosP—isin2d
oz
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Above does not not tend to a unique limit as this limit depends @padrherefore, the given function
is not differentiable at any other non-zero valuezof O

B EXAMPLE 1.4

If
ﬁ _ .
yy=ix) -, 20
f(@=1 ¢+y
=0, z=0,

f(z) - f(0) , :
prove thatf — 0 asz — 0 along any radius vector, but npt— 0 in any
manner.

Solution: Here,y—ix = —i(x+1iy) = —iz. Now,
Xy(y—ix)
#(2) = lim @ =0 _ ) 564y °
z—0 V4 z—0
B X3yi
C2-0x0 4y2

Now if z— 0 along any radius vector, sgy= mx, then

ro o f@=10) . x3(my
r@= i z = im, X8+ (mx)2
i x4im
" 200X PR

2.
. Xx“im
=lim —— =0 Hence.

Now let us suppose that— 0 along the curvg = x3, then

_ 3(,3)i
=i S =l o
xCi i

I T 2
along different paths, the value 6f(z) is not unique (that is 0 along= mxand—l2 alongy = x3).
Therefore the function is not differentiablezt 0. O

1.2 CAUCHY-RIEMANN EQUATIONS

Theorem 1. The necessary and sufficient condition for the derivativeefunction {z) =
u+iv, where u and v are real-valued functions of x and y, to exisill values of z in
domain D, are

1 @fd—vand@f—a—v
" ox  dy ady  ox

Jdu du odv dv

© 3x’ dy’ ax’ dy are continuous function of x in D.
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provided these four partial derivatives involved here dtiaxist. The relations given in
(2) is referred as .Cauchy and Riemann Equations (some {@ReEquations).

Proof. Necessary ConditionLet derivative off (z) exists, then

f(z+02)— f(2)

, T
rE = Jm %
_ im [U(X+6X,y+6y)+|V(X+5X,y—|—6y)] — [U(X,y)+iV(X,y)]
3x,0y—0,0 OxX+idy

sincef’(z) exists, the limit of above equation should be finite( &%, dy) — (0,0) in any
manner that we may choose. To begin with, we assumedthigtwholly real, i.e.dy = 0
anddz = dx. This gives

[U(X+ OX,Y) +iv(X+ Ox,y)] — [u(X,y) +iv(X,Y)]

Fz)= (Slj(To ox
i UG 8%y) —u(x V)] +i[V(X+ 8% y) — V(X y)] TIRNY
Ox—0 OX

Similarly, if we assuméz wholly imaginary number, then

#(2) = lim WYY F VYY) = [ulxy) +IVXy)]
oy—0 6y
. oY) — Po) ’ '
- 5I>I<To Ly By v y)]léy[ (xy+0y) —v(xy)]  _ %UerVy =Vy—iuy

Sincef’(z) exists, it is unique, therefore
Ux +iVx = Wy — iUy
Equating then the real and imaginary parts, we obtain
Ux = Vy anduy = —Vx

Thus the necessary conditions for the existence of the aterévof f(z) is that the CR
equations should be satisfied.
Sufficient Condition

Supposef (z) possessing partial derivatives, Uy, vy, vy at each point irD and the CR
equations are satisfied.

t(2) = u(x,y) +iv(xy)
f(z+ 02) = u(x+ X,y + dy) + iv(X+ O,y + oY)
= [U(X,y) + (UOX+ Uydy) +...] +i[V(X,y) + (VOX+ wdy) +...]
(Using Taylor’'s Theorem for two variables)
= [U(X,y) +iV(X,Y)] + (ux+ivy) OX+ (Uy +ivy) Sy + ...
= f(2) + (ux+ivx) X+ (uy +ivy) Oy
Leaving the higher order terms
= f(z+92) — 1(2) = (ux+ivx)OX+ (Uy +ivy)dy
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On using Cauchy Riemann equations

UX = Vy, Uy = _VX

we get,
f(z+02) — 1(2) = (Ux +ivx) OX+ (—Vx +iuy)dy
= (Ux +ivx)OX+i(ivx + Ux) Oy
= (Ux +ivx) (OX+1dy)
= (Ux +ivy)0z
f(z+dz)— f(z .
( 5)2 @ = Uy + vy
. f(z+062)—1(2) .
= IZILTE) 52 = Uy + vy

= f'(2) = ux+ivk

Sinceuy, v exist and are unique, therefore we conclude tHé) exists. Hencef (z) is
analytic.
O
du .ov 0 ow dw

dw . _ _ . Ow
Remark : 4z Uy + iV 0x+|dx ax(u+|v) X Also, 4z Idy (why?).

B EXAMPLE 1.5

Discuss the exponential function.

w= €= @(x,y) = €(cosy+isiny)

Solution: We use the Cauchy-Riemann equations to show that the function is entire. Le
f(2) = u+iv =" = &(cosy +isiny)
Hence
u= € cosy andv = € siny
Then,
U= €'cosy, Uy=—€'siny, w=¢e"siny, v, =e‘cosy

It follows that Cauchy-Riemann equations are satisfied. Since the fanstitisfies the Cauchy-
Riemann equations and the first partial derivatives are continuoungwwvere in the finite complex
plane. Hencd’(z) exists and

Now we find the value of the complex derivative.

L dw @
r@= o|vzV a\:(v
= E([e*(cosy%— isiny)]
= &(cosy +isiny)
=¢
(]

Remark: The differentiability of the exponential function impligise differentiability
of the trigonometric functions, as they can be written imgiof the exponential.
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B EXAMPLE 1.6

A function f (z) is defined as follows:

x3— 34y
f(2) = {x2+y2 Tl 270

0, z=0

Show thatf (z) is continuous and that Cauchy-Riemann equations are edtafthe
origin. Also show thatf’(0) does not exist.

Solution: We have
x3—y3 X3 +y3

u=5—— and v=—5—>
X2 1 y2 X2 +y2

For non zero values df, f(z) is continuous since andv are rational functions ok andy with
non-zero denominators. To prove its continuityzat 0, we use polar coordinates. Then we have
u=r(cos0 —sin’H) andv = r(cos’ 8 +sin>A). It is seen thau andv tends to zero as — 0
irrespective of the values @&. Sinceu(0,0) = v(0,0) =0 (Givenf(z) = 0 atz= 0), it follows that
f(2) is continuous af0,0). Thusf(z) is continuous for all values o

Further,
e -
e A Y A
(W) (0,0 = l@ow _ )l(iinoﬂxxz .
(W)(0,0) = 3'1@0 M}/U(OO) _ )lliLnO % .,

which show that the Cauchy-Riemann equations are satisfied at the drigally, Now, letz— 0
alongy = mx then

z
o 0C—Y) +i0C+y?)
xy—0 (2 +y?)(x+iy)
e X3 -md) 431+ mB)
T @1+ mR)x(1+im)
i (1-m)+i(1+md)
=0 (1+m?)(1+im)

Since this limit depends om thereforef’(0) is not unique, it follows thatf’(z) does not exist at
z=0. O

1.3 CAUCHY-RIEMANN EQUATION IN POLAR FORM

We know thatx = r cosf,y = r sin@ andu is a functionx andy. Thus, we have

Z=X+iy =rcosf +ir sinf = re'®
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= f(2) =u+iv= f(re) (1.1)
Differentiating Equation (1.1) partially with respectrtove get

ou OV crini0y 0
o Tigy f'(re'”)é (1.2)
Again, differentiating Equation (1.10) partially with sct to6, we get
du OV .. gy 6
ﬁ*"% =if'(re")re (1.3)

Substituting the value of (re'® )€ from Equation (1.2) into Equation (1.3), we get

aquidV:(mJJriW)ir
060 06 Jr or
or
ﬂ—&—iﬂ:ir@—ra—v
00 06 or or

Comparing real and imaginary parts of the above equatiorgete

ov 10du
o= roe L4
and 5 1o
u Y,

1.4 DERIVATIVE OF W IN POLAR FORM

We have
W=u-+iv
Therefore
dw_ow_ou_ o
dz  dx dx Ix
But
dlv_ alv _ dwor n owoo
dz~ dx Jrdx 960x
ow Jdu . odv) sinf .
= Wcos@— (094406) 5 (W=u+iv)
= @cose— —ra—v+ir@ —Sine
T ar or r
) Ju ov ov Ju
Smce% = —ra and% = rﬁ. Therefore
dw Jow (odu .ov\ . ow .0 .
4 ECOSQ—I (dr +Idr) sinf@ = Wcose—la(uﬂv)sme
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dw . 0w
el (cosf —|sm9)W (1.6)

Again, we have

+

dw oJwdr Jwdb [ du div 0 07Wsin6
000x

dz ~ drox ar o T96
Using the Cauchy-Riemann equations in Polar form, we get
—(}ﬂ—i}ﬂ)cose—d—w—sme——}(@Jriﬂ)cose—d—w—sme
" 'rd@ rae 80 r  rdo 406 06
dw

[ 0w
it —F(cose—|sm6)% (1.7)

1.5 ANALYTIC FUNCTIONS

We will consider a single valued function throughout thetisec

1.5.1 Analyticity at point

The functionf(z) is said to be analytic at a poiat= 7, in the domairD if its derivative
f’(z) exists az = zy and at every point in some neighborhoodzgf

1.5.2 Analyticity in domain

A function f(z) is said to be analytic in a domal, if f(z) is defined and differentiable at
all points of the domain.

Note that complex differentiable has a different meanirgntlanalytic. Analyticity
refers to the behavior of a function on an open set. A funatambe complex differentiable
at isolated points, but the function would not be analytitase points. Analytic functions
are also calledegular or holomorphic If a function is analytic everywhere in the finite
complex plane, it is calledntire

B EXAMPLE 1.7

Considerz", n € Z*, Is the function differentiable? Is it analytic? What is thedue
of the derivative?

Solution: We determine differentiability by trying to differentiate the function. We uselithé
definition of differentiation. We will use Newton’s binomial formula to exgda-+ Az)".

d , . (z+0"-7"
dizZn N A“zTO Az
_ (z”+nz’*1Az+ MZ’HAZZJP--JrAz”) -7
- A“zTO Az

= lim (ni“*l+mz”*2Az+~-+Az“*1)
Az—0 2

=n1
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The derivative exists everywhere. The function is analytic in the whalgpbex plane so it is entire.
The value of the derivative i§, = nZ"1. O
Remark: The definition of the derivative of a function of complex \aie is identical
in form of that the derivative of the function of real variablHence the rule of differen-
tiation for complex functions are the same as those of raaitfons. Thus if a complex
function is once known to be analytic, it can be differemthjust like ordinary way.

B EXAMPLE 1.8

. dw . . .
If w=logz, find e and determine the value afat which function ceases to be
analytic.

Solution: We have

X<

w=logz= log(x+iy) = % log(x® +y?) +itan !

= x2 + y2 s Uy =
—y X

IRV AA IRV

Since, the CR equations are satisfied and the partial derivatives direumnrs except at (0,0). Hence

w is analytic everywhere exceptat 0.

and vy =

d—w—u+iv— X 4 _xzy 11
dz 7T y2 T @y 2 4y2 xtiy  z
wherez # 0. (Note direct differentiations of lagalso gives 12). O

B EXAMPLE 1.9

Show that for the analytic functiof(z) = u+iv, the two families of curves(x,y) =
c1 andv(x,y) = cp are orthogonal

Solution: Families of curves

u(x,y) =cy (1.8)
V(xy) =c2 (1.9)
On differentiating equation 1.8,
d
uxdx+uwdy=0 = m= d—i:—% (1.10)
Y
On differentiating equation 1.8,
Wdx+wdy=0 = mp= 3%2 = ,? (1.11)
y

2Two curves are said to be orthogonal if they intersect at aglyle at each point of intersection. Mathematically,
if the curves have slopes; andmy, then the curves are orthogonahifm, = —1.
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n-(2)(2)

Since,u+iv is analytic, Hence. Cauchy Riemann equations are

The product of two slopes

Ux=V and u=—w

Hence equation 1.12 reduces to

- (5)(2)-

Hence the two families of curvegx,y) = c; andv(x,y) = ¢, are orthogonal. O

1.5.3 Analytic Functions can be Written in Terms of Z.

Consider an analytic function expressed in terms ahdy, ¢(x,y). We can writep as a
function ofz= x+iy andz= x—1iy.

_ 2+2 2—-2
f(z2)= (P<2a2i>

We treatz andz as independent variables. We find the partial derivativels wispect to
these variables.

_ox 0 aya_1<a _a>

17
9z~ dzox " dzoy  2\ax 'dy
17

0z 0z0x 0zdy 2\dx 0dy

Sinceg is analytic, the complex derivatives in tk@ndy directions are equal.

99 _ ;99
ox  ady

The partial derivative of (z z) with respect tzis zero.
of 1/0p .09\
9z 2<0x+|dy> =0

Thusf (z2) has no functional dependenceiit can be written as a function afalone.
If we were considering an analytic function expressed impobordinate®(r, 8), then
we could write it in Cartesian coordinates with the subttits:

r=+/xX+y2 0 =arctanx,y).

Thus we could writep(r, 8) as a function ok alone.
B EXAMPLE 1.10

If nis real, show thaf (re'®) = r"(cosnf +i sinnd) is analytic expect possibly when
r = 0 and that its derivative isr"~*[cogn—1)6 +isin(n—1)6].

Solution: Letw = f(z) = u+iv =r"(cosnf +isinnB). Thereforeu=r"cosnd,v =r"sinnd
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ou g ou N
Fri nr'~*cosné, 90— nr'sinn@
ov 1. ov .
T nr'"*sinné, i nr''cosné
Thus, we have
ou 1lov g
190 nr'”+cosné
and 19 P
10U OV n-lg
T30 ar nr'~*sinnf

Hence, the Cauchy-Riemann equations are satisfied. Thus, the functiaf?(cosn@ +isinn@) is
analytic for all finite values of, if %" exits . we have

aw_ (cosB —i sme)a—w = (cosB —i sme)a—w = (cosB —isin@)nr"~1(cosnf + isinnd)
dz or oar
=nr"Ycogn—1)8 +isin(n—1)6]
Thus,z—vzv exits for all values of, including zero, expect whan= 0 andn < 1. O

B EXAMPLE 1.11

Show that the functiorf (z) = e?” (z# 0) and f(0) = 0 is not analytic az = 0.
Although Cauchy-Riemann equations are satisfied at thet.pdtow would you
explain this?

Solution: Here
fz)=e?2"

B S ) N e bl 1 B e i

—e (X+iy)* g (C+y2)* _g (x2+y2)4

Xy —exdy? 7i4xy(x2—y2)
Sutivee (YAt o (C+yd)!

This gives,
Xy —edy? R Xy —edy? .
Ue 0Ty s PP\ e ORFYDR g AVE—YP)
(x2+y2)4 (x2+y2)4
Atz=0
du_ . uO+h0)~u©.0) . e
0X  h—0 h " h=0 h
= lim — = lim ! =0
h—Ohew Nh=0|h (1+ At taiet )

2

(- E€=1+x+ % +...)
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du . u(0,0+k)—u0,0) . ex*
— = lim = lim
dy k=0 k k—0 Kk
1
=lim — =0
k—0 her®
ov . v(0+h0)-v(0,0 . e"’
ax am h = im =5
= lim — =0
h—0p g
_ k4
N _ jjm V004K =V(0.0) _ €
0y k-0 k k—0 Kk

. 1 . 1
=lim —=Ilim—=0
k—0 k.eid k—0 k.ei

Jdu ov du ov
Hence— = — and— = —— (C-R i isfi
encedx ay and dy o (C-R equations are satisfiedzat 0)
But .
727
#(0) = lim 1@ =fO _ ;, &* =0
z—0 z—0 z
Along z=re'1
m\4
-4 — e‘Z) 4
#O)=limS—% ~ —jim&_°
r—0 re'a r—0 rel'a
= .in im—-— =0
dzr—0re '
Showing thatf’(z) does not exist a = 0. Hencef (2) is not analytic az = 0. O

Problems

1.1 Determine which of the following functions are analytic:
a) X2 +iy?
b) 2xy+i(x* —y?)

¢) sinxcoshy+icosxsinhy d) 1
. (z—=1)(z+1)

X—iy X—iy

€) X—iy+a " X2+ y?

1.2 Consider the functior (z) = (4x+Yy) +i(—x+4y) and discussg

1.3 For what values of, the functionw defined as
w = p(cosp+ising); wherez=Inp+i@

cases to be analytic.
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1.4 For what values of the functionz = sinhucosv + i coshusinv, wherew = u-+iv
ceases to be analytic.

1.5 For what values ot the functionz = e~V(cosu+ i sinu), wherew = u+ iv ceases to
be analytic.

16 |If

f(g =4 xX+y?

VY=
=0,z=0,

then discuss;% atz=0.

1.7 Show that the complex variable functidi{z) = |2? is differentiable only at the
origin.

1.8 Using the Cauchy-Riemann equations, show th@j = Z° is analytic in the entire
z-plane.

1.9 Test the analyticity of the functiow = sinzand hence derive that:

E(sinz) = cosz
dz N

1.10 Find the point where the Cauchy-Riemann equations ardisdtfer the function:

f(2) = xy? +ix%y

where doed’(z) = exist? Where if (z) analytic?
1.11 Find the values o& andb such that the function

f(2) = *°+ay? — 2xy+i(bX — y* + 2xy)

is analytic. Also findf’(z).
1.12 Show that the functiog|z| is not analytic anywhere.

1.13 Discuss the analyticity of the functiol(z) = z(z).
1.14 Show that the functiori (z) = u+iv, where

f(z) = SERVIIC A

xX3(1+1) —y3(1—1)
=0, z=0

satisfy the Cauchy-Riemann conditionszat 0. Is the function analytic &= 07? justify

your answer.

1.15 Show that the function defined Hy(z) = /|xy| satisfy Cauchy Riemann equations
at the origin but is not analytic at the point.
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1.6  HARMONIC FUNCTIONS

Any real valued function ok andy satisfying Laplace equatidris called Harmonic func-
tion.

If f(z) = u+ivis analytic function them andv are harmonic functions.

If f(z) is analytic, we have CR Equations,

ou_ov u__ov
ox ady dy  0x
On differentiating first equation partially with respectX@nd second equation partially
with respect tgy, we get

Pu_ o Py o
ox2  Jyox 0y2  dyox
On adding both equations, we get
ox2 = oy

which shows thati is harmonic. Similarly, on differentiating first equatioargfally with
respect toy and second equation partially with respecktave get

0% _ o o _ o
dyox  Ox2 dyox  ox2
On subtracting both equations, we get
ot v
ox2 " gy2

which shows thav is harmonic. Hence, if (z) = u+iv is some analytic function them
andv are harmonic functions.

1.7 DETERMINATION OF CONJUGATE FUNCTIONS

If f(z) =u+ivis an analytic functiony(x,y) is called conjugate function af(x,y). In
this section we have to device a method to comp(tey) providedu(x,y) is given From
partial differentiation, we have

ov ov
dv= 5(dx+ d—ydy (1.13)
But, f(2) is analytic, which implies
Jdu odv Jdu ov
o dy %~ (1.14)

3The following equation is known as Laplace equation

_d%u o

2 R — =
Hu= ox2 ' 9y?

0
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Using equations 1.14, Equation 1.13 reduces to

Jdu Ju
dv= —0—ydxnL &dy (1.15)
Ju Jdu . .
HereM = —0—y andN = X’ which gives
M_ Pu N _ o
ady  0y? ox  ox2

M oN_ (o o
dy dy  \9dy2 o0x?

Sincef(z) is analytic,u is harmonic

oM ON

dy a9y

oM _ 0N
dy  dy

which shows that Eq 1.15 is an exact differential equatiboah be integrated to obtain

B EXAMPLE 1.12

Show thatu = x* — y? is harmonic and find the its conjugate

Solution: Hereu is given, we may compute following
Uy = 2X W =—2y

UXX = 2 Uyy = —2
This impliesuxx +uyy = 0, i.e., Laplace equation holds. Therefore, the given function is dwaian
From partial differentiation and CR Equations, we have

Jdu du

dv= —d—ydx+ &dy

which gives
dv= 2ydx+ 2xdy

As this differential equation is exact, we may use method of solving art diféerential equatiofh,
which is as

V= (2y)dx+c
y as constant
V=2xy+cC
which is required harmonic conjugate wf O

4See Appendix



B EXAMPLE 1.13

DETERMINATION OF CONJUGATE FUNCTIONS

17

If @ andy are function ofx andy satisfying Laplace’s equation, show tlsat it is

analytic, where

o oY
S= %y ~ ox andt =

Solution:

A L

ay

Sinceg andy are function ofx andy satisfying Laplace’s equations.

and

For the functiors+ it to be analytic,

must satisfy.
Now,
oJs
ox
J
os
ay
and
ﬁ
ax

2 2
99,00,
ax2  o9y?
o’y oy
a2 ap =0
s _a
ox  ay
9s__ot
dy  0x
_9 ‘LQ’JLLP %9
ox 0x0y 0x2
i a<p aw %
_0ydx dyz
‘L_‘L‘/f 2?9 o’y
dy T 9y2  dydx
a d(p (hp dzqo %y
rra 0x0y

From (1.18), (1.20) and (1.21), we have

Which is true by (1.17).

929 9%y 9% oy

xdy 2 ayax oy
Yy 9%y

Faa 9y2 =0

Again from (1.19), (1.22) and (1.23), we have

which is also true by (1.16).

%9 0%y 9% 9%y

0y2  dydx X2 dxdy
% 0%

a2 a0

Hence the functios+ it is analytic.

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)
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B EXAMPLE 1.14

Show that an analytic function with constant modulus is tamts

Solution:
Solution : Letf(z) = u+iv be an analytic function with constant modulus. Then,

|f(2)| = Ju+iv| = Constant

VU242 = Constant= ¢ (say)
Squaring both sides, we get
w4V =c? (1.24)
Differentiating equation (1.24) partially w.rx, we get

Jdu ov
ZUE + ZVE =0

w9 o (1.25)

Again, differentiating equation (1.24) partially w.nt.we get
Ju ov

Jdu ov
uw +va—y 0
v du
—u v =0 (1.26)

U oy andg—;j = 94, Squaring and adding equations (1.25) and (1.26), we get

. Ty*_ﬂ
du 2 ov 2
(&) *(axﬂo

(au)2+(w>2—o PP =2 #£0

(WP 4+V2)

N ax

P@P=0 [ (@)= 202
@) =0

Hencef (2) is constant.

1.8 MILNE THOMSON METHOD

Consider the problem to determine the functiz) of which u is given. One procedure
may be as previous section, compute its harmonic conjugated finally combine them

to computef(z) = u+iv. To overcome the length of the mechanism Milne’s introduced
another method which is a direct way to compiife) for a givenu. We havez = x+ iy



MILNE THOMSON METHOD

which implies

Xiz+2 -7
== y=—

w= f(z2) =u+iv=u(xy)+iv(x,y)
Y et DY et
N 2 2 272

f(2) =u(z,0)+iv(z0)

On puttingz = 2, we get

We have (CR Equation are used.)

(o QW_ou ov_ou_ou
- dz dx dx dx ady

Jdu Jdu
Here,& =@(xy) andd—y = @(x,y) Thus

f/(Z) = (P_L(X,y) - I(pz(X,y)
or
f'(2) = @(z,0) - ig(z,0)

On integrating, we obtain the required function

f(2) = /[qol(z,O) —igp(z,0)dz+ K

whereK is complex constant.
Remark: In caseyis given,@(X,y) = Ux = Wy and@(X,y) = Uy = —Vx

B EXAMPLE 1.15

Find the regulat function. for the giveru = x% — y2.
Solution: Hereu is given, we may compute following

¢1(X7y)=%=2x tpz(x,y):g—s=72y
f'(2) = 1(2.0) —igx(2,0)
=2z-i(0)
=2z
On integrating,
f(2) :2/2dz=22+K

which is required function.

5Analytic function is also called as Regular function.

19
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B EXAMPLE 1.16

If u—v=(x—y)(x>+4xy+Yy?) andf(z) = u+ivis an analytic function of = x+iy,
find the f (z) in terms ofz

Solution: We have,
u+iv=f(2
This gives
iu—v=if(z
On adding these both
(U=v)+i(u+v) = (1+i)f(2)
LetU =u—vandV =u+vthen
U+iV=(1+i)f(2) =F(2) (say

HereU = (u—v) gives,

U = (x=y)0¢ +4xy+Y)

U=x+3Cy—3xyP -y
Now, we can use Milne’s Method to firfel(z).

oy = —32 o032 gxy) = 2L =3 bxy- 3y
ox ay

F'(2) = @(2,0) ~igx(2.0)

=372 -i32=(1-i)32
Hence

F(z)=(1-)Z+K

where K is complex constant.
Since we havé (z) = (1+i)f(2),

F(2 (1-D)Z2+K
"= = 14

f(2) = -+ Ky

whereKj is complex constant. O

Problems

1.16 Show that the following functions are harmonic and deteentive conjugate func-
tions.

a) u=2x(1-y)

b) u=2x—x3+3xy

c) u= 3log(x*+y?)

d) x3—3xy? 4 3x% — 3y?
1.17 Determine the analytic function, whose imaginary part is

a) Xz_y2+5x+y_wyy2
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b) cosxcoshy

C) 3x%y+ 2% —y3 — 22

d) e *(xsiny—ycosy)

e) e¥(xcosy —ysiny)

f) v=Ilog(x®+y?) +x—2y
g) v = sinhxcosy

X—
h) v= 2 +§2

) v=(r—1)sing

&’ — cosx+ sinx

1.18 If f(z) = u+ivis an analytic function of = x+iy andu—v =
@ * y +y coshy — cosx

find f(z) subject to the condition thet(7) = (3;”

1.19 Find an analytic functiorf(z) = u(r,8) +iv(r,8) such thatv(r,0) = r>cos B —
rcosf +2

1.20 Show that the function = x2 —y? — 2xy— 2x—y — 1 is harmonic. Find the conju-
gate harmonic functiom and express +iv as a function oz wherez = x+iy

1.21 Construct an analytic function of the for(z) = u+iv, where v istan-*(¥),
x#0y#0
1.22 If f(2) is a regular function of, prove that 2 + i 1f(2)>=4|f'(2)|?






CHAPTER 2

COMPLEX INTEGRATION

2.1 INTEGRATION IN COMPLEX PLAIN

b
In case of real variable, the path of the integratior/off (x)dxis always along the-axis
a
fromx=atox=h. Butin case of a complex functiof(z) the path of a complex function

B
f(z) the path of the definite integr% f(z)dzcan be along any curve from= o toz= (3.
a

B EXAMPLE 2.1

2+i
Evaluate/ Zdzalong the real axis from= 0 to z= 2 and then along parallel to

0
y-axis fromz=2toz=2+i.
Solution:

02“ Pdz— /O 1 iy)2(dx+ idy)

_ /O 0@ 2 2ixy) (dx-+ idly)

23
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z=2+i
z=2
Figure 2.1.

Along real axis from z=0 to z=2 (y=0).
y=0=dy=0,dz=d(x+1iy) = dx
z=0,y=0=x=0

and
z=2y=0=>x=2

2+I?dz_/( ¥2) (dx)
:mzzs
3],” 3

Along parallel to y-axis fromz=2 toz=2+1 (x=2).
X=2=dx=0,dz=d(x+iy) =idy

z=2Xx=2=y=0 and z=2+ix=2=y=1

et o s
¥ YZ} — [E +2}
0

_|[4y7—74|— 3

2+i
/ szzalong the real axis from= 0 toz= 2 then along parallel tg-axis fromz=2toz=2+i

11 1
*§+—|+2_

3T 3 3(14+11)

Problems
2.1 Find the value of the integral

1+i
/ (x—y+ix?)dz
0

a) Along the straight line fronz=0toz=1+i.
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b) along the real axis frorm= 0 toz= 1 and then along parallel eaxis fromz=1
toz=1+i.

2.2 Integratef (z) = x? +ixy from A(1,1) to B(2,8) along
a) the straight lineAB
b) the curveC, x=t, y =15,

2.3 Evaluate the integra}/(3y2dx+ 2ydy), wherec is the circlex? +y? = 1, counter-
C
clockwise from(1,0) to (0,1).

2.2 CAUCHY'’S INTEGRAL THEOREM

Theorem 2. If a function f(z) is analytic and its derivative’{z) continuous at all points
within and on a simple closed curve c, th}(n‘(z)dz: 0.
C

Proof. Let f(z) = u+iv andz= x+ iy and region enclosed by the curgeR, then

/f z)dz= /u+|v)(dx+|dy) /(udx—vdw+i(vdx+udy)

_// dxdy+|// ~v)dxdy

By Cauchy-Riemann equations,

—// dxdy+|// —Uy)dxdy=0

B EXAMPLE 2.2

32 +7z+1
z+1

Solution: Poles of integrand are given by

Find the integray dz wherec s the circle|zl = =
C

z+1=0

Thatis,z= —1. Since given circléz| = % with centrez= 0 and radius 12 does not enclose= —1.
Thus it is obvious that the integrand is analytic everywhere. Hence, bgh®&s Theorem,

2+ 7z+1
/“7“(12:0
C

z+1
O

Theorem 3(Cauchy’s integral theorem for multi-connected regioffi)a function f(z) is
analytic in region R between two simple closed curyesnd ¢, then

/C f(z)dz:/c f(2)dz

Proof. Sincef(z) is analytic in regiorR, By Cauchy’s Theorem

/f(z)dz:o
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where path of integration is alom§B, and curve£; in clockwise direction and alongA
and alongC; in anticlockwise direction.
We may write,

/f 2dz— [ f(z dz+/f 2dz+ [ f(zdz=0
C2

or
f(z2dz+ | f(z2)dz=0

Co C1
f(2)dz= / f(2)dz

JC1 JCp

2.3 CAUCHY INTEGRAL FORMULA

Theorem 4. If a function f(z) is analytic within and on a closed curve c, and if a is any
point within ¢ , then

" 2mi ), (z—a)

Proof. Letz=abe a point within a closed curee Describe a circlg such thatz—a| = p
and it lies entirely withinc. Now consider the function

o) = 1@

(z—a)
Obviously, this function is analytic in region betwegandc. Hence by Cauchy’s integral
theorem for multiconnected region, we have

/C(p(z)dz:/yqo(z)dz
f@ [ (@
/C(zfa)dz_./y —a%
:/ f(z)—f(a)Jrf(a)OIZ

—/za

=l1+12

or

Now, since|z—a| = p, we havez= a+ p€e® anddz=ip€?d0. Hence
f(z - f(a)
B 7/7dz
(z—9)
2 f(atpe®) — f(a). g
/ [(a+pef)—a] lpe”ds

/ [f(a+ pe®) — f(a)]id®

=0 asp tendsto 0
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and
=
_ 02"[(a+;§2) a}ipeiede
- f(a)/oznide
=2mif (a)
Hence, ‘o
/C(Z_a)dz:ll+lz
That is f2) |
/C(Z_a)dz:0+2mf(a)
or

_ 1 f(2)
f(a)_z—m/c(z_a)dz

B EXAMPLE 2.3
Evaluate (i)/idzand (ii)/gd wherecis circle|zl = 1
cZ+2 cZ % o

Solution: (i) The functlonﬁ is analytic everywhere exceptat —2. This point lies outside the
circle |zl = 1. Thus function is analytic within and an by Cauchy’s Theorem, we have

/ idz:o
Jiz=12+2

(ii) The functione;Z is analytic everywhere exceptat 0. The poinz= 0 strictly inside|z| = 1.
Hence by Cauchy’s Integral formula, we have

/" € 42— 2i(),_0 — 27
Z|

=1 Z

2.4 CAUCHY INTEGRAL FORMULA FOR THE DERIVATIVES OF AN
ANALYTIC FUNCTION

Theorem 5. If a function f(z) is analytic within and on a closed curve c, and if a is any
point within ¢ , then its derivative is also analytic withimdon closed curve c, and is

given as -
, 1 f(z
)= ﬁ/c(z—a)ZdZ
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Proof. We know Cauchy’s Integral formula

1 7 f(2
f(a)_ZT/C(Z_a)dz

Differentiating, wrta, we get

"= s Lz
= ;T/c(zf—(za)l)zdz

AN f(2)
f (a)_z—ni Z—at z

We may generalize it,

B EXAMPLE 2.4

L 1 . .
Evaluate the following mtegra/ > coszdz wherec is the ellipse %+ 4y? = 1.
C

. 1 . . .
Solution: Here functlorkZ coszhas a simple pole at= 0. The given ellipse &+ 4y? = 1. encloses
polez=0.
By Cauchy Integral formula

' COSZ ) i
/ Tdz: 27 (C0S2 -0 = 27
Cc

B EXAMPLE 2.5

Evaluate the complex integriﬁtanzdz wherecis|z] = 2.
C

Solution: We have )
sinz

/tanzdz: ——dz
c c COsz
|zl = 2, is a circle with centre at origin and radius = 2. Poles are given by puttsngehominator

equal to zero. i.e.,
3

777"'
the given circléz| = 2.

cosz=0 = z=-

)

© NS
NS

The integrand has two polesat § andz= —J insid
On applying Cauchy integral formula

sinz sinz sinz
/ dz:/ —dz+/ ——dz
c COsz ¢, COSZz c, COSZ

= 2m'[sinz]2:r§r +2rmi[sinZ],__r

= 27i(1) + 27i(—1) =0 2
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B EXAMPLE 2.6

Evaluate/ dzover the circular pathz| =

.cZZ+1

Solution: Here,
Z+1=0 Z=-1, z=+4i

N
N

Figure 2.2.

Both points are inside the given circle with at origin and radius 2.

1 € 1 € 1/ e

c2itz—i z+|} 2|zf|dz_ﬁ/czi+i
[2711( )a=i — 271 (&%) 2= ]
2n|

=5 2o —e ') =2misin(1)

Second Method.

/c zZi 192= / (z+?;?z )

Z+I
/1 Z+i +./ 42

€ €
:2711(2 !)z_,.—i—Zm( _H) i

— 2ni >

-+ 2ri Ii] m—e i +d]

= rr(2isml) =2misinl

B EXAMPLE 2.7

-1 . :
Evaluate/ z dzwherecis|z—i| =2

¢ (z+1)2(z-2)

29
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Solution: The centre of the circle is a=i and its radius is 2. Poles are obtained by putting the
denominator equal to zero.

(z+1)%(z—2)=0 = z=-1-12

The integral has two Poles at= —1 (second order) and= 2 (simple pole ) of whicle= —1 is
inside the given circle. We can rewrite

(z-1)dz =
/c (z+1)2(z—2) ./cl (z+ 1)20|Z

/ M@ 47— omit/(~1)

By Cauchy Integral formula

(z+1)2
Here
oo (Z=1-(z-11 -1 1
re 27 22 -2
, 1 ~1
= M= e~

) (z—1) 2
. / 122-2%%" "9

B EXAMPLE 2.8

Use Cauchy integral formula to evaluate .

/' sinmz2 + cosnzzd
—QZ

(z—1)(z—2)
wherec is the circle|z] =
Solution: Poles of the integrand are given by putting the denominator equal to zero.
(z—1)(z—2)=0, z=1,2

The integrand has two poles a& 1,2. The given circlgz| = 3 with centre az = 0 and radius 3
encloses bhoth the poles= 1, andz= 2.

siniZ2 + cogz sinnZ’ +cosZ sinnZ+cos2

_ (z-2) 1)
R e M e i M e ey
{sinnzercomzz} {smnzercomzz]
=2m +2mn | —mM8MM—
z-2 =1 -1 z=2
{smn+ cogr} {sm4n+ cosﬂfrr}
=2m

() () o
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Problems

2.4 Evaluate the following by using Cauchy integral formula:

31

1 . . . . .
a) /ﬁdz, wherec is a simple closed curve and the pomt ais (i) outsidec;
JC L&

(ii) inside c.
b) /idz, where c is the circléz| = 2.
cZ— 1

c) / CZO 1 dz where cis the circléz] = 3.
. Z—
" cogiZ
d /7d where c is the circléz] = 3.
) =2 @l
efz

e ———dz where c is the circléz| = 3.
)/c(z+2)5 % i

. eZz
f / ———dz where c is the circléz| = 2.
) Jc (Z+ 1)4 & &|

9) / 32 +Zdz, where c is the circlez— 1| = 1.
czz—1

2.5 Evaluate the following integral using Cauchy integral foten
4—3z
/Cz(zf Nz—2 %
wherec s the circle|z) = 3.
1 : :
2.6 Integratem the counter clockwise sense around the cijzlel| = 1.
22 +

2.7 Find the value of/ 227120”’ if cis circle of unit radius with centre at= 1.
c 22—






CHAPTER 3

SERIES

In this chapter, we discuss the power series expansion ofrglea function, viz, the
Taylor's and Laurent’s series

3.1 TAYLOR’'S THEOREM

Theorem 6. If function f(z) is analytic at all points inside a circle c, with its centretae
point a and radius R, then at each point z inside c,

(z—a)?
2l

#(a) 4.+ = g

f(2)=f(a)+(z—a)f’(a) + nl

Proof. Let f(z) be analytic function within and on the circle ciraef radiusr centered
ataso that

C:lz—al=r

Draw another circle/: |z— a| = p, wherep < r Hence by Cauchy’s integral formula, we
have

1 f(w)
f(z) = Z—m/yw—_zdw

33
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Figure 3.1. Tayer’s Theorem

But,
1 1
w—z (w—a)—(z—a)
1 1
(wea) [1-E]
1 z—alt
“w-g P‘w—a]
1 (z—a) (z—a)?
T w-a)  w-a?  (w-ap "
(z—a)™!  (z—a)" z—al]?
(w—a)" (w—a)”“{ _W—a]
Hence,
1 fw, 1 f(w) (z—a) f(w) (z—a)? f(w)
Tm/yEdW*Tm L w—a) W o /y(w_a)zdW+ 27 /y(w—a)3d""
(z-a"t [ tw)
+ ...+ o /y(w—a)”dWJar
(z—a)" f(w)
whereR, = o /y(w—z)(w—a)”dw
But, we have
1 f 1.,
2ni/y(w—(\g)“+1dw_ ﬁf( ) (z)Hence,
f(2) = f(a)+ (z—a) 1:/(a)+ (Z*a)n_l (n—l)(a)Jar

* (n—1)!

which is called Taylor’s formulaR, being theremainder
Now, letM denotes the maximum value &fw) ony. Since|z—a| =p, |w—a| =r and
lw—12 >r—p, hence

(z—a) (W)
Rl < Ty Tw— 2l [w—ay

" M /
< 71
< o r—pym

()

|dwi
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which tends to zero astends to infinity sincc—fr3 < 1. Thus

(z—a)? (z-a)

f(z)=f(a)+(z—a)f'(a) + 5 (@) +...+ - (@) +...

Remark: If a= 0, Taylor's series is

which is called theviaclaurin’s serief f(z). O

B EXAMPLE 3.1

Find the first four terms of the Taylor's series expansionh&f tomplex variable
function 1
z
fo)= —————
@=23-9
aboutz = 2. find the region of convergence.

z+1
(z—3)(z—4)
If centre of a circle is at = 2, then the distance of the singularities 3 andz= 4 from the centre are
1 and 2. Hence if a circld{— 2| = 1) of radius 1 and with centre= 2 is drawn, the given function
function f(2) is analytic, hence it can be expanded in a Taylor’s series within the ¢rel@| = 1,
which is therefore the circle of convergence.

Solution: Givenf(z) =

f(z) = #&74) = 2%43 + % Using partial fraction
-4 5
“Z—2-1 z=2-2
1 5 z-2]71t
=4[1—(z-2)] 1_5[1_7}
=414 (2-2)+(z—-2°+(z— 2% +..] fg {1+Z;22+ (2_42)2 +@+...
=7+1zl( —2)+%7( —2)2+i—2(272)3

B EXAMPLE 3.2

Find the first three terms of the Taylor series expansiof(af = ﬁ aboutz= —i.

Find the region of convergence.
Solution: Here 1

f(z) = 5>
@ 214
Poles are given by
Z+4=0 = z=+42i

If the centre of a circle iz = —i, then the distance of the singularitizs- 2i andz= —2i from the
centre are 3 and 1. Hence if a circle of radius 1 is drawn at the cestrei, then within the circle
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|z+i|=1, the given functionf(z) is analytic. Thus the function can be expanded in Taylor Series

within the circle|z+i| = 1, which is therefore the region of convergenfzeHi| < 1).
This problem could be solved as previous example. Here we use aatifreative approach.
We have Taylor Series abont —i,

f(z) = f(=i)+ (z+1) 1 +(z+1) o +...
Now sincef(z) = ﬁ .
f(—i)—é
poy o 22 " 727i
()7(22+4)2 T I)79
wo  2+4)—82 " 14
2 Z1a3 =) =-%
Hence Taylor series, )
f(z):7+%(z+i)+217(z+i) + ..

3.2 LAURENT'S THEOREM

In expanding a functiorf (Z) by Taylor’s series at a poirt= a, we require that function
f(2) is analytic az=a. Laurent’s series gives an expansionf¢f) at a pointz=a even
if f(z)is not analytic there.

Theorem 7. If function f(z) is analytic between and on two circleg and ¢ having
common centre atz a and radii r, and rp, then for all points z in this region,(£) can be
expanded by

0 0 b
n

f(2) = Zoan(z— a)"+ Zl Z—ay

where
1 f(w)
T 2m Jg (W—a)““dw
1 f(w)

bn dw

" 27 Jo, (W—a) ML
the integrals being taken in counter clockwise sense.

Proof. Let f(z) be analytic function between and on the ciradgsndc; of radiir; andr,
centered ah so that

c:lz—al=r1 Cilz—al=r2

Draw another circle/: |z— a] = p, wherer, < p <rs. Letw be a point on circle, then
by Cauchy’s integral formula, we have

f(z2) = 1 f(W)dw 1 mdw

=5 [ —=dw— — 3.1
2m Jo, W—2 21 Jo, W—2 3-1)



LAURENT'S THEOREM 37

But,
1 1
w—z (w—a)—(z—a)
! 1
") 1= 2]
1 z—a]t
~ (w-a) [1_W—a}
1 (z—a) = (z—a)?
 (w—a) (w-—a)? (Wfa)3+"'
(z—a™1  (z—a)" z—al]™?
T weay <w—a>”+1{‘w—a]
Hence,

1 fw) .1 f(w) (z—a) f(w) (z—a)? f(w)
2m ClT-z”me‘L w—a 25 /cl woaz Wt g /Cl w—ap¥

(z—a)"?! f(w)
o2 /Cl(w_a)ndW+Rn

(z—a)" f(w)
whereR, = o /cl(w—z)(w—a)”dw

R, being theremainder
Now, letM denotes the maximum value 6fw) onc;. Since|z—a|=p, |lw—a] =13

and|w—2z >r1—p, hence

-an [t
Rl < Tz ey w2l fw—ay ™

P M

é7(r1—P)r1” C1|dW|

which tends to zero astends to infinity sincerB < 1. Thus
1

1 f(W) _ 2 n
> Clw—_zdw—ao+al(z—a)+a2(z—a) +..t+an(z—a)"+... (3.2)

where

1 f(w)
o= g0 L i
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Similarly, since

1 1
w—z (w—a)—(z—a)
1 1
- (- 1- ]
1 w—a] ™t
"z [1‘ z—a]
B 1 (w—a) (w—a)?
S (= Rar=an =t
Hence,
1/ fw 1 f(w) 1 7 (w—a)f(w) 1 [ (w—a)’f(w)
_ﬁ.czﬁdw_ﬁ.Lz(zfa)dw—i_ﬁ.cz (z—a)? dw+ﬁ.cz (z—a)3

1 [ (w—a)"1f(w)

et o T e dw-+R,

1 (w—a)"f(w)
whereR, = —— | ——7—=-
R 271 Jo, (W—2)(z—a)"
Now, letM denotes the maximum value é6fw) onc,. Since|z—a| = p, [w—a| =r, and
|w—2z >r2—p, hence

1 w—a)fw)
Rl < o] oy Tw—2llz=a

ral M /
<2l 7 [ d
— 2m(rp—p)p" cl| W
n

-2(5)
1-2\p

. N
which tends to zero astends to infinity smcel;2 < 1. Thus

|dw

1 fw) by by bn
"2 Jow— 2" A T T ey T (3:3)
where fw)
1 w
bn = E o 7(\/\,_ a)7n+ldW
Hence from equation 3.1, 3.2 and 3.3, we get
(2) = a0-+a1(z—2) + (2 @)+ 8n(z—a) 4t 2 B
1 2 T3 a (zfa)z (zfa)”
1 f(w) 17 f(w)
wherea, = 21 ), (Wia)nﬂdwandbn_ o ./Cz (wfa)—”+1dw' O

dw
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B EXAMPLE 3.3

Show that, iff (z) has a pole at = athen|f(z)| — 0 asz— a.

Solution: Suppose the pole is of order, then

00 m

f=S a(z—a)"+ Y ba(z—a)™"
2 &
m
Its principal part isz bn(z—a)™"
n=1
m _ by b, bn
— n _ =
zlbn(z a) = a+ —ap +.t Z—am
1 -1
= (Zia)m[bm—i—bm,l(z—a) + ...bl(z—a)m ]
m-1

= bt 3 baz-a™ )

m m-1

| Z bn(Z—a)in‘:‘(z am [bm+ 2 bn(z—a)™ "]

2| |bm| — ZlanZ a™ "

@am
This tends tdm|a; + a| > |ay| — |ag|. Asz— —aR.H.S. =
B EXAMPLE 3.4

Write all possible Laurent series for the function

1

R

about the poleg = —2. Using appropriate Laurent series.

Solution: To expandW aboutz= -2, i.e., in powers ofz+2), we putz+2 =t.
Then

f(2) = 11 1 1
2z+23  t-2)8 3t-2

11 1 1 t
= .= = —(1-)1
t3'-21-5 2t3( 2)

0<|z+2/<lorO<|t|<1

t t2 3t t°
f(z2)=— [1+ >tate etz

1111tt2

39
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B EXAMPLE 3.5

Expandf(z) = cosh(z+ 1)

Solution: f(z) is analytic except= 0. f(z) can be expanded by Laurent’s theorem.

oobn

2= ioanzu >3

where

_ 1 -1
m/z mﬂ,mmf5i0®fdz

1 cosr(z+ %)dz
- rm-/ e
2n cosr(ZCOSQ )dz
~onm /

Zn+1
z=¢"

dz=ie'?de

21 cosf{2cosd)e¥do )e€fdo
Zm/ n+1

21T ’
= Er/o cosh{2cose "?dg
1 gem i
= Er/o cosh2cosf) cosn6do — ZT/CCOSP'(ZQ)Sinr‘IQdQ
1 r2m
= ZT/O cosi2cosf) cosnbdb + 0
Since,
bh=a_n
1 r2m
= ET/O cosh{2cosf) cog —nB)d6

Lo 0 0)de
:ZT,/O cosh{2cosf)cognd)

Therefore,

B EXAMPLE 3.6

Expandf (z) = e? (=32) = > anz'., wherea, = %Tcos(ne —csin6)deé.
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Solution: f(z) is the analytic function except at= 0 so f(z) can be expanded by Laurent’s series.

1 [ f(zdz 1 [ f(zdz
wherea, = ﬁ CW andb, = H/C S il

Sincef(z) remains unaltered Ff‘z—l is written forz, hence

bn: 7l)nan
%anz”Jr bn
_ < an
Zoanz”—i- n
= Zanzn
_ 1 [f(79dz
T 2m Jo 21

1 es@Ddx
- E/ 2+l

21 ez (2isinB) Ielede
7_7-" eln+1) T alnrie

1 / eC|S|n9 —smlede
27T 0
:Zi/znei(csine)—niede
mJo
1 r2m
= Er/ [cogcsin@ —nB) —isin(csind —nB)]|do
0
1 2n
= /O cog(csing —n@)do
( 2a

o if, f(2a7x)=7f(x),then/ f(x)dx=0

a

O
Problems
3.1 Expandf(z) = m forl<|z <2.
1
3.2 Obtain the Taylor's or Laurent’s series which represergdunctionf (z2) = ————
y P @=Tr22

when (i) 1< |7 < 2 (i) |7 > 2.

3.3 Expand( ezl) aboutz=1
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3.4 Expandf(z) = Sin{c(z+ %)}
3.5 Expandf(z) =e?(*2)

36 z;i (a) abouz= 0 (b) aboutz = 1

3.7 Expand
|7 < 1.

m in Laurent’s series, if (&) & |2 <3 (b)|z] <3 (c)—3<z<3(d)

3.8 Find the Taylor’s and Laurent’s series which representéithetion % when
() |27 < 2 (ii) 2|7 < 3.

3.9 Expand inl<lz<2.

FOED
3.10 Represent the function f(z) E—% in Laurent’s series (i) withinz] = 1 (ii) in
the annular region betweer] = 2 and|z| = 3

3.11 Write all possible Laurent Series for the function f(zfﬁ about the singu-
larity z=1, stating the region of convergence in each case.

3.12 Obtain the expansion
- z-a, (z+a\ (z—-a3,, [z+a\ (z-a)P°, [(z+a
f(z)_f(a)+2{ > f( > )+ %3 f > + %5 f 5 +.

3.13 Expand% in3<|z4+2 <5.




CHAPTER 4

SINGULARITY, ZEROS AND RESIDUE

4.1 DEFINITIONS

4.1.1 Zeros

Definition 1. The value of z for which analytic functionZ) = 0 is called zero of the
function f(2).

Let z5 be a zero of an analytic functiof(z). Sincef(z) is analytic atz, there exists a
neighbourhood ofy at which f (z) can be expanded in a Taylor’s series. i.e.,

f(2) = a0+ a1(z—20) + ax(z— 20)2 + ...an(2— 20)" + ...

£ (20)

n

Sincez, is zero off (2), f(z) = 0 which givesag = 0 anda; # 0, then suclz, is said to
be asimple zerolf ag = 0 anda; = 0 butay £ 0 thenz is called double zero. In general,

where|z— 7| < p, whereag = f(z) anda, =

if ag=a; =ap = ... = an_1 = 0 butay # 0 thenz is called zero of ordem. Thus zero of
ordermmay be defined as the condition
f(z) = t'(20) = t"(z0) = ... = f(™ Y (20) = 0 and (™ (z0) £ 0 (4.1)
In this case functiorf (z) may be rewritten as
f(2) = (z—20)"9(2) (4.2)

whereg(z) is analytic andy(zp) = an, which is a non-zero quantity.

43
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B EXAMPLE 4.1

The functionf (z) = =1

has a simple zero at infinity.

B EXAMPLE 4.2

The functionf (z) = (z— 1)2 has a zero of order 3 at=1.

B EXAMPLE 4.3
Find the zero of the function defined by

f(z) = (2;3) sin(ziz)

Solution: To find zero, we havé (z) =0

. 1 1
Hence(z—3) =0 or sin =0= = nr, wheren=0,£1,4+2 ... It follows thatz= 3
(z—2) (z—2)

orz:2+%, wheren=0,+1 42 ... O

4.1.2 Singularity

Definition 2. If a function f(z) is analytic at every point in the neighbourhood of a point
Zp except at gitself, then g is called a singularity or a singular point of the function.

A singularity of an analytic function is the poimtat which function ceases to be ana-
Iytic.

4.1.3 Types of Singularities

Isolated and Non-isolated Singularities. Letz= abe a singularity off (z) and if there is
no other singularity in neighbourhood of the pamt a, then this poinz = ais said to be
anisolated singularityand otherwise it is termed asn-isolated singularity(Note when a
sequence of singularities is obtained the limit point ofghquence is isolated singularity.)
B EXAMPLE 4.4

The functionf (z) = 23 is analytic everywhere except those points at which

T
sin—=0
z
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Thus poinz=1,3,1,,...,z= 0 are the singularity of (z). Since no other sin-
gularity of f(z) in neighbourhood of these points (except 0), these are isolated
singularities. But at = 0, there are infinite number of other singularities, wheig

very large. Therefore= 0 is non isolated singularity.

B EXAMPLE 4.5

The functionf(z) = Wl(zb) is analytic everywhere except=a andz = b.

Thus pointz = a andz = b are singularity off (z). Also there is no other singularity
of f(2) in neighbourhood of these points, these are isolated sngak.

Principal Part of f(z) at isolated singularity. Let f(z) be analytic function within domain
D except at the poire= awhich is an isolated singularity. Now draw a cir€@eentered at

z=aand of radius as small as we please. draw another concetfie af any radius say

R lying wholly within the domairD. The functionf(z) is analytic in ring shaped region
between these two circles. Hence by Laurent’'s Theorem, we ha

f(z) = ian(z— a)"+ ibn(z— a "

0

The second termz bn(z—a)~" in this expansion is calledrincipal part of f(z) at the
=1
singularityz=a.

e If there is no of term in principal part. Then singularity= a is calledremoval
singularity.

_sinz—a) 1 (z—a)® (z—a)®

M@= "% =& &

o Ifthere are infinite number of terms in principal part. Thargsilarityz= ais called
essential singularity

o If there are finite number of term in principal part. (Sayerms). Then singularity
z=ais calledpole andmis called ORDER of pole.

i _ 1 _ )3 _3\5
f(z)zs(lrz](_za)?:(z—a)s (Z_a)_(z VLY o

3! 5!

1 (z-a)?
2

B
Definition 3. A functions is said to be meromorphic function if it has palsds only type
of singularity.

=(z—a)” —.ito0



46 SINGULARITY, ZEROS AND RESIDUE

Definition 4. A functions is said to be entire function if it has no singitiar
Definition 5. Limit point of zeros is called isolated essential singuhari

Definition 6. Limit point of poles is called non-isolated essential siiagity.

B EXAMPLE 4.6
Show that the functioe? has an isolated essential singularityat o

1
Solution: Note: The behaviour of functiori (z) ate is same as the behavio(u(E) atz=0.
Here

Z—n
n!

n=
Thus, f (E) contains an infinite number of terms in the negative powex dherefore, by defini-

tion, z= 0 is an essential singularity of funcUo‘n(E) . Consequentlyf (z) has essential singularity
atz= oo, O

Problems

4.1 Find out the zeros and discuss the nature of singularitig$2)f= %, = sm 1

4.2 What kind of singularities, the following functions have:

a) f(2) = 1z atz=2mi b) f(2) = grpreeg A1Z= 7

c) f(2) =cosz—sinzatz= o d) f(2 = ‘;°t;’zz atz=0andz= o
e) f(2) =sings; atz=1 f) f(z) = tan atz=0

9) f(2 = 7y atz=0 h) f(z)=-ir atz=0

i) f(z):%atz:oo D f(z):zcoseaatz—oo

4.2 THE RESIDUE AT POLES

The coefficient ofﬁ in the principal part of Laurent’s Expansion is called theSRBUE
of function f(z). The coefficienb; which is given as

by = zim./cf(z)dz — RESf(2)]2a
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4.2.1 Methods of finding residue at poles
4.2.1.1 The residue at a simple pole (Pole of order one.)

R=lim[(z—a).f(2)]

If function of form f(z) = 92 Then

Y2
R= [Jf%]

4.2.1.2 The residue at multiple pole (Pole of order m.)
1 dmfl
R=———— | ——(z—a)".f
(m—1)! [dzm—l(Z 3 (Z)]

4.2.1.3 The residue at pole of any order Poleisz=a
Putz—a=t. Expand function. Now the coefficient oflis residue.

7Z=a

B EXAMPLE 4.7

Determine the poles and the residue at each pole of the fumcti

z
2= ——w715
(z—1)%(z+2)
Solution: The poles of the functioifi(z) are given by putting the denominator equal to zero. i.e.,
(z-1)?%z+2)=0

z=11-2
The functionf (z) has a simple pofeatz= —2 and pole of order 2 at= 1.

Residue off (z) at(z= -2) = Zinjz(u— 2).f(2)

: z
= lenjz(ZJr Z)W
im B4
—-2(z-1)2 9
. 1 d>1 5
Residue off (z) at double pole (order 2z =1) = ] {@( 1) .f(z)} .
[d z2
- &Y el
(d 2
- ,cTz(z+2>Ll
[+4z 5
- _<z+2>2]z_1’ 9

1Pole of order one is called simple pole.
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B EXAMPLE 4.8

Determine the poles and residue at each pole of the funétipn= cotz

Solution: Here coz= Csio—:zz. i.e. (z) = coszandy(z) = sinz. The poles of the functiorfi(z) are

given by
sinz=0=z=nm, wheren=0,+1,42,...

¥'(2)

- |: Ccosz :|
=|laa
gzSinz 7—nit

_cosz
T cosz

Residue off (z) at(z= nm) = { ®(2) }

B EXAMPLE 4.9

Find the residue oi at its poles.
(z—a)3

Solution: The pole off (2) is given by(z—a)% = 0, i.e.,z= a (pole of order 3)
Puttingz=t+a

a 1
§+ﬁ)é

Z
(38655
<

a a a 1 1 1
t*3+t*2+*+t*2+*+*+...

2t t 2

. - 1
Hence the residue &t = a) =Coefficient on =é <g + 1).

4.2.2 Residue at Infinity

. . ) 1 . L
Residue off (z) atz= o is defined as—z—m./ f(z)dz where integration is taken round
in anti-clockwise direction. Wher€ is a large circle containing all finite singularities of

f(2). We also have, Residue at Infinity§ lir co(—2f(2))
Residue at Infinity = - Residue at zero ©fl/z)
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B EXAMPLE 4.10

Find the residue of (z) = zi atz= oo,

21
Solution:
Here, 3
f(2) =
@=%
Therefore 1
f(1/2) =
( /Z) Z(ZZ _ l)
Residue az =0
lim z ; =-1
-0 z(Z2-1)
Hence Residue at Infinity df(z) = - Residue at zero of(1/z) = 1 O
Problems

4.3 Determine poles of the following functions. Also find theides at its poles.
—3
) T2
b) zé?

2+a?

) @@
2
D) 2@
e) Z2eY/?
f) Zsini
e

9 e
h) —L€ _atz=0

sinz+zcosz
B 1
) e
) cotrz
J (Z_a)z

. S A
4.4 Find the residue at= 1 of T

V4
4.5 Locate the poles Oéo%m and evaluate the residue at the pole of the smallest positive
value ofz.

4.6 Find the residue o% atz= oo

4.7 Find the residue Z_a)(zz_zb)(z_c) atz=o

4.8 The functionf(z) has a double pole at= 0 with residue 2, a simple pole at= 1
with residue 2, is analytic at all finite points of the planelas bounded afz| — o if
f(2)=5andf(—1) =2find f(2)
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49 Let"@

2’ where botHP(z) andQ(x) are complex polynomial of degree 2.fif0) =
f(—1) = 0. and only singularly off () is of order 2 atz= 1 with residue -1, then find

f(2).



CHAPTER 5

RESIDUE: EVALUATION OF REAL
INTEGRALS

5.1 RESIDUE THEOREM

5.1.1 Residue

By Laurent series expansion of an analytic functidm), we have

where
1 f(t)
= g o ey

As we have from definition, the coefficient @‘}—a) in Laurent expansion aboat= a is
called as RESIDUE, Which may be obtained by putting —1 in above equation. Thus,

RESa) — zim./cf(t)dt

which implies
/ f(t)dt — 27i. RESa)
C

51
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5.1.2 Residue Theorem

Theorem 8. If f(z) be analytic within and on a simple closed curve C except ataurof
poles. (Say#z,zs, ...,z are poles.) then the integral

/ f (t)dt = 2mi(Sum of Residue of(£) at each poles)
c

Proof. Let f(z) be analytic within and on simple closed cu@except at number of poles
2,2,23,...,In.

Let Cq,Cy, ...,Cn be small circles with centres at, 2,73, ..., z, respectively. Then by
Cauchy extension theorem, we have

'/(;f(z)dz:'/(.:lf(z)dz—s—/czf(z)dz+...+ ' f(2)dz

JCn
Now, we have,
f(z)dt = 2nmi.RESz)
Cy
" f(2)dt = 27.RES2,)
G

/ f(2)dt = 271 RES2,)
Ch

Therefore,
/C f(2)dz= 27i.RESz1) + 27m.RES2)) + ... + 27.RESz0)
/C f(2)dz= 27 .[RESz) + RES2,) + ... + RESz)]
/c f(z)dz= 2mi.[Sum of all Residues at each poles.
/Cf(z)dz: o71i.Res
We useResfor ‘Sum of Residues’ through out the text. O

5.2 EVALUATION OF REAL INTEGRALS BY CONTOUR INTEGRATION

Type [2" f(cosB,sing)do
For such questions consider a unit radius circle with ceatterigin, as contour

i dz
Z=1 =z=¢"° do = —

iz
Now use following relations

d+e® 1 1
cosf = —s = §(Z+ E)
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gl el 1 1

We get, the whole function is converted into a functiorf ¢f), Now integral become
| = / f(2)dz
c

where C is unit circle. The value of this integral may be aledi by using Residue Theo-
rem, which is 2ii.(Sum of Residue insid€)

5.2.1 Form |

2 1 2 1
Formfo a+bcosed9 OrfO a+bsin6d9

B EXAMPLE 5.1

Use residue calculus to evaluate the following inteffak——d6

Solution: Putz=€&9so that sirf = % (z— 1)andd8 = %. Then

an 1 B 1 dz

_— def}z{—.—
Jo 5-—4sin@ ,c5_4[%(z_l)] iz

z

77{ L dz
T Je5iz—222+2

Poles of integrand are given by

—22245iz4+2=0
or
o —5i+v-25+16  —5+3i il
—4 -4 2
Only z= } lies insidec. Residue at the simple poleat  is

m (= 3)  (@era) <3

Hence by Cauchy’s residue theorem

7Y e on
Jo B asingdt =2mxRes

1 21T

—omx = = 2

T™3=3

B EXAMPLE 5.2

Using complex variables, evaluate the real integral

21 de
o 1—2psinf+ p?

wherep? < 1
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Solution:
We have,

27T de 2n de
Jo 1—2psin6+p2_/o 1-2plee™) | 2

2

Putz= €% dz=ie'%dg = ¥

.:/;dj
cl+ip(z— 1)+ p? zi

B dz o dz
7/czi—p22+ p+ pzzif/c(iz+p)(izp+1)

Pole are given by
(iz+p)(ipz+1) =0
B T
z=-7, ip orz=ip, o
ip is the only poles inside the unit circle. Residugzat ip)

L (z—pi) e 1 1 1
= T lzptD)  apilzp+D) <—p2+1>

Hence by Cauchy’s residue theorem

M0 icRes—omixt(—t ) 2
o 1—2psin+p2 i\1-p?2) 1-p?

5.2.2 Form Il

21 _cosmé 21T _cosm@ 21T sinm@ 21 _sinm@
Form [5" 35hc0s690: Jo 2 bsing96: Jo  aiboossd0 OF Jo atpsingd®

B EXAMPLE 5.3

sir? 6d6
5—4cosh

Using complex variable techniques evaluate the real iateféf’

Solution: We may write,

21 siP0de 1 (27 1-cosP
0o 5-—4cos® 2Jo 5-4cosh

Putz=€%so that sid = 4 (z— 1)andd6 = 9. Then

1 2m1—cos® 1 p2m lfezie
= [ Z—=—22d6 = Real part of>
2)0 B c dée eal parto

2Jo 574cosede

1 1-2  ,dz
= Real part oféﬁﬁ(—)

5-2(z+13) iz

1 Z-1
—Realpartof= d — 2 =
ealpartofy § 75,297
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Poles of integrand are given by
222 -5z+2=0

(2z—1)(z—2)=0

So poles inside the contoatthere is a simple pole at= % Residue at the simple pole= %) is

i 1 Z-1
m =) -2

z—1 2
Z-1 -1 1

:I|m = _ = —
-12(2-2) 2(3-2) 4

Z-1 2rii
—————dz=2m x Res= —
<222 5742 x 4

A osiPe o 1y A-1 o 1 2m _m
"Jo 5—4co¥  2iJc222-5z+2 2" 4 4

5.2.3 Form Il

2 1 2 1
Jo" arbeo298 O o mrpsmazd
B EXAMPLE 5.4

Use the residue theorem to show that

/2" dé _ 2ma
o (a+bco$)? (a2—Dp?)3/2

Solution: Pute® = zso thate®(id@) = dzor izd6 = dz= d = %

/-271 do _/ 1 CE
o (a+bco$)?  Jeclat %(Z+ iz

wherec is the unit circlez= 1

B / —4izdz B _ii / zdz
~Jo (b2 +2az+b)2 b2 Jo (24 2824 1)2
The pole are given by putting the denominator

2+ 2—:z+ 1)2=0

(z—a)*(z—B)*=0
where
@+ =-2),ap=1

2 4a?
~F+VE 4 —at+v/a?-b2

a= 2 - b
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2a /422

7D w4 —a-va’-b?
p= 2 N b
There are two poles at= a andz= (3, each of order 2.
Now,
Let 4 @
_ —4iz 9z
"= a—are—pr = @-ay
whereq(z) = bz(%—i?)z Herez= a is only point inside circle. Residue at the double pate= a
(4 2 0@ . d
= (dz(z N e = im 9@
21- _ i —B)—
im 4 [(z-p)~1-2z2z-B)] _ 4 im (z—B)—2z
T = | (- p)?
_4a+B 4 - :
b? (a-B)% b2 (2\/a27b2>3 (a2 — bz)%
2/ 12
Hence
/2" do o x —a  2m
0o (a+bco$)? (a2-b2):  (a2—b?)3

5.2.4 Form IV

1
fo a2+c0326d9 fO a2+sm29d9
B EXAMPLE 5.5

Show by the method of residue, that

/" adé ~ m
0o a2+sil  /1+a2

B /" a B 2adf
 Jo a2+sink8  Jo 2a2+2sinkf
. (co20 = 1— 2sir?)

B / 2adé 2n adg
2a2+1-co20 Jo 2a2+1-cosp

Putting 8 = ¢

_ 7 adg g 2adg
“Jo 22+1-1(@9re9) Jo da212-(€91e9)

Now letz= €9 = do¥2



PROBLEMS 57

G 2a dz
o @242 (z+1)iz

= 2ai / o dz
o[22 (42 +2)z- 1]
The pole are given by putting the denominator

72— (4a®+2)z—1=0

L (4224 2)+/(422+2)2—4  (4a®+2)+V/16a% + 1622
- 2 - 2
= (2a°+1)+2a/a2+1

Let

a=(2a%+1)+2a/a2+1
B=(2a®+1)—2a/a2+1

LetZ — (4% +2)z+1= (z—a)(z— B). Therefore product of the roots a3 = 1 or
|aB| = 1. But|a| > 1 thereford 8] < 1.

i.e., Only lies inside the circle.

Residue (az= ) is

. 2ai —2ai
e P e T B-a)
_ 2ai
(2a2+1) —2ava? + 1} - [(Za2 +1)+2ava?+ 1]
2ai —i

T “dava?11 2/a@+1

Hence by Cauchy'’s residue theorem

| =2m x Res
P —i L
a’+1 va’+1

Problems

5.1 Use Residue of calculus to evaluate the following integrals

a) /n;de
Jo 37 2co%
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b) /2" coso
3+sm9

T142cosf

o 5+4sin6
21
d)/ Sinf 6 — 2c059Ole

2+ cosf
2n cosP

© Jo 5—4cos9
2n
f) / €% cogsind —ng)]de

21T
)/ (1+2cos9) cosnede

3+2cosf
h) /2" cosd

1—2psinf + p2

d@ wherep? < 1.

5.2.5 Some Important Results

Jordan’s Inequality

Consider the relatiog = cosf. As 8 increases, ca® decreases and thereforelecreases.

.0 R
The mean ordinate between 0 afis % / cosfdé = ? which implies when
Jo

sin@

0

Theorem 9. Let AB be the arr < 68 < 8 of the circle|z—a| =r. If lim_a(z—a)f(z) =k
then

2
0<9<7—Tthen—< <1
2 m

lim [ f(zdz=i(8—a)k
r—0./AB

Theorem 10. Let AB be the arar < 8 <  of the circle|zl = R. If lim,_.z f(z) =k then

im [ f(2dz=i(B—a)k

R—o /AB

Theorem 11. If f(z) — O uniformly as|z| — e, thenlimgr—. f, €M?f (z)dz= 0, where G
denotes the semicircleg =R, m> 0.

5.2.6 Type ffwf(x)dy

Consider the integraf,, f (x)dy, such thatf (x) = fZT wherey(x) has no real roots and
the degree of)(x) is greater tham(x).

ReI X%

Procedure. Consider a functiorf (z) corresponding to functiof(x). Again consider the
integral [ f(z)dz where C is a curve, consisting of upper half of the cifele= R, and
part of real axis from-Rto R. HereRis on our choice and can be taken as such that there
is no singularity on its circumferen€gk.

Now by Cauchy’s theorem,we have

/Cf(z)dz: 271, 3 R
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/R f)dx+ [ f(2dz=2n. 5 R

-R Cr
Now as,

FIQian( e f(2dz=0
We get,

/jo f(x)dx=27. 3 Re

Which is required integral.

B EXAMPLE 5.6

o 2
Evaluate[*, Wm.

Solution: Consider the integral. f(z)dzwheref(z) = % andC is the contour consisting

of the semi circleCr which is upper half of a large circle| = R of radiusR together with the part of
the real axis fromRto +R.
For the poles
(Z+1)(2+4)=0 = z=+i,z=+2i

Soz=i,2i are the only poles inside.
The residue at =i

=ImE-) ez Te
-1 1

I N @+4) ~ B(—1+4 6

The residue at = 2i

_ i 2
=i =2 -2

. (2i)2 1
=lim = =3

-2 (Z24+1)(z+2))  (—4+1)(2i+2) 3
By theorem of residue;

/C f(z)dz=2ri[Resi) + Reg2i)]

011 T
—2-5+3) =3

" faxt [ f(2dz= T
X x+/ z)dz= —
[ fodxt [ f@dz= 3
Hence by makindRk — oo, relation (1) becomes

® . T
/_m fodet fim | f(dz= 3
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Now

Zdz
/CR (ZZ+1)(22+4)

'/CR f(z)dz‘ =

</ |2d7
T e [(Z+ )] |(2+4)
|Z2d7
<. (2~ D[]z~ )
174 =R
z:Ré9,0< 6<m
dZ = Rd8,

- R2Rd6
= /cR (R2—1)(R2—4)
i~

=-———— —0ask
(szl)(R274)4) asR — oo

Thus - n
/ f(x)dx= =

B EXAMPLE 5.7

o ¥R
Evaluate by the model of complex variables , the integral —
o (1+x2)3

dx

Solution: Consider the integral f(z)dzwheref(z) = ﬁ andC is the contour consisting of

the semi circleCr which is upper half of a large circleg| = R of radiusR together with the part of
the real axis fromRto +R. For the poles

(1+72)%=0
= z=4i
-.z=1iandz= —i are the two poles each of order 3. But omky i lies within theC. Residue ar= i
To getresidue at=i, putz=i+t, then
2 (i+t)2 —142it+4t?
(1+22)3  [1+(i+t)23  [1—-1+2it +t23
_(—142t+t2) (—1+2it+t2)(1+i)_3
(2it)3(1+ £t)3 —8it3 2i
1/ 1 2 1 3t (=3)(-4) t?
=—=|-SF+5+7)|1-5+—2—"—+...
8|( t3+t2+t)( 2T 2 4T
— l l_i_gi_‘_} 1 Et §t -+
8| t3 2t 20 2

. . —13 —i _ . .
Here coefficient of;fL is —i(é -3+1)= ﬂla which is therefore the residueati.
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Using Cauchy’s theorem of residues we have
/ f(z)dz=2mi x Res
Cc

whereRes= Sum of the residues df(z) at the poles withirc.

i
/f dx+/f 2dz= 2ni(- 1)

2
/ (Xid [ 2 T

R (1+x%)3 cr (1+22)8 8
Now
. . . 2
'/ Z dz’</ 2% |dZ / |21%|dZ
Ce (142371 7 Jee [14 23 7 ok (|2 —1)°
Sincez= Ré? |dZ = Rd§
R2 m
< -
< (R271)3/o RdO
:mﬂoasRﬁoo
Hence

/°° T
o (14+x2)377 7 8

B EXAMPLE 5.8

Using the complex variables techniques, evaluate theralteg
/°° dx
0o xX*+16

Solution: Consider the integraf f(z)dzwheref(z) = Z4+116 andC is the contour consisting of the
semi circleCr which is upper half of a large circlg| = R of radiusR together with the part of the
real axis from-Rto +R.

For the poles

+16=0= =16 = = =16 = 16d@UT — 7 g2+ Dim/4

Now forn=10,1,2,3

21— 2642(cos? +isin’) = 2 (— ity = Va )

4 4 V2 V2
22:2e3i"/42(cos¥+isin37n):2(7%+|7) V2(—1+i)
23=2e5i”/42(cosszn+isin57n):2(7%4%)=f\/§(1+i)
7= 27'"/42(cos%+|sun%") (%—l%) V2(1-i)

There are four poles , but only two poleszaiandz, lie within C.
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Residue (az = Ze%T)

B 1 _{1} 11 éi
@410, 1 48]0t 42673 326% 32

Residues (at = 2e3iTn)

_ 1
| (2 +16)

- { = ] _ L 1 el Note Here
22T 4z z-2eF" 4(293i%{)3 324 7 32 ’

_dm/a —i17/4
/f(z)dz: 271 (é“’)
c

32

/Cf(z)dz: - <2m.isig%> _ %T

whereRes Sum of residues at poles withih

R
/_Rf(z)dz+/CRf(z)dz=: ‘%’T

R
/ ——dx+ 1 dz= @
J-rx*+16 Jer 2+ 16 16
Now
1 |dZ
— = dz </
’/cR A+16 ‘* Cr |2+ 16|
<[ _ldg
Cr (]2" —16)
Sincez=Ré?, |dZ = Rdo
T Rdf Rt
< = R_
*/o RI_16 R_16 COR—®
Hence

/°° 1d :\@n

x4+16° " 16
@ ] V2n
2/ X= ——
0o x*+16 16
o] N
/ dX= —-
o x4+16 32

B EXAMPLE 5.9

Using complex variables, evaluate the real integral

/°° cog3x)dx
o (

Solution: Consider the integraf. f(z)dzwheref(z) = % andC is the contour consisting

of the semi circleCr which is upper half of a large circle| = R of radiusR together with the part of
the real axis fromRto +R.



PROBLEMS

For the poles
(Z+1)(+4)=0=72+1=00rz=+i=Z2+4=00rz=+2i

The Poles azt =i andz = 2i lie within the contour.
Residue (az=1)
(2-)e¥? & e

- Ll (Z+1)(22+4) Ll (z+i0)(Z2+4) 6

Residue (atz = 2i)

- (z-2)e® &3z et
TN R 24A) 1 (BADz+d) | 12

By theorem of Residue A
/ f(2)dz= 271 x Res
c

R e3izqz 3iZqz o o3 o6
/*R (Z+1)(2+4) +/cR (Z+1)(Z+4) [F * ﬂ}

) e3|zdz
Flelnoo/ Zr)Z+4 =0, By Jordan’s Lemma

/. Mjﬁdxz "[e*;—eﬂ

® cog3x)dx o0 e3*dx
/ﬁ, @r10ara)  realpar O%w 1102+ 4)

/‘°°( cog3x)dx _n{e‘3 e‘G}

—w (+1)(X2+4) |3 6

® cog3x)dx  m[e3 e?®
/o 0@+ +4) 2 {T - ?]

Problems

5.2 Use Residue of calculus to evaluate the following integrals

)/°° cosmx
x2+1
b) /°° log( 14—x2
x2+1
C)/o (x2+1)3 dx
© 1
9 / (x6+1) d
c09<2+5|nx2 1
)/ ——————dx
- (x+16)
5.3 By contour integration, proveth?/[ snmxdng
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64 RESIDUE: EVALUATION OF REAL INTEGRALS

® COS AX— COS bx

2 dx=mn(b—a)

54 Show that,ifa>b > 0, then /
0

® x3sinx n 2 —a 12b
55 Showthat/0 (x2+a2)(x2+b2)dxz 2@ ) [a°e"®—b“e "] wherea>b >0
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CHAPTER 6

MOMENTS, SKEWNESS AND KURTOSIS

6.1 CONCEPT OF MOMENT

In statistics moment are defined as the mean values of podtrs deviation in any indi-
vidual series or frequency distribution (discrete and icmtus) taken about three points:
(i) origin, (ii) mean, or (iii) any other point.

6.1.1 Moments about Origin

6.1.1.1 For an individual series In case of individual series;,xo, ..., X,, rth moment
about origin is denoted by, and is defined as

wherer =1,2,3,4,...

6.1.1.2 For an frequency distribution  If X1,Xo, ..., X, are the values of a variabkewith
the corresponding frequencids, fo, ..., f, respectively, themth moment about origin is
denoted by and is defined as

;Y ExX
Hr— zf

wherer =1,2,3,4,...
67
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6.1.1.3 For an frequency distribution  For grouped data, let, X, ...,X, be taken as
the mid-values then we have
;S ExX
M=
yf

wherer =123 4, ....

6.1.2 Moments about Mean

6.1.2.1 For an individual series In case of individual seriesl, X2, ...,xn, rth moment
about mean is denoted hy and is defined as

S(x=%)'

Hr = n

wherer =1,2,3,4,...
6.1.2.2 For an frequency distribution  If X1,Xo, ..., X, are the values of a variabkewith

the corresponding frequencids, fo, ..., fy respectively, themth moment about mean is
denoted by, and is defined as

fx(x=x)"
DAL
5 f
wherer =1,2,3,4,...

6.1.2.3 For an frequency distribution  For grouped data, let, X, ..., X, be taken as
the mid- values then we have

S X (xR

Hr 5 T

wherer =1,2,3,4,...

6.1.3 Moments about Any Arbitrary Point

6.1.3.1 For an individual series In case of individual seriesl, X2, ...,xn, rth moment
about any arbitrary poird is denoted by and is defined as

) T(x=a)f
Hy ===

wherer =1,2,3,4,...
6.1.3.2 For an frequency distribution If X1,X2,...,Xy are the values of a variable

with the corresponding frequencids, fo, ..., f, respectively, themth moment about any
arbitrary pointa is denoted by, and is defined as

;Y Ex(x—a)
Hr—T

wherer =1,2,3,4,...
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6.1.3.3 For an frequency distribution  For grouped data, let, X, ..., X, be taken as
the mid- values then we have

fx(x—a)f
D <f )
>
wherer =1,2,3,4,...

6.2 STANDARD RESULTS

1. Second moment aboatis equal to mean square deviation abauyti.e. py(a) =

5 fx(x—a)?
ST

)2
2. Second moment about mean is equal to variance,s.es Z(;;fx) = g2

3. First moment about origin is mean, ijg.(a) = szfx =X

4. First moment about mean is always zero, jig= fo;;”‘) -0
5. If the series is symmetrical about mean, then all the akmtoments are zero.

6. The value of a moment of order zero is always 1. pyg(a) = %"f’a)o = ZLI =1

6.3 CALCULATION OF MOMENTS ABOUT ORIGIN /ASSUMED MEAN

B EXAMPLE 6.1

The amount in the pockets of 5 students in college were RBO3N10,120 and 200
respectively. Find second moment about origin.

Solution:

x 30 80 110 120 200 Total
x> 900 6,400 12,100 14,400 40,000 73,800

2 _ 73,800

ZX

= 14760 Rupeés

=t
2=

B EXAMPLE 6.2

Calculate first three moments about assumed mean 89 forltbeifty table:

Marks 81 87 89 90 91 94 96
No. of Students 7 11 15 8 4 3 2

Solution:
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X f d=(x—89) fd fd®> fd®
81 7 -8 -56 448 -3584
87 11 -2 22 44  -88
89 15 0 0 o0 0
90 8 1 8 8 8
91 4 2 8 16 32
94 3 5 15 75 375
96 2 7 14 98 686
Total N =50 , -33 689 -2571

rth moment about 89

! _ 1 r _
u,(89)_NZf(x—89) =123 ...

- _ Zf(x—
S H1(89) = T

/ _ Zf(xf

2(89) = X

/ _ Zf(X*

89) 1 -33

892 1 2 689
=2 fd¥ =15 =1378

89° 1 3 —2571

6.4 CALCULATION OF CENTRAL MOMENTS

6.4.1 Direct Method to Find Central Moments

It is better to use this method when arithmetic mean is amgartelhe first moment about

meang; =

> (X=X)
n

Steps

1. Calculate mear. —

2. Obtain deviatior{x— x) or d.

4. Obtain rth moment by, =

is always zero.

r=1234 ...

In case of discrete and grouped series, the correspondinmfa is

v ts r
PRSI AL ISP

Hr X

EXAMPLE 6.3

st

)=y

Compute the first four central moments for the set 2, 4, 6, 8.:
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Solution:
X x-X (x=%% (x-%% (x-%*
2 -3 9 -27 81
4 -1 1 -1 1
6 1 1 -1 1
8 3 9 27 81
20 0 20 0 164
Mean,
L 2x_20_
X= = 5
Central moments
U1 =0, always
_Y(x=%?* _20 _
H2 = n 4 5
_Y(x=x°_0_
Ha = n 4 0
T(x—Xx)* 164
=& Y /)
Ha n 4

B EXAMPLE 6.4

From the following frequency distribution, compute firsufanoments about the

mean by direct method:

Size(x) 4 8 12 16 20
Frequency() 2 2 1 4 1
Solution:
X f fx d fd fd? fd3 fd*
4 2 8 -8 -16 128 -1024 8192
8 2 16 -4 -8 32 -128 512
12 1 12 0 0 0 0 0
16 4 64 +4 +16 64 256 1024
20 1 20 +8 +8 64 512 4096
N=10 7y fx=120 yfd=0 yfd>=288 yfd®=-384 7y fd*=13824
Mean, ;
— Yfx @7
=N "0 '

The first four moments about mean are:
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H=15=0

173 ZLdZ = %;: 288;
Hy= zLd3 = %54 384
o= zLd4 - 131%24: 13824

B EXAMPLE 6.5

From the data given below compute the first four moments atheutnean by direct
method:

Marks 0-10 10-20 20-30 30-40

Frequency 1 2 3 4
Solution:
Marks Mid-value,x f  fx d fd  fd? fd3 fd4
0-10 5 1 5 20 -20 400 -8000 160000
10-20 15 2 30 -10 20 200 -2000 20000
20-30 25 3 75 0 0 0 0 0
30-40 35 4 140 +10 +40 400 +4000 40000
b3 10 250 0 1000 —6000 220000
Mean, ;
2 ix_ 250
X= N 10 25
The first four central moments are:
yfd 0
m=5"=1"0
~ yfd? 1000
Ho =59 = o —100
_ yfd® —6000
Ha==3~ =19 — 600
_ yd* 220000
Ha=50 =10 = 22000

6.4.2 Indirect Method For Calculating Central Moments
6.4.2.1 Short-cut-Method Steps:

1. Take some convenient values as assumed mean, a,say.
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2. Obtain deviations from the assumed mean a i.e., calctilatex — a

3. ObtainfdZ, fd3, fdyf,........... and their totals fdy,y fd2,5 fd3,s fdg,.......
_xfde o yfdR YR yfd
4. Calculate/; = N Vo = N ,V3 = N Vg = N

5. Finally calculate central moments:

pi1 = 0, flp = Vo — V4, I3 = Vg — 3VpVy + 23, g = Vg — 4V3Vy + 6V2VE — 3v4

B EXAMPLE 6.6

73

The first four moments about 4 in a distribution are -1.530,and 108 respec-

tively.Calculate moments based on mean .

Solution:
Given:

vy = %Zf(x—@ =-15
Vo = %Zf(x—@z:l?

V3 = %Zf(xf4)3:730
Vg = %Zf(xf4)4:108

Moments about arithmetic mean:

Uy =0

U =Vo—V2 =17—(-152=17—-25=1475

Uz = V3 —3vovy + 205
= —30—3(17)(-15)+2(—1.5)> = 3975

Ug = Vg —4V3vy + 6v2v% - 3\/‘11
= 108— 4(—30)(—1.5) +6(17)(—1.5)> — 3(—1.5)4
= 108— 180+ 2295— 15.1875= 1423125

6.4.2.2 Step Deviation Method Steps:
1. Take some convenient value as assumedasay
2. Obtain deviations from the assumed mean a i.e, calcdjatex — a

3. Dividedy by a suitable value, sdy; i.e.,
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4. Calculate

el
V= zzf?sz %Zfdg
Vg — sz‘fjg _ %Zfdg
Vg = Z£?§ = %z fds

5. Finally calculate central moments:

B EXAMPLE 6.7

u1 =0, always
Ho = (v2—V§) x h?
Uz = (V3 —3vovq + 2v3) x h®

s = (V4 — 4vavy + 6vav2 — 3v4) x h

Calculate first four central moments from the following data

Class 0-10 10-20 20-30 30-40 40-50
Frequency 1 3 5 7
Solution:
Class Frequency () Mid-value (x) ds=*32® fds fd2 fd¥ fdd
0-10 1 5 -2 -2 4 -8 16
10-20 3 15 -1 -3 3 -3 3
20-30 5 25 0 0 0 0 0
30-40 7 35 1 7 7 7 7
40-50 4 45 2 8 16 32 64
Total 20 _ _ 10 30 28 90
Here a=25,,h=10and
yfds 10
Vi s f 20 0.5
_3fdd_30_
Vo = Z f 20 1.5
_yfdd 28 _
V3 = z f 20 1.4
_3fdd_90_
V4 = Z f 20 4.5
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Hence central moments are:
H1=0
Hz = (V2 —V§) x h?
=(1.5-(0.5)%) x 10? = 125
Uz = (V3 — 3vovy + 2v3) x 3
= {1.4—3(1.5)(0.5) +2(0.5)%} x 10° = —600
g = (V4 — dvavi 4 6vov3 — 3V4) x h*
= {4.5—4(1.4)(.5) +6(1.5)(0.5)2 — 3(0.5)* x 10* = 37625

6.5 CHARLIER’S CHECK FOR ACCURACY

Charlier has given the following formula which can be applier testing the accuracy of
the following totals while calculating moments.

Y foe S fd2, > fd?, S fd?
or
Y fds, 5 fZ,y fdl, Y fdg
These checks are applied stepwise:
Step Charlier's Check formula Up to Moment
First SH(d+1) =3 fd+5f First
Second S f(dk+1)2=y fdZ+2y fok+ 5 f Second
Third s f(ok+1)°3=3 fdi+3y fd2+y fo+3 f Third
Fourth 3 f(de+1)*=7y fd{+4y fdi+63 fdZ+4y fde+ 3 f Fourth

6.6 MOMENTS ABOUT ORIGIN IN TERMS OF CENTRAL MOMENTS

If pg, 1y, p5, py are first four moments about origin then first four momentsuamoean
are:

My = 2+ (47)? OF ta + 3¢
s = p3+ 3z + (ug)°
Ly = Ha+ AU s + 6(1) 2tz + (114)*

B EXAMPLE 6.8

The central moments of distribution whose mean is 5 are &3¢026 respectively.
Find the moments about origin.
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Solution: Given:x=5,u1 =0, o =3, U3 =0, Ly = 26
S Mp=Xx=5
W= tp+ (X)? =3+5>=3+25=128
1y = g + 3Ktz + (%)
=0+43x5x3+5%=45+125=170
iy = a+ XL + 652 1p x (X)*
=264+4x5x0+6x5°x3+5%=1101

O

6.7 MOMENTS ABOUT ORIGIN IN TERMS OF MOMENTS ABOUT ANY
POINT

Method I: Convert the moments about a in terms of moments about meathamabtain
moments about origin.

Method II:  Obtain by the formula.

B EXAMPLE 6.9

The arithmetic mean of a series is 22 and first four central emimare 0,81,-144
and 14817. Find the first four moments (i) about assumed 2%iardbout origin.

Solution:
(i) Moments about assumed meag- 25:

vi=d=X—a=22-25=-3
Vo = tp+0d? =81+ (—3)>=81+9=90
V3 = piz+ 3ud +d3
= —1444+3x81x (—3) + (—-3)% = —900
Va = Ha+ Apzd + 6ppd? 4 4%
= 14817+ 4 x (—144) x (—3) +681x (—3)2 + (—3)* = 21000

(i) Moments about origin:

Py =x=22
Uy = po+ (1])? = 81+ (22)% = 81+ 484= 565
15 = kg +3pp(p) + (p)®
= —144+3x 81x 22+ (22)° = 15850
Ha = Ha+4us + 6pa(1g)% + (pg)*
= 14817+ 4 x (—144) x (22) + 6 x 81 x (22)? + (22)* = 471645

~ N~ B~
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B EXAMPLE 6.10
The first four moments of a frequency distribution about thki® 4 are -1.5.1.7,-30
and 108. Calculate the moments about origin.
Solution: LetV, = rth moment about 4. then
V) =—15V, =17,V = —30,V, = 108

Let yf = rth moment about origin, then we have to find; u5, u3, py. Thus

,_3fx_ Sf(x=444) sfx=4)  5f
m=Sr=""5t  ~ st %%
=V, +4=-15+4=25

;YR S f(x—444)2
H2 = =

>f Xf
;S f(x=4)2 2x4yf(x—4)  H3f
S T B S 1
=V, +8Vy+16=17+8(-15)+16=17-120+16=21
;Y s f(x—4+4)3
=57 ~ yf
S f(x=4)3 3x4yf(x—4)2 3x42yf(x—4)  a3f
I S A
=V + 12+ 48/ + 4% = ~30+ 12x 17+ 48(—1.5) + 64 = 166
;YA s f(x—4+4)4
:zf(x—4)4+4x4zf(x—4)3+6X422f(x—4)2+4X43zf(x—4)+44Lf

3f 3f Xf Xf 3f
= V) + 16V + 96V, + 256/ + 256 = 108+ 16(—30) + 96 x 17+ 256(—1.5) + 256= 1132

6.8 COEFFICIENT BASED ON CENTRAL MOMENTS

On the basis of relative proportions of different momentpha(a), Beta3) and Gamma
(y) coefficients are defined by Karl Pearson as follows:

Alpha Coefficient Beta Coefficient Gamma Coefficient

2
1= —==0 Po=13 ==vB g
2
op=p2=1 BZZ% yo=p2—-3
a3:1’%
n
(74:é
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6.9 SHEPPARD’S CORRECTION

Calculation of central moments in a continuous series asedapon the assumption that
all the values in a class-interval are concentrated at tlpomt. This assumption leads to
a systematic error in the central moments.To correct theeesd/V.F. Sheppard has given
formula:

Correctedu; = p1 = 0, no need of correlation
2
i
Correctedup = U (Calculated)- I

wherei = magnitude of class-interval
Correctedup = sz (Calculated), no need of correlation

uz(Calculated x i N it
2 240

There is no need of correction in the first and third momeatshse in these cases the
algebraic signs of the deviations (+,-) remains as theyhanee the error is neutralized
because of its compensatory nature . In second and fourthemismeven the negative
signs become positive hence error becomes of cumulativeenand need for correction.

Conditions for the application:

Correctedus = s (Calculated)-

1. The class-intervals are equal.

2. The distribution is symmetric or low skewness.

3. The class-intervals is not more thé@times of the Range.
4. Total frequency is more than 1000.

5. The distribution is nad orV shaped.

B EXAMPLE 6.11
The second, third and fourth moments are as follows:
U = 88.75, i3 = — 13125, 1, = 254453125

If the width of the class -interval is 10, find the correct monse

Solution:
i2

Correcteduy = o — P

107
=8875— —— =8042
12

Correcteduz = —131.25(no need for correction)

2 4
o, Hexi 7

Correcteduy = [y % T2
254453125 88.75 % 100+ 7 x 10000

240
= 254453125—- 44375+ 291667= 212994795
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6.10 LIMITATIONS OF MOMENTS

1. Moments of higher order,though important in theory are so extresgigitive to sampling
fluctuations that values calculated for moderate number of observatieriuite unreliable
and hardly even repay the labor of computation.

2. In case of higher order moments Charlier's checks become difficu

3. The assumption of normality is rarely found in economic and socialestud practice, so
comparison by moments is not appropriate.

4. In case of symmetrical distributions all odd momenpts [i3, s, .....) about mean are zero.

5. Moments does not exist for some theoretical distributions.

6.11 AIMS/OBJECTS OF MOMENTS

There are four main characteristics of the frequency distributions.nTdie aim of moments is to
measure these characteristics. To measure the four characteristeguaincy distribution first four
moments are sufficient:

Moments Characteristics it measures
First moment about origin Central tendency

Second moment about origin  Dispersion

Third moment about mean Skewness

Fourth moment about mean Kurtosis

To be more specific we consider the uses of moments as follows:

1. Measure of Central Tendencylhe first moment about origip; is equivalent to mean. Thus
4 is a measure of central tendency.

2. Measures of DispersiorThe three measures of dispersion are as follows:

Mean Deviation: Mean deviation is equivalent to first absolute moment about mean.

That is 1
MDg = ST z f[x—x] = First absolute moment about mean

Standard Deviation: standard deviation is the square root of the mean of the squared

deviations of the observations measured from the arithmetic mean . Thus

0=+H
S.D. = under root of the second moment about mean .

Variance: The square o8.D. is variances?, which is equal tqu.

3. Other measures based ps(or o2 or o) are:
Probable Error: In terms of standard deviation probable error is given by

2
PE=Z
30'

Modulus: The modulus of individuals series is defined as

—x)2
Modulus,C = 722()(” X) =/2u
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and in case of discrete/continuous series, we have

Modulus,C = 4/ %X;W =/2U>

Precision: The inverse of the modules is known as Precision. Thus,

Precisionflf !
C V2

Fluctuation: Twice of the second central moment or square of the module is known as
fluctuation. That is

Fluctuation = (Modulug? = 2y,

6.12 SKEWNESS

Skewness is a measure of the degree of asymmetry of a distributioe. Ifthail (tail at small end
of the distribution) is more pronounced than the right tail (tail at the largecénhe distribution),
the function is said to have negative skewness. If the reverse is trss fidsitive skewness. If the
two are equal, it has zero skewness.

6.12.1 Types of Skewness

There are two types of skewness:
1. Positive Skewness
2. Negative Skewness

A distribution is said to be symmetrical if mean, median and mode are identfi¢hé distribu-
tion in which mean is maximum, mode is least and the median lies in between thes watled a
positively skewed distribution. While the distribution in which mode is maximudhraean is least
and median lies in between the two, is called negatively skewed distribution.

Itis convention that skewness is said to be positive if the large tail of thetuittn lies towards
the higher values of the variables (as value of variables is always agsimereasing from left to
right) and negative in the contrary.

6.12.2 Measure of Skewness

Measures of skewness may be subjective (or abstract or absaluédative. Absolute measures tell
us the direction and extent of asymmetry in a frequency distribution. Relettasures, often called
coefficient of skewness, permit us to compare two or more frequaistributions.

To compare two or more distributions the relative measure of skewnessed. these measures
are as follows:

1. Karl Pearson’s coefficient of skewness:

2. Bowley’s coefficient of skewness:

3. Kelly’s coefficient of skewness:

4. Coefficient of skewness based on moments

6.12.3 Karl Pearson’s coefficient of skewness

Itis denoted by§, and is defined as
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whereM denotes mear\ly denotes mode andl denotes standard deviation.
In case of ill defined mode for some particular distribution, the value gfiecal mode M, =
3Mg — 2M) is used in the formula. thus

~ M-(38Mg—-2M) 3(M—My
S = o N o
In both the cases, these coefficients are pure numbers since bothatemaed denominator have
the same dimensions. The value of the coefficient lies between -3 and +3.
Again, if M = Mg, then obviously, skewness is zero and this is interpreted as symmeisital d
bution. If M > Mg or M > My, then the skewness is positive, whileMf < My or M < Mg, then the

skewness is negative.

B EXAMPLE 6.12

From the following data calculate Karl Pearson’s coefficient of skeame

Year 1950 1951 1952 1953 1954 1955 1956 1957 1958 1959
Price index of wheat 83 87 93 104 106 109 118 124 126 130

Solution:
S.No X X=X) (X=X)?

1 83 -25 625

2 87 -21 441

3 93 -15 225

4 104 -4 16

5 106 -2 4

6 109 1 1

7 118 10 100

8 124 16 256

9 126 18 324

10 130 22 484

Total X =1080 - 2476
Mean
_¥X 1080 _
M= N - 10~ 108
Median
h value + 6th val 1 1
Mg = 5th value + 6th val ue_ 06+ 09: 1075
2 2
Standard deviation
R vav:
g |ZX=X2 2476 p0g

N 10
Hence, Karl Pearson’s coefficient is

3(M—Mg)  3(108—107.05)
- - — 0.0954
S o 1573 0.095
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B EXAMPLE 6.13

From the following data find out Karl Pearson’s Coefficient of skesgne

Measurement 10 11 12 13 14 15
Frequency 2 4 10 8 5 1

Solution:
Measurementf) Frequencyf) dy=X—-12 dx@ fdy fd2
10 2 -2 4 -4 8
11 4 -1 1 -4 4
12 10 0 0 0 0
13 8 +1 1 +8 8
14 5 +2 4 +10 20
15 1 +3 9 +3 9
N =30 yfd=+13 yfd2=49
Arithmetic Mean, td
— 5 fd 13
M=X= =12+ — ==~ 1243
a+ N + 30
Mode (by inspection)
Mo =12

Standard Deviation,

C o yfd2 3fd\?
U‘\/ N N
f49 13
=/ —=—(=)2~1
~ V30 (30) 12

Karl Pearson’s Coefficient of Skewness,

_ M —Mg _ 1243-12 ~ 03583

S<P g 1.2

B EXAMPLE 6.14

Calculate Karl Pearson’s coefficient of skewness from the followatg:d

Marks(above) 0 10 20 30 40 50 60 70 80
No.of students 150 140 100 80 80 70 30 14 O

Solution:
Convert the cumulative frequency distribution into ordinary frequetistribution:
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Marks 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 80 ansab

Students 10 40 20 0 10 40 16 14 0
Now,

Class  ferquency)  Mid Value(X)  Cum-frequency dyx=X—25 d? fdy fd?

0-10 10 5 10 -30 900 -300 9000
10-20 40 15 50 -20 400 -800 16000
20-30 20 25 70 -10 100 -200 2000
30-40 0 35 70 0 0 0 0
40-50 10 45 80 +10 100 +100 1000
50-60 40 55 120 +20 400 +800 16000
60-70 16 65 136 +30 900 +480 14400
70-80 14 75 150 +40 1600 +560 22400
80 and 0 85 150 +50 2500 0 0

N =150

5 fde=640 5 fd2 =80800

Here frequencies are irregular so mode is ill-defined and we use tieieor

3(M —Mo)
Arithmetic Mean, td
v Y fdx 640 N
M=X=a+ N = 35+ 150~ 39.27

MedianMq = Jthitem= 13%h item= 75 item
This is in the class 40-50.

lo—1y

Mg =11+ (m—c)

My — 40 5040

(75— 70) = 45

oo [t (3fdk)?
N N
%3_(%8)2: 53867 (4.27)% ~ 2281

Coefficient of Skewness,

Standard Deviation,

S = 3(M—Mg)  3x(39.27—45)
P o - 2281

=-0.754

B EXAMPLE 6.15

If mode is more than mean by 4.5 and the variance is 121, find coeffaiskewness.

Solution:

M — My = Mean— Mode= —4.5
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Variance= g2 = 121

. Standard deviatioor = v121=11

- M-M
. Coefficient of skewness S, = — °
—4.5
= T x-041
So =11 0

6.12.4 Bowley’s coefficient of skewness

It is defined as

~ Q3+Q1—2My4
S0 = Q:—Q

where Q;denotesrth quartile andViy denotes median. The coefficients is pure number and lies

between -1 and +1.

The coefficient is positive or negative@@; + Q1 > 2Mq or Q3 + Q1 < 2My respectively. Again,
itis zero if Q3 + Q1 = 2Mg, which shows the distribution is symmetric.

B EXAMPLE 6.16

Compute an appropriate measures of skewness for the following data:

Sales Below Above

(Rs Lakhs) 50 50-60 60-70 70-80 80-90 90-100 100-110 110-12020
No. of

Companies 12 30 65 78 80 55 45 25 10

Solution: For open ended series, most suitable skewness measure is Bowde§feiént of Skew-
ness. To compute this we need quartiles.

Sales (Rs Lakhs) No of Companies Cumulative Frequencies

Below 50 12 12
50-60 30 42
60-70 65 107
70-80 78 185
80-90 80 265
90-100 55 320

100-110 45 365

110-120 25 390

Above 120 10 400
Total N=75f=400

rth quartile is given as

oo =g
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whereN denotes total of frequencies, Now we choose quartile class cormigsigaio the value
rx %. Thenl denotes lower limit of quartile clasd, frequency of quartile clas€; cumulative
frequency just before the quartile class d&denotes interval.

Now, for Qq, since% =100, the quatrtile class is 60-70.

~1=60,C=42 h=10, f =65

Q1=|+ f x h

100—-42

=60+ — =

x 10

=67.38

ForQo, since 2x § = 200, the quartile class is 80-90.

2x N —cC
Q=I [X‘; L
200-185
—=8188

For Qg, since 3x % = 300, the quatrtile class is 90-100.

3xN_c
Q3:|+w < h
300- 265
=96.36

Hence, Bowley’s Coefficient of Skewness

Qe +Q-2Q; _ 9636+67.38-2x8L88
%= Q-r  9636-6r3s 000

This shows that there is a negative skewness, which has a very negiigblgtude. O

B EXAMPLE 6.17

Calculate coefficient of skewness using quartiles:

Mid-value 15 20 25 30 35 40
Frequency 30 28 25 24 10 21

Solution:
Here, we will convert mid-values in class interval form.
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Class (Exclusive form)  Frequency f Cumulative Frequency

12.5-17.5 30 30
17.5-22.5 28 58
22.5-27.5 25 83
27.5-32.5 24 107
32.5-37.5 10 117
37.5-42.5 21 138
Total 138
N 138
=—=—=34
h=4=7 345
2N 2x138
= — = =69.0
02 2 2
3N 3x138
Gg=", =—, =1035
First Quartile,
-Cc .
Q=11+ qlf X i
345-30
=175+ ~%g x5=183
Second Quatrtile,
—Cc .
Q=I1+ qu X |
— 225499798 5047
Third Quartile,
-Cc .
Q3=11+ q3f X i
1035-83
=275+ o1 x5=318
Coefficient of skewness,
So = Q3+Q1—2Q2
Q:—Q1
31.8+183—-2x247
- 31.8-183 =~ 0052

B EXAMPLE 6.18
If Bowley coefficient of skewnessi90.36,Q; = 8.6 andM = 12.3, then findQ3 and Quatrtile
Coefficient of Dispersion .

Solution:
Bowley coefficient of skewness,

- Q3+Q1—-2Q,
S0 = Q3— Q1
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= —0.36(Q3 — 8.6) = Q3+ 8.6 — 24.6

= —1.36Q3 = —19.096

_ 19.096

Q3 136 — 14.04

Quatrtile Coefficient of Dispersion

 Q3-Q1  1404-86 544
T Q3+0Q; 1404+86 2264

6.12.5 Kelly's coefficient of skewness

Itis defined as

S = Poo+ Pro— 2P50
Poo—Pio
and
- Dg+ D1 —2Ds
Se= Dg— D1

whereD,denotegth decile and® denotegth percentile.

B EXAMPLE 6.19

0.24

From the following data, calculate the measure of skewness using trentirs

Marks (lessthan) 10 20 30 40 50 60
No. of students 4 10 30 40 47 50

Solution:

Classinterval Frequency(f) Cumulative frequency (CF)

0-10 4 4
10-20 6 1
20-30 20 30
30-40 10 40
40-50 7 47
50-60 3 50
o1 V10 -C] |

f
HereN = 50, since CF is just greater th% is 10 therefore,

|=10C=4,h=10f=6

87
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D1:10+(5;4)x10m1167

[(9N/10) —C]
f

Since CF is just greater th::mng‘—0 =45 is 47, therefore

Dg=1+ x h

| =40,C=40,h=10,f=7

(45— 40)

Dg = 40+ x 10~ 47.14

[(BN/10) —C]
f

Since CF is just greater than&} = 25 is 30, therefore

D5:|+ x h

| =20,C=10,h=10, f = 20

(25— 10)

Ds=2
5 0+ 20

x 10= 2750
Kelly’s coefficient of skewness

Dg+ D1 —2Dg
Dg—D1

| 4714+41167— (2x2750) 381

o 41.14—-11.67 © 3547

S =

~ 0.1074

6.12.6 Maeasure of Skewness Based on Moments

We measure skewness with the help of moments as follows:

if u3 =0, no skewness

if uz > 0, Positive skewness

if u3 < O,negative skewness
with this absolute measure of skewness we have two coefficients of skeyBeta Coefficienf3q)
and Gamma Coefficientf):

2

H3

BL=—3

I
n==+vB =L§=?
2 3

H;

the sign ofysdepends oms.
If y4 =0, no skewness
y1 > 0, positive skewness
v1 < O,negative skewness
Remark:

e [3; does not give the nature of skewness (whether positive or negativevye consider the
sign of 3.
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o Another coefficient of skewness based on moments is

VBi(B2+3)
2(5B, —6B1—9)

B EXAMPLE 6.20

Calculate coefficient of skewness based on moments for the followdgiéncy distribution:

Years

Frequency

25-75

7.5-12.5
12.5-17.5
17.5-22.5
22.5-27.5
27.5-32.5
32.5-37.5

8
15
20
32
23
17

5

Solution:

Class  Frequency f Mid-value x ds=*2  fds fd2 fd3
2.5-75 8 5 -3 -24 72 -216
7.5-12.5 15 10 -2 -30 60 -120

12.5-17.5 20 15 -1 -20 20 -20
17.5-22.5 32 20 0 0 0 0
22.5-27.5 23 25 1 23 23 23
27.5-32.5 17 30 2 34 68 136
32.5-37.5 5 35 3 15 45 135
Total 5 f yfds yfd2 3 fdd
=120 =-2 =288 =-62
p_xfds -2 __
Hi= 5 = 5= ~0.0167= 002
, Sfd? 288
= =—=24
H2=5F T 120
, yfdd 62
- - 2% _05167=-052
By = £ = 5 = ~05167= 05
. X—a
Now - pip = {p — () *}i% ds = =~
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and
pz = {13 — 3ok +2(pp)} x i
={-.52-3x24x(—.02)+2x (—.023% x5%= - 376x 5
us —.376x5° —.376
=—= = =-0.101
M= = 3718x58 ~ 3718 00
)
In this frequency distribution the skewness is negative. O

6.13 KURTOSIS

Definition 7. Kurtosis refers to the extent to which unimodal frequency curve is peaked
In other words,

Definition 8. Kurtosis is a measure that refers to the peakedness of the top of the.ckiaréosis
gives the degree of flathess or peakedness in the region about theofreoftequency distribution.

According to Croxton and Cowden,

Definition 9. A measure of kurtosis indicates the degree to which the curve of a fregdestribu-
tion is peaked or flat topped.

According to Clark and Sckkade,

Definition 10. Kurtosis is the property of a frequency distribution which expresses itsivela
peakedness.

Karl Pearson in 1905 introduced the three types of curves on the asigasis:

Mesokurtic: If the concentration of frequency in the middle of the frequency distribugmormal,
the curve is known as mesokurtic.

Leptokurtic: If the frequencies are densely concentrated in the middle of the sergewiiltbe
more peaked than normal and is known as Leptokurtic.

Platykurtic: If the frequencies are not densely concentrated in the middle of thes seréecurve
will be more flat than normal and is known as platykurtic.

6.14 MEASURE OF KURTOSIS

The measure of kurtosis based on central moments are given bP&anson:

Ha
BZ u22
if Bo = 3, the curve is Mesokurtic or normal
if B2 > 3, the curve is Leptokurtic or more peaked
if B < 3, the curve is Platykurtic or flat topped.
The measure of Kurtosis is also represented by gammaypwe 3, — 3
if y» = O,the curve is Mesokurtic
if y» > O,the curve in Leptokurtic
if y» <0, the curve is Platykurtic.
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B EXAMPLE 6.21
the first four central moments of a distribution are 0,2.5,0.7 ,antbl&xamine the skewness
and kurtosis .

Solution:

Given: First four central moments
Uy =0,y =25, 3 = 0.7, s = 1875
Coefficient of skewness
By — B (072 049
T 48T (2573 15625

_ M 07 07 7£70177
u; (25)F V15625 395

The distribution is positively skew.

Coefficient of Kurtosis:

=0.3136

g, e _ 1875 1875

u3 (252 625 3

The curve is mesokurtic.

B EXAMPLE 6.22
CalculateB, from the following data and give your comments on the shape of the distnibu

N=100Y fdk =757 fd2 =4000'y fd? = 76500

Solution:
= zlzdx —17—(?0:075
= z’f\ld:‘l %)_765

Central Moments:

H1=0
o = ph— (4y)? = 18— (0.75)% = 18— .5625= 17.4375
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pz = s — 3 +2(py)*
= 40—3x18x 0.75+ 2 x (0.75)% = 0.3438

Ha = [y — Apuq + 65(pg)? — 3(pp)*
= 765—4x 40x .75+ 6 x 18 (.75)% — 3(.75)* = 7048008
M (34382 1182

- B = = = =.002
P p3 (1743753 5302158 00
The distribution may be considered symmetrical.
704
327;147 04.8008 232

T w3 (17437972
The distribution is platykurtic.

B EXAMPLE 6.23

Calculate first four central moments and coefficient of kurtosis fofdHewing distribution
and comment on the result :

Class 3-6 6-9 9-12 12-15 15-18 18-21 21-24

Frequency 28 292 389 212 59 18 2
Solution:

Class Frequencyf Mid-valuex ds=*-30% fds fdZ fdd fd¢
3-6 28 4.5 -2 -56 112 -224 448
6-9 292 7.5 -1 -292 292 -292 292
9-12 389 10.5 0 0 0 0 0

12-15 212 13.5 1 212 212 212 212

15-18 59 16.5 2 118 236 472 944

18-21 18 19.5 3 54 162 486 1458

21-24 2 22.5 4 8 32 128 512

Total 1000 44 1046 782 3866

py = .044, 15 = 1.046 pj = .782 )y = 3.866

Mo = (g — ()] x 12
= [1.046— (.044)%] x 9 = 9.396
Mg = (M — 3pppg +2(pp)® x i° = 17.39
Ha = (1) — Auapq + 6 (pg)? — 3(pp) Y] x i
= [3.866— 4(.782)(.044) + 6(1.046)(.044)2 — 3(.044)4] x 81

=3.74x81=30294
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U 30294
L B=" =" =343, >3,
P 12~ (9.396)2 P2
and
Vo =Pr—3=343-3=043>0,
O
Problems

6.1 Compute the first four moments about mean fori4, 16, 18, 20, 25, 27.

6.2 Compute the first three moments about 25:

Expenses 0-10 10-20 20-30 30-40 40-50
No. of Persons 1 2 5 2 1

6.3 Find the first four moments about the mean from the following data:

Salary 0-5 5-10 10-15 15-20 20-25
No. of Employees 1 4 6 8 9

6.4 Calculate skewness and kurtosis for the following data:

Size 0 10 20 30 40
Frequency 10 8 6 3 1

6.5 Find the kurtosis coefficient for the following frequency distribution:

Marks 5-15 15-25 25-35 35-45 45-55
No. of students 1 3 5 7 4

6.6 Calculate the first four moments of the following distribution about the mednhance find
B]_andﬁzi

o N
[EnY

8 28 56 70 56 28

6.7 The first three moments about the value 3 are 2,10 and 30 respecOiatiyin the first three
momens about zero.

6.8 The first four moments of a distribution about x = 4 are 1,4,10 and g@eatively. Show that
mean is 5. Also calculate the central momeBitgeind3,.

6.9 The first four moments of a distribution about the value 2 are 1,2, 5845 1.6. Calculate the
moments about the mean and origin.
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6.10 The first four moments about assumed mean of a frequency distribui®v, = —2,vo =
8,v3 = —20,v4 = 60. Find the values of; andp;.

6.11 The first four moments of a distribution about the assumed mean 5 20e4@, and 150
respectively .Find central momenf, andf3,.

6.12 Calculate Bowley's Coefficient of skewness aaftom the following data:

Incomein Rs.  No. of persons

Less than 500 15
Less than 600 28
Less than 700 45
Less than 800 70
Less than 900 100
Less than 1000 120
Less than 1100 130

6.13 Calculate Karl Pearson’s coefficient of skewness from the followatg:d

Class 0-6 6-12 12-18 18-24 24-30 30-36
Frequency 12 24 38 52 34 19

6.14 Calculate Karl Pearson'’s coefficient of skewness from the data digtow:

Life Time (hour)  No. of Tubes

300-400 14
400-500 46
500-600 58
600-700 76
700-800 68
800-900 62
900-1000 48
1000-1100 22
1100-1200 6

6.15 Calculate mean, standard deviation and coefficient of skewness feofalkbwing data:

Class 40-45 45-50 50-55 55-60 60-65 65-70 70-75 75-80
Frequency 4 12 20 35 32 16 3 1

6.16 Calculate Karl Pearson’s coefficient of skewness from the followatg:d
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Marks No. of students
less than 20 8
less than 30 38
less than 40 53
40-50 2
50-60 8
60-70 30
more than 70 17
more than 80 4

6.17 Find Bowley’s coefficient of skewness from the following data:

Measurement 10 11 12 13 14 15
Frequency 2 4 10 8 5 1

6.18 calculate coefficient of skewness based on quartiles:

Class 0-5 5-10 10-15 15-20 20-25 25-30 30-35
Frequency 4 10 12 4 6 16 8

6.19 Find out quartile coefficient of skewness from the following data:

Marks 5-15 15-25 25-35 35-45 45-55 55-65
Frequency 5 15 35 55 25 15

6.20 Calculate quartiles from the following data and find coefficient of skewhased on quar-
tiles:

Class-interval 10-19 20-29 30-39 40-49 50-59 60-69 70-79 80-89
Frequency 5 9 14 20 25 15 8 4

6.21 Find the coefficient of skewness of the following two groups A and B asidtmut which
distribution is more skewed ?

Marks 55-58 58-61 61-64 64-67 67-70

Group A 12 17 23 18 11
Group B 20 22 25 13 7

6.15 RANDOM VARIABLE

In an experiment of tossing a pair of coin we may be intrested in obtainingrttabilities of getting
0,1 or 2 heads which are possible events. We consider a vaKalsléch hold these possible values
0,1 or 2. This variable is a real valued function defined over sampleesphose range is non empty
set of real numbers is called random variable. i.e.,

A random variable is a functioK (w) with domainSand rangd —, ») such that for every real
numbera, the evenfe: X(e) < a.
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6.16 PROBABILITY MASS FUNCTION (PMF)

If X is a discrete random variable with distinct valugsxs, . .., xn for which X has positive proba-
bilities p1, p2, ..., pn, then the functiorf (x)defined as:

i if X=X
fX(X){o if X # X;

is called the probability mass function of random varia¥le
SinceP(S) = 1(Probability of sure event is one.), we must have

Zf(xl‘)zl
J

6.17 PROBABILITY DENSITY FUNCTION (PDF)

Similar to PMF, probability density function is defined for continuous rangarableX. The funx-
tion f(x) defined as

P(x < X < x+dx) = f(x)dx
such that
e f(x) > 0 for anyx
o [Z f(x)dx=1

6.18 MATHEMATICAL EXPECTATION OR EXPECTED VALUE OF A
RANDOM VARIABLE.

The expected value of a discrete random variable is a weighted avdralj@assible values of the
random variable, where the weights are the probabilities associated witbrtesmonding values.

For discret random variable. The expected value of a discrete random variablsith proba-
bility mass function (p.m.fj(x)is given below:

E(X) = ZXf(x)

X
For continuous random variable. The mathematical expression for computing the expected

value of a continuous random varrial{ewith probability density function (p.d.f.) f(x) is, however,
as follows:

E(X) = /fo(x)dx
Particular Case: |
E(X') = /Zxr F(x)dx
which is defined agy therth moment (about origin) of the probability distribution. Thus
Hf (about originy= E(X").

p; (about origin}= E(X)
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Wy(about originy= E(X?)

Hence, Mears X = i (about originy= E(X) andpp = py — 2 = E(X?) — {E(X)}?

b = E[X — E(X)]2 = /w (x—%)2f (x)dx

—00

Remark:
e E(c)= [T, cf(X)dx=c[%, f(X)dx=C

6.18.1 Properties of Expectation

1. Addition theorem: 1iX andY are random variables, th&{aX + bY) = aE(X) + bE(Y) and
we can generalise above resultia§ ! ; Xi) = 3 ; E(X), if all the expectations exist.

2. Multiplication theorem: IX andy are random variables, thé&(XY) = E(X)E(Y) provided
X andY are independent and we can generalise above resEl[as ; X;) = [, E(X), if
all the expectations exist.

3. Expectation of a linear Combination of Random Variable: Xg¥o, ..., X, be anyn random
variables and iy, a, ..., an are anyn constants, the& (3! ; aX) = 3L &E(X)

4. If X > 0thenE(X) > 0.
5. If X, Y are two random variable tt< X, thenE(Y) < E(X)
6. [E(X)[ <E(IX])

6.19 MOMENT GENERATING FUNCTION

The functionE (¢X) serves to generate moments of the probability distribution of the variate abou
the origin. and is called Moment Generating Function.

The Moment Generating Function (m.g.f)of a random variadegbout origin) having the proba-
bility function f(x)

[e*f(x)dx For Continuous

. Xy _
Mx(t) = E(¢ )_{Zxéxf(x) For Discrete

We consider for discrete distribution,

2x2 trxr
Mx(t):E(etX):E(1+tX+7+ ........... o )
t2E (X2 t'E(X"
=1+tE(X)+ XD o ( )+ ..............
2! rl
tzul trli/
_ / 2 r
—1+tIJl+ 21 e TP + r e TP,
00 tr

Similarly, we can show for continuous distribution. Thtis moment ofXabout origin

/_E(XT) = /X' f(x)dx  For Continuous
Hr= B SxX p(x)dx For Discrete

r
We see that the coefficient ér)fin My (t) givesyy (about origin).
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On differentiating above equation with respect @nd then putting= 0 , we get

IJ|{ | ’ ’ t2
= F~r-+l*lr+1t+“r+2§+~”
=0 LM !

t=0

/ d’
W= |@Mx(t)|t:0

In general, the moment generating functdmbout the poinX = a is defined as

My_a(t)(AboutX = a) = E[/*~¥)]
t2 t’
:E{1+t(x_a)+§(x_a)2+...+ﬁ(x_a)f+...
N ' tr '
:1+tul+iu2+"'+ﬁul’+“'

wherey/ = E{(X —a)"}, is the'th moment about the poit = a

6.19.1 Properties of Moment Generating Function(m.g.f)

1. Mcx(t) = Mx(ct) c being constant.

2. 1 X1, X0, X3y e Xnare independent random variables, then the moment generating
function of their sunX; +Xo + ....... + X is given by:
Mx; +Xo4...... +xn(t) = Xl(t)l\/lxz (t) ............. Mx, (t)

3. Effect of change of origin and scale on m.g.f: Let ustransfirto the new variabléJ) by
changing both the origin and scaleXnas follows:U = X—E"" wherea andh are constants.
M.G.F.ofU (about origin ) is given by :

t(x-a) al al at —at t
My (t) = E (éU) - E[e( h )] —E[dhe T|=eTE (e%) :e*ﬁ‘E( ?> — e My (H)
whereMy (t) is the m.g.f ofX about origin.
In particulara= E(X) = u,h= ox = o then
X—E(X) X-—u _z
ox o
is known as a standard variate. Thus the m.g.f of a standard variatgiven by

Mz(t) = e ¥ Mx( )

U=

Remark
o E@2)=E(*GH) = 2EX—p) = L{EX)—p} = L (u—p)=0
e V(Z2)=1

e If moment generating function exist it is unique.

B EXAMPLE 6.24

Let the random variabl¥ assume the valuewith the probability law:

PX=r=dq Ipr=12...
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Find the m.g.f ofX and hence its mean and variance.

Solution:

r=1
=03 (@) =pdy (o)
q r=1 r=1
_ 2 _ pe
= pé {1+qé+(qé) +] = (1—qé)
/ pé
MU= 1 qey2
y (1+0q¢€)
MX(®) = Pé (e
W (about originy= M} (0) = (1—pq)2 = %
- 1 1
s (@bout originy=M¥ (10) = '(‘%32 = % i
Hence, mear= 1] = 5 and variance= i, = My — pyE = %
O
B EXAMPLE 6.25
If the moments of variatX are defined bye(X") = 0.6;r = 1,2,3,... . Show thatP(X =
0)=04,P(X=1)=06P(X>2)=0
Solution:
The m.g.f. of variate X is:
Mx
00 tr
My (t) = r;ﬁyr, =0.4+0.6¢
Mx(t) = E(e) = § &*P(X = x)
=P(X=0)+€P(X=1)+ %etxp(x =X)
X=
on comparing we get the answer.
O

B EXAMPLE 6.26
Find the m.g.f. of the random variable whose moments are :
He = (r+ 112"

Solution:
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Problems
6.22 Define m.g.fof ar.v. Find m.g.f of () = aX+Db, (i)Y = X%m
)"

6.23 Show that ifX is mean of random variablediy (t) = [Mx (

Sl



CHAPTER 7

CURVE FITTING

The curve fitting process fits the equation of approximating curves towhfala data. Nevertheless,
for a given set of data, the fitting curves of a given type are generdly Nnique. Thus, a curve
with a minimal deviation from all data points is desired.

7.1 THE METHOD OF LEAST SQUARES

Principle of Least Square: The curve of best fit is that for which the sum of squares of the relsidua
is minimum.

The method of least squares assumes that the best-fit curve ofratgpeeis the curve that has
the minimal sum of the deviations squared (least square error) fraven get of data.

Let the set of data points ke, V;),i = 1,2,...,m, and let the curve given by= f(x) be fitted to
this data. Atx = ¥x;, the observed value of the ordinateyisand the corresponding value on the fitting
curve isf(x). If & is the error of approximation at= x;, then we have

&=y —f(x) (7.1)

The sum of square of errors,
e =2g =Z[yi — f(x))? (7.2)

Now if € = 0 theny; = f(x), i.e. all the points lie on the curve. Otherwise, the minimginesults
the best fitting of the curve to the data.
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7.1.1 Fitting of A Straight Line

Let (xi,Yi) ben sets of observations of related data gnd a+ bx be the straight line to be fitted.
Then from equation 7.2,

e =2y — F(x)]* = Z[yi — (a+bx))?
By the principle of least square,is minimum for some andb, i.e.,

o€ Je

% =0 and % =0
oJe
5a=0 = 22lyi — (a+bx)|(-1) =0

=Zlyi —(a+bx)] =0
= Xy; = ha+bXx; (7.3)
Similarly,

oJe

55 =0 = 22[yi — (a+bx)|(—x) =0

= Z[yix — (ax +b¢)] =0
= Zyix = axx; + bx?] (7.4)

These equations 7.3 and 7.4 are called normal equations. Giandy; are known, these equations
result in equations ima andb. We can solve these farandb

Remark: For the sake of simplicity leave suffix notation to obtain the following form ofmal
equations.

>y = na+ bxx
Tyx = asx+ bgx?

B EXAMPLE 7.1

Fit straight line for the following data:

Solution: Let straight line ia+ bx. Normal equation for straight lines are

>y = na+ bxx
Tyx=asx+ bEx?

Form the following table

X y X xy
0 -1 0 0

2 5 4 10
5 12 25 60
7 20 49 140

14 36 78 210
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Now normal equations reduces to
36=4a+ 14b
210=14a+78b

On solving,
a=-1.1381 and b=2.8966
Hence the fitted straight line is
y=—1.1381+ 2.8966«

B EXAMPLE 7.2

Fit a straight line to the following data :

x 0 5 10 15 20 25
y 12 15 17 22 24 30
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Solution: Heren = 6, i.e., even and the valuesxére equally spacech,is equal to 5. Therefore, to
make the calculation easier, we take the unit of measure%e'm., 2.5 and the origin at the mean

of two middle terms 10 and 15, i.e., origin is taker%an.O—i— 15) =125.
Taking

U x—125
T 25
and
v=y-20
Let the equation of straight line be
v=a+bu
Then the normal equation are
z v=na+ bz u
Suv=ayu+by
x y u=X2 v=y-20 uv #
0 12 -5 -8 40 25
5 15 -3 -5 15 9
10 17 -1 -3 3 1
15 22 1 2 2 1
20 24 3 4 12 9
25 30 5 10 50 25

su=0 sv=0 Su=122 U1 =70

Substituting these values in Equations (6.19) and (6.20), we have
0= 6a+ b0 and 122= a0+ 70b
ora=0b=1.743

Thus, the required equation of straight line is
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—125
v=0+174u0ry— 20=1.743*,125)
1.743 125

ory=0.7x+11.285

Problems

7.1 Fit a straight line to the given data regardixgs the independent variable:

x 1 2 3 4 6 8
y 24 31 35 42 50 6.0

7.2 Find the best values @fandb so thaty = a+ bxfit the given data
x 0 1 2 3 4
y 10 29 48 6.7 8.6

7.3 A simply supported beam carries a concentrated B@dd at its mid-point.Corresponding to
various values oP. The maximum deflectiol (in) is measured. The Data are given below. Find a
law of the typeY = a+bP

P 100 120 140 160 180 200
Y 045 055 060 0.70 0.80 0.85

7.4 In the following tabley in the weight potassium bromide which will dissolve in 100 grams of
water at temperatun®. Find a linear law betweenandy.

) 0 10 20 30 40 50 60 70
ygm 535 599 652 706 755 802 855 90

7.5 The weight of a calf taken at weekly intervals are given below. Fit a $ttéiige using method
of least squares and calculate the average rate of growth per week.

Age 1 2 3 4 5 6 7 8 9 10
weight 525 587 65 702 754 811 87.2 955 1022 1084

7.6 Find the least squares line for the data pdintl, 10),(0,9),(1,7),(2,5),(3,4),(4,3),(5,0)
and(6,—1).

7.7 If Pisthe pull required to lift a loadlV. By means of a pulley block, find a linear law of the
firm P = mW+ C connectivityP andW,using the Data:

P 12 15 21 25
W 50 70 100 120

whereP andW are taken irkg— wt.
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7.1.2 Polynomials Least-Squares Fitting

The applications of the method of least squares curve fitting using polgimare briefly discussed
as follows. The least-squareth degree Polynomials method usath degree polynomials

y=ag+aiX+axx® + ... + amx™ (7.5)

to approximate the given set of dgta, Y1), (X2,¥2), ..., (Xn,Yn) Wheren > m. The best fitting curve
f(x) has the least square error, i.e.,

Mine = Min(="[yi — f(x)]?)
= Min(="[yi — (80 + &% + a2 + ... + amx™)]?)
(7.6)

Equating as straight line case, the first partial derivatives with respest a1, ...,am to zero and
simplifying, we get the following normal equations (we ignored suffix

Sy =nag+aZX+ ... +amExX"
TXY = 89X+ a1 5%2... + amexX™L

XMy = apExX™ + 3y IX™M L. + anEx®™

These arén+ 1) equations iNn+ 1) unknowns and hence can be solveddgray, ..., an.
In particular, for fitting of a parabola= a+ bx+ cx2 the normal equations will be

Ty = na+ bIx+ cIx?
Sxy = asx+ bex? + cox®
3%y = a=x? + box® 4 cxx*

B EXAMPLE 7.3

Fit a parabolg = ax2 + bx+ c in least square sense to the data

x 10 12 15 23 20
y 14 17 23 25 21

Solution: Form the following table

X oy N x3 x4 Xy Ry

10 14 100 1000 10000 140 1400
12 17 144 1728 20736 204 2448
15 283 225 3375 50625 345 5175
23 25 529 12167 279841 575 13225
20 21 400 8000 160000 420 8400

Sum 80 100 1398 26270 521202 1684 30648
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The given numbers of data are 5. Therefore normal equations are
Ty = asx? + bEx+ 5¢
Sxy = axx® 4 bEx? + cIx
3%y = aZx* 4+ box® 4 czx?
From table, normal equations reduces to

100= 1398+ 80b+ 5c
1684= 2627&+ 1398+ 80c
30648= 521202+ 2627@Gb-+ 139&

On solving,
a=-0.07, b=3.03 c=-8.89

Hence the fitted parabola is
y=—0.07x% 4 3.03x— 8.89

B EXAMPLE 7.4

Fit a second degree curve by the method of least squares for thedgite :

x 10 15 20 25 30 35 40
y 11 13 16 20 27 34 41

Solution:
Changing the origin okto x— 2.5, we get
x—2.5

u= 05 andv=y

The parabolic curve i8 = a+ bu-+cl?. The normal equations are

ZV:na+qu+02u2
ZUV:aZUerZuercZuS
2u2v:a2u2+b2u3+02u“

Here,n=7

X y u=x328 v=y P ul u? uv v

1.0 1.1 3 1.1 9 -27 81 -3.3 9.9
15 1.3 2 1.3 4 -8 16 -2.6 5.2
2.0 1.6 1 1.6 1 1 1 -1.6 1.6
2.5 2.0 0 2.0 0 0 0 0 0.0
3.0 2.7 1 2.7 1 1 1 2.7 2.7
35 3.4 2 34 4 8 16 6.8 13.6
40 41 3 4.1 9 27 81 12.3 36.9

Su=0 yv=162 FW=28 yu¥=0 Fu*=196 JSuv=143 FuPv=699

On putting the values OZU,ZUZ, ..., etc. in the normal equation , we have
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16.2=7a+0b+28
143 =0a+28b+0c
69.9 = 28a+0b+ 196

Solving these equations, we obtain

a=2.07,b=0.511c=0.061
Hence , the curve of best fit is

v=2.07+0.511v+ 0.06 v
Changing the origin , we get

_ X—25 X—25,
y=2.07+0.511 05 ) +0.061( 05 )

y=1.04—0.19%— 10.243¢

Problems
7.8 Fit a second degree parabola to the following data takiag independent variable:
x 0 1 2 3 4
y 1 5 10 22 38
7.9 Fit a second degree parabola to the following data by least squaresdmetho
x 0 1 2 3 4
y 1 18 13 25 63
7.10 The profit of certain company in theth year of its life are given by

X 1 2 3 4 5
y 1250 1400 1650 1950 2300

takingu = x— 3 andv = y— 1650/50, show that parabola of second degree ofiu is v+ 0.086 =
5.3u+ 0.643u2 and deduce that the parabola of second degrg@nf is y = 1144+ 72x+ 32.15x2.

7.11 The Following table gives the results of the measurements of train resgsta&his the ve-
locity in miless per hourRis the resistance in pounds per ton:

vV 20 40 60 80 100 120
R 55 91 149 228 333 46.0

If Ris related tov by the relationR = a+bv+cV?2 ; find a,b andc by using the method of least
squares.

7.2 FITTING AN EXPONENTIAL CURVE

Consider the equation= ae’*. Taking on both sides, we get
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logy = loga+ bxloge

Y =A+Bx

whereY = logy, A= logaandB = bloge
This is equivalent to straight line fitting. ComputeandB from reduced normal equations

2Y = nA+Bxx

XY = ASX+ BSX?

B

Finally computea = antilogA andb = Toge

7.3 FITTING A POWER FUNCTION

Consider the equatiop= ax°. Taking on both sides, we get

logy = loga+ blogx

Y = A+bX

whereY = logy, A= logaandX = logx
This is equivalent to straight line fitting. Compueandb from reduced normal equations

Y =nA+bzX

SXY = ASX + BSX?

Finally computea = antilog A
B EXAMPLE 7.5

Find the curve of fit of the typg = a€’* to the following data

x 1 5 7 9 12
y 10 15 12 15 21

Solution: The curve to be fitted iy = €”* which is equivalent to&f = A+ Bx, whereY = logy,
A=logaandB = bloge
The normal equations are
2Y = nA+B2x
IXY = AZX+ BZX?

Form the following table
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X y Y = logy N XY

1 10 1.0000 1 1

5 15 1.1761 25 5.8805

7 12 1.0792 49 7.5544

9 15 1.1761 81 10.5849

12 21 1.3222 144 15.8664
2X=34 SY =5.7536 5x2=300 IXY=40.8862

Substituting the values of sums, normal equations becomes
5.7536=5A+ 34B

40.8862= 34A+300B

On solving,
A=0.9766 B=0.02561

.a=antilogA =9.4754;b = Toge = 0.059
Hence the required curveys= 9.4754"05%

B EXAMPLE 7.6
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Determine the curve of the form= ax? which is best fit to the following data according to

the least squares principle :

x 1.0 15 2.0 2.5 3.0 3.5
y 0.01 0.405 0.693 0.916 1.098 1.252

Solution:
The curve to be fitted is
y=axX
logy = loga+ blogx
Y =A+BX
Then the normal equations ayef = nA+BY X andy XY = Ay X+ By X2.

X y X = logx Y = logy X2 XY

1.0 0.01 0.0000 -2.0000 0.0000 0.0000
1.5 0.405 0.1761 -0.3925 0.3010 -0.0691
2.0 0.693 0.3010 -0.1593 0.0906 -0.0479
25 0.916 0.3979 -0.0381 0.1584 -0.0152
3.0 1.098 04771 0.0406 0.2276 0.0194
35 1.252 0.5441 0.0976 0.2960 0.0531

TX=18963 yY=-24517 yX2=08036 XY=—0.0597

On putting these tabulated values in the normal equations , we have

—2.4517=6A+1.89638B

—0.0597= 1.8963A+ 0.8036B
On solving , we get
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A= —15149 andB = 3.5004

Taking anti-log ofA, we geta = 0.0306. Hence, the equation of curve is

y = 0.0306¢-5004,

B EXAMPLE 7.7

The pressure of the gas corresponding to various volumes V is neebsgiven by the fol-
lowing data :

V(cn®) 50 60 70 90 100
P(kg/cm?) 64.7 51.3 405 259 78

Fit the data to the equatid?vY = C.

Solution:
We havePVY =C, i.e.,

<

I
Q-
T
~<|\»-n

Taking log of both sides , we get

1

1
logV = ~logC+ logP
g v gC+ ( y) g

Y =A+BX
where 1 1
Y =logV,A= vlogC,B: _VX = logP

Therefore, the normal equations are

ZY:nA+BzX

zxva2x+Bzx2

\Y; P Y =logigV X =logyoP XY 2

50 64.7 1.69897 1.81090 3.07666 3.27936
60 51.3 1.77815 1.71012 3.04085 2.92451
70 405 1.84510 1.60746 2.96592 2.58393
90 25.9 1.95424 1.41330 2.76193 1.99742
100 78 2.00000 1.89209 3.78418 3.58000

SY =027646 yX=843387 yXY=1562954 X2=1436522

On putting these values in the normal equations , we have

9.27646= 5A+8.4338B

15.62954= 8.43387A+ 14.36528
On solving , we get

A=207042B=—-0.12754
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1
B=-1y= —g = 7:84068

Therefore
1
A= —logC
y

= logC = Ay
= 2.07042x 7.84068= 16.23350
= C=1.71199x 106

Hence , the curve is

pV784088_ 1 71199x 10'

O
7.4 FITTING A CURVE OF TYPE Y = AX+BX?
Let (xi,Yi), i = 1,2,...,n be then-sets of given values. Then the residuak at x; is given by
Ei =i —ax —bx
Introducing quantity U such that
S 2w 2
U= ZEi =3 (vi—ax —bx)
i= 1=l
By the principle of least squares , U is minimum , when
Y _y_ Y
Jda db
Therefore
22 = 5 2ty ax - bR)(x) =0
da i; Yi X i)=
Sxy=ayx*+by (7.7)
and .y .
e Cax — ) (—x2) —
szy:a2x3+b2x4 (7.8)

Equations 7.7 and 7.8 are normal equations. Solving Equations 777&nde get andb.

7.5 FITTING A CURVE OF TYPE XY =A+BX

Let the given n points bex{,y1), (X2,¥2).....(Xn, Yn).Rearranging the given equation , we have
a
y= ; +b
Then the residual at= xjis
E=(i—_—b



112 CURVE FITTING

Introducing quantity u such a way that
n

UfZEZfZ ———b)

By the principle of least squares , we have
ou ou

92 2" b

ou Q1 a 1
a = i;2(yl - Z _b)(_g) =

ZY:azé+b25 (7.9)
ab Zz ———b ~1)=0

Equations 7.9 and 7.10 are normal equations. On solving these equatiembtain the values
ofaand b.
7.6 FITTING A CURVE OF TYPE Y :AX+§
Let the given n points bé, Y1), (X2,¥2), -....(Xn, Yn). Then the residual fox = x; is
b
Ei=yi—ax— X

and n b b,
U=)E=)0i-ax—)
i; I i; I %

By the principle of least squares , we have

0.2 = 57, 2y —ax — £)(—x) =0
zxy:a2x2+nb (7.11)

and g = 511 2(yi —ax — 2)(—5) =0
(7.12)

y 1
Z = na+bz 2
Equations 7.11 and 7.12 are normal equations. On solving them , wie theavalues of a and b
7.7 FITTING A CURVE OF TYPEY =A+8+ 5
Let the given points béxi,y1), (X2,¥2), .....(Xn, Yn). Then the residual fax = x; is given by

E=y-a————
1 Yi § X2
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and

zyzna+bz%+czx—12 (7.13)

% =020 -a- B S)(-3)=0

1 1 1
z;{:az;mzx—ﬁczﬁ (7.14)

and9Y = 51,20 —a— £ - $)(~%) =0

o
P

y 1 1 1
z)(—zfalzﬁnth;Jrczg (7.15)
Equations 7.13, 7.14 , and 7.15 are normal equations. On solving #uegmtions, we obtain the
values ofa, b, andc.

7.8 FITTING A CURVE OF TYPE Y = 2 + By/X

Let the given points béxi,y1), (X2,¥2)....., (X, Yn). Then the residual fax = x;is given by
a
=Yi———byX
Xi

Introducing quantity U such that

U= 3B =3 bR

By the principle of least squares , we haveninimum

ou ou
9 %"
2 Zz -2 byR)(-) =0
and
= ZZ i~ 3 ~BVR)(-VR) =0
or
S VR= az +b2x (7.17)

Equation 7.16 and 7.17 are normal equations to the ousvé + b,/x.On solving these equations,
one can obtain the values of a and b.
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7.9 FITTING A CURVE OF TYPE 2X = AX2+BX+C

By the principle of least squares , one can obtain the normal equatiores ¢anve as follows:
y2%% =ayxt+byx3+cyx?
y2x=ayx}+byx?+cyx
andy 2*=ayx?+byx+nc
wheren is the number of pointsx(,y;), 0 <i <n.

B EXAMPLE 7.8

Fit a curvey = ax+ 2to the data given below :

X 1 2 3 4 5 6 7 8
y 543 6.28 8.23 10.32 12.63 14.84 17.27 1951

Solution:
The curve to be fitted is

b
y= X

Then the normal equations are
Y xy=ay x*+nb

XY 1
77na+bzﬁ

Heren=8.
X oy X Xy y £
1 543 1 5.43 5.43 1
2 6.28 4 12.56 3.14 0.25
3 823 9 24.69 2.7433 0.1111
4 10.32 16 41.28 2.5800 0.0625
5 12.63 25 63.15 2.5260 0.0400
6 1484 36 89.04 2.4733 0.0278
7 1727 49 120.89 2.4671 0.0204
8 1951 64 156.08 2.4388 0.0156

x> =204 yxy=51312 y)Y=237985 Yy =15274
2 Xy 2 25

On putting these values §fxy, ZXX7 ....etc in the normal equations, we get

51312=204a+8b

23.7985=8a+1.5274

On solving these equations , we get

b=3.0289a=2.3965
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Hence , the equation of the curve is

y— 2.3965} 0289

B EXAMPLE 7.9

Fit a curve of the typay = ax+ b to the following data :

x 1 3 5 7 9 10
y 36 29 28 26 24 15

Solution:
The equation of the given curve is
Xy=ax+b
y:a+9
X
Therefore , the normal equations are
1
z y=na+ bz ™

Y .1 1
7_a2x+bzx2

Heren = 6.
x Y x < X
1 36 1 1 36
3 29 0.3333 0.1111 9.6667
5 28 0.2000 0.4000 5.6000
7 26 0.1429 0.0204 3.7143
9 24 0.1111 0.0123 2.6667
10 15 0.1000 0.0100 1.5

yy=158 y1=18873 y3=11938 3¥=501477

On putting these values in the above normal equations, we have
158=6a+1.887d
59.1477=1.8873+1.193&
On solving the equations, we get

a=213810b=157441
Hence, the equation of the curve is

Xy= 21381+ 157441

115
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B EXAMPLE 7.10

A person runs the same racetrack for five consecutive days and i$ gisnfellows:

Days(x) 1 2 3 4 5
Time(y) 153 151 15 145 14

Make a least squares fit to the above data using the fungtion+ % + X%

Solution: The given equation is

—ar 2y C
y=atite

Therefore , the normal equations are

1 1
EV:na+bZ}+CZQ

Y 1 1 1
. 7az X+bz 2 +cz 2
Sy <1 1 1
2 7azX2+bzX3+ch4
Here n =5.

K : : 3 B : :
1 15.3 1 1 1 1 15.3 15.3
2 15.1 05 0.22 0.1250 0.0625 7.5500 3.7550
3 15 0.3333 0.1111 0.0370 0.0123 5.0000 1.6667
4 145 0.2500 0.0625 0.0156 0.0039 3.6250 0.9063
5 14 0.2000 0.0400 0.0080 0.0016 2.8000 0.5600

TY=739 3;=22833 35 =14636 3 3=11856 35 =10803 y!=342750 3 % =221880

On putting the value§ y, ¥ %, ...etcin the normal equations, we get
73.9=5a+2283%+ 1.463&
34.2750=2.2833+ 1.463th + 1.1856
22.1880=1.4636a+ 1.1856+ 1.080%
On solving these equation , we get
a=126751b=_8.2676 andc = —5.7071

Hence , the equation is

8.2676 5.7071
-2

y= 126751+
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B EXAMPLE 7.11

Use the method of least squares to fit the Clyrve% + cy/x to the following table of values

x 01 02 04 05 1 2
y 21 11 7 6 5 6

Solution:
The given equation ig= < + c1/X, the normal equations are

Sl-aYgtal i S VT-aY e yX

x oy X Yl 7 °
0.1 21 210 6.6408 3.1623 100
0.2 11 55 4.9193 2.2361 25
0.4 7 17.5 4.4272 1.5811 6.25
0.5 6 12 4.2426 1.4142 4.00

1 5 5 5 1.0000 1

2 6 3 8.4853 0.7071 0.25

TX =42 y¥=3025 y,.xy=337152 ¥ % =101008 3 3 =13650

On putting these values in the normal equations , we have

3025 = 1365¢cy +-10.1008;

33.7152=10.100& + 4.2c;
On solving , we gety = 1.9733 ¢; = 3.2818 Hence the equation of the curve is,

19733
X

+3.2818,/%

Problems

7.12  Fit a equation of the forny = a€’* to the following data by the method of least squares.

X 1 2 3 4
y 165 27 45 7.35

7.13 The voltageV across a capacitor at timteseconds is given by the following table. Use the
principle of least squares to fit a curve of the fovm= a€” to the data

t 0 2 3 4 6 8
v 150 63 22 28 12 56
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7.14  Fit a curve of the forny = a€®* to the following data:

X 0 2 4
y 5102 10 31.48

7.15 Fita curve of theformy= ax? to the data given below:
x 1 2 3 4 5
y 7.1 278 621 110 161
7.16 Fit a curve of the forny = ab¥ in least square sense to the data given below:

X 2 3 4 5 6
y 144 1728 2074 248.8 2985

7.17 Drive the least square equations for fitting a curve of the fypeax? + 2 to set ofn points.
Hence fit a curve of this type to the data:

X 1 2 3 4
y -151 099 3.88 7.66

7.18 Drive the least squares approximation of the tgg@+ bx+ c to the function 2 at the point
X =0,1,2,3,4.

7.19 A person runs the same race track for 5 consecutive days and is tifiellosvs:

dayx 1 2 3 4 5
dayy 153 151 15 145 14

Make a least square fit to the above data using a funatielg + X%

7.20 Itis known that the variablg andy hold the relation of the forng = ax+ )—'2. Fit the curve to
the given data:

X 1 2 3 4 5 6 7 8
y 543 6.28 823 1032 12.63 14.86 17.27 19.51
7.21 Fit a carve of the typay = ax+ b to the following data:

x 1 3 5 7 9 10
y 36 29 28 26 24 15

7.22 Determine the contant of the curye= ax+ bx? for the following data:

x 0 1 2 3 4

y 21 24 26 27 34
7.23 The pressure and volume of a gas are related by the equaitoa b wherea andb are
constant. Fit this equation to the following set of data:

pkg/c®) 05 1 15 2 25 3
v(iters) 1.62 1 075 0.62 0.52 0.46



CHAPTER 8

CORRELATION

When for every value of a variabk we known a corresponding value of a second variablee.,
the data is in the form of paired measurements,then we are interested éfetiienship of these two
variables.

The analysis of univariate data in case of economic, social and sciemtifics becomes in-
sufficient. So, in some situations, say production price, height of fatherson , marks obtained
in two subjects, height of husbands and their wives, a series of expensadvertisement and sales.

If change in one variable is accompanied(or appears to be accordpaiieange in other variable
and vice-versa, then the two variables are said to be correlated andl&tisnghip is known as
correlation or covariation.

8.1 CORRELATION ANALYSIS

The methods that are employed to determine if there exists any relatiorethipdn two variables
and to express this relationship numerically comes under correlationséajorrelation analysis
was developed by Francis Galton and Karl Pearson. Here we shaditieoonly a logical relation-
ship.

Nature of the Relationship or Factors Responsible for Relationship

1. Direct Relationship : One variable may be the cause of the other. Asith vgtthe cause and
which the effect is to be judged from the circumstances.

2. Common Cause : Correlation may be due to any other common caueseis both variables
may be the result of a common cause. For example, the heights otparehtheir offspring
are related due to their blood relation.

119



120 CORRELATION

3. Mutual Reaction: Itis not necesary that a series will affect the Gtheitwo series may affect
each other. Then it is not possible to differentiate between cause awudl eff

4. Useless or Nonsense or Spurious Correlation : It might sometinppehahat between two
variables a relationship may be observed when none of such relatienéiipin the universe.
Such a correlation is known as Spurious correlation. For example, ldt@nship between
the number of tourists and production of sugar in India.

This means, the presence of correlation between two variableslY does not necessarily imply
the existence of direct causation, though causation will always resuitialation.

Spurious correlation practically has no meaning and we may considehthabserved correla-
tion is due to chance.

Utility and Importance of Correlation Analysis. Correlation analysis is a very important
technique in statistics. It is useful in physical and social sciences aidgss and economics.
The correlation analysis is useful in the following cases :

1. To have more reliable forecasting.

2. To study economic activities.

3. To estimate the variable values on the basis of an other variable values.

4. To make analysis, drawing conclusions etc. in the research or staiistestigations.

In economics, we study the relationship between price and demand amdcgupply, income and
expenditure, etc. According to Neiswanger,
Correlation analysis contributes to the understanding of economic behaids in
locating the critically important variables on which others depend . mayl¢vehe
economist the connections by which disturbances spread and stmbéstthe paths
through which stabilizing force may become effective.

To a businessman correlation analysis helps to estimate costs , sales aodcether related vari-
ables.

Correlation analysis is the basis of the concept of regression and ratiiafion.

According to tippet,

The effects of the correlation is to reduce the range of uncertainty giredliction.

8.2 TYPES OF CORRELATION

On the basis of direction correlation.
1. Positive correlation and
2. Negative correlation.

When the increase (or decrease) in one variable results in a cordésgancrease (or decrease) in
the other (i.e., the two variables tend to move together in the same direttiergorrelation is said
to be positive or direct correlation. For example, demand and price.

When the increase (or decrease) in one variable results in a cordisgatecrease (or increase)
in the other (i.e., the two variable tend to move together in opposite directiba)correlation said
to be negative or indirect correlation. For example , supply and price.

On the basis of ratio of change .
1. Linear correlation
2. Non-linear correlation.

If the ratio of change between the two variables is uniform i.e., when tlmuatof movement in
one variable bears a constant ratio to the amount of change in the thieenrrelation is said to be
linear otherwise it is called non- linear or curvilinear.
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On the basis of the number of variables.
1. Simple correlation ,
2. Multiple correlation and
3. partial correlation.

The correlation between two variables is called simple correlation, wherutheer of variables is
more than two we study multiple correlation and partial correlation.

8.3 METHODS OF DETERMINING CORRELATION

There are various methods of determining correlation in two variable® We discuss only follow-
ing methods:

(1) Karl Pearson’s Coefficient of correlation

(2) Spearman’s rank Correlation method

(3) Method of Least Squares.

8.4 KARL PEARSON’S COEFFICIENT OF CORRELATION

Karl Pearson, a great biometrician and statistician suggested in 189athanmatical method for
measuring the magnitude of relationship between two variables. It gieamdist widely used for-
mula, called Pearson'’s coefficient of correlation and denoted Biis formula is also called product
moment correlation coefficient.

Karl Pearson’s Correlation Coefficient,

P Covariance betweeXandY
" (Standard Deviation ok)(Standard Deviation of)

Thatis
. Cov(X.,Y)
- Ox X Oy
where, o B
_Y(X=X)(Y-Y) Ty
Cov(x,y) = - = £
_ X =X)2 [y dg
Ox = N or N
_ sy =y 3dg
oy= \/ N or N

where,dy = X — X =deviation of series X from its meaty =Y — X =deviation of series Y from its
mean
Thus,

8.4.1 Main Characteristics of Karl Pearson’s Coefficient of Correlation

1. Itis an ideal measure of correlation and is independent of the unitsofl Y.
2. ltis independent of change of origin and scale.

3. Itis based on all the observations.
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4, It various between-1 and-+1 :

(a) r = —1, when there is a perfect negative correlation
(b) r =0, when there is no correlation
(c) r =41, when there is a perfect positive correlation.

5. It does not tell any thing about cause and effect relationship.
6. Itis some how difficult to calculate.
7. Itrequires some interpretation.

8.4.2 Assumptions of Karl Pearson’s Coefficient of Correlation

The Karl Pearson’s coefficient of correlation is based on the followinge assumptions :

1. In each of the series a large number of independent causes exaiong so as to produce
normal distribution.

2. The forces so operated has a relationship of cause and effect.

3. The relationship between two variables is linear.

8.4.3 Degree of Correlation

The relationship between two variables degrees as explained below :

1. Perfect Correlation : The correlation is said to be be perfect whéarge in one variable is
always followed by a corresponding proportional change in the othtiris change is in the
same direction it is said to be perfect positive correlation and if this chiarigehe opposite
direction it is said to be perfect negative correlation .

2. Absence of Correlation : When a change in one variable does eat afiother variable, then
we call it no correlation.

3. Limited Degrees of correlation : When the change in one variable isyalfedlowed by a
corresponding change in other variable but not in the same propdtiEmcorrelation is said
to be limited. Limited degrees of correlation are :

(a) High Degree of Correlation
(b) Moderate Degree of Correlation

When correlation is measured with help of Karl Pearson’s coefficiecowelationt, then we have
the results :

Correlation Positive Value af ~ Negative Value of
Perfect Correlation +1 -1

Very High Degree Correlation  betweehto .99 between-0.99 t0o—0.9
High Degree Correlation betweerb and.9 between-0.9 to —0.75
Moderate Degree Correlation  betwe@b and.75 between-0.75 and—0.25
Low Degree Correlation between 0 arab between-0.25 and 0

No Correlation 0 0

8.4.4 Methods of Calculation of Karl Pearson’s Coefficient of Correlation
8.4.4.1 Actual Mean Method for Computing Correlation Coefficient
L SX-X)(Y-Y)
VIX=X)25(Y-Y)?
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or

2 dxdy

/2% 6

r=

wheredy =X —X,dy =Y —Y

Steps:.
1. Find the means of the two series i.e., fiandY.

2. Take deviations of the two series frofrandY respectively i.e., calculat anddy.

. Square these deviations and get the totals , i.e fidglandy dZ.

3

4. Multiply the deviationsiyanddyand get the total i.e., fin§ dydy.

5. Calculatesyandoythe respective standard deviations of the two series.
6

. Substitute these value in the formula :
> dxdy
ydZyd?

r=

B EXAMPLE 8.1

Calculate Karl Pearson’s correlation coefficient from the following data

123

X 11 10 9 8 7 6 5
Y 20 18 12 8 10 5 4
Solution:
X d=X-X o2 Y d=Y-Y e dxdy
11 3 9 20 9 81 27
10 2 4 18 7 49 14
9 1 1 12 1 1 1
8 0 0 8 -3 9 0
7 -1 1 10 -1 1 1
6 -2 4 5 -6 36 12
5 -3 9 4 -7 49 21
3 X =56 0 yd2=28 SY=77 0 yd7=226 ydydy=76
— YX 56
X=4£20 -
N 7 8
— Y 77
Y=%4—=_—-=11
N 7
Karl Pearson’s Coefficient of Correlation,
. > dxdy _ 76 76 0.96

\/dezxzd§ V28x226 7955
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B EXAMPLE 8.2

Calculate coefficient of correlation between the marks obtained by 18rstuith Accountancy
and statistics:

Student 1 2 3 4 5 6 7 8 9 10
Accountancy 45 70 65 30 90 40 50 75 85 60
Statistics 35 90 70 40 95 40 60 80 80 50

Solution:

Student X dy=X-X & Y dy=Y-Y & dqdy

1 45 -16 256 35 -29 841 464
2 70 9 8L 90 26 676 234
3 65 4 16 70 6 36 24
4 30 -31 961 40 -24 576 744
5 90 29 841 95 31 961 899
6 40 21 441 40 -24 576 504
7 50 -11 121 60 4 16 44
8 75 14 196 80 16 256 224
9 85 24 576 80 16 256 384
10 60 -1 1 50 -14 196 14
N=10 610 0 3490 640 0 4390 3535
~ $X 610
X=£5 =15 =6l
~ Y 640
V=25 =7p =64
Scdy 3535

r= = =0.903
\/Z d2 x ng v/3490x 4390

B EXAMPLE 8.3

Compute Karl Pearson’s coefficient of correlation from the followiagadtaking deviations
from actual meanX = 66 andY = 65:

X 84 51 91 60 68 62 86 58 53 47
Y 78 36 98 25 ? 82 90 62 65 39

Solution:  Since one value ilY-series is not known, we use the relatipry = NY to obtain this
value. Let the unknown value t@g Then

ZY:NV
575+ a=10x 65
a=75

Computing Table for Correlation Coefficient,
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X h=X-66 d? Y d=Y-66 d7 dydy
84 18 324 78 13 169 234
51 -15 225 36 -29 841 435
91 25 625 98 33 1089 825
60 -6 36 25 -40 1600 240
68 2 4 a=75 10 100 20
62 -4 16 82 17 289  -68
86 20 400 90 25 625 500
58 -8 64 62 -3 9 24
53 -13 169 65 0 0 0
a7 -19 361 39 -26 676 494
660 . 2224 775+75=650 . 5398 2704

_ yady

VY dZ xd2
_ 20 o8
2224x 5398

B EXAMPLE 8.4

From the following table, determing, oyand the coefficient of correlation between X and Y
series :

X -series  Y-series

No. of Items 15 15
Arithmetic Mean 25 18
Sum of Squares of Deviation from Mean 136 138

Sum of products of deviations of andY-Series from mean =122.

Solution: Given:N =15,X =25, Y =18,y dZ = 136 y dZ = 138 ¥ dydy = 122

5 d2 136
- —/=2_301
%=V " V15
oy = —zdgj/l—ssfsm
Y™V 'n " V15 7

Karl Pearson’s Correlation Coefficient

o 20 122 ;g9
- /3dZyd2  VI36x138

O

8.4.4.2 Shortcut Method for Computing Correlation Coefficient When actual mean is
not a whole numbethen we use short-cut method in which deviations are taken from adsuean.

Steps:.
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1. Take the deviation of X-series from an assumed nfgasay and denote these deviations by
dvand get the tota§ dx.

2. Take the deviation of Y-series from an assumed n#gasay and denote these deviations by
dyand get the totay dy.

Squarety and get the totay d2.

Squarady and get the totay d?.

Multiply dyanddyand get the tota} dxdy.

Use the formula given below in any one of the forms

Ny dxdy — 5 dy.  dy
VINS @~ (5802INS 6 — (562

o0 s W

r=

whereN = Number of pairsAx= Assumed mean of-series Ay= Assumed mean of-series,y dx =

X — A= Sum of the deviations from assumed meaKigseriesy dy =Y — Ay=Sum of the deviations
from assumed mean M-series,y dxdy= Sum of the product of deviations from assumed means,
5 d2 =Sum of the squares of the deviations from assumed meatseries,y df =Sum of the
squares of the deviations from assumed meafi$eries ox = Standard deviation of-series oy =
Standard deviation of -series.

B EXAMPLE 8.5

Find the coefficient of correlation between the values of X and Y givéowbe

X 78 89 97 69 54 79 60 65
Y 125 137 156 112 107 136 120 110

Solution:

X  dy=X-70 a2 Y dy=Y-120 dg ddy
78 8 49 125 5 25 40
89 19 361 137 17 289 323
97 27 729 156 36 1296 972
69 -1 1 112 -8 64 8
54 -16 256 107 -13 169 208
79 9 81 136 16 256 144
60 -10 100 120 0 0 0
65 -5 25 110 -10 100 50

- yok=31 dZ2=1602 - sdy=43 ydZ2=2199 Ydydy =1745

N dxdy— 5 dx. 3 dy
VAN g — (3 a2}/ {NT dF — (3 dy)?}
B 8x 1745-31x 43
/{8 x 1602 (31)2}/{8 x 2199 (43)2}
B 13960 1333
~ /{12816- 961} /{17592 1849
=0.924

r =
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8.4.4.3 Step Deviation Method for Computing Correlation Coefficient Letthe two vari-
ables beX andY . Let X Y_b
— a —
U=—andV=——
ho " k
Then the correlation coefficient betweegnandV and correlation coefficient betweehandY are
equal . Thatis

Ixy = luv
This implies correlation coefficient is independent of the change of caigihscale.
However if,
U= X;aandV:Y—_b;h>O,k>0
Then
Ixy = —Tuv

The procedure is same as explained in shortcut method. If, weliaké) anddy =V, the formula
is again

N3 dydy — 3 dx. 3 dy
VINZ G — (52N 3 — (5 dy)?)

where symbols have their usual meaning.

r=

B EXAMPLE 8.6

Total sales turnover and net profit of seven medium sized compamiggvan below. Calcu-
late the Karl Pearson’s correlation coefficient:

Sales turnoverinton 100 200 300 400 500 600 700
Net Profit (OO0 Rs.) 30 50 60 80 100 110 130

. X —400 Y -80
Solution: Letdy=U = 00 anddy =V = 0 Thenryy = ryy
X oy d2 Y d, d2 ddy
100 -3 9 30 -5 25 15
200 -2 4 50 -3 9 6
300 -1 1 60 -2 4 2
400 0 0 80 0 0 0
500 1 1 100 2 4 2
600 2 4 110 3 9 6
700 3 9 130 5 25 15
Total ydk=0 yd2=28 _ ydy=0 3d2=76 3dxdy=46
Here,N =7

N3 dydy — 3 dx. 3 dy
VINS & — (302 N5 6~ (5 )7
B 7% 46-0
- /{7x28=0}/7x76-0

r=

~ 0.997

O

8.4.4.4 Direct Method: Computation of Coefficient of Correlation By Square of Values
Use this method if assumed mean is zero.
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Steps:.
1. Calculate total for each series i.e., fifickandy Y.
2. Find the square of all values Xtseries and gex X2
3. Find the square of all values Yseries and gezYz.
4. Find the product oX andY and gety XY.
5. Substitute the values in the formula and simplify.
Formula

e Ny XY—(ZX)(Y)
VNI X2 —(3X)2x/N3Y2—(3Y)?

B EXAMPLE 8.7

Find the coefficient of correlation between X and Y variables for the da&ndelow:

X 17 18 19 19 20 20 21 21 22 23
Y 12 16 14 11 15 19 22 16 15 20

Solution:

X X2 Y Y2 XY

17 289 12 144 204
18 324 16 256 288
19 361 14 196 266
19 361 11 121 209
20 400 15 225 300
20 400 19 361 380
21 441 22 484 462
21 441 16 256 336
22 484 15 225 330
23 529 20 400 460

200 4030 160 2668 3235

r— N XY—(3X)(3Y)
VNI XZ—(5X)2x /N3Y2—(3Y)2
B 10x 3235 200x 160
~ \/10x 4030 (200)2 x /10 x 2668— (160)2
=0.615

B EXAMPLE 8.8
Calculate the number of items for whick= 4+-0.8,  xy= 200, standard deviation of=5 and
zxz = 100wherex andy denote deviation of items from actual mean (whgre=0= 3 y).

Solution:
pRS%

VIXeX3y?
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~og—_ 290
T /100x 3 y2
=0.64x 100y y* = 40000
40000

o= /2
SOy =05
625 .
.'.5:1/—N Givenoy =5

=N=25

B EXAMPLE 8.9

If covariance betweer andy variables is 9.6 and the variance>oéndy are respectively 16
and 9, find the coefficient of correlation.

Solution: Given,
Coux,y) = %/ =96

Variance ofx,
02=16 = ox=4
Variance ofy
o5=9 = 0y=3
. Cov(x,y) _ 9.6 08

Gxay 4x3

B EXAMPLE 8.10

A student while computing the correlation coefficient between two variabksdY obtained
the following results:

N:257ZX:1252X2:65QZY:10QZY2:46QZXY:508

It was, however, discovered later that he had copied down to paitsaswations as (6, 14),(8,
6), while the correct values were (8, 12), (6, 8). Correct this exnakfind the Karl Pearson’s
correlation coefficient.

Solution: Subtract wrong figures from each total and add correct figure toayetct totals.

Correcty X =125—(6+8)+ (8+6) =125
Correcty X? = 650— (6 +-8%) + (8% +6°) = 650

CorrethY =100— (14+6) + (12+8) = 100

Correcty Y2 = 460 (147 +67) + (12° + +8%) = 436
Correcty XY =508— (6 x 14+ 8 x 6) + (8 x 12+ 6 x 8) = 520

Hence coerreatis given by
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Problems

8.1 Calculate Karl Pearson’s correlation coefficieritom the following data:

X 40 44 42 43 44 45

3) Y 56 54 60 64 62 58

X 20 25 30 35 40 45 50 55 60

b) Y 16 20 23 25 33 38 46 50 55

8.2 The sale and expenditure of 10 companies is given below, computeeffeeciemt of correla-
tion:

Company 1 2 3 4 5 6 7 8 9 10
Sales ("'00000) 50 50 55 60 65 60 65 60 60 50
Expenditure (000) 11 13 14 16 16 15 15 14 13 13

8.3 Calculate Karl Pearson’s coefficient of correlation between the dgassbands and wives

Husband'sAge 23 27 28 29 30 31 33 35 36 39
Wife's Age 18 22 23 24 25 25 28 29 30 32

8.4 A study is made relating aptitude scores (X) to productivity index (Y) in &ofycafter six
months training of personnel. The following are the figures regardvensandomly selected work-
ers:

X 10 20 30 40 50 60 70_. . -
Yy 3 5 6 8 10 11 13 Find correlation coefficient betweefhandy.

8.5 Calculate Karl Pearson’s coefficient of correlation between adveréiseexpenditure (X) and
profit (Y) for 9 months:

X 300 350 400 450 500 550 600 650 700
Y 800 900 1000 1100 1200 1300 1400 1500 1600

8.6 Calculate the product moment coefficient of correlation betweamdY from the following
data:

X 7 6 5 4 3 2 1
Y 18 10 14 12 10 6 8

What will be the coefficient of correlation betwednandV if U = 3X +2 andV = 25—-2Y ?
8.7 The age X) and blood pressurer§ of nine women are given below. Find out correlation
coefficient betweelX andY:

X 57 59 62 63 64 65 65 58 57
Y 113 117 126 126 130 129 111 116 112

8.8 The deviations from their means of two serdésandY are respectively as given below.Find
out the correlation coefficient:

X 4 -3 -2 -1 0 1 2 3 4

Yy 3 3 4 0 4 1 2 -2 -1

8.9 Calculate Karl Pearson’s coefficient of correlation from the followirgag using 20 as the
working mean (assumed mean ) for price and 70 as the working (aslsuman ) for demand:
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Price 14 16 17 18 19 20 21 22 23
Demand 84 78 70 75 66 67 62 58 60

8.10 Calculate Karl Pearson’s coefficient of correlation between marksred by 12 students in
two tests:

Student 1 2 3 4 5 6 7 8 9 10 11 12

Test | 50 54 56 59 60 62 61 65 67 71 71 74
Test Il 22 25 34 28 26 30 32 30 28 34 36 40

8.11 Calculate correlation coefficient between age and death-rate fromthegidan below:

Age Group 0-20 20-40 40-60 60-80 80-100
Death-rate 350 280 540 760 900

8.12 Calculate Karl Pearson’s correlation coefficient between age andtijtér@m the data given
below:

Age  Total Population ("000) Literacy Population ('000)

10-20 120 100
20-30 100 75
30-40 80 60
40-50 60 40
50-60 40 25
60-70 15 10
70-80 8 4

8.13 Calculate correlation coefficient between age and success in examination

Age Candidates Approved Successful Candidates

13-14 200 124
14-15 300 180
15-16 100 65
16-17 50 34
17-18 150 99
18-19 400 252
19-20 250 145
20-21 150 81
21-22 25 12
22-23 75 33

8.14 Find Karl Pearson’s correlation coefficient between age and playabgshof the students
from the following data:

Age (inyears) No. of Students  Regular players

15 250 200
16 200 150
17 150 90
18 120 48
19 100 30

20 80 12
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8.15 Calculate the percentage of illiterate population from the following data andofihdhe
correlation between age and illiteracy:

Age Group  Total Population ('000) llliterate Population ("00)

10-20 120 100
20-30 100 75
30-40 80 60
40-50 50 30
50-60 25 20
60-70 15 10
70-80 5 5

8.16 Calculate coefficient of correlation between density of population anthdage from the
following data:

Region Area (sq.km) Population Deaths

1 200 40000 480
2 150 75000 1200
3 120 72000 1080
4 80 20000 280

8.17 The following table gives the distribution of students and also regular among them
according to age groups. Is there any correlation between age ariigptepit?

Age 15-16 16-17 17-18 18-19 19-20 20-21

No. of students 200 270 340 360 400 300
Regular Players 150 162 170 180 180 120

8.18 From the following data calculate the coefficient of correlation by Kark&@ds method:

X 6 2 10 ? 8
Yy 9 11 ? 8 7

Arithmetic mean oiX andY-series are 6 and 8 respectively.

8.19 Calculate Karl Pearson’s correlation coefficient from the following dgtéaking deviations
from actual mean 8{-series) and 11Y(-series):

X 1 10 9 ? 7 6 5
Y 20 18 ? 8 10 5 4

8.20 A few items are missing the following two series. Calculate Karl Pearsaefficient of
correlation. The additional information given is sum of the products ofltheations from the their
respective meansy, xy = 384 , standard deviation & = 2 and standard deviation 8f= 3:

A 15 18 - 22 - - 16 25
B 22 25 20 - 14 12 - -

8.21 Afew items are missing in the following two series but the additional informagioan is
S Xy= —16,0x = 2.3,0y = 2.7, wherex = deviations from the andy = deviations froni.

X 48 50 - 49 51 - 53 49
Y 36 - 3 38 - - 55 30
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8.22 Inasetof 50 paired observations on two variablasdy , the following data were obtained:
x=10,0x = 3,y = 6,0y = 2,rxy = 0.3.But on subsequent verification, it was found that one pairs
of values|x(= 10),y(= 6)] was inaccurate and hence rejected . With the remaining 49 pairs of
observations,how the value g§ is affected?

8.5 INTERPRETATION OF CORRELATION COEFFICIENT

The interpretation of correlation coefficient depends on its degreeignificance. The correlation
coefficient lies between-1 and+1. For details go through the heading Degrees of correlation.
The value of correlation coefficient is significant or not is judged with thie lof probable error or
standard error.

8.5.1 Computation of Correlation Coefficient in a Bivariate Frequency
Distribution

In a bivariate frequency table (or a correlation table) one variable is wiitteolumn and the other is
written in row. With no loss of generality we assume that the distributioX isfgive in column and
the distribution ofY is given in row. The following procedure is applied while calculating cotiafa
coefficient when various groups are used.

Steps:.

1. Make three columns in L.H.S, three column in R.H.S , three rows in tharid three rows in
the bottom of the given correlation table (excluding the column or row fasels).

2. Find the mid-value¥, deviations from assumed or step-deviatidpgas the case may be and
put them in the first three columns respectively.

3. Find the mid-values oY, deviations from assumed mean or step-deviatiynas the case
may be and put them in first three rows respectively.

. Multiply dyby respectively frequency and ggtf dy.
. Multiply fdyby respectivalkand gety fd2.

. Multiply dyby respective frequency and ggt dy.

. Multiply fdyby respectivasy, and gety fd)?.

0 N o o b

. Multiply respectivedkanddyfor each cell frequency and write the figures in the left hand upper
corner of each cell.

9. To find fdydy,multiply each cell frequency by correspondidgl,and write these products in
the right hand lower corner of each cell and Feftdxdy.

10. Finally use the following formula:
Ny fdxdy— 5 fdy x5 fdy
VINT 2 — (3 f)2)INs g — (3 fy)?]

r=

B EXAMPLE 8.11

Calculate the coefficient of correlation between ages of husbandsgasdod wives in the
following bivariate frequency distribution. Find also its probable errat e@mment on the
result:



134

CORRELATION

Ages of husbhands

Ages of Wives

10-20 20-30 30-40 40-50 50-60
15-25 3 , , ,
25-35 16 10 , ,
35-45 10 15 7 ,
45-55 - 7 10
55-65 - , 4 5
Solution:
Ages of Ages of Wives (X)
husbands 10-20  20-30 30-40 40-50 50-6p
) dyldk | -2 -1 0 1 2 f fdy fdZ fokdy
15-25 2 | 6(24)  3(6) , , , 9 -18 36 30
25-35 -1 | 3(6) 16(16) 10(0) - , 29 29 29 22
35-45 0 - 10(0) 15(0)  7(0) , 32 0 0 0
45-55 1 - , 7(0) 10(10) 48) | 21 21 21 18
55-65 2 - , , 4(8)  5(20) 9 18 36 28
f 9 29 32 21 9 | N=100
fdy -18 -29 0 21 18
fd2 36 29 0 21 36
fokdy | 30 22 0 18 28
x-=35 . y—-40
&="15 %= 10

[Table Interpretation: We first obtain mid values of classeX asdY for both variables. Then,
we computedy anddy. The values given in brackets show the produathof dy and f representing
that cell, i.e.,fdxdy. For example for first celty = —2 anddy = —2, thereforedydyy = 4 and
frequency of that cell is 6 thereforikdy = 24, which is written in bracket there. Finally, look the
last column for the first row; therédydy is sum of allfdydy in that row. similarly in other row and
columns.]

Here,y fdx=—8, 5 fdy = -8,y fdZ =122 y fdJ = 122, andy fdydy = 98. Hence

VNS fd2— (3 TN s fdZ — (3 fy)?]

100x 98— (—8) x (—8)
\/[100x 122— (—8)2][100x 122— (—8)?]

r=

=0.802
High degree positive correlation.
Probable Error,
_r2 _ 2 _
P.E. = 06745x 1or = 0.6745x% 1-(0.809 = 06745+ (1-0.64 = 0.06745x 0.36 = 0.024
VN /100 10

-.6(PE.) =6x 0.024=0.144
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O

8.23 Calculate coefficient of correlation from the following data:

Xy— -3
-3 _
-2 _
-1 _
0 _
1 _
2 6
3 8

- - - - - 10
- _ 16 6 8
- - 10 14 8

4 10 18 ©6

6 12 _ _ _

8.24 The following figures are obtained in connection with the income and savings of 100

school principals in a city:

Income (in Rs.)

50 120 150 200 Total

400
600
800
1000
1200

8 4 - - 12

- 12 24 6 42
- 9 7 2 18
- - 10 5 15
- - 9 4 13

Total

8 25 50 17 100

Find correlation between income and saving.

8.25 Calculate Karl Pearson’s correlation coefficient from the following table

x\y 18 19 20 21 22 Total

0-5 6 1 - - 7
510 . 12 3 _ 5 20
10-15 _ 3 - - 2 5
15-20 _ - - 4 2 6
20-25 _ 2 2 3 11
Totalk 6 20 5 6 12 49

8.26 Determine Karl Pearson’s correlation coefficient from the followingbate frequency dis-

tribution:
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x\y 20-25 25-30 30-35 35-40 40-45

25-30 3 - - - -
30-35 - 2 2 - -
35-40 - 5 3 3 -
40-45 - - 3 4 -
45-50 - - 1 -

8.6 RANK CORRELATION

When the variables under consideration are not capable of quantitati@surement but can be
arranged in serial order (ranks), we find correlation between tHes raintwo series. This happens
when we deal with qualitative characteristics such as honesty, beautyT e method is called
Spearman’s Rank Difference MethodRanking Method and the correlation coefficient so obtained
is called Rank Correlation Coefficient and is denoted yThis method was developed by Charles
Edward Spearman, a British Psychologist in 1904.

Spearman’s rank correlation coefficient is also used when the nesasnots are given for both
the series.

However, Spearman’s rank correlation coefficienis nothing but Karl Pearson’s correlation
coefficient between the ranks , it can be interpreted in the same way léarifeearson’s correlation
coefficient.

Case 1. When ranks are different in the two series , then

65 D?

1222
fs N(N2—1)

(8.1
where,rs =coefficient of rank correlation

> D2= Sum of squares of the differences in ranks= Ry — Ry, Rx, Rydenotes rank ix andy
data.)

N = Number of Pairs

Case 2:

When there is a tie i.e., if any two or more individuals have equal ranksttteeformula (1) for
calculating rank correlation coefficient breaks down we use the follofanmgula:

B[y D2+ (P —m) +......]
a N(N2—1)

Wherem is the number of times an item is repeated. The correction fq%t(m? —m) is to be
added for each repeated value in both the series.

r=

(8.2)

8.6.1 Computation of Rank correlation Coefficient

Steps (when ranks are given).
1. ComputeD = R — Ry, the difference of ranks in the two series.
2. ComputeD?and gety D?.
3. Use the formula (8.1) or (8.2) as the case may be .

Steps (when ranks are not given).
1. Convert the given values into ranks separately for both series;

(&) The highest observation is given the rank 1. The next highestwdi®on is given rank
2 and so on. (However the rank 1 may be given to smallest obsenettign,



(b) In case of a tie, we may use ‘bracket rank method’ or ‘averagk method’. In bracket
rank method , we give equal ranks to the like items but the next item is ¢fierank
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as it would be in case of no ties. For example ,

Consider the series 205,22 21,22. Here 25 is given rank 1, both 22 are given rank 2

and 2, 21 is given rank 4 (Note: Now rank 3 is not there.), 20 is giaek b.

In average rank method, common rank to be assigned to each item istagawf the

ranks which these observations would have assumed if they wereediffer

Consider the series 285,30,24,25,27,35. Here 35 is given rank 1, 30 is given rank
2, 27 is given rank 3, 25 is given rarﬂl@6 i.e., 5 for each, 24 is given rank 7 (Note:

Now rank 4 and 6 are not there.).

2. ComputeD, the difference of ranks.
3. ComputeD?and gety D?.

4. Use the formula (8.1) or (8.2) as the case may be .

B EXAMPLE 8.12

Ten competitors in a beauty contest are ranked by three judges in theifglovder:

First Judge 1 6 5
SecondJudge 3 5 8
Third Judge 6 4 9

10
4
8

3 2 4 9
7 10 2 1
1 2 3 10

7 8
6 9
5 7

Use the rank correlation coefficient to discuss which pair of judges th@veearest approach

to common tastes in beauty ?

Solution: Here we calculate three rank correlation coefficient:

ri2 between the ranks of judges | and Il

ro3 between the ranks of judges Il and llI
r13 between the ranks of judges | and Ill.

Judge! Judgell Judgelll D D%, Dy D3; Diz D3
Ry ) Rs Ri—R R —Rs Ri—Rs
1 3 6 -2 4 -3 9 -5 25
6 5 4 1 1 1 1 2 4
5 8 9 -3 9 -1 1 -4 16
10 4 8 6 36 -4 16 2 4
3 7 1 -4 16 6 36 2 4
2 10 2 -8 64 8 64 0 0
4 2 3 2 4 -1 1 1 1
9 1 10 8 64 -9 81 -1 1
7 6 5 1 1 1 1 2 4
8 9 7 -1 1 2 4 1 1
Total , , 0 200 0 214 0 60
Formula: 5
63y D%, 6 x 200
=1- __£712__q_ =1-1212=-0212
12 N(NZ—1) 10 99
63y D3, 6x 214
1 728 g =1-1.297=—-0.297
23 N(NZ—1) 1099
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6y D2, 6 x 60
=1-_—==_=1- =1-0.364=+0.636
3=1"NN2=1) 10x 99 +
The Judges | and IIl have nearest approach to common tastes ity bé@ere as the Judges Il and
Il disagree the most. O

B EXAMPLE 8.13

Find out the coefficient of correlation betweX¥randY by the method of rank differences:

X 20 22 24 25 30 32 28 21 26 35
Y 16 15 20 21 19 18 22 24 23 25

Solution:
X R Y R D=R—Ry D?
20 10 16 9 +1 1
22 8 15 10 -2 4
24 7 20 6 +1 1
25 6 21 5 +1 1
30 3 19 7 -4 16
32 2 18 8 -6 36
28 4 22 4 0 0
21 9 24 2 +7 49
26 5 23 3 +2 4
35 1 25 1 0 0
N=10 N=10 yD? =112
65 D? 6x 112 672
rs = l* Ty AL — 17 = l—
N(N2—1) 10(10%-) 10(100—-1)
. 672 . 672 990-672 318_032
s 10x99 990 990 990
Positive Correlation of low degree. O

B EXAMPLE 8.14

Find out the coefficient of correlation between X and Y by the methodrdé differences:

X 22 24 27 35 21 20 27 25 27 33
Y 30 28 40 50 38 25 38 36 41 32

Solution:
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X-Series RanlRy; Y-Series Ranlr, Difference of RankD) D2
22 8 30 9 -1 1
24 6 38 5 +1 1
27 3 40 3 0 0
35 1 50 1 0 0
21 9 38 5 +4 16
20 10 25 10 0 0
27 3 38 5 -2 4
25 5 36 7 -2 4
27 3 41 2 +1 1
23 7 32 8 -1 1
N =10 N=10 ZD2:28
Formula:
6D+ (mE—m) + (g mp)
S N(N2—1)
. 68+ (33 -3)+ £(32-3)]
N 10(102 - 1)
. 628+ £5(27-3) + £5(27-3)]
n 10(100—-1)
6(28+2+2)
=1-———=+4081
10099 108
B EXAMPLE 8.15
Find out the value ofs:
X 15 14 25 14 14 20 22
Y 25 12 18 25 40 10 7
Solution:
X R Y R D=R-Ry D?
15 4 25 25 15 2.25
14 6 12 5 1 1
25 1 18 4 -3 9
14 6 25 25 35 12.25
14 6 40 1 5 25
20 3 10 6 -3 9
22 2 7 7 -5 25
N=7 y D? = 8350

139
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Formula:

_ B[3 D2+ F(md —my) + F(mE —mp)]
N(NZ—1)
6835+ 15(3%—3) + (25 - 2)]
- 7(72-1)
6(835+2+.5) 6x86

=1- 7(49-1) =1 7(48) ~ —054

B EXAMPLE 8.16

The coefficient of rank correlation of the marks obtained by 10 studedsathematics and
Statics was found to be 0.91. It was later discovered that the diffeianeaks in the two
subjects obtained by one of the students was wrongly taken as 0 insteaBiofl3he correct
coefficient of rank correlation.

Solution:
65 D?
=1 N1
63y D?
9l=1--— £~
=09 10102 1)
6y D?
=091=1- =50
= 0.91x 990=990-6 D2
#ZW:B

Correcty D? = 15+ (3)2 - 0% = 24

. _ 4 144 _ 846 _

.Correctrs =1— 555 = ggg = -85
B EXAMPLE 8.17

From the following data calculate Spearman’s Rank coefficient of letioe:

Serial Number 1 2 3 4 5 6 7 8 9 10
Rank Difference -2 -4 -1 +3 +2 0 ? +43 +2 -2

Solution: Let the unknown rank ba. Since the sum of the difference is zero igD = O,we have
—2-4-1+34+2+0+a+3+3-2=0

—-9+11+a=0

sa=-2
Hence
ZDZ:4+16+1+9+4+0+4+9+9+4=60
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and 5
65D 6 x 60
=1- =1- =1-0.36=0.64
rs=1 N(NZ—1) 10% 99 0.36=0.6

8.6.2 Characteristics of Spearman’s Correlation Method

1. Spearman’s formula is simple to calculate and easy to understand.

n

It is the only formula to be used for finding correlation coefficient if ave dealing with
qualitative data.

It can also be used in case of extreme values where observatinsegular.
It is not practicable in case of bivariate frequency distribution.
When number of observations is more than 30,then this formula isiitabke.

o 0 k> w

In Spearman’s formuley d = 0 always,y d? =even (in case of untied ranksJ1 < rs < +1,

ini 2 _ N°-N
minimum value ofy d* = =5+

Problems

8.27 Following are the ranks obtained by 10 students in two , Statistics and Matheratiehat
extent the knowledge of the students in the two subjects in the subjects is related

7 8 9 10

Rank in Statistics 1 5 6
3 9 7 10 6 8

2 3 4
Rank in Mathematics 2 4 1 5

8.28 Ten girl students were ranked according to their performance in a testby two Judges as
given below:

Girls 1 2 3 4 5 6 7 8 9 10
Judgel 4 8 6 7 1 3 2 5 10 9
Judgell 3 9 6 5 1 2 4 7 1 10

Are the likings of two Judges with regard to the voice similar ?

8.29 The ranks of the same 15 students in two subjects A nd B are given beleviwydmumbers
within the brackets denoting the ranks of the same student in A and B teshec

(1,10),(2,7),(3,2),(4,6),(5,4),(6,8),(7,3),(8,1),(9,11),(10,15),(11,9),(12,5), (13,14), (14,12),(15,13)
Use Spearman’s formula to find the rank correlation coefficient.

8.30 Calculate Spearman’s rank correlation coefficient between rétisf(the profit earned (X)
and the ranksR;)of working capital (Y) for eight industries:

w ~
O
N Ol
o b
g w

N
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8.31 Calculate the coefficient of correlation from the following data by Speaisirank differ-
ences method:

Price of Tea (Rs.) 75 88 95 70 60 80 81 50
Price of Coffee (Rs.) 120 130 150 115 110 140 142 100

8.32 Calculate rank correlation coefficient from the following data:

X 20 25 30 35 40 45 50 55 60 65 70
Y 17 24 28 32 35 30 29 51 56 60 62

8.33 Calculate Spearman’s rank correlation coefficient between advedrgarost and sales from
the following data:

Cost(0O0O0ORs.) 48 33 40 9 16 16 65 24 16 57
Sales(lakhRs.) 13 13 24 6 15 4 20 9 6 19

8.34 From the following data , find the coefficient of correlation by the methadk differences:

X 52 63 45 36 72 65 45 25
Y 62 53 51 25 79 43 60 32

8.35 Calculate correlation coefficient from the following data by rank diffeeemethod:

Students A B C D E F G H | J
Marksin English 22 27 28 15 32 14 7 9 5 6
Maths 32 39 40 20 21 33 16 35 48 10

8.36 Calculate correlation coefficient from the following data by Spearmaaisitig Method ;

X 80 78 75 75 68 67 60 59
Y 110 111 114 114 114 116 115 117

8.37 Calculate correlation coefficient by the method of rank differences fhe data given below:

X 115 109 112 87 98 98 120 100 98 118
Y 75 73 86 70 76 65 82 73 68 80

8.38 Use the method of rank correlation to determine the relationship betwetsrd?ree prices
(X) and Debenture pricéf] from the data given below:

X 732 858 789 758 772 872 838
Y 978 992 988 983 984 096.7 971




CHAPTER 9

REGRESSION

9.1 REGRESSION ANALYSIS

The Dictionary meaning of regression is ‘Stepping back’. The termes=gon was first used by a
British Biometrician Sir Francis Galton (1822-1911) in the latter past (18fhe nineteenth century
in connection with the height of parents and their offsprings. He fountthiesoffsprings of tall or
short parents tend to regress to the average height. In other wordsegttage height of tall fathers is
greater than the average height of their offsprings and the averéag# béshort fathers is less than
the average height of their offsprings. Galton saw in this a tendency dfuiman race to regress
or return a normal height. He referred to this tendency to return to thragedeight of all parents
as regression in his research paper “Regression toward mediocrigyeditary stature”. But now-
a-days the term ‘regression’ stands for some sort of relationshipgeba two or more variables.
The variable which is used to predict the variable of interest is called th@émdent variable or
explanatory variable and the variable which is predicted or estimated is tdadieldpendent variable
or explained variable.

regression analysis refers to techniques for modeling and analyziegabgariables, when the
focus is on the relationship between a dependent variable and one erimdependent variables.
More specifically, regression analysis helps us understand how thealtypice of the dependent
variable changes when any one of the independent variables is vathde the other independent
variables are held fixed.

9.1.1 Utility of Regression
In brief, the utility of regression or regression analysis can be undet#tahe following heads:

143
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1. Estimation of Values: When there is a cause and effect relationshigéetiwo variables.
The one can be estimated with the help of the other.

2. Determination of the rate of change in the dependent variable for @henitge in the inde-
pendent variable.

3. Measurement of the errors involved

4. Measurement of degree and direction of correlation: We can mestigidegree and direction
of correlation with the help of regression analysis.

9.1.2 Difference Between Correlation and Regression
The points of difference between correlation and regression ardl@asso

1. While correlation analysis tests the closeness with which two (or mor&jpiena covary,
regression analysis measures the nature and extent of the relatioentthlgng us to make
predictions.

2. Correlation analysis has limited applications as it is confined only to the sfud{ationship
between variables; but the regression analysis has much wider applibatbause it also
predicts.

3. In the cause-effect relationship, correlation analysis does nsidmrthe concept of depen-
dent and independent variables. On the contrary, in regressionsanalye variable is as-
sumed as dependent which the others an independent.

4. In correlation analysis, the correlation coefficient is a measuregrédeof co-variability be-
tween two variables while the regression analysis deals with a functionaébredaip between
two variables.

Conclusion. A good way of distinguishing between correlation and regression is tddmrthe

correlation phase of study of variable to determine the strength of thetroredhip and to view
regression as that phase which deals with prediction of one variable drasie of its correlation
with other. Naturally correlation should precede regression for if théioakhip is not sufficiently
strong, there would appear to be no sound basis for prediction.

9.1.3 Kinds of Regression Analysis

The regression analysis may be classified as:
(i) Linear and Curvilinear Regression,
(i) Simple and Multiple Regression.

Linear Regression . If the relationship can be represented by a straight line, then it is known as
linear regression. In this case the values of the dependent varialiigezhat a constant rate for a
unit change in the values of the independent variable.

Non-liner Regression . When the relationship between variables can be represented by a curve
other than straight line, then it is called Non-linear regression.

Simple Regression . If the study is based only on two variables, it is called simple regression.

Multiple Regression . If the study is based on more than two variables, it is called multiple
regression.
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9.1.4 Regression Lines

The lines of best fit expressing mutual average relationship betweenawables are known as
regression lines. For two variables, there are two regression linesuslainsider two variables
andY. If we have no reason or justification to assume as dependent vanabigteer as independent
variable either of the two may be taken as independent.

1. If we wish to estimat&’ for given values ofX, we takeX as independent variable aldas
dependent variable. In this case the straight line is called as the regréssiofY on X.

2. If we wish to estimate for given values ofY, we takeY as independent variable aXdas
dependent variable. In this case the straight line is called as the regréssiof X onY.

The concept of lines of best fit is based on the principle of least ssjubra scatter diagram we take
X onx-axis. When the deviations from the points to the line of best fit are medhbkorezontally i.e.,
parallel tox-axis and the sum of squares of these deviations is minimized, we getgtiess®sn line
of X onY. When the deviations from the points to the line of best fit are measurédaligri.e.,
parallel toy-axis and the sum of squares of these deviations is minimized, we getgtiessi®n line
of Y onX. Thus, in general, we have always two lines of regression in case plesiggression (i.e.,
for variables). The two regression lines cut each other at the paiit.

9.1.4.1 Regression Lines and Correlation

1. Ifthereis either perfect positive of perfect negative correlatetwben the two variables (i.e.,
r = 1), the two regression lines coincide and there will be only one line of segre.

2. If the two regression lines cut each other at right angle, the®.

3. The nearer the two regression lines (i.e., the smaller the acute ahgkebehe two regression
lines) the greater is the degree of correlation. The various situatione@s $n the figure 1.

9.1.4.2 Construction of Regression Lines There are two methods of drawing regression
lines: (i) the two regression lines can be drawn by free hand method,ittiife help of regression
equations.

Regression Coefficients. Letr be the correlation Coefficient between X anddy,be standard
deviation of X andoy be standard deviation of Y. Then
(@ r% is called the regression coefficient of X on Y and is denotetyy

(b) r% is called the regression coefficient of Y on X and is denotetyy
Thus

_ .G _ Y%
bxy = rg: andbyy = s

=>1/byx><bxy:1/r%.r%;:ir

The sign ofbyx and by, are same. When both are positive, theis positive, when both are
negative them is negative.

Regression of Y on X. The line of regression of on X is
(Y =Y) =byx(X = X)

whereX, Y represents the mean ¥fandY respectivelyby x is regression coefficient &f on X and
is given as
(%%

byx=r—

Ox
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To computeby x, we use following formula:

by NEXY=5X5Y
T NEXZ - (3X)2

or
bY :NZXy_ZXZy
*TNDE—(3%)2

wherex =X —Aandy =Y — B, AandB are assumed mean. or

_ Nyxy—3x3y k
byx = Ny X2 —(3x)2 “h

wherex = X2 andy = Y12, AandB are assumed mean.
Regression of X on' Y. The line of regression of onY is
(X=X) =bxy(Y-Y)

whereX, Y represents the mean ¥fandY respectivelybyy is regression coefficient of onY and
is given as

1)
bxy = r?:
To computeby x, we use following formula:
by = NS XY-5SXSY
N3YZ—(3Y)2
or
_NYXy=3x3y

XY =
Ny Y2 —(3y)?
wherex= X —Aandy =Y — B, AandB are assumed mean. or

_Nyxy—3x3y h

byx = Nyx2—(3x2 K

wherex = XA andy = Y, AandB are assumed mean.

B EXAMPLE 9.1

Find the most likely price at Delhi corresponding to the price of Rs. 70g@aArom the
following data:

Agra Delhi

Average Price (Rs.) 65 67
Standard Deviation 2.5 35

Coefficient of correlation between the prices of the two places +0.8.

Solution:
Let x = price at Agray = price at Delhi
Givenx = 65,y=67,0x=2.5,0y=3.5,r=+0.8
The regression equation pbn x

Substituting the known values,
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35
y—67=0.8x% 75(70— 65) =5.6
..y=56+67=726
.. The most likely price at Delhi is 72.6 when the price at Agra is 70.

B EXAMPLE 9.2

An investigation into the demand of Television Sets in 7 Towns has resulted folkbing
data:
Population (inthousand) x: 11 14 14 17 17 21 25
No. of T.V. Setsdemanded y: 15 27 27 30 34 38 46
Calculate regression equation of y on x, and estimate the demand f@&td/for a town
with a population of 30 thousand.

Solution:
PopulationX — x= (X —17) X2 T.V. SetsY y=(Y-31) y2 Xy
11 -6 36 15 -16 256 +96
14 -3 9 27 -4 16 +12
14 -3 9 27 -4 16 +12
17 0 0 30 -1 1 0
17 0 0 34 +3 9 0
21 +4 16 38 +7 49 28
25 +8 64 46 +15 225 120
IX =119 yXx=0 X2 =134 3Y =217 sy=0 T2 =572 Sxy=268
— IX 119 - Y 217
Now prepare table. Then
_NIXy—5x5y
X N3 R (3002
 7x3957—119x217
N 7x—(1192

Therefore, the Regression equatiorYadn X:
Y —Y = byx(X —X)
Substituting the known values,
Y-31=2(X-17) = Y=2X-3

To obtain the average demand of T.V. Sets when the population is 30 tithwga substitute 30 in
place ofX in the regression equation ¥fon X, then we have:

y=(2x30)—3=57
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9.1.5 Regression Equations using Method of Least Squares
Let the regression equationwbny bex = c+ dy, then normal equations are
>X=nc+dxy

TXy = CTy+ dZy?

Find the value ofy, ¥x, *xyandZy?; substitute these values in normal equations and solve them for
c andd. Let the regression equationpbnx bey = a+ bx, then the normal equations are

>y = na+ bxx

TXy = aZx+ bEx?

Find the values oEx, Xy, >xyand =xZ; substitute these values in normal equations and solve them.
Remark: For simplicity one may take deviations from assumed mean followed byssaceadjust-
ments.

B EXAMPLE 9.3

From the following data, obtain the two regression equations:

X 6 2 10 4 8
Y 9 11 5 8 7

Solution:
X Y X2 Y2 XY
6 9 36 81 54
2 11 4 121 22
10 5 100 25 50
4 8 16 64 32
8 7 64 49 56

$X=30 FY=40 yX2=220 yY?=340 yXY=214

Regression of Y on X. Letthe line of regression of on X
Y =a+bX

Then normal equations are
ZY =Na+b z X

Y XY=ay X+by X
putting the values from table, we get
40=5a+30b

214=30a+22M
On solving these equations, we get

a=119, andb=-0.65

Hence line of regression is
Y =119-0.65X
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Regression of Y on X. Let the line of regression of on X
X =m+nX

Then normal equations are
Z X=Nm+b 2 Y

SXY=myY+byY?
putting the values from table, we get
30=5m+40n

214=40m+34n
On solving these equations, we get

m= 164, anch=—-1.3

Hence line of regression is
X=164-13Y

Remark: Students may also solve this problems by procedure of previous example O

Regression Lines for Grouped Data. For grouped data regression coefficients are given as
below:
Regression coefficient of X on'Y

b _szxy—zfxzfyxb
YTNTT -5k

Regression coefficient of Y on X

_NYfxy=35 fx3fy Kk
b= NS he— (32 *h

Other procedure remains same. Read following example carefully.
B EXAMPLE 9.4

Following table gives the ages of husbands and wives for 50 newlyiedarouples. Find the
two regression lines. Also estimate (a) the age of husband when wife éa&@(@p) the age of
wife when husband is 30.

Age of Wives  Age of Husbands Total
20-25 25-30 30-35
16-20 9 14 - 23
20-24 6 11 3 20
24-28 - - 7 7
Total 15 25 10 50

Width of the class-interval for age of husband (xhis- 5
Width of the class interval for age of wife (y) ks= 4
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X 20-25 25-30 30-35

Xwid | 225 275 325
Yaid  Y\X -1 0 +1 | Total fy fyY fxy
18 -1 ] 9(9 1400 23 23 23 9
22 0 | 6(0 11(0) 30| 20 0 0 0
26 +1 w7 7 717

Total 15 25 10 50 -16 30 16

fx -15 0 10 -5

fx? 15 0 10 | 25

fxy 9 0 7 16

Regression coefficient of onY

_ Ny fxy—3fxyfy h
YN (512 K

or
16x50— (~5)(~16) 5
- ° ~0723
Y= T30x50- (—16)2 4

Regression coefficient &f on X

_ Ny fxy—3fxyfy K
b= s he— (32 *h

o by,  16%50~(-5)(~16
X T 25%x50— (—5)2

)?:A+2fo><h

4
2 ~047
“5

-5
—27.5+% x5=27

and

Y_:A+ZWW><k

-16
=22+ =0 x4=2072

Regression equation of on:

X —X =byxy(Y=Y)
X —27=0.723Y-2072) = X=0.723(+1202

(a) Estimate of husband’s age
Substitutey = 20 in

X =0723+1202
= x=0.723x 20+ 1202 = 26.48 Years
Regression equation &fon X: _ _
Y —Y =byx(X—X)
Y —-2072=047(X-27) = Y =0.47X+8.03

(b) Estimate of wife's age
SubstituteX = 30 in

Y =.47X+8.03
=Y =0.47x30+4+8.03=2213 Years
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9.1.6 Some Facts about Regression Equations and Regression Coefficient

1.

The regression lines of y on x and x on y both pass through the paifsThat is the two
regression lines intersect each other at the poing).

If correlation coefficient r between x and y is zero (r=0), the twoesgjon lines arg=y and
X = xrespectively. (i.e., the two regression lines are perpendicular tocheh)

If r = +1orr = —1, then the two equations reduce to

X=X y-y
ox 0oy

i.e., the two equations of regression coincide and there is only onességmesquation.
The geometric mean of the two regression coefficibpandbyy is equal to the correlation

coefficient
Oy Oy
X by =1L r==Vr2=r
VBB = 1ol 1
The sign of the threbyy, bxyandr will be the same.
The arithmetic mean of the regression coefficients is greater thaslatan coefficient. i.e.,

byx + bxy \/W byx + bxy or

The regression coefficient are independent of the change af dtg not of scale: Let) =
XAV = Y2B thenbyy = Bbyandbyy = Kby

If one of the regression coefficient is greater than unity, the othet im less than unity
provide byx x bxy < 1. (With the help of this property we decide which of the two given
equations is y on x and which one is x on y.)

Regression coefficient is the algebraic measure of the slope ofgress@®n line, it gives the
change in the values of a series for a unit change in the values of theseties.

9.1.7 Miscellaneous examples based on Regression Coefficients

B EXAMPLE 9.5

Find out the value of r whehyx = 0.64andbyy =1

r = /Byx x bry = V0.64x 1= /064=0.8

B EXAMPLE 9.6

If the two regression coefficients are -0.9 and -0.5. find out the \@flaerrelation coefficient.

Sincebyx andbyy are negative

= /By <by,
(—0.9)(—0.5) = —V/0.45= —0.67

B EXAMPLE 9.7

The two regression equations obtained by a student were as given below



152 REGRESSION

3x—4y=5, 8x+16y =15
Do you agree with him? Explain with reasons.

Let 3x— 4y = 5 be regression line ofony, then

4 5 4
X—§y+§:>bxy—§

Let 8+ 16y = 15 be regression line gfonx, then

1 8 1

R AT I U T
Sincebyy is positive andyy is negative (i.e. the sign of the two regression coefficients is not same),
we do not agree with him.

B EXAMPLE 9.8

In a partially destroyed laboratory record of an analysis of correlataia,dhe following
results only are legible: Variance »f= 9, Regression equations are: (§-810y = —66; (ii)
40x — 18y = 214. What are (a) the mean valuesxaindy, (b) the coefficient of correlation
betweerx andy, (c) theo of y.

(a) Means ofk andy: Solve the equation (i) and (i),

8x— 10y = —66 (9.1)
40x— 18y = 214 (9.2)
On solving equations 9.1 and 9.2,
Xx=13 y=17
(b) Correlation Coefficient:
8x—10y+66=0

40x—18y—214=0
Assume equation (i) as y on X,

—10y = —8x= —66

—8x— 66
.Regression coefficient gfonx,
byx = 08
Assume equation (ii) asony,
40x = 18y + 214
1 214
X= 83’% =0.45y+5.35

..Regression coefficient ofony,
byy = 0.45



PROBLEMS 153

o1 = /by xbyx=V.45x 8= V.36=+0.6

(c) Standard Deviation of y:

Here
Oy
=r—==0.8
byx F o
16;
0.8=06-—%
V9
2.4
—27_1
=06
Problems

9.1 The following data related with the prices of items in Jabalpur and Narsimgrplavailable.
Estimate the price of a item in Narsinghpur when its price in Jabalpur is Rs.15:

Jabalpur  Narsinghpur

Mean of the prices of the item 10 12
S.d. of the prices of the item 4.2 45

The correlation coefficient between the prices of item in Jabalpur ansinggupur =+0.8

9.2 The average weekly wages of working class in any plécesdB are Rs. 12 and Rs. 18
respectively. Their standard deviations are Rs. 2 and Rs. 3 reglgdind the coefficient of
correlation between them is +0.67. Find out the most likely wage in Batitis Rs. 20 in placeA.

9.3 The following data based on 450 students are given for marks in StatisticB@nomics at
a certain examination. Estimate the average marks in Economics of thidasdvho obtained 50
marks in Statistics:

Statistics Economics

Mean marks 40 48
Standard deviation 12 16

Sum of products of deviations of marks from their respectively med29075

9.4 Given the following data:

Series A Series B

Mean 60 75
Standard Deviation 4.4 2.2

r betweerA andB = 0.8.

(i) Obtain the two regression equations and find out the most probable (&lwfA whenB is
50 and (b) oB whenAis 80.

(ii) Draw the two regression lines on the graph and verify your results.

9.5 The following data are given for marks in subjeétandB in a certain examination:
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SubjectA  SubjectB

Mean of Marks 395 47.6
S.D. of Marks 10.8 16.9

Coefficient of correlation betweehandB = 0.42.

Obtain the equation of the two regression line. Estimate the probable maskibjettA. if the
marks of subjecB are 55 and estimate the probable marks of sulijetthe marks of subjech are
50.

9.6 Obtain the two lines of regression from the following data:

x 1 2 3 4 5
y 7 8 10 12 13

9.7 Following data refer to years service in a factory of seven personspaa@adized field and to
their monthly income:

Years of Service 11 7 9 5 8 6 10
Income (inRs. hundred) 7 5 3 2 6 4 8

Find the regression equation of income on years of service. Using it,imitial start would you
recommend for a person applying for a job after having served in anédhbtory in a similar field
for 12 years?

9.8 Find the lines of regression for the two series given below. What is the¢ likely value ofy
whenx = 150.

x 147 148 135 151 136 148 157 110 162
y 191 288 410 482 513 506 468 477 541

9.9 The total monthly expenditurdj for family size (N) for five households is as follows:

E 250 300 410 450 565
N 2 3 4 5 6

Find regression equation & on N. What is likely to be the expenditure for a household of size
8?

9.10 The following table gives the value of exports of raw cotton from India tedvalue of
imports of manufactured cotton goods into India during the year 1990-2996-97:

Year Exports of raw cotton  Import of manufactured cotton

1990-91 42 56
1991-92 44 49
1992-93 58 53
1993-94 55 58
1994-95 89 65
1995-96 98 74

1996-97 69 58
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Calculate the coefficient of correlation between the values of exportsrgatts and obtain the
equation of regression lines.

9.11 Calculate two regression lines from the following table giving the marks odxdaiim Eco-
nomics and Statistics:

xly 4-8 8-12 12-16 16-20 Total

8-14 11 6 2 1 20
14-20 5 12 15 8 40
20-26 - 2 3 15 20

Total 16 20 20 24 80

9.12 Obtain the regression equationsyasn x andx ony:

xly 5-15 15-25 25-35 35-45

0-10 1 1 - -
10-20 3 6 5 1
20-30 1 8 9 2
30-40 - 3 9 3
40-50 - - 4 4

9.13 For two seriex andy which are correlated, the lines of regressioryai x andx ony are
respectivelyy = x+5 and 16& = 9y + 95, alsogy = 4, find gy andryy.

9.14 For 50 students of a class, regression equation of marks in Statigtas fharks in Accoun-
tancy §) in 3y —5x+180= 0. The mean marks in Accountancy is 44 and the variance of marks
in Statistics isf’6 of the variance of marks in Accountancy. Find the mean marks in Statistits a
coefficient of correlation between marks in two subjects.

9.15 Given that: Regression equations3 2y —5=0, 2+ 3y—8=0 ando? = 12. Find: (i)
Xy, (i) o2, (iii) rxy

9.16 The equation of two regression lines are as follows:-%y+ 30= 0, 20— 9y — 107= 0,
which one of these is the line of regressionypbh x'? and why?

9.17 Two regression equations are as follows+32y — 26 = 0,6x+y—31= 0. Find which is
that 'y on X' and that of X ony'. Find the mean ok andy the correlation coefficient between them.
Also find out the ratio of the standard deviations of the two variables.

9.18 The equation of regression line between two variables are as follows32= 0 and 4/ —
5x— 8= 0. Findxandy, both regression coefficient and correlation coefficient betwesdy.

9.19 In a partially destroyed record the following data are available: Variahze-025, Regres-
sion equation ok ony, 5x —y = 22 and Regression equationybn x, 64x — 45y = 24. Find: (i)

Arithmetic mean ok (ii) Standard deviation of (iii) Regression coefficient of onx (iv) Correlation

coefficient betweer nady.

9.20 For a bivariate data, the mean valuexef 52.5, the mean value of = 30.5, the regression
coefficient ofy onx = —1.6 and correlation coefficient betwegmndy is —0.8. Find (i) regression
coefficient ofx ony and (ii) the most likely value of whenx = 50.

9.21 For 10 observation on pric&)(and supplyy) the following data was obtained (in appropriate
units):

Ix =130,y = 220,5x° = 2,288 5y = 5,506, Xy = 3,467
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Obtain the line of regression gfonx and estimate the supply when the price is 16 units.

9.2 MULTIPLE REGRESSION

Multiple regression is the extension of simple regression. In multiple reigres/e take into account
the effect of more than one independent variable on the dependéatilea

Multiple regression is the appropriate technique when we want to investigagéféitts of several
variables simultaneously on a dependent variable.

9.3 MULTIPLE REGRESSION EQUATION

Let Y = dependent variable, and, Xy, X3, ...., are independent variables, then multiple regression
equation ofY onxy,X»,Xs, ...., IS written as

Yo = a+bixg +boxo +bsxg+........

wherey.: = computed value of dependent variaplandby, by, bs, .... are multiple regression coeffi-
cients.

The multiple regression equation expresses the average relationship\afrihbles and on the
basis of this average relationship, an estimate of dependent variabldes fifee multiple regression
equation shows the simultaneous effect of a number of independdsibles.

9.3.1 Specific Example:

Letx; = yield of wheat in 10 hectare land
X2 = amount of rainfall
x3 = amount of fertilizer used.
Then multiple regression equati@non x, andxs is

X1 = a+ boxo +bsxs
or

X1 = a1.23+b123%2 + b132X3

wherea; »3 = constantbi, 3 = partial regression coefficient which measures the changefor an
unit change iy, keepingxs as constant, anlbh 3, = Partial regression coefficient which measures
the change ix; for an unit change iz, keepingx, as constant.

Remark: Whenxy,Xp,x3 are deviations from their respective means, then multiple regression
equation is<g = by 3% + b132X3

9.4 COMPUTATION OF PARTIAL REGRESSION COEFFICIENTS

12— raaf o
12— N33 01

b123 =
2
1-r5, (o}
riz3—riof o
biay— (13712732 01
13.2 1 2 o
—I3 3
or
01.23
bio3=riozx
0213
01.32

b132 =r132 %
03.12
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Here: by» 3 andb; 3, are partial regression coefficients,, o> and gz are standard deviations of
X1, X2 andxs.
After finding the values ob12 3 andb; 32, the value ofa »3 in obtained as follows:

a1.23 = X1 — b12.3%2 — b132X3
The estimated value ofi onx, andxs is denoted a%;.23

9.5 RELATIONSHIP BETWEEN PARTIAL CORRELATION COEFFICIENT
AND PARTIAL REGRESSION COEFFICIENT

As 5 is the square root of the regression coefficidntsandb, i.e., r12 = /b1 x byg the partial
correlation coefficients2 3 is the square root of the product of two partial regression coefficients

ri2z= /b3 x b3

or
2
23 ="Db123xbp13
Proof:

1o —rqaf o Fp1 — Foaf 16
bias X bays = 121 123 23 ?1 y 211 223 13 FZ
—TI33 2 —I13 1

_ (ri2—rigres)® 24
[1-rZg[1-r%y)

B EXAMPLE 9.9
Given:ryp=0.3,r13=0.5,rp3=0.4 ando; = 3, 0» = 4, 03 = 5. Find the regression equations
of x; onx, andxz wherexy, xo andxz have been measured from their actual means.

Solution:
Sincexy, X2, X3 are measured from their actual means, we have the multiple regresgiation
of x; onx, andxa:

X1 = b123% +b132X3

Now,
rip—riarz o1 03—-(05x04) 3
biog= "5 x == "7 x> =09
123772, Yo, 1-(042 a4
riz—riofpz o1 05-(0.3)(04) 3
blaz= =7 x — = "= o x £ = 027142
2T T2, o 1-(042 5

Substituting these values in (1), we have required equation:

X1 = 0.9%2 +0.27x3

9.6 MULTIPLE REGRESSION EQUATION BY LEAST SQUARE METHOD

As the method of least squares is applied for simple regression equatmsgme way we apply for
multiple regression equation. Here we have to form as many equations aartiber of unknown
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guantities. After finding the unknown quantities, they are substituted in thessign equation. For
the multiple regression equationxaf on x, andxs, we proceed as follows:

Original Equationx; = aj 23+ b12.3%2 + b132X3

Normal Equations:

D X1 =nNapa3+b123) Xo+b132) X3 (9.3)
D XX =2a123) X2 +b123) X3 +bigo D XoX3 (9.4
D Xix3=a123) X3+b123) XoXg+biz2y X3 (9.5

Similarly, other multiple regression equations and their normal equatiopbeabtained.

B EXAMPLE 9.10

From the following data estimatesg, whenx; = 10 andx, = 3.

Xxx 2 3 4 5 6
X 6 8 4 3 3
x3 10 6 12 16 8
Solution:
X1 X2 X3 X1X2 X1X3 XoX3 2 X3 x4
2 6 10 12 20 60 4 36 100
3 8 6 24 18 48 9 64 36
4 4 12 16 48 48 16 16 144
5 3 16 15 80 48 25 9 256
6 3 8 18 48 24 36 9 64
IN= Y= IXE IXNe= YXG= Y= 3= 6= Y=
20 24 52 85 214 228 90 134 600

Original Equation:

X3 = @812+ b312X1 +b321%
Normal Equations:

> X3a=Nag1a+b312) x1+b321) X2
> Xex1=ag12y X1+bs12) X2 +bgp1 > xax

> Xex1=ag12y Xo+b312) XaXo+bg21 ) X5
Substituting the values of X1 ,etc.

52=5a3 15+ 20b31 o+ 24b3o1
214=20ag 12+ 90b31 2+ 85b32 1

228=24a3 15+ 85b312+134b301
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On solving these equations, we get

az 12 = 285970

b3o1 = —2.2388
b31, = —1.8627
Hence, the required equation

X3 = 28.5969— 1.86268; — 2.2388¢,
The value ofxgwhenx; = 10 andx, = 3

X3 = 28,5969 (1.86268x 10) — (2.2388x 3) = 3.2537

B EXAMPLE 9.11

Givenx; = 48,01 = 3,r12= 0.6, %X = 40,0, = 4,r13= 0.7, X3 = 62 03 = 5,r,3 = 0.8, esti-
mate the value of3 whenx; = 30 andx, = 50.
Solution:

Multiple Regression oks on x; andx, will give the value ofxz for x; = 30 andx, = 50, this
equation is.

X3 = 8g.12+ b312X1 + b3 1% (9.6)
The values of regression coefficients:

b312 = 7&1:21%23 X %i

_ 70'717_(?6%2'8) x g —057
b321 = 7@?1_;"1%2;13 X %

= 70'81__(?:23;2'7) X g =0.742

Now

ag 12 = %3 —b312X1 —b32 1%
= 62— (0.57x 48) — (0.74x 40) = 5.04

Substitute the value af3 12 in equation 9.6
x3 = 5.04+ (0.57x 30) + (0.74 x 50) = 59.14

.. Thus estimated value a§ = 59.14
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Problems
9.22 If r1=0.28ry3=0.49 andry3 = 0.51 calculate 123 andri3»

9.23 Givenry2 =0.28,rp3=0.49,r13=0.5101 = 2.7, 0o = 2.4, 03 = 0.27 Find the regression
equation ofxz onx; andx,. If the variables have been measured from their actual means.

9.24 From the following data, find regression equation:

Wheat yield k;)(per hectare Quintals) 40 45 50 65 70 70 80
Use of FertilizersXo)(Kg. per hectare) 10 20 30 40 50 60 70
Rainfall (x3) (inches) 36 33 37 37 34 32 36

Also calculate the value o whenx; = 45 andx; = 30

9.25 From the data given below, estimate the valugpfvhenx; = 58 andx, = 52.5
X1 = 559501 =2.26,r1, =0.578
%o =5148 0y, = 4.39,r13=0.581

X3 =56.0303 = 4.41,r,3=0.974

9.26 Find the multiple linear regression ®f onx, andxz from the data relating to three variables
given below:

X3 4 6 7 9 13 15
X 15 12 8 6 4 3
x3 30 24 20 14 10 4




CHAPTER 10

THEORY OF PROBABILITY

Probability theory began in seventeenth century in France when the taidgesnch mathematicians,
Blaise Pascal and Pierre De Fermat, corresponded over two profitemgames of chance. Prob-
lems like those Pascal and Fermat solved continued to influence sughesaarchers as Huygens,
Bernoulli, and De Moivre in establishing a mathematical theory of probabilibday, probability
theory is a well established branch of mathematics that finds applicationeriyn @ea of scholarly
activity from music to engineering, and in daily experience from weattestiption to predicting the
risks of new medical treatments.

10.1 BASIC CONCEPTS

10.1.1 Experiments

An experiment repeated under essentially homogeneous and simithtiaos results in an outcome,
which is unigue or not unique but may be one of the several possibleroe& When the result is
unique then the experiment is calledlaterministic experimentAny experiment whose outcome
cannot be predicted in advance, but is one of the set of possible cegcatalled aandom exper-
iment If any experiment as being performed repeatedly, each repetiti@iésia trial. We observe
an outcome for each trial.

If a coin is tossed, the result of a particular tossing, i.e., whether it Wiligh head or tail can
not be predicted. A die with faces marked with numbers numbers 4,2,8, When we throw a die
the number on upper face, we can not predict which face will be on the to

161
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10.1.2 Sample Space

The set of all possible outcomes of a random experiment is calleshthple spacee.g., The sample
space for tossing coins contains just two outcomes - Head or Tail. If weté@utcome of head as
H and of tail asT , The sample space for the random experiment of tossing of coins is

S={H,T}
Similarly, the sample space of throwing of a die will be
S: {17 27 37 47 57 6}

Each possible outcome given in the sample space is called an elementpbe g@int. Here in case
of die, the sample points are 1,2,3,4,5,6.

Further sample space may be classified in two way based on numbenpliesaoints are finite
or infinite. A sample space is calleliscreteif it contains finite or finitely many countably infinite
sample points. for example-when a coin and die is thrown simultaneouslyathple space is given
below is discrete:

S={(H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,1),(T,2),(T,3),(T,4),(T,5),(T.6)}

In other example, a coin is tossed until a head turns up. The sampleispace
S={H,TH,TTH,TTTH,...}

where the number of sample points is infinite but there is one to one con@spce between the
sample points as natural numbers, Bés countable infinite. Hence is a discrete sample space.

On the other hand a sample space is said todminuousf it contains uncountable number of
sample points. e.g., All points on a straight line, All points inside a circladius 4, etc.

10.1.3 Events

Any subset of the sample spaBeassociated with any random experiment is callecent For
example when a die is thrown, then the sample space is

S=1,23456

and its subset
E1={2,4,6}

represents an event, which represents ‘The number on upper fagenis

Since a set is also a subset of itself, we say that sample space is itsefrdraed call it ssure
event An event that contains no sample point is calledrapossible eventAn event containing
exactly on sample point is calleiimple or elementary event

During the performance of an experiment, those point which entailsumas the occurrence of
an eventA, are calledfavorableto that event. If any of the sample point favorable to an event
occurs in a trial, we say that the events occurs at this trial.

10.1.4 Complex or Composite Event

The union of simple events is calledmposite eventn other words if an event can be decomposed
into simple events, then it is called a composite event.A.@hdB be two simple events associated
with sample spac8, then the event which consists of all the sample points which beloAgtd or
both, is called the union ok andB asAUB or A+ B. No sample point is taken twice iU B. For
example, when three coins are tossed together, then the Evanteast two heads, is a composite
event.
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Here,
S={HHH,HHT HTH,THH,HTT,THT,TTH,TTT}

A(Event of two heads} {HHT,HTH, THH}
B(Event of Three heads} {HHH}
E=AUB={HHH,HHT,HTH,THH}

10.1.5 Compound or Joint Event

The occurrence of two or more events together is call@@drapound eventIn other words the
intersection of two or more events is called compound eventAlatdB be any two simple events
associated with a sample spdgethen the intersection ok and B, written asAN B or AB, which
contains all those point &, which are common i andB. e.g.,

S: {17 2’ 374757 6}

A(Event of Even points)- {2,4,6}
B(Event of multiple of Three} {3,6}
E=ANnB= {6}
hereE is compound event.

10.1.6 Mutually exclusive or disjoint events

Two events are calleshutually exclusivé they can not occur simultaneously. In other words two or
more events are said to be mutually exclusive if the occurrence of angfdhe event precludes the
occurrence of the other events. There are no sample points are coimmatually exclusive events.
For example, if we toss a coin once, the events of head and tail are mutellysive because both
can not occur same time.

10.2 ADDITION THEOREM OF PROBABILITY

If Ar,Ag,..., Ay bek mutually exclusive events on a sample space associated with a randem exp
iment, then the probability of happening one of them is the sum of their indiVighobabilities. In
symbols,

P(AL+ Az + ..+ A) = P(A1) + P(A2) + .. + P(AY)

or
P(ALUAU...UA,) =P(A1) +P(A2) + ...+ P(A)

Proof. Let total ways =N. Let aj,ap,...,ax be the favorable ways to the evemts, Ay, ..., Ax
respectively. Then the number of favorable ways to any one of thegve

=ait+ax+...+a

a a
S P(ALUAQU.. UA) = a8t &

=P(A1) +P(A2) + ...+ P(A)
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B EXAMPLE 10.1
From 30 tickets marked with the first 30 numerals one is drawn at ranBim the probability
that the number on this ticket is a multiple of 3 or 11.

Solution: The multiples of 3 are: 3, 6, 9, 12, 15, 18, 21, 24, 27, and 30, whieli@r Therefore,
by definition probability that the number on the ticket is a multiple of 3

_10
~ 30

The multiples of 11 are: 11, 22. i.e. whose number is 2. Probability thatuhmer on the ticket is
a multiple of 11

P(A)

.. Required probability

P(AorB)=P(A)+PB)= -+ -—==—=—

B EXAMPLE 10.2

From a pack of 52 cards one card is drawn at random. What is thalpilibp that it will be a
queen of clubs or king of diamonds?

Solution:
The probability of drawing a queen of <:Iul355i2 and the probability of drawing a king of dia-
monds= 2

.. Required probability
1 1 2 _ 1

527527527 26
because the two events are mutually exclusive.

B EXAMPLE 10.3
Two cards are randomly drawn from a pack of 52 cards and throvaly.awhat is the proba-
bility of drawing an ace in a simple draw from the remaining 50 cards?

Solution:
There are three cases when two cards have been drawn from afgtkards:
Case 1.There is no ace in cards thrown away, the probability of getting an ace 80t o

_4
~ 50

Case 2.There is one ace in the cards thrown away, the probability of getting anuaod 50

_3
~ 50
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Case 3.there are two aces in the cards thrown away, the probability of getting asuaoé 50

2
" 50
Hence, Required probability
_ 4,3 2 9
"~ 50 50 50 50

B EXAMPLE 10.4
A bag contains 5 white, 4 black, 3 yellow and 4 red balls. What is the probabfliggtting a
black or red ball at random in a single draw of one?

Solution:
Total balls=5+4+3+2=16

Probability of getting a black ba# 1%

Probability of getting a red bad {&
.. Probability of getting a black or a red ball

_ 4,4 444 B 1.
~16'16 16 16 2

B EXAMPLE 10.5

What is the probability of getting a total of either 7 or 11 in a single throw with twe2lic

Solution:

Total waysN = 36. LetA=the sum is 7 which can be obtained as (1,6),(2,5),(3,4),(4,3),(6,1).
Favorable ways té = 6

6
P(A) =
- P(A) 36
Let B =The sum of 11, which can be obtained as (5,6),(6,5). Favorahjle to&8 = 2
2
~.P(B) = —
(B) =35

~.P(70r11) = P(AUB)
6 2 8 2

3673 36 9

=P(A) +P(B)

10.3 INCLUSION -EXCLUSION FORMULA

IF A andB are any two events then the probability of happening at least one is

P(AUB) = P(A) + P(B) — P(ANB)
or
P(A+B) = P(A) + P(B) — P(AB)
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Proof. If A and B are any two events, then the number of favorable ways fppéwing of at least
one of the these events, then favorable waysu® are

m + My — Mg
wherem; = favorable ways t@\, my= favorable ways t®, mz = favorable ways t&ANB

M+Mp—mg My mp  m

-.P(AUB) = N N N N

— P(A)+P(B) —P(ANB)
O

Remarklf A, B, C are any these events, then the probability of happening at least oneroisthe
given by
P(AUBUC) = P(A) 4+ P(B) + P(C) — P(ANB) — P(BNC) — P(ANC) +P(ANBNC)

10.3.1 Particular Formulas
If AandB are any two events
1. P(A) = P(ANB) + P(ANB°)
2. P(B) = P(ANB) +P(A°NB)
3. Probability of happening at exactly one of them

P(ANBCorA°nB) = P(ANB®) + P(A°NB)
=P(A)+P(B) — 2P(ANB)

4. Probability of happening at least one of them

P(AorB) = P(ANB°) + P(A°NB) +P(ANB)
=P(A) +P(B) - P(ANB)
=1-P(A°NB°)
= 1—P(None of the events occur)

B EXAMPLE 10.6

What is the probability of drawing a card of heart or an ace from a packros?

Solution:
There are 52 cards in a pack ; 13 are of heart, 4 are aces, 1 is ahtezet
Hence,
Probability of drawing a card of heart,

13
P(A) = =

Probability of drawing a card of ace,
P(B) = 4
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Probability of drawing an ace of heatrt,

P(ANB) = 5iz

Hence, probability of drawing a card of heart or an ace

P(AUB) = P(A) + P(B) — P(ANB)

13 4 1 16 4

“52752 52 52 13

O
B EXAMPLE 10.7
What is the probability of getting either a doublet or total 4 in a single throw withdize?
Solution:
Total ways, N = 36, Let Event of doublets
A={(1,1),(2,2),(3,3),(4,4),(55),(6,6)}
and event of sum 4:
B={(13),(22),31)}
Here it is obvious thaP(ANB) = 0. Then.. Required Probability
6 3 1 8 2
P(AUB) = P(A) +P(B) — P(ANB) = %73 3" 3B 9
O

B EXAMPLE 10.8

Find the chance that a leap year selected at will contain (i) 53 Sunday3aMdiday (i) 53
Sunday or 53 Monday?

Solution:

A leap year consists of 366 days and therefore continuous 52 competesvand 2 days over.
These two days may have the following 7 pairs :

(1) Monday and Tuesday

(2) Tuesday and Wednesday

(3) Wednesday and Thursday

(4) Thursday and Friday

(5) Friday and Saturday

(6) Saturday and Sunday

(7) Sunday and Monday

(i) 53 Sunday and 53 Monday are in one way only. Hence Requiredpilitly = %

(ii)A= 53 Sunday: 2 way$3 = 53 Monday: 2 waysANB = 53 Sunday and 53 Monday: 1 way

..P(AUB) = P(A) +P(B) - P(ANB)

J’_

s
=

~NIN
|
Nl

~NEN
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B EXAMPLE 10.9

There are 10boys and 20 girls in a class; in which half boys and half givis blue eyes. One
representative is selected at random from the class. What is the pitytthht he is a boy or
his eyes are blue?

Solution:
The given information in tabular form

Boys Girls Total

Blue eyes 5 10 15
Not blue eyes 5 10 15
Total 10 20 30
Let A = Boy
10
“P(A) ==
- P(A) 30
B = Blue eyes
15
P(B) = —

ANB = A boy with blue eyes

Hence Required Probability
P(AUB) = P(A) +P(B) — P(ANB)

10,15 5 20 2
30 30 30 30 3

10.4 CONDITIONAL PROBABILITY

The probability that the everg will occur, it being known thaf has occurred is called the condi-
tional probability ofB and is denoted bi?(B/A).In symbols,

Conditional probability oB whenA has happeneg P(B/A) =

= P(ANB) =P(A)P(B/A)

B EXAMPLE 10.10

Out of a well shuffled pack os cards a card is drawn, which is founoh@ kAnother card
is drawn without replacing it.Find the probability of second card being a. kisigo find the
probability of both cards being kings.

Solution:
Let A: aking is drawn in first draw
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Let B: a king is drawn in second draw.
There are 3 kings now, and total number of cards is 51. Hence

3
=P(B/A) = —
(B/A) = o1
The probability that both cards are king
4 3 1
P(ANB) = P(A)P(B/A) = 25 %51~ 221

B EXAMPLE 10.11

The probability that a person stopping at a petrol pump will ask to have s thecked is
0.12; the probability that he will ask to have his oil checked 0.29 and thiegility that he
will ask to have both of them checked is 0.07. Find the probability that

(i) a person who will check oil, will also have tyres checked.

(i) a person stopping at the petrol pump will have either tyres or oil obeck

(i) a person stooping at the petrol pump will have neither his tyres norihifiecked.

Solution:
Let A = To check tyreB = To check oil, then

P(A) =0.12, P(B) = 0.29, P(ANB) = 0.07
(i) P(A/B) = % = % = 219 =0.24

(i) P(AUB) = P(A) +P(B) — P(ANB)= 0.12+0.29— 0.07 = 0.34
(i) P(ANB) = 1— P(AUB) = 1— 0.34=0.66

10.5 DEPENDENT AND INDEPENDENT EVENTS

When probability of happening event B is affected by the happening aftbiet A, then event B is
said to be dependent on the event A.When the probability of happenamg Bvis not affected by
the happening of the event A, then event B is said to be independentiofsfimbols, IfP(B/A) =
P(B),Bis independent of A. IP(A/B) = P(A),Ais independent of B. Thus two events A and B are
said to be independent if and only if

P(ANB) = P(A)P(B)

For example,
(i) A coin is tossed twice. TheA = head on first toss arf8i= tail on second toss are independent.
(ii) If a king is drawn from a pack of cards and is replaced, then theghitity of drawing a king
second timd>(B/A) = P(B) = siz? then A and B are independent.

10.6 MULTIPLICATION THEOREM OF PROBABILITY

1. The probability of happening of the two independent evArasdB together is equal to the
product of their individual probabilities. That is

P(ANB = P(A)P(B)
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2. If AandB are not independent, then the probabiRANB) of their simultaneous occurrence
is equal to the product of the probability AfP(A) and the conditional probability(B/A).In
symbols

P(ANB) = P(A)P(B/A)

or
P(ANB) = P(B)P(A/B)

10.6.1 Specific Formulas
1. If P(ANB) = P(A)P(B), then
P(ANBC) = P(A)P(B°)

P(A°+B) = P(A°)P(B), P(A°N BF) = P(A%)P(B")

2. If the eventA andB are independent

P(AorB) = P(A) + P(B) — P(A)P(B)
= 1— P(neitherA or B)
=1- P(AC N BC)
=1-P(A%)P(B°)

3. If the eventA andB are independent

P(ANB®) +P(A°NB) = P(Exactly one)
= P(A)P(B®) + P(A%)P(B)

4. If the event®, B,C,D are independent

P(ABCD) = P(A)P(B)P(C)P(D)

P(AorBorCorD) = 1— P(A°NB°NC®ND°)
=1—P(A")P(B®)P(C®)P(D®)

B EXAMPLE 10.12

The probability of the occurrence of two independent evAraadB are 0.7 and 0.54 respec-
tively. What is the probability that only one theor B will occur in an experiment?

Solution:

P(One and only onesx P(ANB) +P(ANB)
= P(A)P(B) + P(A)P(B)
(-.AandB are independent
=P(A)[1-P(B)] +[1—P(A)|P(B)

=0.7(1—0.54) + (1 0.7)(0.54) = 0.484
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Alternative Method .
P(One and only one¥ P(A) +P(B) — 2P(ANB)
=P(A) +P(B) —2P(A)P(B)
=0.7+054—-2x0.7x 0.54=0.484

O
B EXAMPLE 10.13
A dice is thrown twice. (i) What is the probability that it falls with number 6 updgain the
first throw and an odd number upwards in second throw? What is thpildy of getting a
four both times?
Solution:
(i) P (a 6 in first throw ),
1
P(A) ==
(A)=3
P (an odd number in second throw),
3
P(B)=—
(B)=7%
.Required Probability
3 1
P(ANB) =P(AP(B) = 2. = 5
(ii) P (a 4 in first throw )
1
P(A) ==
W=7
P(a 4 in second throw)
1
P(B) ==
(B)=¢
.P(a 4 both times )
PMH&*WMH&*EXEfi
N 676 36
O

B EXAMPLE 10.14

A University has to select a examiner from a list of 50 persons 20 of gremvomen and 30
are men; 10 of them know Hindi and 40 do not;15 of them are teachenearaning 35 are
not.What is the probability that university will select a Hindi knowing wortegicher ?

Solution:
Let A = Selection of Hindi knowing person
B = Selection of a women
C = Selection of a teacher

10 20 15
=25 PB) = 55:PC) =5

.. Required Probability(assuming independence)

- P(A)

10 20 15 3

P(ANBNC) = P(APBIP(C) = =5 X =5 * =5 = 125
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B EXAMPLE 10.15

A bag contains 14 balls of which 6 are red, 3 yellow and 5 black . 3 balls rawerdsuc-
cessively without replacement. What is the probability that they are diawrder red, yel-
low,black?

Solution:
Let the event under study, A& AxA3
The probability of drawing a red ball out of 14 balls,
6
P(A) = —
(A1) =7,
The probability of drawing a yellow ball out of 13 balls,
3
P(Ay) = —
(A2) = 73
The probability of drawing a black ball out of 12 balls,
5
P(A3) = —
(As) = 35
.. Required Probability

6 3 5 15
P(A1)P(A2)P(Az) = 124°13% 12~ 362

B EXAMPLE 10.16

The odds against A solving a sum are 7 : 6 and the odds in favor of B gdivénsame are 11:
8. What is the probability that the sum will be solved if both of them try it?

Solution:
Probability that A solves the questien 25 = &

Probability that A does not solve the questieri — 1% = 113
Probability of that B solves the question;3ts = 15

Probability that B does not solve the questieri — % =19
Probability that both do not solve the questier{1 — %)(1—

[e¢]
‘
[N

s)

(-

Hence, Probability that is question is solved. — (1 — l%)(1 %)
7 8
_1_EXE_O'773

B EXAMPLE 10.17

A speaks truth in 80 % cases and B in 90 % cases. In what percentagsesf will they
contradict each other in stating a fact?

Solution:
Let A = A speaks truthP(A) = 8% = 0.8
B =B speaks truthP(B) = =09
They will contradict each othet (ANB)or(ANB)
.. Required probability= P(ANB) + P(ANB)
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=P(A)P(B) +P(A)P(B)

=08x(1-0.9)+(1-0.8) x0.9=0.26
that is they contradict each other in stating a fact in 26 % cases .

O

B EXAMPLE 10.18

A can solve 75 % of the problems in statistics and B can solve 70 %. What isdabaelplity

that either A or B can solve a problem chosen at random?
Solution:

Such problems can be solved in three ways:

Let A = A can solve the problen = B can solve the problem, Thus

ANB = A andB both can solve the problem

ANB =A can solve the problem b&not

ANB =B can solve the problem bétnot

ANB = NeitherA nor B can solve the problem

AUB = A or B can solve the problem
Method I.

P(AUB) = P(A) +P(B) — P(A) x P(B)
B 75+70 75X 70 37
~ 100 100 100" 100 40
Method 1. B _
P(AUB) = P(ANB)+P(AUB) +P(ANB)
3,3 1 7.3 7 3
T 4710 4710 4710 40
Method I11. L
P(AUB) =1-P(ANB)
=1-P(A)P(B)
1,3 ¥
N 4710 40

B EXAMPLE 10.19

A can hit a target 3 times in 5 shots, B 2 times in 5 shots and C 3 times in 4 shag fifieh
a volley. What is the probability that (i) two shots hit the target? (i) at least tvadsshit the
target.

Solution: Let A = A hits the target,
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B = B hits the target,

C = C hits the target,

3 .= 1
PC)=3.PO =3
Two shots can hit in there mutually exclusive ways:
(a) Aand B hit C not\nBNC
(b) Aand C hit B noANnBNC
(c) Band C hit AnotAnBNC
(i) Required Probability
=P(ANBNC)+P(ANBNC)+P(A+B+C)
= P(A)P(B)P(C) +P(A)P(B)P(C) + ( A)P(B)P(C)
_3,2,1,3.3,3,2.2.3_38
5572475 5 475 574 20

(i) Required Probability

=P(ANBNC)+P(ANBNC) +P(ANBNC)+P(ANBNC)
6 27 12 18 63

~ 100 100+ 100+ 100 100 0.63

B EXAMPLE 10.20

Three groups of children contain 3 girls and 1 boy, 2 girls and 2 boys] argd 3 boys. One
child is selected from each group. Find the chance that the three seleatgsgtof 1 girl and
2 boys.

Solution:

Group I 1l [}

Number 3girls  2girls 1 girls
of Children 1boy 2boys 3boys

1 girl and 2 boys can be selected as follows:
A; = girl from 1st group, boy from 2nd, boy from 3rd
Ao =boy from 1st group, girl from 2nd, boy from 3rd

Az =boy from 1st group, boy from 2nd, girl from 3rd

3 2 3 18
P = T 6

1 2 3 6
Pr)=3"3"2"®a

1 2 1
P =372 2 @&

.. Required Probability= P (1 girl and 2 boys)
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=P(A1) +P(Ag) + P(Ag)= g3+ &+ &= 5959

B EXAMPLE 10.21

Two urnsA andB contains 2 white and 5 black balls and 3 white and 6 black balls respectively.
A ball is drawn from urnA and put into urrB and then a ball is drawn from uB Find the
probability of this ball being black.

Solution:
Let A; = To put a white ball in uriB from urnA, A, = To put a black ball in ur8 from urnA, B
= To draw a black ball from urB. Hence

P(B) =P(A1NB)+P(A2NB)
=P(A1)P(B/A1) + P(A2)P(B/Az)
2 6 5 7 47

~7%1077% 10" 70

Problems

10.1 A card is drawn at random from a well shuffled pack of cards. Fingtobability that the
card is (i) a court card, (ii) a card of space, (iii) an ace.

10.2 Acardis drawn at random from a pack of playing cards. What is thlegtnitity that the card
is (i) a knave, (ii) of red color (iii) the king of diamond.

10.3 A die is thrown, Find the probability (i) of getting a 4 or 6 and (ii) of getting moranti2
with an ordinary die.

10.4 In a question of Mathematics the students are asked to solve 4 questiafOouthile in a
guestion paper of Statistics students are asked the solve 5 questionsl@nd\tfich question paper
got better choice and how?

10.5 What is the probability of selecting a king from a pinochle deck ? (A pinochikdonsists
of 2 aces, 2kings, 2 queens,2 jacks, 2 tens and 2 nines of each sigtatbeno other cards. )

10.6 Two dice are thrown simultaneously. Find the probability:
a) of getting odd digit on first die
b) of getting a sum of 9
c) of getting a sum of 11
d) of not throwing a total of 9.

10.7 In asample of 120 radios the following information is available:

No of defects 0 1 2 3
Noofradios 15 80 20 5

10.8 A bag contains 5 white, 4 black, 7 yellow and 6 red balls. What is the probabfligetting
a black or red ball at random is a single draw of one?
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10.7 USE OF PERMUTATION AND COMBINATION IN PROBABILITY

B EXAMPLE 10.22

There are 5 doors in aroom. Four persons enter the room. Find thalplity of their entering

through different doors.

Solution:

First person can enter the room from any door out of 5, then secerstip can enter the room

any door out of 5 and so on. Thus, Total ways,
N=5x5x5x5="5%
Favorable ways,
a=5%P,=5x4x3x2

.. Required Probability
_a_ 5x4x3x2 24

N 5x5x5x5 125

B EXAMPLE 10.23

Out of 6 Indians and 4 Americans, a committee of five is constituted
that there are exactly two Indians in it.

Solution:
Total number of persons, 6+4 =10
The number of ways of constituting a committee of 5 out of 10,

_10~ _ 10! 10x9x8x7x6
B T 5BI51 5x4x3x2x1
The number of ways of selecting 2 Indian out of 6

=126

6C—6><5

= = =15
27 2x1
The number of ways of selecting 3 American out of 4
41
4
= CG=— =4
3= 31a-3)!
Favorable ways,
a=15x4=60
.. Required Probability
_a_6o_10
n 126 21

B EXAMPLE 10.24

. Fingrtbteability

In a bag there are 4 red and 3 black balls. What is the probability of dratenfirst ball red
and second black, the third red and fourth black and so on; if they avendone at a time?

Solution:
Total balls = 4+3=7
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The seven balls can be drawn in 7 ! ways. Thus total ways, n = 7!
Let the balls be in the order

R B R B R B R
1 2 3 4 5 6 7

The 4 red balls can be arranged in 4! ways at places 1, 3, 5, 7. ThelBta#s can be arranged
in 3! ways at places 2, 4, 6. Therefore favorable ways = 4!3!

.. Required Probability
43 1

T 735

B EXAMPLE 10.25

There are 4 Engineers and 3 Doctors in a firm. Three persons aoa piuty at a time. What
is the probability that there are 2 Engineers and 1 Doctors?

Solution:
Total number of persons 4+3=7
Total number of ways of talking three persons out of 7 perseh€s;
Favorable cases to the event, ‘2 Engineers and 1 DoctiE,=3C;
.. Required Probability
_ACx3C; 18

c; 35

B EXAMPLE 10.26

There are 5 red and 8 black balls in a bag. Two successive drawseflialis each are made,
the balls not being replaced after the first draw. What is the chance ttia first draw the
balls were red and in the second black?

Solution: Probability of drawing 3 red balls in first draw,

°C
P(A) = 1—3(;

Probability of drawing 3 black balls in second draw,

8C3

P(B/A) = 10

Hence, Required probability

5C3 803 7

PANB) = PIAPB/A) = 135 X 15 = 25

Problems

10.9 Two cities A and B are connected by five roads.If a person goes fignAdo B by a road
and returns, what is the probability that he does not return with the saad@ ro
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10.10 There are 5 hotels in a city. If 4 persons come to the city. find the probabitityttiey will
stay in different hotels.

10.11 There are 13 computers and 16 typing machines in a firm. Out of theseewame out of
order. Find the probability that they are of the same type.

10.12 Inabag 3 balls are red out of 10 balls. If the balls are drawn at a timetfierbag, what is
the probability that (i) at least one ball is of red color and (ii) both are dfo@or?

10.13 A bag contains 8 balls, identical except for color, of which 5 are red3andhite. A man
draws two balls at random. What is the probability that

(i) one of the balls drawn is white and the other red?

(ii) both are of the same color.

What would be the values of these probabilities if a ball is drawn, replaweéthe another ball is
drawn.

10.14 An urn contains 7 white and 3 black balls, 3 balls are drawn at random poad with
replacement. Find the probability that (i) at least one ball is black, and éifitst ball and the last
ball are of different colors.

10.15 In a party of 12 persons, 7 are men and 5 are ladies. Two persoselacted at random.
What is the probability of both being men?

10.16 A bag contains 6 white and 4 black balls and a second one 4 white and 8 bltek®ne
of the bag is chosen at random and a draw of 2 balls is made from it.Fingtabability that one is
white and the other is black.

10.17 there are 4 wholesalers and 5 retailers in a market.A salesman visits aeyrttarday. Find
the probability that those three are wholesalers.

10.18 a bag contains 4 white, 5 red and 6 green balls, Three balls are draamdatn. What is
the probability that a white, a red and a green ball are drawn?

10.8 BAYES THEOREM

Theorem 12. An event A, can be affected by mutually exclusive and exhaustive eygsis. B B,.
If the prior probabilities RB;),P(By),...,P(Bn) are known and conditional probabilities %),

P <Bﬁz), P<Bﬁn) are also known then a posterior probability(ﬁf) is given by

B\ P(Bm)P(A/Bm)
P( A) = 3T P(Br)P(A/Br)

where RBn/A) means,’probability that event occurs due tg,Bwhen it is known that A has oc-
curred.

Proof. LetBg,Bsy, ..., B, by anyn mutually exclusive and exhaustive events @rid any other event
on a random experiment.

A= (ANB1)U(ANB2)U...U(ANBy)
and

P(A) = P(ANBy) +P(ANBy) + ... + P(ANBy)

= i P(ANBm)
m=1
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Again from multiplication theorem
P(ANBm) = P(A)P(Bm/A) (10.1)

P(ANBm) = P(Bm)P(A/Bm) (10.2)
From(10.1)and (10.2),we get

P(A)P(Bm/A) = P(Bm)P(A/Bm)

. _ P(Bm)P(A/Bm)
. P(Bm/A) = PIA)
_ P(Brm)P(A/Bn)
¥ m=1P(ANBm)
P(Bm)P(A/Bm)
S.P(Bm/A) =
B/ = S P(Bm)P(A/Br)
O
B EXAMPLE 10.27
A bag contains 4 black and 1 white ball Another bag contains 5 black andtéd bdidls. One
ball has been taken out from one of the bags and found black. what fébability that it
came from first bags?
Solution: Let B;=To select first bagd,=To select second bag,= To select a ball, then
1 1
P(B1) = 5. P(B2) = 5
Probability of taking a black ball from first bag
4
P(A/B1) = =
(A/B1) = ¢
Probability of taking a black ball from second bag
5
P(A/Bp) = =
(A/B2) = 3
.Required probability
P(B1)P(A/B1)
B1/A) =
PBYA) = BB, /AP(A/BY) + P(B,P(A/EL)
1.4
_ 2%5
5§33
_ 3
61
O

B EXAMPLE 10.28

A purse contains there one rupees coins and four 50 paise coinseapatke contains four
one rupee coins and five 50 paise. a one rupee coin has been tak&onouine of the
purses.Find the probability that it came from the first purse.
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Solution: Let B;=To taken a coin from first urrB,= To taken a coin from second urn aRd=To
take a rupee coin, then

P(B1) =P(B2) = :

2
Probability of taking a rupee coin from first urn,
3
P(R/B1) = 5
Probability of taking rupee coin from second urn,
4
P(R/B2) = 5
.. Required Probability
P(B1)P(R/B1)
P(B1/R) =
BUR = BEPR/BL) +P(B, P(R/E)
_ 2%7
339
=049

Problems

10.19 There are 3 black and 4 white balls in a bag. Two balls are drawn one byvibineut
replacement. If it is known that the second ball is then find the probabilithefirst ball being
black.

10.20 An Insurance company insured 2,000 scooter drivers, 4,00@rdaers and 6,000 truck
drivers. The probabilities to meat with an accident by a scooter dawear driver and a truck driver
are 0.01,0.03 and 0.15 respectively .one of the insured driveassm

10.21 90 percent students nof a class are well prepared and 10 pergeepared for an exami-
nation in mathematics. If the probability of passing with preparednessisad@that of not passing
with unpreparedness. is 0.06 find the probability that a student seleetddmm :

(iywho is found to have passed must have been well prepared, and

(ijwho is found to have faild must have been unprepared.

10.22 In a factory manufacturing fountain pens, machine A, B abd C matwa&0%, 30%
and 40% of the total production of fountain pens respectively of thienuutyp, 5% and 10% of the
fountain pens are defective, if one fountain pen is selected at randdihitis found to be defective.
What is the probability that it is manufactured by machine C?
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CHAPTER 11

PROBABILITY DISTRIBUTIONS

A listing of the probabilities for every possible value of a random variableled aprobability
distribution In this chapter, we discuss three very important distributions

1. Binomial Distribution
2. Poisson Distribution

3. Normal Distribution

11.1 BINOMIAL DISTRIBUTION

The binomial distributioh s a discrete probability distribution which is used when there are exactly
two mutually exclusive outcomes of a trials. These outcomes are ajgtelpiabeledsuccessand
failure. This is used to obtain the probability of observinguccesses intrials, with the probability

of success on a single trial denoted jpy The binomial distribution assumes thais fixed for all
trials. Consider a random experiment which has two possible outcemeessand failure. The
probability of success in each trial sand remains same for alltrials. The trials are independent.
Let X is a random variable which represents the number of succességah ThenX hasn values
named as O success, 1 success, 2 successeSsLCGesses., i.e.

X=x:0,1,2,3,....n

1This distribution is associated with the name of James Belid605-1705) and was published in 1713. It is
also called as Bernoulli distribution in his honor.

183
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with probability ofx successes as
P(X =x) = "Cupd"

whereq = 1— p: the probability of failure in a single trial.
If the random experiment of independent trials is repeatitime, then theexpected numbesf
trials showing a success is
N.nCX pan—x

The set of the numbers of succesalong with the corresponding probability is known Bis
nomial Probability Distribution The set of the number of successes along with the corresponding
theoretical frequencies is callddheoretical Binomial Distributionvith parameters andp.

11.1.1 Assumptions of Binomial Distribution

Binomial distribution is based on the following assumptions
1. The Bernoulli trials are independent.
2. The numbe(n) of trial is finite and fixed.
3. The trials are repeated under identical conditions.
4

. There are two mutually exclusive possible outcomes of each trial varieheferred to as
‘success’ and ‘failure’.

5. In a single trial probability of successjsand the probability of failure ig wherep+q= 1.
The probability of success (and therefore for failure) remains sameeaich trial.

B EXAMPLE 11.1
If on an average one ship in every ten is wrecked, find the probabilityrobhof at least 4
ships safely out of 5 ship expected to arrive.

Solution: Given that one ship out of 10 is wrecked. i.e., 9 are safe.

Probability of safe ship arriving= %

Here, we have to compute probability of arriving at least 4 ships safelpfod expected to arrive.
Herenis 5. Since we need at least 4, it means there are either 4 safe shipethaaorthat. Thus
herex has two values 4 and 5.

P(4or5) = P(4) + P(5)
=5 Cup P4 +5CopP D

“5(3) () +(3) ~5(x)

B EXAMPLE 11.2
10% of screws produced in a certain factory turn out to be defectinel.tRe probability that
in a sample of 10 screws chosen at random, exectly two will be defective

Solution: Here
p=10%=01, g=1-p=09, n=10, x=2



BINOMIAL DISTRIBUTION 185

P(2) =" Cop?d"
=10C,(0.1)%(0.9)®
=0.1937

B EXAMPLE 11.3

Find out the Binomial Distribution to be expected by tossing 4 coins 320 times.

Solution: Let

X = Number of successes (i.e. = The number of heads when 4 coitssassl),
n =4, Number of coins,

p = Probability of getting a head on a coin—;zand,
q=1-p=3.
Possible values of are : Q1,2,3,4. The corresponding probabilities are obtained in the expansion
of (p+a)™
(p+a)* = p*+*C1p’a+* Cop?e? +* Cap + o

(3+3) - () +(3) (3) () () (3 (3) <(3)
2 2 2 2 2 2 2 2 2 2
1 4 6 4 1
1616 16716 16

Thus, we have

X=X 0 1 2 3 4
1 4 6 4 1
PX=X) 1 1 16 16 16

Expected Frequency HP(X = x),whereN =320. The required theoretical Binomial Distribution is
as follows:

X=X 0o 1 2 3 4
Expected frequency 20 80 120 80 20

11.1.2 Mean, Variance and Standard deviation of Binomial distribution

Let the Binomial distribution be

p(x) =P(X =x) ="Cxp*q" ¥, x=0,1,2,...,n
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_ n
Mean, X =E(X) =} xp(x)
2
n
_ chxpan—x
2
=0.4"+1."Cig" tp+2."Coq"2p? + ... +np’

=0+nd"1p+ Mq"‘1p2+,..+npn

1
=nplg" 1+ (n—1)g" %p+...+p" Y
=np(gq+p"*

=np{.(q+p)=1}

Variance
0% =E[X —E(X)]?
—=E(X?) - (E(X))

n

E(X?) = ZOXZD(X)
_ ZDXZ(nCX pan—X)

n
=y X(x—1)+x."Cp g™
2, "

n

n
= § x(x—1)."Cxp* " *+ § x"Cp*g"*
2, 2,

n

3 n(n—1p""*Cop™ a4 np)

&
=n(n—1)p*(q+p)" " +np
=n(n—1)p*+np{.-q+p=1}

0? =E(X?) - (E(X))?
= n(n—1)p*+np—(np)?
=n?p? —np? +np—n?p?
=np—np*=np(1—p) =npq

.. Standard Deviation

o = V/Variance= ,/npq

11.1.3 Constants of Binomial Distribution
Let the Binomial Distribution be
P(X =x) = nCp*q"*, x=0,1,2,....,n

Mean,
p=E(XX)=np
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Standard deviation,

o= /Mnpq
First central moment,
u=~0
Second central moment,
=02 =npq
Third central moment,
s =npgq—p)

Fourth central moment,
Mg = 3n?p?? +npg(1—6pq)

Karl Pearson coefficients,
2

2 —
ﬁl*&*L P) y=+-B

@3 npg
The sign ofy; depends oms. If uz > 0 theny; = ++/B1. If u3 < 0thenyy = —/B1

Ha 1-6pq
=22 34 - M

=2 npq
1-6pq

=B,-3=
Yo=PB npa

11.1.4 Skewness:

e If u3 =npg(q— p) < O,negative i.e, p=g then no skewness is negative.
e If u3 =npgq— p) = 0,i.e,p=qg then no skewness the distribution is symmetrical.
e If u=npgg-—p) > 0,positive i,e. piq then skewness is positive.

11.1.5 Kurtosis

o If Bp=3+18%9 < 3je 1-6pg<Oie.pq> i the distribution is platykurtic.

npq
o If Bp=3+ 1;qu = 3i,e.pq= %,the distribution is mesokurtic.
o If Bp=3+ 1;ggq >3i,e.pg< g the distribution is leptokurtic.
11.1.6 Mode

The value ofx for which P(X = x) is maximum is called mode.
Case 1 Ifnp=integer,then mode rp= mean

Case 2 Ifnp+ p = integer, then there are two modep+ p andnp+ p— 1. wherep(np+ p) =
p(np+p—1)
Case 3 .Inp+ p=k+d wherekis an integer and is a fractional,then mode k

B EXAMPLE 11.4

The mean of a binomial distribution is 4 and third central moment is 0.48d &iandard
deviation and mode of the distribution.

Solution: Given:
Mean =np=4 (11.1)
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Hz =npgq—p) =048 (11.2)
Dividing equation (11.2) by (11.1), we get

npgq—p) 048 48 12 3

np 4 400 100 2549 P)

3
2
da-(1-q) =

3
q(q+qfl):2—5

3

2 _q— 2

207 —q=
5007 — 25— 3=0

5002 — 30q+5q—3=0
10q(5q—3) +1(5q—3) =0
(50— 3)(10q+1) =0
50—3=0o0r1@+1=0
0 Sorq L
5 10

g= g{since g can not be negative

Hence
3 2
—1l-g=1->=2
p q 5° 5
andn= ﬂ =4x § =10
q 2
Now Standard Deviation
3 2
= /npg=4/10x 5 X 5= Vv2.4=155
2 2 2
—10x =+ 5274+ %
np+p (0% 5 + 5 + 5
Hence Mode= 4 {Integral part of(np+ p)}

11.1.7 Characteristics of Binomial Distribution

1. Binomial distribution is a discrete probability distribution based on BinomtigdFem.
2. Theoretical Binomial distribution can be obtained by multiplying the priditiab by N.

3. The shape and location of binomial distribution change$ &se probability of success
changes for a given. Whenp = q = 1— p the distribution is symmetrical. When the number
of success are in ascending order, the distribution is negatively skewpd> 0.5 (or p > q)
and the distribution is positively skewed fpr< 0.5(or p < ). That is binomial distribution
is asymmetrical fop+q.

This distribution is platykurtic fopgq > %, mesokurtic forpg= % and lepokurtic forpg= %.
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4. If nis large and if neithep nor qis too close zero i,e., the difference betwgeandq is very
small, then the binomial distribution tends to symmetry and may be approdymeaiemal
distributior?.

5. The constants of binomial distributid{X = x) =" Cxp*q"*,x=0,1,2,... are as follows:
Mean =np, Standard deviation 7/npg First central momenty, = 0, Second central moment,
U2 = npg= Variance Third central momentyz = npg(q— p), Fourth central moment, =

3n?pPa? +npg(1-6pa), 1 = . Bo = 3+ CHred

11.1.8 Application of Binomial Distribution

The use of binomial distribution is made in case of division by dichotomyrevbae event is called
success and another event is called failure. Under certain assumgmidrircumstances the nature
of binomial distribution is known. It is applicable to the situations of randomg8ing from finite
population with replacement or sampling from an infinite population with or witheplacement.
The binomial distribution is very useful in decision making situations in bgsin®ne area in which
it has been very widely applied is quality control. Binomial distribution is caergid an important
tool in forecasting of the events based on random sampling.

Problems

11.1 The incidence of occupational disease in an industry is such that thenaarkave a 20%
chances of suffering from it. What is the probability that out of six woakd or more will contact
disease?

11.2 The normal rate of infection of a certain disease in animal is known to %& #9an experi-
ment with 6 animals caught infection. Find the probability of the observadire

11.3 In a binomial distribution consisting of 5 independent trials, probabilitiesafid 2 success
are 0.4096 and 0.2048 respectively. Find the parangetéthis binomial distribution.

11.4 Six dice are thrown 729 times. How many times do you expect at leastdized¢o show a
five or six?

11.5 Eight coins are tossed and this experiment is repeated 100 times. Fimdisimlstribution
and calculate its means and standard deviation.

11.6 Assuming that 50% of a population in a town reads newspapers andrfagbeming that
1024 investigators each take 10 individuals to find out if they read neyesps@ow many investiga-
tors would you expect to report that three or less people read nearspap

11.7 Assuming that half the population is vegetarian so that chance of an indiMieing a veg-
etarian is% and assuming that out of 100 investigators each takes a sample of @iduadi to see
whether they are vegetarian. How many investigators would expectad tept three or less people
are vegetarian?

11.8 In an army battalion 25 of the soldiers are married and the remaindé @married. What
is the probability of being 4,2, 3,4,5 married soldiers in a row of 5 soldiers?

11.9 Find all the expected frequencies of a theoretical binomial distribution%l%%f‘

11.10 Four dice were thrown 64 times. Spot 3 or 4 was considered a suatéspat 1 or 2 a
failure. The outcome of a 5 or 6, was not considered a trial. The resates. w

2Djscussed in next sections.
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Number of success 0 1 2 3 4
Frequency 0 5 13 22 24

11.11 Find the mean and standard deviation of the observed frequency distnilaund the theo-
retical binomial distribution.

11.12  For Theoretical Binomial distribution=np= 4 3 =2

11.13 Assuming head as a success in 512 tosses of 8 coins together find duteekfpequencies
obtaining the probabilities of various successes.

No. of Success x  Probability p(x) Expected Frequency Np(x)

0 1/256 2
1 8/256 16
2 28/256 56
3 56/256 112
4 70/256 140
5 56/256 112
6 28/256 56
7 8/256 16
8 1/256 2
Total 1 512

11.14 A set of 8 coins is thrown 256 times and the number of heads appearirglntierow is
recorded. The results obtained are given in the following table. Estimataegha number of heads
and then calculate the expected frequencies using this estimate if the bifenniedlds :

No.ofheads 0 1 2 3 4 5 6 7 8
No. ofthrons 2 6 38 52 59 56 32 10 1

11.15 There are 64 beds in a garden and 3 seeds of particular type of floeveowan in each bed.
The probability of a flower being blue is 1/4. Find the number of beds witl1&2d 0 blue flowers.

11.16 In 104 liters of 4 mice, the number of litters which contain 0,1,2,3,4 femalte is as
follows:

No. of female micex 0 1 2 3 4
No. of litters,f 8 28 34 24 10

Estimate the probability of a mouse being a female and find the expectefregs.

11.17 Obtain the mean and mode for the following binomial distribution if
a) n=99, p=0.6
b) n=60, p=1/6
c) n=8, p=1/5
11.18 Inabinomial distribution mean is 3 and variance is 2, find the remaininga&otsds , Lo, U3, Ua, B1, B2)-

11.19 4 coins are tossed 160 times and following observed frequency distributio

No.ofheads O 1 2 3 4
No. oftosses 17 32 54 51 6
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Assuming that the coins are unbiased calculate the expected frequiemt¢iesnumber of heads and
test the goodness of fit.

11.20 A set of 5 coins was tossed 96 times. The following table gives the olibé&mguency
distribution of the number of heads in a single trial. Calculate the expectgdeineies on the
assumption that the coins were unbiased. use — test to examine tharessecf this assumption
(x=number of coins that show head in a single trial, f=No. of throws)

x 5 4 3 2

1 0
f 7 19 35 24 8 3

11.21 The observed frequency distribution of 128 throws of 7 coins, adegrd the number of
heads. Fit a binomial distribution under the assumption that the coins brased. What are the
mean and standard deviation of the fitted distribution?

No.ofheads 0 1 2 3 4 5 6 7
Noofthrows 7 6 19 35 30 23 7 1

11.22 Criticize the statement: The mean of a binomial distribution 8 and standaiatidevis 3.

11.2 POISSON DISTRIBUTION

Let X be a discrete random variable where probabilit)Xef x is given by

—MmX
PX=%) = x=0,12....., m>0
X!

the probability distribution of X is said to be Poisson distribufieith parametem. Heremis mean
of the distribution. Poisson distribution is a limiting form of binomial distributionendp is very
small andn is large enough such thap = m (Constant).

Theorem 13. In binomial distribution(p-+q)", when pis very small, i.e., 0 and n is very large,
i.e., n— oo, in such a way that np- m is some fixed number, then the probability of x successes is

e M
P(X=x)= "

Proof. Probability ofx successes in binomial distribution is

P(X — X) _n Can—xpx
n!

:x!(n—x)!(l_p)nixpx
n! myn-x /m
T X(n—x)! (1_ﬁ> (ﬁ)
mX myn n!
:W( _ﬁ) (n—x)! (1— M)F
whenn — oo
M m
x!

3This distribution was developed by S.D. Poisson in 1837.
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as whem tends to infinity, we have

lim (1— %1)” =e M

n—oo

O

When the expected frequencies for an observed frequency distrilargémbtained using Poisson

Law, then general expected frequency is glven\bg‘mg, whereN= total observed frequencies.

The theoretical distribution so obtained is caltedoretical Poisson distribution

Poisson distribution is applicable in case of a number of random situationa wiitiall probability
of success. Poisson distribution is used in place of binomial distributiom \whe very smalln is
very large andp= mis fixed number.

Some very common cases where Poisson distribution is used: The nahugaths at a place in
any year by an epidemic or by a rare disease;

The number of mistakes per page by an experienced typist;

The number of typographical errors per page in a book printed dod gress;
The number of defective items in the items manufactured by a big jactor
The number of bacteria in a drop of clean water;

The number of suicides per day in a city;

o g > w DN

The number of telephone calls per minute in an telephone booth.

11.2.1 Mean, Variance and Standard deviation of Poisson distribution

Mean:

o SxoXPX) &
X e 2
_
:X;xle o
o et
=€ 'mx; x—1)!

=eMmeé"=m

Second Moment about origin :

o= 3 o
= i[x(xfl)an]e’mg
_5 X(x—1)e M— + ixe’m—'
X= N B x_:
=Y ket

Il
23 3
i
3
+
3
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Second Moment about mean:

Mo = [y — (17)?
=nmP4+m—n?

=m

Variance:
2

0" =l=m
Standard Deviation:
o = v/Variance= v/m

11.2.2 Constants of Poisson Distribution

Mode:
case 1: Ifmis a positive integer, then there are two modes-atx— 1 andx = m.
case 2: Ifmis not a positive integer, then the integral partois mode.

Third moment about meapg = m, always positive

Fourth moment about meag, = 3m? 4+ mor m(3m+-1)

2
K om 1 a1
Bl—u23—m3—m-,V1— Bl—\/m
_ Mg m@Bm+1) 3m+1 1
Bl*ygf w T m o m

1 1
—Bp—3=3+--3="
Yo = B2 o ™

Remark: The advantage of Poisson distribution is that if we know the value of therdeam, we
can find all the other constants of this distribution.

B EXAMPLE 11.5

The parametem of a Poisson distribution is.24. Find the constants of this distribution.

Solution: -
P(X =X) = p(X) = e*mq,x: 0,1,2,.........
X
p(x) = e*3-24@,x =0,1,2,.......
Mean, _
X=m=324
Variance,
0?=m=2324=

Second central moment,

H2
Standard Deviation ,

o=+v/m=+/324=18

Third central moment,

ls = (3M+1) = 3.24[3(3.24) + 1] = 3.24(9.72+ 1) = 3.24 x 10.72= 34.7328
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Moment coefficient of Skewness:.

101
Bu= =5, = 3086
~Jro /1 _ /03086=05556
M=\ m~= V322~ VoUee=o

Moment coefficients of Kurtosis:.

= 3+ .3086= 3.3086

3.24
1 1
Mode:
m=3.24=3+024
Sincemis not a positive integer, hence mode = 3 O

B EXAMPLE 11.6

In a certain Poisson frequency distribution the frequency correspgmal 2 successes is half
the frequency corresponding to 3 successes. Find its mean andrdtdrdition.

Solution: Let the total frequency bl. Then the frequency for successes in the Poisson distribu-
tion is

X’
I
Frequency of 2 successes\.e o
ms
Frequency of 3 successesN.e‘m?
According to the condition given:
m 1 m3
—m —— LU
Ne ™. o 2[Ne 3 ]
1 } y m
2x1 27 3x2x1
_ 2x3x2x1 6
T o2x1 T
.Mean,X = m= 6 and Standard deviatiam = /m= /6 = 2.449. O

11.2.3 Computation of Probabilities and Expected Frequencies in Poisson
distribution

In a Poisson distribution the probability of x successes ( or probability foassion of X) is given
by

p(x) :e*m.%,x: 0,1,2,...

To find the probabilities fok = 0, 1,2, ... first of all we obtain the value &f.The values o&™™
for the various values of m are given in a table from which they can lbeasily or the values of m
are given in a table from which they can be read easily or the values mayniyguted as follows:

e~2 = Antilog[—2l0g;0€] = Antilog[—2l0g102.718 = 0.1353
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After finding the value o~ or p(0) we find p(1), p(2), ... etc. By the relation

or by the relation m
p(x+1) = 1 p(x)

Expected frequencies are obtained as follows:
Expected frequency of successes N p(X).

195

m 0 1 2 3 4 5 6 7 8

9

0.0 1.0000 .9900 .9802 .9704 .9608 .9512 .9418 .9324 .9231139.9

0.1 .9048 .8958 .8869 .8681 .8694 .8607 .8521 .8437 .8353 07.82
0.2 .8187 .8106 .8025 .7945 .7866 .7788 .7711 .7634 .7558 83.74
0.3 .7408 7334 7261 .7189 .7118 .7047 .6977 .6907 .6839 71.67
04 6703 .6636 .6570 .6505 .6440 .6376 .6313 .6250 .6188 26.61
05 .6065 .6005 .5945 5886 .5827 5770 5712 5655 .5599 43.55
0.6 .5488 5434 5379 5326 .5273 5220 5169 4117 .5066 16.50
0.7  .4966  .4916 .4868 .4819 1771 4724 4677 4630 .4548 38.45
0.8 4493 4449 4404 4360 .4317 4274 4232 4190 4148 07.41
0.9 .4066  .4025 .3985 .3942 .3906 .3867 .3829 .3791 .375316.37

The value ole"™form =1tom =10

m 1 2 3 4 5
e™ 0.36788 0.13534 0.04979 0.01832  0.006738
m 6 7 8 9 10

e ™ 0.002479 0.000912 0.000335 0.000123 0.000045

To read the value o™ for m= 0.51 from the above table, we take 0.5 in the colufm) and

then read the value in column (1) in front of 0.5. Thus
e 051 = 6005

Similarly e 961 = 5434 ande~251 = ¢ 20-051— 13534x .6005=.08127

B EXAMPLE 11.7

Suppose that a manufactured product has 2 defects per unit if giridimspected.

Using

Poisson distribution calculate the probabilities of finding a product (i) witaaytdefect , (ii)

3 defects (iii) with 4 defects , (iv) with 3 defects or 4 defects . (GieeA = 0.135).

Solution: Let X = Number of defects per unit, and

p(x) =P(X=x) = e*m%7 x=0,1,...
Herem=2
p(0) = e 2 =0.135 (given)
p(1) = p(0) xm=0.135x 2= 0.27
p(2) = p(1) x g =0.27x g =0.27
p(3) = p(2) x g —0.27x % —018
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In this way

(i) The probability of no defect = p(0) = 0.135

(i) The probability of 3 defects = p(3) = 0.18

(ii) The probability of 4 defects = p(4) = 0.09

(iv) The probability of 3 or 4 defects = 0.18+0.09=0.27 O

B EXAMPLE 11.8

2 percent of the electric bulbs produced by a company are defégtidehe probability that in
a sample of 200 bulbs (i)less than bulbs are defective and (ii) more thalb8 are defective.
(Givene* =0.0.183)

Solution:

2
n=200p=2= o= .02

m=np=200x.02=4

P(X=x) = e’mx—nr,x= 0,1,2,........

X
P(X =X) :e*“%,x:o,l,z, ..........

(i) P (less than 2 bulbs are defective)

=P(X<2)=P(X=0)+P(X=1) :e—4+e—4.%

=e *(1+4) =5e % =5x0.0183=0.0915
(ii) P (more than 3 bulbs are defective)

2 .

4
- - _ —4_ 4 —4
=P(X>3)=1-P(X<3)=1-[e"+¢€ TR TR .3!]
32

71
—1-e41+4+8+ 5 =1-.0183x — =1 .4331= 5669

B EXAMPLE 11.9

The distribution of accidents by taxi drivers in city in a year is a PoissoniDigion. The
mean of the distribution is 3. Find out the member of taxi drivers out @0l@xi drivers
(i) who are not involved in any accident in a year and (ii) who are invoivechore than 3
accidents in a year.

Solution: X = Number of accidents in a year m = 3, the mean of Poisson Distribution 808 1

number of taxi drivep(x) = P(X = x) = e‘m%,x =0,123,......

X=x  Probability, P(X=x),p(x) Expected Number , Np(x)

0 e M=e3=0.0498 10006<0.0498=49.8
me M= 3e3 = 0.1494 1000x0.1494=149.4

1
2 me"_9e3-02241  1000.2241=224.1
3

me™ _ 27e3-02241  10060.2241=224.1

Figure
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(i) Np(0) = 49.8— 50~ 0, no accident
(i) N—N[p(0) + p(1) + p(2) + p(3)], more than 3 accidents

= 1000— (49.8+ 1494+ 2241+ 2241)
=1000—-647.4=3526—-353

B EXAMPLE 11.10

A manufacturer of pins knows that on an average 5% of his productfesctive.He sells
pins in boxes of 100 and guarantees that not more than 4 pins will betidefeWhat is the
probability that a box will meet the guaranteed qualigy?(= .0067)

Solution: The probability that pin is defective , p =5 % or 0.05
Let X = The number of defective pins in a packets of 100 pms;, 0.05 andn = 100,

m=nx p=0.05x100=5

and

. p(0) = e™° = .0067

p(1) = p(0) x ? — .0067x ? — 0335
p(2) = p(1) g — 0335x g — 0838
p(3) = p(2) x g — .0838x g — 1397
p(4) = p(3) x g — 1397x g — 1746

P(a box will meet the guaranteed quality)

= P (The number of defective pins is not more than 4)
=1— p(The number of defective pins is 4 or less)
=1-[p(0)+Pp(1)+p(2) + p(3) + p(4)]

= 1-[0.0067+ 0.0335+ 0.0838+ 0.1397+0.174§
=0.5617

B EXAMPLE 11.11

In a certain factory turning out razor blades, there is a small chant&00 for any blade to
be defective. The blades are supplied in packets of 10. Use Poissobutiisn to calculate
the approximate number of packets containing (1) no defective, é3Jefective and (3) two
defective blades, respectively in a consignment of 10000packets.

Solution:
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Here,

1

S.m=np=10x %): .02

Let X = The number of defective blades in a packet)(1,2,3,4,5,6,7,8,9,10).
According to the Poisson distribution,

p(x) =P(X =x) = e*m%, x=0,1,2,........

P(0) = e 02— 9802

p(x+1) = p(x) x 1 gives
p(1) = p(0) x O‘TOZ = 0.9802x O'TOZ =0.019604
p(2) = p(1) x 0702 = 0.019604x 0702 =0.00019604

p(3) = p(2) x O’TOZ — 0.00019604« O‘TOZ ~0

Required expected frequencies:

(1) No defectiveey = N p(0) = 10000x 0.9802= 98020 = 9802

(2) One defective; = N p(0) = 10000x 0.019604= 19604 = 196

(3) Two defectivez, = Np(2) = 10000x 0.00019604= 1.9604= 2 O

B EXAMPLE 11.12

A car hire firm has two cars which it hires out day by day. The numbeeaiands for a car
on each day is distributed as Poisson distribution with mean 1.5. Calculateoiharton of
days on which (i) neither car is used, and (i) some demand is refused.

Solution:
Let X = demand of a car, then

p(X =X) = e‘m%, wherem= 1.5.
(i) Neither car is used i.e., the demand is zero, required probabilityréqugption)
pX=0=eM=e15= 2231

(ii) The demand is refused, means the demand is more than 2: Theagguabability (or propor-
tion)
pX>2)=1-p(X<2)
=1-[p(0) +p(1) +p(2)]

m?
_ —m m —m
=1-{e"+e"m+e 1

(1.5)2

=1-0.2231+0.2231x 1.5+ (0.2231) x

=0.1913
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B EXAMPLE 11.13

Mean of a distribution which is explained by the Poisson distribution is 2.0. &iridhe
probabilities corresponding to various successes 0,1,2,3.1f.the total frequency is 100
what are the various frequencies?

Solution:
Probability ofr successes

p(r) = e‘mr:il7 wherem= 2

. _ oM I o m_ 2
. p(0) = —0!_e =€
=2718282=0.1353

From formulap(r +1) = p(r) x r-%’ we get,

p(1) = p(0) x nf = 2p(0) =2 x .1353=.2706

= ; x .2706=.2706

= % x .2706=.1804

= % % .1804=.0902

=y
w
w
Il
o
h=y
N
N
X
A3 w3 N3

p(5) = p(4) x %1 = é x.0902= .03608
m 2

p(6) = p(5) x -6 x .03608=.0120266
m 2

p(7) = p(6) x Z=3 x.01203=.0034371

The computations may be carried out up to infinite successes, but it isticltathe probabilities
are decreasing very fast and will become very low after some time thigeromputation is meaning
less. Thus the Poisson distribution is as follows:

X 0 1 2 3 4 5 6 7 or more
p(x) .1353 .2706 .2706 .1804 .0902 .0361 .0120 . 0034

We have not computed the probabilities after p(7), the last probability i§ for more than 7. this
is obtained by subtracting the sym(0) + P(1) + p(2) + p(3) + p(4) + p(5) + p(6)] from 1.
If the total frequency is 100,then the expected frequencies are awsallo

N p(x)

X
0 100x.1353=13.53=14
1 100%x.2706=27.06=27
2 100x.2706=27.06=27
3 100x.1804=18.04=18
4
5
6

100%x.0902=9.02=9
100x.0361=3.61=4
100x.0120=1.20=1
7 or more 106.0034=0.34=0




200 PROBABILITY DISTRIBUTIONS

B EXAMPLE 11.14

The following table give the data regarding the deaths of soldiers frons ki€korses per
army corps per year for General Army Corps:

Deaths 0 1 2 3 4
Frequency 109 65 22 3 1

Fit a Poisson distribution and calculates expected frequencies.

Solution:
Deathx Frequencyf  fx
0 109 0
1 65 65
2 22 44
3 3 9
4 1 4
Total 200 122
Mean , ;
me 21X _122_ 51 om_ o061 _ (5434
sf 200
P(X =X) = e‘m%,x= 0,12, ...
Formula :

m
p(X+1) = p(x) x xp19ves

p(1) = p(0) x O'Tm = 0.5434x 0.61=0.3314

p(1) = p(2) x 0'761 = 0.3314x 0'761 =0.1011

p(3) = p(2) x 0—361 =0.1011x 0—361 =0.0205

P(4) = p(3) x 0’761 = 0.0205x 0'761 =0.0031

To make the total probability 1, we can find the probability of ‘4 and mordeiad of probability
of 4. p (4 or more)

=1-(p(0) + p(1) + p(2) + p(3))
= 1—(.5434+ .3314+.1011+.0205
=1-(.9964 = .0036
Remark: The number of deaths of German soldiers in 20 units of German Armmp<Cwithin

20 years from kicks of horses is an important example of Poisson distnib Probabilities and
Expected frequencies are as follows:



PROBLEMS 201

X p(x) N p(x)
0 0.5434 200x 0.5434=108.7=109
1 0.3314 200x 0.3314=66.3=66
2 0.1011 200x 0.1011=20.2=20
3 0.0205 200« 0.0205=4.1=4
4 or more 0.0031 2& 0.0031=0.6=1
Total 0.9995=1 200

Problems

11.23 If the proportion of defective items in a bulk is 4 percent find the probahiftpot more
than two defective in a sample of 10.(It is known teaf = .6703)

11.24 The past experience shows that there occur on an average 4 indacstigkents per month.Find

the probability of the occurrence of less than 4 industrial accidents intaicenonth. (Given :
—4

e *=.018)

11.25 Inatown 10 accidents take place in a span of 50 days.Assuming thatrtienof accidents
follow Poisson distribution , find the probability that there will be three or nam@dents in a day.

11.26 The average number of customers per minute arriving at a shop isibg Boisson distri-
bution find the probability that during one particular minute exactly 6 custemirarrive .

11.27 After correcting the errors of the first 50 pages of a book, it is fourad ¢im the average
there are 3 errors per 5 pages . Use Poisson distribution to estimate themnfrpages with 0,1,2,3,
errors in the whole book of 1,000 pages (Gigef§ = .5488 )

11.28 A producer claims that 5% of his product is defective. He sells his mtadiboxes of 100
and guarantees that not more than 3 items will be defective . What isabalglity that a box will
fail to meet the guarantee?

11.29 Atelephone exchange receives on an average 4 calls per minute. Eipibtiability on the
basis of Poisson distribution of receiving:

a) 2 or less calls per minute,

b) up to 4 calls per minute, and

c) more than 4 calls per minute. (Givear* = .0813)

11.30 The number of telephone call an operator receives from 8 to 5 minste8ptollows a
Poisson distribution with m = 3 . What is the probability that the operator (i) willreceive a
telephone call and (ii) exactly 3 calls in the same time interval tomorrow?

11.31 The probability that a particular injection will have reaction to an individual@Q. Find
the value probability that out of 1000 persong exactly 2 individuals andX ) at least one individual
will have a reaction from injection.

11.32 In a certain factory turning out optical lenses there is a small chg&g‘er any lens to
be defective. The lenses are supplied in packets of of 10. Use Palsdhution to calculate the
approximate number of packets containing (i) no defective, (ii) oneatie®, (iii) two defective (iv)
thrgze defective and (v) four defective lenses respectively in agoment of 20000 packets. (given
e < =.9802)
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11.33 Infactory manufacturing fountain pen, the chance having a defgutinés 0.5 percent, 100
pens are kept in box. What is the percentage of boxes in which (i) thamedefective pen (i) there
is at least one defective pen and (iii)there are 2 or more than 2 defgeiv?(givere > = .6065)

11.34 A manager accepts the work submitted by his typist only when there is nokmiistahe
work. The typist has to type on an average 20 letters per day of abdw@@ls each. Use Poisson
distribution to find the chance of his making a mistake if (i) less than 1% of thedettdmitted by
him are rejected and (ii) on 90% of days all the work submitted by him acgepte

11.35 250 passengers have made reservations for a flight from Delhi toldiurihe probability
that a passenger who has reservation will not turn-up is 0.016. Firgt¢beability that at the most 3
passengers will not turn-up.

11.36 The following mistakes per page were observed in a book. Fit a Poissiibdtion to the
data:

No. of mistakes per page 0 1 2 3 4
No. of pages 200 90 20 10 O

(Given: e~-® = .6065)

11.37 A typist commits the following number of mistakes per page in typing 100 paigie a
Poisson distribution and calculate theoretical frequencies:

5
1

Mistakes per page 0 1 2

3 4
No. of pages 42 33 14 6 4

(givene 1 = .3679)

11.38 Show that there is a inconsistency in the following statement: “The mean ofsadh
distribution is 16 and the standard deviation is 9”.

11.39 Comment on the following statement: “For a Poisson distribution mean is 8aai@hce is
7

11.3 NORMAL DISTRIBUTION

The perfectly smooth and symmetrical curve, resulting from the exparts the binomial(q+
p)"when n approaches infinitely is known as the normal curve. Thus, theat@urve may be
considered as the limit toward which the binomial distribution approachesraseases to infinity.
Alternatively we can say that the normal curve represents a contimagsfénite binomial distribu-
tion when neithep norq s very small.

Even though p and q are not equal, for very large n we get perfecthpgnand symmetrical
curve. Such curves are also called Normal Probability curve or Naranee of Error or Normal Fre-
guency curve.lt was extensively developed and utilized by Germahevteatician and Artsonomer
Karl Gauss. This is why it called Gaussian curve in his honor.

The normal distribution was first discovered by the English MathematicianrADDe Moivre.
Later on French Mathematician Pierre S. Laplace developed this prindiple.principle was also
used and developed by Quetlet, Galton and Fisher.

11.3.1 Assumptions of Normal Distribution

The following are the four fundamental assumptions or conditions ppeewang the factors affecting
the individual events on which a normal distribution of observations isdias
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1. Independent FactorsThe forces affecting events must be independent of one another.
2. Numerous FactorsThe causal forces must be numerous and of equal weight (inmpa)ta

3. Symmetry The operation of the causal forces must be such that positive degdtimm the
mean are balanced as to magnitude and number by negative deviatiorihé mean.

4. HomogeneityThese forces must be the same over the population from which thevabieas
are drawn (although their incidence will vary from event to event).

11.3.2 Equation of Normal Curve

We obtain the theoretical frequencies for X = 0,1,2,3,........ inguthe expansioN(q-+ p)".if p =
g then binomial distribution becomes a symmetrical frequency distributhiimen n is very large it
is very difficult to compute the expected frequencies. This difficulty isavme by normal curve.
Normal curve is a continuous algebraic curve. Its formula is

_ 2
e 202

or )
_ N ey
Y= ovan

wherey = computed height of an ordinate of the curve at a given point of iesée. at a distance
of x from the mean.

N = number of items in frequency distribution,

i = width of the class-interval,

o= Standard deviation of the distribution,

11.3.3 Characteristics or Properties of the Normal Curve/Normal
Distribution
1. Bellshaped: The normal curve is a bell shaped curve and des¢hié probability distribution
of a normal variate with two parametegugmean ) ands(standard deviation).
2. Continuous : Normal curve/Normal distribution is continuous.

3. Equality of central value : Being perfectly symmetrical values meadiam and mode of
normal distribution are same. The ordinate of normal curve is maxinfuheaentral value.

4. Unimodal : Since the maximum ordinate in normal curve is at one paigt bence normal
distribution is unimodal, and normal curve is single humped.

5. Equal distance of Quartiles from median: The difference betweesh qiartile and median
[Qs — M] is equal to the difference between median and first qudiie- Q).

6. Parameters and Constants : The two parameters of the normal diistribre meany{ or X)
and standard deviatiow]. The other constants are : Moments :

py =0, tp = 02, i3 = 0, iy = 35 = 30*,

2 2
H Ha _ 3H
p-tioop-t - os
H; Hz  H3
yi=0y,=B—-3=3-3=0

Odd central moments are always zero.Skewness is zero and tieeisnmesokurtic.
7. Points of Inflexion : Near the mean value, the normal curve is cenadie neart+3ait is

convex to the horizontal axis. the points where the change in curvatovesoaret10.
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8. Areaunder the curve : The area lying between the normal curviharrizontal axis is said
to be the area under the curve and is equal to 1 in case of probabilities eqdaisto total
frequency in case of frequencies in the distribution.

Based on mean and standard deviation the specific area under narmebee as follows:

(&) Within arange 0.6745 afon the both sides the middle 50% of the observations occur
i,e. meant-0.6745 covers 50% area 25% on each side.

(b) Mean+1SD. (i,e.u +10) covers 68.268% area, 34.134 % area lies on either side of
mean.

(c) Mean+2SD. (i,e. u+20) covers 95.45% area, 47.725% area lies on either side on
mean.

(d) Mean+3 SD. (i,e. u+30) covers 99.73% area, 49.856% area lies on the either side
of the mean.

(e) Only 0.27% area is outside the range-30.

25% | 25%

-0.674% 0.674%

Figure 11.1. u+0.674%

34.13% | 34.13%

Figure 11.2. u+o

47.72%

47.72%

-20 20

Figure 11.3. u+20

11.3.4 Standard Normal Distribution

It is useful to transform a normally distributed variable into such a formatsingle table of areas
under the normal curve would be applicable regardless of the unity airipi@al distribution.
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49.85%

-30 30

Figure 11.4. u+30

Let X be random variable distributed normally with medrand standard deviatioo, then we
define a new random variahfeas
7 X—-X
o
whereZ = New random variable),(_:value of X, X = Mean ofX, 0 =S.D. of X. ThenZ is called
a standard normal variate and its distribution is called standard normabdiiin with mean 0 and
standard deviation unity. Similarly we can obtain the valueZ fidr any given value oK as shown
in figure 3:

In the table “Area under Normal Curve” first columndsn which the numbers are written from
0.0 to 3.0. In next, there are 10 columns representing the numbér$dd®09 in which areas are
given. Suppose the value @f= 1.45. Then read the area corresponding 1.4 under 0.05 where it is
0.4265. Thus the area from 0 to 1.45 is 0.4265 or 42.65%. For poZitihe area is to the right
of mean and for negative the area is to left to mean. To find the arealfrdnto infinite subtract
0.4265 from 0.5000. Thus area to the right of 1.45 is 0.5000-6.426.0735. The area betwe&n
=-1.45 andZ,=1.05 is obtained as follows:

area from— 1.45 to 0= 0.4265
area from 0 to 05=0.3531
.. required area- 0.4265+ 0.3531=0.7796

The area between; = -1.45 andZ, = -1.05 is obtained as follows :

area from— 1.45 to 0= 0.4265
area from— 1.05 to 0= 0.3531
.. required area- 0.4265—0.3531=0.0734

B EXAMPLE 11.15

How would you use normal distribution to find approximately the frequewfcgxactly 5
successes in 100 trials, the probability of success in each trial Ipeing.1?

Solution:
Let the number of trials ., thenn=100 p=0.1andq=1-p=1-0.1=0.9.
Mean in case of binomial distribution

M =np=100x0.1=10

and

0 =,/Mnpg=+100x0.1x09=+v9=3
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Whenn is large,n binomial distribution tends to normal distribution which is continues. Hence,
the frequency of 5 success will be in the class5475.5 and the mean and standard deviation of
binomial distribution will be the mean and standard deviation of normal digtoib.

45-10
3

55-10
—=

forX =452, = =-1.83

forX =55,Z, = -15

for —1.830Area= 0.4664

—1.50Area= 0.4332

. Area between -1.83 and -1.5 = 0.4664- 0.4332 = 0.0332. Whenftetplency isN, then expected
frequency of the class8—5.5is 0332N. LetN = 100, then expected frequency is 3.32%.

O

B EXAMPLE 11.16

The mean of a distribution is 60 with a standard deviation of 10. Assumingthdistribution
is normal, what percentage of items be (i) between 60 and 72, (ii) betd@emd 60, (iii)
beyond 72 and (iv) between 70 and 807?

Solution:
(i) Between 60 and 72 :

X—u 72—60
c 10
Area from 0 to 1.2 = 0.3849.:.Percentage of observations between 60 to 723849x 100 =
38.49%
[ From the table the area between 0 and 1.26 = 0.3849]. Hence, theetweaen 60 and 72 =
0.3849x 100 = 38.49%.]
(i) Between 50 and 60:

X—y 50-60 -10

Z) = =-1

o 10 ~ 10

65— 60
7> — —
2 0 °

Area between -1 and 0 = 0.3413
. Percentage of observations :3813x 100 = 34.13%

(iii) Beyond 72:
Since half area is 0.5, hence area for more than 72 = 0.5 - 0.384915D.

. Percentage of observations more than 72H81x 100 = 11.51%

(iv) Between 70 and 80 :

5 _70-60_ 10 _
=710 T 10
Area 0.3413
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80—60 20
2="q5 10?2
Area 0.4772

Area between 70 and 80 = 0.4772 - 0.3413 = 0.1359
. Percentage of observations between 70 and 8A359x 100 = 13.59%

B EXAMPLE 11.17

In a normal distribution 31% of the items are under 45 and 8% are ovétifd the mean and
S.D. of the distribution.

Solution:

Let X = Mean of the distributiong= Standard Deviation of the distribution. Since the area to
the left of the ordinate at = 45 is 031, hence the area from the ordinatexat 45 and Mean =
0.5—0.31=0.19. The corresponding value of Z for this area from the table is - 0.Bcéle

_ 45-x

Z =—-05=45-Xx=-0.50

Since the area to the right of the ordinatexat 64 is 0.08, hence the area between Mean and the

ordinate ak = 64= 0.5—0.08 = 0.42. Corresponding value & for this area from the table is 1.4.
Hence

7= 64Eff)(:1.4:>647Y:1.40

On solving both equations, we get

o =10, x=50
.~Mean,x = 50 and standard deviatiar= 10.

B EXAMPLE 11.18

The mean length of steel bars produced by a company is 10 meter addrstaleviation 20
cm. 5000 bars are purchased by a building contractor.How many s thers expected to be
shorter than 9.75 meter in length? For your answer assume that thedéstghl are normally
distributed and use the following extract from table of areas from mearstandes {(E—X)
from mean under the normal curve :

X110 115 120 125 1.30
Area 3643 3749 .3849 .3944 .4032

Solution:
Here,X =10, 0 =0.2

(X*X), X=975m 7= 22104 o5

o 2

Area from -1.25 to mean = 0.3944. Areato the left of the ordinate =0050.3944 = 0.1056. The
proportion of the bars which are shorter than 9.75 meter = 0.1056 amiithber = QL056x 5000
=528

7=
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B EXAMPLE 11.19

15000 students sat for an examination. The mean marks was 49 andtthmition of marks
had a standard deviation of 6. Assuming that the marks were normallipdistl what pro-
portion of students scored (a) more than 55 marks, (b) more than & ma

Solution: _ _
(@)Z= %% andX =55X =49,0 =6

The proportion of the students who got marks between 49 and 55 (imndQ on standard
scale)=0.3413

Hence the proportion of the students getting marks more than 55 = Q133=3.1587

(b) _

X—X 70-49 21
2770 i 7373.6

Area corresponding td = 3.5 is 0.4998.

.. Proportion of students getting marks more than=7/0.5— 0.4998= 0.0002 and the required
number of students- 0.0002x 15000= 3 O

B EXAMPLE 11.20

The marks obtained in some degree examination are normally distribpute00 ando =
100 ; we have to pass 550 students out of 674 students who are apgadha examination.
What should be the minimum marks for passing the examination ?

Solution:
The proportion of successful students3?) = 0.8162 From the normal table the value @f
corresponding to 8162— 0.50= 0.3162 is 9. Hence the value @fto the left of mean is-9. From

Z= %, whereX = Maximum marks for passing

X —500
~ 100

= X =-90+500= 410
Thus minimum passing marks = 410

B EXAMPLE 11.21

As a result tests on 20000 electric bulbs manufactured by a company itowad that the
life time of the bulbs was normally distributed with an average of 2040 hawdsasstandard
deviation of 60 hours . on the basis of this information estimate the numitertos that are
expected to burn for (a) more than 2150 hours and (b) less than D2@6.lihe area, A (Area
between 0 and Z) under normal curve is given:

Z 123 1.33 1.43 1.53 1.63 1.73 1.83
A .3907 .4082 .4236 .4370 .4484 4582 .4664

Solution:
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Here B
X =2040 o =1960Q N = 20000

@ _
X—X 2150-2040 110

o 60 =60 83

7=

Area to the right of 183 = 0.5—0.4664= 0.0336

.. Required Number =.0336x 20000= 672

(b)

X—X  1960-2040

—-1.33
o 60

Z=

Areato the left of—1.33= (0.5)(0.4082 = .0918

.. Required Number =.8018x 20000= 1836

Problems

11.40 1000 light bulbs with a mean life of 120 days are installed in a new factorgirTéngth of

life is normally distributed with standard deviation 20 days. (i) How many wiliexin less than
90 days ? (ii) It is decided to replace all the bulbs together what interva/aitehould be allowed
between replacement if not more than 10% should expire before ezxpéat .

11.41 In adistribution exactly normal 7 % of the items are under 35 and 89% aler &3. What
are the mean and S.D. of the distribution ?

11.42 The mean height of the 1000 workers in a steel plant is 67 inch with a sthddeiation of
5 inch.How many workers are expected to be above 72 inch in that plant?

11.43 If the height of 500 students are normally distributed with mean 65 inchtandard devi-
ation 5 inch. How many students have height :

a) greater than 70 inch.

b) between 60 and 70 inch.

11.44 The Mumbai Municipal Corporation installed 2000 bulbs in the streets of bainf these
bulbs have an average life of one thousand burning hours in with a $2D0dhours, what numbers
of bulbs might be expected to fail in the first 700 burning hours ? the tdkteeanormal curve at
selected values is as follows :

XX 1 125 150
Probability 0.159 0.106 0.067

11.45 If the mean height of soldiers is 68.22 inch with a variance of 10.8 inoW,hany soldiers
in a regiment of 1000 can be expected to be over 6 feet all ? [ In a hdistdbution are to the right
of an ordinate at 1.15 = 0.1251.]

11.46 The income per month of a group of 10000 persons was found to lmeatigrdistributed
with mean Rs. 750 with a standard deviation of Rs. 50. show that of thipd@d% had income
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exceeding Rs. 668 and only 5% had income exceeding Rs. 832. Wh#hekwest income among
the richest 100?

11.47 In a statistical survey of 1000 small business firms in a city , it was fouaitthieir monthly
average sales amounted to Rs. 8000 with a standard deviation of Rs.A¥0ning that the sales
are normally distributed,estimate :
a) the number of firms whose monthly average sales were less than Rsa680
b) the number of firms whose monthly average sales were between R¥arnf(Rs. 9000.
area under the normal curve

z=XH 0.1 0.5 1.0 1.5 2.0

g

Area 0.0398 0.1915 0.3413 0.4332 0.4772

11.48 A sales-tax officer has reported that the average sales of the 50@&silirat he has to deal
with during a year amount to Rs. 360000 with a standard deviation of R0DOAssuming that the
sales in these business are normally distributed, find:
a) the number of business the sales of which are over Rs. 400000.
b) The percentage of business, the sales of which are likely to range meRe2e300000
and Rs. 400000.
c) The probability that the sales of business selected at random will be @veBED000.
Area under the Normal Curve

Xl 025 040 050 0.0
Area 0.0987 0.1554 0.1915 0.2257

11.49 In a normal distribution 7 percent of the items have values under 35 @&pe@ent of the
items have values under 62. Find the men and standard deviation of thieutiistr (In a standard
normal distribution the area between means and x = 1.4757 is 0.43 aarkthbetween mean and x
=1.2243is 0.39).



CHAPTER 12

SAMPLING THEORY

12.1 UNIVERSE OF POPULATION

In any statistical investigation often called statistical survey, observatimsade on a group of
objects or individuals called elementary units as they are without any iréadfe. The aggregate of
individuals under study in any statistical survey is called a population.

According to A.C. Rosander

A Population is the totality of objects under consideration.
In the words of Simpson and Kafka

A universe or population may be defined as an aggregate of itemssgogsa common
trait or traits.

According to G.Kalton,

In statistical usage the term population does not necessarily refer téepmapis a
technical term used to describe the complete group of persons or diojestsich the
results are to apply.

12.1.1 Types of Population

There are two bases to classify populations:
1. Population Based on number of objects
Finite
Infinite

211
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2. Population Based on existence of objects
Real
Hypothetical

12.1.1.1 Finite or Infinite Population A population is said to be finite if the number of in-
dividuals is fixed, i.e., finite. A population is said to be infinite if it is compoeg&hfinitely large
number of individuals. For examples.

Students of your university constitute a finite population, leaves of a tregiticte an infinite popu-
lation (here infinite means very large).

12.1.1.2 Real or Hypothetical Population A population is said to be real, true or existent if
it contains concrete and existing objects. For example, the workers @tayfaetc.

A population is said to be hypothetical or artificial if it is imaginary or it is consted hypo-
thetically on a paper by the statistician in his laboratory. This is done to illustretgrcstatistical
principles. For example, the possible outcomes of heads and tails in tassaiig.

12.1.2 Sample

A part of the population selected to know some thing about the populatiofiesl @asample. The
number of individuals selected in a sample is called its size.
According to G. W. Snedecore and W.G. Cochran,

A sample consists of a small collection from a larger aggregates abach wie seek
information.

The statistical procedure of drawing a sample from the population is calaglsg. the sta-
tistical procedure which are used for drawing inferences or coneissibout the population from
the sample data are covered under inferential statistics or statisticalnoéer&hus sampling the-
ory is the basis of statistical inference in which we wish to obtain maximumrirdtion about the
population with minimum effort and maximum precession.

The main object of the study of sample or sampling is to get maximum intavmabout the
population under consideration at reduced cost, time and energyrdkegdo weather burn,

The theory of sampling is concerned first, with estimating the paramettrs pbpula-
tion from those of the sample and secondly with gauzing the precision oftineates.

12.2 CENSUS VS SAMPLING

In statistical investigation information about population is obtained in two ways:
1. Census method

2. Sampling method

Census Investigation:. A census investigation is one in which all the elementary units connected
with the problem are studied. In other words, a process of investigatiorhichwnformation is
collected from each and every individuals of the population is called Gekisthod or Complete
Enumeration. For example, population census conducted in India oewerynten years.

Sample Investigation:. A sample investigation is one in which only a selected group of indi-
viduals is studied (surveyed). In other words, the process of invéstigim which information is
obtained from a representative part of the population (called sampla)lésl sampling method or
sample enumeration or sample survey.
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12.3 PARAMETER AND STATISTIC

Itis necessary to know the meaning of the two words ‘Parameter’ aatisgc’ to study the sampling
theory. According to Prof. R.A. Fisher, “Statistical measures of faimn, e.g., mean, standard
deviation, correlation coefficient, etc. are called parameters or casstad the statistical measures
obtained from sample values are called statistics.” For example, Thagaver standard deviation or
any other measure of the wages of 5,000 workers are parametgi§we select 500 workers out of
these 5,000 workers and compute average or standard deviatiop @than measure of their wages,
then they are statistics.

The fundamental problem of sampling theory is to study the relationshipelettihe parameters
of the population and statistics of the sample. In other words, “Samplingytlsals with the
guestions like. How the sample statistics (mean, standard deviation eteéliabte to the level of
population parameters (mean, standard deviation etc.)? What is theddéebetween the statistical
measures obtained from two samples? Is this difference due to chaotteeoreasons?

12.4 PRINCIPLES OF SAMPLING

The following are two important principles which determine the possibility af/iag at a valid
statistical inference about the features of a population or process:

e Principle of statistical regularity

¢ Principle of inertia of large numbers

Principle of statistical Regularity. This principle is based on the mathematical theory of prob-
ability. According to Professor King

The low of statistical regularity lays down that a moderately large numbéewfs
chosen at random from a large group are almost sure on the averaggecess the
characteristic of the large group.

This Principle on emphasizes on two factors:

e Sample size should be Large

e Samples must be Drawn randomly:

Principle of Inertia of Large Numbers. This principle is a corollary of the principle of statistical
regularity and plays a significant role in the sampling theory. This princtptesthat under similar
conditions as the sample size get large enough the statistical inferenceyisdibe more accurate
and stable. For example, if a coin is tossed a large number of times thémerdtaquency of
occurrence of head and tail is expected to be equal.

12.5 STATISTICAL HYPOTHESIS

Any assumption regarding a population is callestatistical hypothesisFor example, ‘Population
mean is 50’. This statement about the population is a hypothesis.

To test this hypothesis whether it is true or not, on the basis of a sample wenkesting of
hypothesis Statistical hypothesis which is tested under the assumption that it is true i isaflell
hypothesis. To accept a null hypothesis implies to reject some othedicoampary hypothesis. This
other hypothesis is known adternative hypothesis
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12.5.1 Notation

If we wish to setup the hypothesis for the statement ‘Population mean ish&di,we express the
null hypothesis as
Ho: =50
where,l is population mean. Thus, alternative hypothesis may be:
Two-tailed alternative

Hi:p #50
Right-tailed alternative

Hi:p>50
Left-tailed alternative

Hi:p <50

12.5.2 Errors in hypothesis testing

There can be two types of error in hypothesis testing :

1. Error of type I: Null hypothesis is rejected when it is true.

2. Error of type 1I: Null hypothesis is accepted when it is not true.
These errors can be represented in tabular form as follow:

True Situation Decision/Conclusion
Hp accepted Horejected
Ho true Correct decision Type | error
Ho not true Type Il error Correct decision

The probability of committing type-| error is denoted bry and the probability of committing
type-Il error is denoted bj3.

12.5.3 Level of significance

The probability of making type-I error is termed lasel of significance

When we select a particular level for significance, say 5% and the pititp@®f accepting a true
hypothesis is 95%. As we reduce the level of significance, we redugeabability of committing
type | error. But note that the probability of committing type Il error mayréase. Thus, we can
not reduce the probabilities of committing type | or type Il error simultasgouwsually, the level
of significance is considered 5% or 1%.

12.5.4 Critical region

A region in the sample spa&in which if the computed value of test statistic lies, we reject the null
hypothesis, is called rejection region or critical region.

12.6 TESTS OF SIGNIFICANCE

Once sample data has been gathered through an observational saxgheoment, statistical infer-
ence allows analysts to assess evidence in favor or some claim abouoptiiatpn from which the
sample has been drawn. The methods of inference used to suppejairclaims based on sample
data are known as tests of significance
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12.6.1 Procedure of Tests of Significance

Testing of hypothesis and test of significance are synonymous in samse.sOn the basis of sample
when a hypothesis of no difference is rejected we say that the diffetsateveen sample statistic and
population parameter is significant. If this hypothesis is accepted, we abththdifference is not
significant. The difference, if any, is due to sampling fluctuations. Theog is the procedure (or
steps) for test of significances.

1. Determination of the Problem: The first and important function for tdgsignificance is
to determine the problem. In other words, it is necessary to know that & edntext the
decisions are to be made. These decisions may be to test the diffeen@eb statistic and
parameter or to accept of reject a hypothesis.

2. Setting up of a Null Hypothesis: To know the significance of differdreteveen statistic and
parameter (or observed and expected) we have to set up a null bgEoBy null hypothesis,
we have to set up a null hypothesis. By null hypothesis, we mean ‘theeedéference be-
tween parameter and statistic;’ and if any it is due to chance or due to fluctsiafisampling;
For example,

(a) the assumption, ‘regular study to the students is not fruitful foresg@nd

(b) the assumption, ‘the new medicine will not cure’. are null hypothesiaull hypothesis
is denoted aslp.

3. Selection of Level of Significance: A predetermined hypothesis isdextsome level of
significance. In general, we use 10% (or 0.01) and 5% (or 0.05) ¢éwggnificance.

4. Computation of Standard Error: The fourth step is to compute the sthedar of the statistic
to be used in the process. These are different formula for the sthedar of various statistics
which are used frequently. For example, Standard Error for mzas, ln Standard Error
for standard deviatioog; = \/% Standard Error for correlation coefficients, = 1*—\/%2

5. Computation of the Ratio Significance: To find a ratio significance (ofilacttest statistic)
are divide the difference between parameter and statistic by the condieg standard error.
For example,

X—H

Ox

6. Interpretation: The last step of test of significance is interpretatioto(draw conclusion).
For this we compare the predetermined critical value with the computed. idlcemputed
value of ratio significance is more than critical value at 5% level of sigmifieai.e., if com-
puted value> 1.96, we say that difference is significant. This means the difference tuso
to fluctuations of sampling but there are other causes.

Ratio Significance for mean-

12.6.2 Large Sample and Small Sample

On the study of statistical research methods it is clear the sample sizes dffeceliability of sample
information. The general assumption is that large sample is more rel@dbifar test of significance
purpose, we divide sample into two groups.

1. Large Samples
2. Small Samples

The basic assumptions in large sample and small sample are differeig tay we use different
methods of tests of significance. There is no definite line between larggesamd small sample,
but when sample size is 30 or more It < 30), it is a large sample and when< 30 it is a small
sample.
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12.7 TESTS OF SIGNIFICANCE OF LARGE SAMPLES

12.7.1 Test for Binomial proportion

B EXAMPLE 12.1

A coin is tossed 1,000 times and it falls towards the head 450 times. Is tha@ogymmet-
rical? Is the coin biased?

Solution:
Ho : The coin is symmetrical. Chance of getting head,

1 1
P=3 q=17p=§

Standard Erro& ,/npq= {/1000x % X % =+v250=158
Expected number of heads in 1,000 tosges,np= 1,000x 12 = 500 test statistic

x—np 500-450
= = =316
- 158

.. The difference between observed number of heads and expectdzbnof heads is greater than
three times of the standard error; hence, the coin is not symmetrical.
O

B EXAMPLE 12.2
400 heads and 100 tails resulted from 500 tosses of a coin. Find the limiexpected

frequency of heads.

Solution:
Here
n=500 x=400, n—x= 100

Expected number of headsnP, whereP is unknown. So we have to estimaéy X Thus

b_p_X_400_4
—P=1"50 5
where
Xx=nP =400
Standard error of the number of heagls
ox = v/nPQ
= ,/npq(Since P is not known, PQ is replaced by pq)
4 1
= /500 £ x ¢ = v/80=28.94
30y =3x8.94=12682
~Thus

Lower limit = x— 30y = 400— 26.82= 37318~ 373
Upper limit= x+ 3oy = 400+ 26.82 = 426.82~ 427
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B EXAMPLE 12.3

An investigator reports 1,700 sons and 1,500 daughters. Do thesesfigonfirm to the hy-
pothesis that the sex ratio§7

Solution:
Total number of children = 1,700 + 1,500 = 3,200
No. of Sons = 1,700
..Observed of sons proportiop,= %88 =0.53125
Ho : Null hypothesis : The sons and daughters are in the same proportion.

P= % = 0.5 = Expected proportion

Op = /Npg= \/%x % x 3200= v/800

,_ X=np_ 1700-3200x 3

Standard Error

test statistic

= 3.5355
Op /800
Since the difference is greater than 3 times of the standard error, that&eis not%. O

B EXAMPLE 12.4

It is desired to estimate the proportion of people in a certain town who harevsecinated
against small pox. Out of a random sample of 600 only 150 had beminegéed. Find also
the 95% confidence limits for the population.

Solution: Number of people in the sample= 600
Proportion of people who have been vaccinatee; p= % = ;11 or0.25
Proportion of people who have not been vaccinated,1 — 0.25=0.75
Standard Error of the proportion,

_ [pg_ [025x0.75
op =1/ = _\/7600 =0.0177

95% confidence limits for the proportion:

p+1.96,/ p—nq =0.25+£1.96x0.0177

and
Upper limit = 0.25 + 0.0347 = 0.2847
Lower limit = 0.25 - 0.0347 = 0.2153
i.e., 0.215 and 0.285 or 21.5 percent and 28.5 percent. O

B EXAMPLE 12.5

A random sample of 500 apples were taken from a large consignmer@Sawere found to
be bad. Estimate the proportion of the bad apples in the consignment, aswied standard
error of the estimate. Deduce that the percentage of bad apples in thigrament almost
certainly lies between 8.5 and 17.5

Solution: Proportion bad apples,
65
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and
q=1-0.13=0.87

Standard Error of proportion,

_ /pq_ [013x087
%=y =V soo 2

Confidence limits for proportion :

= p%30p x 100
=0.13+3x0.015
and
=0.13+0.045
Lower limit = 13-0.045 = 0.085 and upper limit = 0.13 + 0.045 = 0.1Tbpércentage,.85 x 100=
8.5% to 0175x 100= 17.5%. O

12.7.2 Standard Error and Sample Size

We know that standard error of proportian = ,/%‘ depends the value gf and the sample size

n. Thus the limits ofp does not dependent on population sizep temains constant, anmdchange,
then standard error g will also change. Mathematically, the value of standard error is inversely
proportion to the under root of.

12.7.3 Test for the difference between Proportion of Two Samples

Suppose two random samples of sigeandn, are drawn from a population. Le andp, be the
sample proportions respectively for a certain attribute. To test the npdithgsis. The process of the
testis as follows :

1. Null Hypothesis : There is no difference in the two proportions or thesavoples have been
taken from the same population.

2. To estimate the parameter, proportion : We estimate the combined fioogdny

P11 + p2n2
=21 go=1—
Po g+ g do Po

wherepg is parameter proportion.
3. Standard Error of the difference of proportions

Standard Error fop; = Pgi‘llo

Standard Error fop, = \/?go
Standard Error for differencp; ~ p>

1 1

Interpretation: If the difference betwegn andp, is greater than 3 times the standard error
of the difference then the difference is significant otherwise not sigmific
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B EXAMPLE 12.6

In a random sample of 500 mean from a particular district of U.P. 3®@@and to be smokers.
Out of 1,000 men from another district 550 are smokers. Do the daizatedthat the two
districts are significantly different with respect to the prevalence of smyakmong men?

Solution:
Proportion of smokers in the two districts together

3004-500 850

po = 500+ 17000: 1,500 = 0.566666~ 0.567
hence
gJo=1-0.567=0.433
300 550
Herep; = 500" 0.6 andpy = 1000 0.55

1 1
SE.p1~p2: PoCdo (n71+n72)

1 1

=0.027

Since the difference; ~ p2 is less than twice of the standard error, the two districts are not
significantly different with respect to the prevalence of smoking amoag. m
O

B EXAMPLE 12.7

In a consumers preference survey a simple sampling method 60% pétkens gave pref-
erence in city A for a certain commodity. In city B the similar percentage v@éds.5If the
sample selected in the first case was of 600 and in the second case DQyagat are your
conclusions regarding teh difference in preference of the consumero cities?

Solution: Hg: Null Hypothesis : There is no difference in preference of the comssin two cities.
Proportion of CityA (p1) = 60% or 0.60
Proportion of CityB (p2) = 60% or 0.50
Combined Proportion,

(0.6 x 600) + (0.5 x 500)
600-+ 500

Po =

~ 0.5545
Qo ~ 0.4455

1 1
SE.p~p, = {/ Podo (nfl“'nfz)

1 1
= \/0.5545>< 0.4455(m+ ﬁ))

= 0.03009

,_ Pi~p2 _ 060050

- - =332
SE.p~p 003009
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Since the differenc@, ~ p, is more than three times of the standard error, the difference in prefer-
ence is significant. O

12.7.4 Standard Error when Sample Proportion is not equal

Let P, andP, be the two population proportion for an attribute A. Lm@tand p, be the two sam-
ple proportions from these two populations respectively. We are intdr@stine problem, is by
increasing the sample size the difference betw®esndP; be hidden. In this case:

Standard Error fopy,

SE.p, = B%?
Standard Error fop,,
SE.p, = E%?
Standard Error fop; — p»
SEpp =/ o+ 2 E

As usual if the difference betwegn andp; is greater than 3 times of tH&E.p, _p,, the difference
is significant otherwise not significant.

B EXAMPLE 12.8

In a random sample of 1,000 blind persons 600 are found to be litenatandther similar
sized sample of non-blind persons the number of literate persons wadg fo be 800. Is this
difference significant.

Solution: Here,

600
p1= 17000—0.6,(11—1—0.6—0.4
800
P2 = 1700010.8,(,]2:1—0.8:0.2
_ /P11 | P2Q2
SEopivp = [T

¢06x04+08x02
1000 1000
=0.02

Pi~p2 0.6~0.8:10

2T SEpp 002

Since the difference is enough large by three times of the standardtbrabserved difference
is significant. O

B EXAMPLE 12.9

In two large populations, there are 30% and 25% respectively of gityed people. Is
this difference likely to be hidden at 5% level of significance in samples2Qand 900
respectively from two population?

Solution:

pr= 20 = 3= 25— .25;
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Q=1-3=.7;p=1—.25=.75
ni = 1,200n, = 900

Since the two samples are taken from different populations, the staetaraf the difference is
given by

/P01 P2O2
Opy—p, = m + ny
0.3x0.7 0.25x0.75
= =0.196
\/ 1200 T 900
Pi—P2 _ 0.015 —255<3
Op,p, 0196

Since difference is less than 3 times of standard error, hence theediffeis likely to be hidden.
If level of significance is taken as 5%, therb3> 1.96, hence difference is significant and it is not
likely that the difference will be hidden. O

12.7.5 Test for Mean
12.7.5.1 Standard Error of Mean

1. When population standard deviatioris known, then

S o
X = \m
2. When population standard deviation is not known, thes: o= or Nl where S is standard

deviation of sample values.

B EXAMPLE 12.10

A sample of 100 units is found to have 5 Ib. as mean. Could it be regasdgidhale sample
from a large population where mean is 5.64 Ib. and 1.5 Ib.

Solution:

Standard Error of Mean = = \/1%) =0.15

Difference between population and sample mean$455 = 0.64

Three times Standard Error of mean x8.15= 0.45

Since the difference is greater than three times of standard errorptipdeseould not be regarded
as taken from this large population.

O
B EXAMPLE 12.11

Given the following information about a random sample of individual iteasdimate with
0.27 percent probability level the limits within which the population mean liesaiMe 172,
S.D.=12,n=64

Solution: o
Standard Error of Mean S2mple Standard Deviation \}—6271 =15

vn
Limits for population mean at 0.27% level of significance are : 13 x 1.5), i.e., between
167.5and 176.5

O
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B EXAMPLE 12.12

Find outn to be included in a sample from a universe with mean 100 and standaedidev
10 to ensure that the mean of the sample in all probability would be within @@Ept of the
true value.

Solution:
We know that 99.99% values lie between mesh9 standard error i.e., 0.01% values are outside
this range. Hence, then confidence intervat&9o.

|Sample mean Actual Mear < 0.01%x population mean

0.01
<= =0.
< 700 ® 100=0.01
Sampling error = Standard errar Critical Value
10 39
= 7ﬁ x3.9= —\m

Taking this sampling error as 0.01, we have

0.01 :% and 001,/n =39

= n= (39002 = 15210000

B EXAMPLE 12.13

From a normally distribution infinite number of iron bars with mean and staidkeviation as
4 ft. and 0.6 ft. respectively, a sample of 100 bars is taken. If the lsamgan is 4.2 ft. can
the sample be called a truly random sample?

Solution:
n=100X =4.2 u =4 0p = 0.6
__Op _ 06 _
Standard error of meawy = N it 0.06
Now

Difference  [X—pu| [|42—-4]
SE. ~ ox _ o006 >33

Since difference is less than three times of the S.E., hence the sampietdam called a truly
random sample.

(]
B EXAMPLE 12.14

If it costs a rupee to draw one number of sample, how much would iicestmpling from a
universe with mean 100 and standard deviation 100 and standard dediatio take sufficient
number as to ensure that the mean of the sample would in a 5% probabilititHie @01
percent of the true value. Find the extra cost necessary to doubledkisipn.

Solution:

X =100;0 =10
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Difference between population mean and sample mean

= 0.01% of population mean $33 x 100=0.01

Standard error of meang"ﬁ = 1—?1

The difference at 5% level of significance =

10
1. E.=—
96x S. Wi
Thatis 196 10
. X
—— =0.01
N 0.0

= n=(1,960)? = 38,41,600

The cost of selecting 38,41,600 units = Rs. 38,41,600 . By doublingréhasion, the difference will
be half or the standard error will be double.

0.01 10 20
(=) =0.005|0rSE. = N kv
1.96x 10
o — 0005

= n=(3,920)? = 1,53,66,400
The cost of selecting 1,53,66,400 units = Rs. 1,15,24,800

12.7.6 Test for the difference of two Sample Means

Suppose we draw two samples from two population (or some populatitven  test the hypoth-
esis, ‘The difference of the means of two samples is not significanteotvwtb samples have been
taken from the same population. For this we consider the difference detw® sample means and
the standard error of this difference.

As usual, if the difference is greater than three times standard errogrisdered significant
otherwise not significant.

1. When population standard deviatitwyop) is known:

1 1 /1 1
S-E-Xflfxfz == Ugop. (nfl—"nfz) :0p0p~ nfl“'nfz

wheren; andn, are sample sizes.

2. When population standard deviation is not known:

2 2

SE. ..ot 9
X1—Xo —

n m

whereais S.D. of first sample andbis S.D. of second sample.

3. When a sample meaa is compared with the combined mean of two sampig;):

n n
SEg % =,/02,X ————— = Opop.4 | ——————
e T ATPOPT (g +mp) PP g (ng +p)
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4. When the two series are correlated. That is the samples are takeodn@tated populations.

2 2

o o 01 X Oy
SEgq-%g={] —+-2-2r—=—%
Ny N2 N1 X N2

Difference

Test Statistic=
SE.

B EXAMPLE 12.15

The mean produce of wheat of a sample of 100 fields comes to 200 lacygewith a standard
deviation of 10 Ib. Another sample of 150 fields gives the mean at 220 iih axstandard

deviation of 12 Ib. Assuming the standard deviation of yield is 11 Ib. for tleuse, find out

if there is a significant difference between the yield of the two samples.

Solution:
Null hypothesisHg: There is no difference between the yield of two samples.

1 1
SE.q-x = O'%Op. <I’Tl + I’TZ)

%11)2 (ﬁﬁ %)) = \/121<610> =142

Observed difference = 220 - 200 = 20 Ib. Since the difference is abbtimes|.- ;2% = 14] of the
standard error, the two mean yields are significantly different.

O
B EXAMPLE 12.16
A sample of 500 persons of a city showed a mean income of Rs. 120qehmwith standard

deviation of Rs. 10. Another sample of 1,000 persons a mean incofRe. df23 per month
with o of Rs. 12, is the difference between the two means statistically significant?

Solution:
g2 o2
SEq-g =1\ ++-2
X1—X2 n]_ n2
\/Eﬁﬁ_ 100 144  [344 .
500 1000 V 500 ' 1000 V 1000
Now

Difference  [123—120Q
Standard Error ~ 0.59
The difference is greater than 3 times of the standard error; henceghificant.

=5.08

B EXAMPLE 12.17

A random sample of 100 villages in Agra district gives the mean populafid8@ persons
per village. Another sample of 150 villages from the same district givesnemn at 490. If
the standard deviation of the mean population of villages in the district is IDpfinhif the
mean of the first sample is significantly different from the combined noé#ime two samples
taken together.
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Solution:
R i X1+NoXp
Combined Mean =L
- (100 480) + (150x 490) _ o
100+ 150 B
Standard Error of difference between the mean of first sample amdthieined mean of the samples.
n
=0, _
POP\/ 'y (ny +1p)
150
10,/ ————— =0.774
0 100(100+ 150) 0

Since the difference is 7.8 time{s: WGM = 7.8) of the standard error; hence it is significant.
O

B EXAMPLE 12.18

The means of simple samples of 1,000 and 2,000 are 69.5 and &@tigsly. Can the samples
be regarded as drawn from the same universe having a standgatale?

Solution:
Difference of the two sample meaas70— 69.5= 0.5

Standard Error
SE.x-% =0 ! + !
e POy T,

1 1
1000 2000~ 1Y/

Now .
Difference 0.5

Standard Error  0.117
The difference is greater than 3 times of the standard error, henc@inicnt i.e., the two samples
have not been taken from same population. O

=4.27>3

12.7.7 Standard Error of the difference between two Sample Medians

SEy -, = /(SE.m, )2+ (SE,)2

B EXAMPLE 12.19

Two samples of 100 and 80 students are taken with a view to find out theagavenonthly
expenditure. It is found that median monthly expenditure for the fistgis Rs. 85 and for
the second group is Rs. 100. The standard deviation for the first gsd®p. 7 and for the
second Rs. 8. Examine if the difference between the medians of the mpbesais statistically
significant.

Solution:
Givennl =100 ,M1 =85,01 =7,n, =80,M, =100,0, =8

SE.y, = 1.25331%
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7
SE.v,for | sample=1.25331—— = 0.877
My p 100

8
SE.u,for Il sample=1.25331— =2.121
M P /80

SE.m,-m, =\/SEf +SEf,
SE.m,-m, = V08772 + 11212 =142

Difference of the two medians = 10085 = 15, which is 15+ 1.42 = 10.56 times of the standard
error; hence the difference is statistically significant.
O

12.7.8 Standard Errors of difference between two sample Standard
Deviations

1. When population S.D. is known
Odop (1 1 of [T 1
SE.. - — pop( + 1) _ Ypop T
e 2 \n ' V2 g
2. When population standard deviation is not known: Standard error of

2 2 2 2

0?2 o 1 02 o

op—op—y | A % L o1 %
2ng  2mp /2 n o mn

3. When standard deviation of one sample is compared with the combimethedadeviation of
the two samples:

o2
Standard error oy — 07 2=/ 2P x — =2 = X |2
2 m(m+ng) V2 Ny (N +ny)

B EXAMPLE 12.20

The standard deviation in two samples of the sizes of 100 and 120 resfyeetere found to
be 13.9 and 17.6 respectively. If population standard deviation isrdd ofit if there is any
significant difference between two standard deviation.

Solution:

Ofop (1, 1
S.E. OfO'l—O'z = ZOP (FT]_ +n*2>

152 1 1
7z <m+m) = 1436

Observed differencél7.6 — 13.9) = 3.7. Since the difference is 2.5983.7 < 1.436) = 2.58] times
of the standard error, hence it is not significant.
O

B EXAMPLE 12.21

From the following data, test the significance of the difference of the atdrdeviations :
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ny = 500;n, = 1000;01 = 10; 0, = 12

Solution:

2 2 2
_|of o5 100 12 B
SEo-0, = 2n; + 2n, \/2 X500 2x 1,000 0415

Difference (12-10) = 2, Since the difference is 5 tin{%% = 5] of the standard error; hence it is
significant.
O

B EXAMPLE 12.22

The standard deviation of the wages of 800 workers of carpet indissRg. 25.6, another
sample of 1,200 workers gives the standard deviation at Rs. 31.d. deinif the standard
deviation of the first sample differs significantly from the combined stahdaviation of the

two samples.

Solution:
Assuming that the mean of two samples are equal.
Combined standard deviation =

_ \/(nl x 02) + (np x 022)

N1+ N2

=28.96

_ /(800x 25.62) + (1,200 312)
- 800+ 1200

o2 ny
SE.. 0. = pp. 2
01~012 \/ 2 nl(nl + n2)

_ \/ 838744 1,200 056

2 8000800+ 1,200)

The difference between standard deviations of first sample and cechbample 286 — 2256 =
Rs3.36, is about 6 time%gz—gg = 6} of the standard error hence significant.

O

Problems

12.1 160 heads and 240 tails resulted from 400 tosses of a coin. Find a 95¥erme interval
for the probability of a head. Does this appear to be a true coin?

12.2 In a newspaper article of 1,600 words in Hindi, 64% of the words aredda be of Sanskrit
origin. Assuming the simple sampling conditions hold good, estimate the pimpof Sanskrit
words in the writer’s vocabulary and assign limits to that proportion.

12.3 In 324 throws of six-faced die odd points appeared 181 times. Wouldggthat the die is
fair? State carefully the property on which you base your calculation.

12.4 In arandom sample of 1,000 persons from town A, 400 are found tohgumers of wheat.
In a sample of 800 from town B, 400 are found to be consumers of wixathese data reveal a
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significant difference between town A and town B, so far as the propodiavheat consumers is
concerned.

12.5 500 articles were selected at random out of a batch containing 10,66lesaeand 30 were
found to be defective. How many defective articles would you redsgmxcept to find in the whole
batch?

12.6 Inatown, 19,400 persons were observed and 27% of them werd foure deaf and in town
B, 30% of the 29,750 persons observed were found to be deaf. €atiftbrence observed in the
percentage of deaf persons be attributed solely to fluctuations of safmpling

12.7 In a year there were 956 hirths in town A of which 52.5% were male, whilevimta and
B combined, the proportion in a total of 1,406 births, males was 49.6%hel®e any significant
difference between the proportion of births in two towns.

12.8 A random sample of 200 measurements from an infinite population gasa wadue of 50
and standard deviation of 9. Determine the 95% confidence intervaldonéan value of the popu-
lation.

12.9 The means of simple samples of 1,000 and 2,000 are 67.5 are 6B.@8pectively. Can the
samples be regarded as drawn from the same population having & 3.5 o

12.10 Arandom sample of 200 villages was taken from Kanpur district and thage population
per village was found to be 420 with an S.D. of 50. Another random saof#80 villages from
the same district gave a average population of 480 per village with an §dD. ds the difference
between the averages of the two samples statistically significant?

12.11 Out of 10,000 students in a University, a sample of 400 is taken; the fgyawbrage of the
expenditure of these 400 students is found to be Rs. 75 and the staediatioth Rs. 2.50. Set the
limits within which the average of additional samples would lie.

12.12 The mean produce of wheat of a sample of 100 fields is 200 kilogranagrer with a
standard deviation of 10 kilogram. Another sample of 150 fields givesniben at 220 kilogram
with a standard deviation of 12 kilogram. Assuming the standard deviatitreahean field at 11
kilogram for the universe find at 1% level if the two resuls are consistent.

12.8 TEST OF SIGNIFICANCE FOR SMALL SAMPLES

The basis for the analysis of large samples is not applicable in case bamales; specially when
the number items is less than 30 (some persons take this number as @0asstimptions for the
analysis of large samples are not true in case of small samples. Insangeles we can use the
sample variance to find the standard error of mean when populatiorastieaheliation is not known.
But in case of small sample the sample variance is not a reliable estimatpwoiaion standard
deviation. Small sample do not conform to the law of inertia of large nusal®dso the interval for
population mean given by1.960x is not true in case of small samples.

The problem is why do we take small samples? In the study of economiscaiml phenomena,
we generally take large samples so the techniques of large sample tagiifi€ance can be used.
But when data is obtained in laboratory or by experiments which requitagea expenditure and
more time; then samples of large size are not considered good. Sométimeot possible to draw
large samples.

Thus it becomes necessary to have a method which can deal with smpalesa

Bessele's Corrections:. In case of small samples standard error of mean is estimated by

n
— ()52
Op (nfl)as
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Where (") is Bessels's correction

S \/(nil) Z(X;)az - \/nZ(—jzl

12.8.1 Test of Significance based on {-Distribution

One of the most important test of significance in case of small samptetes$s$ which is based on
t-distribution was discovered by William Gosset under the pen name ‘Studém compute a t-
statistic we decide the difference of sample mean and population by the testistandard error of
mean.

We applyt-test to test the hypothesis=a certain value when population is normal, population
standard derivation is not known and sample size is less than 30.

Here,

X - X
BTV

Here,x = sample meany = population mean$ = sample standard deviation Z(%’PZ orS =
Z(x—x)2
n

, andn= sample size.

12.8.2 Test for the Mean of Small Sample

To test the significance between the difference of sample mean anthffopumean, we proceed as
follows:

1. Null Hypothesis: The population mean is definite, say mean = 50 cm

2. Estimation ofo of Universe : For this we use the formula

3 (x—X)2 3d2
S=4/———0rS=4/—
n-1 n-1
3. Calculation of t-Statistic <
t=———/n
5 Vn
or % i
t="-"vn—-1
S
where
g_ Z(x;)?jz

We do not usé-test when population variance is known.

4. Determination of Degree of Freedom:
Degree of Freedom=v =n—K

wheren = sample sizeK = No. of constraints. Fartest degrees of freedom is (n-1).

5. Table value of: For relevant degrees of freedom (d.f.) at given level of sigaifee we note
the table value of. For example, for 8 d.f. at 5% level of significance the table valuer(fro
t-table) is 2.306.

6. Interpretation: Compare the calculate valu¢ with table value of. If calculated value of
is greater than table value tfthen difference is significant and over null hypothesis is false.
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B EXAMPLE 12.23

Six boys are selected at random from a school and their marks in Mattesrare found to be
63,64,66,60,68 out of 100. In the light of these marks, discussehergl observations that
the mean marks in Mathematics in the school were 66.

Solution: Null hypothesisHp : Population meary = 66

Marks ) Deviation from Meard = (x—X)  d?

63 -1 1
63 -1 1
64 0 0
66 2 4
60 -4 16
68 4 16
384 0 38

Sample meary = 2X = 384 = g4
Standard deviation of the sample

S= —1=\Vs1 =2.756

M| ~ 66-64 B
S vn= 5755 ¥ V6=1777
d.f.=(n—-1)=(6-1)=5
Computed value df=1.777 is less than value with 5 degrees of freedom at 5% level of significanc

hence the null hypothesis 'mean = 66’ is true. Thus we can say thegavefanarks in the school is
66

O

B EXAMPLE 12.24

A sample of size 10 has Mean as 57 and standard deviation as 16. Cameifrcon a popu-
lation with Mean 50?

Solution: Null Hypothesis : The sample is taken from population whose mean is 50

x

t=

%“ n—1= 571*650\/107 1=13125

d.f.=10-1=9

For 9 d.f. at 5% level of significance the valueteR.262

Computed value df = 1.3125< 2.262

Table value ot corresponding to 9 degrees of freedom at 5% level of significanc@22The
calculated value af=1.3125 is considerable less than the table value. Hence, the hypothesis is
disproved and the sample may come from this population having mean 50.

Alternative Method . We are given sample standard deviation = 16. Previously we assumed it

S’ =4/ XXTW =16 and used the formula:

t=

x

%1/7”_1
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But if we assume it Sg Z%‘:?z = 16, then use the formula:

_X—i
t= S vn
Thus

t::57’50v10::138
16
O

Fixing Limits of Population Mean . The confidence limits for population mean are as follows:

95% confidence interval fqu = X== %to{;

99% confidence interval fqu = x+ %tm

B EXAMPLE 12.25

A random sample of size 20 has 52 as mean and the sum of the squtireslefiations taken
from mean is 171. Can this sample be regarded as taken from the popuiatimg 55 as
mean? Obtain (a) 95%, and (b) 99% confidence limits of the mean of théagtimm.

Solution: Given :x=52 u =55n=20
Null hypothesis :u =55

_¥)2
S Z(x—X)
n—-1
171
S=y/ == =3
20-1
t:xyﬂmzwg%Vﬁz4M

For 19 d.f. at 5% level of significancegs = 2.093

Computed value of t=4.47 ¢, 2.093

Hence, the null hypothesis is rejected. That is the sample is not takentieopopulation whose
mean is 55.

Confidence Limits of the Population Mean . On 95% Confidence Interval: For 19 difgs =
2.093

_. S 3
X+ — Xto5=52+ — x2.093=52+1.40

50.60 and 53.40

12.8.3 Test for the Difference Between Two Sample Means

To test the significance between the difference of two sample meansftaketwo populations with
same variance (unknowrt)is defined as follows:

- X=X X1—% [ mhp
- 1,1 S Ny +np
Syh i
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Herex; andx; are respectively the mean of the two sampigsandn, are the sample sizes a6d
the combined variance of the two samples is given by:

< Td?+3d3
ni+np—2

Whered; andd, are the deviations about the respective mearﬁ. amdsﬁ are known, th&is given

by:
S_ /n1§+ nZS%
n+np—2

df.=ng+n,—-2

Degrees of Freedom:

Remark: Here it is assumed that the standard deviation (unknown) of the two pgimmda@re same.

B EXAMPLE 12.26

The following data is given:

Sample Mean S.D.

A 600 Hrs 63 Hrs
B 700 Hrs 56 Hrs

nfor the both sample = 50 each. Discuss if the difference between twostesignificant?

Solution:
Null hypothesis:uy = o
HereS; = 63° andS3 = 56

=60.206

s_ [MmS+S 63 x50+56 x50
TV -2 50+50—2

__a-% _  600-700 ..

1, 1 1, 1
S\/a+a 60206/ 5+ g
df.=n+n,—-2=50+50-2=98
Now, we shall find out number of d.f. = (N-1) &60x 2—2) = 98. The table value of t, for
98 d.f. at 5% and 1% level of significance are 1.984 and 2.626 cégply. The calculated value

of tis several times as large as these limits, hence there is a significamedde between the two
means O

B EXAMPLE 12.27

Two kinds of manure applied to 15 plots of one-acre; other conditionirénggthe same. The
yields (in quintal) are given below:

Manurel 14 20 34 48 32 42 30 44
Manurell 31 18 22 28 40 26 45

Examine the significance of the difference between the mean yields due apftication
kinds of manure

Solution:
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Manure | ;) di=x—33 d? Manurellfp) dp=x—30 d?

14 -19 361 31 1 1
20 -13 169 18 -12 144
34 1 1 22 -8 64
48 15 225 28 -2 4
32 -1 1 40 10 100
42 9 81 26 -4 16
30 -3 9 45 15 225
44 11 121
264 0 968 210 0 554
_ Sx 264 _ 3x 210
== t=T =33 =" =" =30

$d? Zd2 /
+ 968+554_ 10.82
ni+n— 84+7-2
niny 33 30 x 7
A / =0.54
\/ nm+n 1082 +7

d.f.7n1+n2—278+7—2713

Table value of t for 13 d.f. at 5% level of significant = 2.16. Calculatelde oft j Table value of
t. Hence, the difference of average yields is not significant O

B EXAMPLE 12.28

The annual salary of professors in the Government Colleges ®@siRg 25,000 and has
standard deviation of Rs. 1,000. In the same State, the salary of dagareges Rs. 90,000
and has a standard deviation of Rs. 1,500. These data relate to safrgiesajd 20 for each
group chosen at random. Test at 5% level of significance whether igsignificance in the
mean salaries of two groups Solution

Solution:
.- xw—X2 [ NiNp
S N1+ No
As the standard deviations of both the samples are given, combined Seisédchlated :
N +NoS
N1 +Ny—2

20x 1,000 4 20 x 1,502
20+20—2

=1,307.87
t7x‘1—x‘2 [ NiN;  25000- 20,000 /20><2071208
S Ni+N> ~ 1,30787 20420
d.f.=N;+Ny,—2=20+20—-2=238

Table value of t for 38 d.f. at 5% level of significance = 2.02. Compwtadue oft ¢ Table value of
t. The difference the average income of two groups is significant O
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12.8.4 Test for Coefficient Correlation in Small Sample

In case of small samples standard error of r is given by

)
SE,= YT
n-2
t-statistic is defined as follows wittn — 2)d. f
t=— " xvn-2

1-r2

Null Hypothesis : The population correlation coefficient is zero.

B EXAMPLE 12.29

It was found that the correlation coefficient between two variables leatzlifrom a sample
of size 25 was 0.37. Does this show evidence of having come from alagt@m with zero
correlation?

Solution: Null Hypothesis : The population correlation coefficient is zero Giver=25r = 0.37

xvn-2

t=

T
—
N

—r
0.37

————xV25-2=191

v1-0.372

df.=n-2=25-2=23

Table value ot for 23d.f. at 5% level of significance = 2.069. Calculated valu¢ pfTable value

of t. Hence, null hypothesis is accepted. The sample has been taken fsopukation in which
correlation coefficient is zero. O

B EXAMPLE 12.30
Find the least value of r in sample of 18 pairs from a bivariate normalllatipn significant
at 5% level

Solution: Givenn=18d.f.=n—-2=18-2=16
Substitute the given values in

1-r2
The calculated value dfshould be greater than table valuetoef 2.12 at 5% level of significance
for 16d.f.
4r
V1-r2
= 16r% > 4.49441—r?)

| 4.4944
s> 20-4944—0.468

> 212
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Problems

12.13 Ten individuals are chosen at random from a population and their haiglibund to be in
inch 63,63,66,57,68,69,70,70,71,71. In the light of these dataisisthe suggestion that the mean
height in the universe is 66 inch. Given that V=9, P=.947 for t=1.8Rm@&55 fort=1.9.

12.14 The yields of two type3ype 17'andType 51’'of grams in pounds per acre at 6 replications
are given below. What comments would you make on the difference iméan yields? You may
assume, that if there be 5 degrees of freedom and pt&2pproximately 1.476

Replication Yield in Ib
Type 17 Type 51

20.50 24.86
24.60 26.39
23.06 28.19
29.98 30.75
30.37 29.97
23.83 22.08

OO WNBR

Remark : Here the table value bfs given for 5 degrees of freedom. So one may apply paired
t-test.

12.15 The following results were obtained from a sample of 10 boxes of biscuits:

Mean weight of contents 490 gm

S.D. of the weight of the contents 9 gm

Test the hypothesis that population mean = 500 gm. Use the following egfraitable for the
purpose

Value oft on 5% level of sign  2.306 2.262 2.228
Value oft on 1% level of sign  3.355 3.250 3.169
Degree of freedom 8 9 10

12.16 The height of six randomly chosen sailors are in inch, 63,65,68l&68)@d 72. The height
of 10 randomly chosen soldiers are 61,62,65,66,69,69,7@ &hd 73. Discuss the light that these
data throw on the suggestion that soldiers are on the average taller thas. sailo

12.17 The eleven students of a school were given a test in drawing. After it vtleee given a
months special coaching a second test of equal difficulty was hold antthef it. Do the following
marks give evidence that the students have been benefited by specihing:

Students 1 2 3 4 5 6 7 8 9 10 11

Marks(ITest)y 23 20 19 21 18 20 18 17 23 16 19
Marks(Il Test)y 24 19 22 18 20 22 20 20 23 20 17

At 5% level of significance for 10 and 11 degrees of freedom, the tadbles oft are 2.228 and
2.201 respectively.

12.18 A certain medicine given to each of the 9 patients resulted in the followingadeeref blood
pressure. Can it be concluded that the medicine will in general be @etved by an increase in
blood-pressure?

7,3,-1,4,-3,5,6,-4,1.

For 8 degrees of freedom the table value of t at 5% level of significez806
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12.19 The means of two random samples of size 9 and 7 respectively aré2186d 198.82
respectively. The sum of the squares of the deviation from the me&6&+4 and 18.73 respectively.
Can the samples be considered to have been drawn from the samé population?

12.20 A set of 15 observations gives means = 68.57, standard deviatioA0s 2nother of 7
observations gives means = 64.14, standard deviation=2.70.

Use thet test to find whether the two sets of data were drawn from populations withathe s
mean, it being assumed that the standard deviation in the two populatiorewek

12.21 Sample of size (i) 8 and (ii) 12 are drawn from two batches of certaingobite coefficient
of correlation between two characteristics of the articles are 0.32 afd@spectively. Are these
values significant?

12.9 CHI-SQUARE TEST

Chi-square is a statistical test commonly used to compare observedithatiata we would expect to

obtain according to a specific hypothesis. For example, if, accordingtal®l’s laws, you expected

10 of 20 offspring from a cross to be male and the actual observetberuwas 8 males, then you
might want to know about the “goodness to fit” between the observeéxqmetted. Were the devi-

ations (differences between observed and expected) the resulandeshor were they due to other
factors. How much deviation can occur before you, the investigatost nonclude that something
other than chance is at work, causing the observed to differ from fhexcéed. The chi-square test is
always testing what null hypothesis, which states that there is no signiiféerence between the

expected and observed result.

12.9.1 Chi-Square Distribution

So for we discussed the sampling distributioxaghe sample mean. Now let us know about the sam-
pling distribution of sample variana® when samples are randomly drawn from a normal population
with meanu and variancer?. Let x;, %o, ...x, be a sample of sizefrom the normal population, then
the sampling distribution of the statistic

2_N¢ _3(x-%?

X o2 o2

X(n-1)

Here x?(chi-square) is a statistic which has its distributiony@swith (n— 1) degrees of freedom.
Another way of defining theg? distribution is as follows:
IF X1, Xo,...Xn are independent normal variates with meaand variancer? then

_X-H
o
are independent normal variates with mean 0 and variance 1. Themthef squares of the variates

21,227...Zn7i.e., 5
c2_ 5 (XK
i;Ziz - gi( o )

is distributed ag(2 with n degrees of freedom. Symbolically.

Z

n

=3y (HR

12.9.2 Some properties of chi-square distribution

1. The distribution ofy?2 lies in the first quadrant.
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. The range of? distribution is from 0 tow.

It has a unimodal curve.

. x2—distribution has only one parameter n which is its degrees of freedojn (d.f
. The shape of the curve greatly vary as n varies.

The mean and variance of tlyé distribution with n d.f. are:

. mean =n; variance = A

. IR X12 and X22 are two independer? variates withn; andn, degrees of freedom respec-
tively, then their sunxf +x22 will be distributed as chi-square with + n, d.f. This addition
property of chi-square holds good for any numbegéfvariates. Thus, ik?, x2,...xZ arek
independeng?—variates witg, np, ...n d.f. respectively, then their sug? = s x2 ~ x2
with (ng +nz+ ...+ ny)d.f.

0N U AWN

12.9.3 Test of significance for population variance

Let a random sample of size n be drawn from a normal population witmmeand variances?, u
ando2being unknown. Using the sample information we wish to test the null hypistHg : 02 =
og,i.e., population variance lsg For testing this hypothesis, the test statistic is

2 I(X=x%
X = a2 ~ X(n-1)d.1.
In terms ofS? or &2, the statistic in (13) can be written as
2= (-1 nd
oG
After computing the calculated value gf statistic in (13), the acceptance or rejectiorHgfis
done according to the following rules -
1. Calculategy? < X<2n71)(a) : AcceptHo :
2. Calculatedy® > X7, (a) : RejectHo:

In case of testingly : 02 = 0 againstH; : 02 < 07 ata level of significance , then if
1. Calculatedy? > anil)(l— a) : AcceptHg :
2. Calculatedy? < anil)(l— a) : RejectHq

Here, X(Zn,l)(a) and X<2n,1)(1— a) are critical valves ofy?- statistics and , for givem and
v = (n—1) degrees of freedom, can be seen from table-D in the appendix, Bompdg, for n =10
anda = 0.05, X(Zn71>(a)(o.05) =169.

B EXAMPLE 12.31

A random sample of size 25 from a population gives the sample standavdtibn to be 9.0.
Test the hypothesis that the population standard derivation is 10.5.

Solution: Given thain = 25,s% = Z(X;—XY =(9.02=81
To test the null hypothesidp : 02 = o€ = (10.5) we calculate the test statistic

2 _ Y(xX? _ nd _ 25:81 _ 2025 _
X*=2" =5 = (iose = 11664 = 17:36

also the tabulated value gf for (n— 1) = 24 degrees of freedom at 5 % level)$,(0.05) =
36.42.

Now since the calculated value gf = 17.36 < x224(0.05) = 36.42, Hp is accepted and we con-
clude that the population standard deviation may be 10.5. O
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B EXAMPLE 12.32

Weights in kg. of 10 students are given below :
38,40,45,53,47,43,55,48,52,49

Can we say that variance of the distribution of weights of all students frorohathe above
sample was taken is equal to 20 square kg.

Solution: Have, we wish to tedtly : 02 = 0 = 20. To testHo, the test statistic is
X2 = 3 (x=%)?
= 205

Herex= 2X = 470 =47

Putting the values in (i),

x2=%0=14

Also x3(0.05) = 16.92

Thus, the calculated value g is less than the tabulated value. the null hypothesis holds true
and we conclude that population variance may be 20 square k.g. O

12.9.4 Testing the Goodness of Fit

So far we have discussed the testing of hypothesis about the populationgiars likeu, g2 and p.
Now we consider a test to determine if a population has a specified thebdigicaoution. In other
words, here our problem is to test the hypothesis of how closely the@usdistribution approx-
imates a particular theoretical distribution. As a example, let us considiertassing experiment
in which the die is tossed 900 times. Now, under the assumption that the dig thdaheoretical
frequency for each face will be 15 . On the other hand, observedédrecies for each face in actual
tossing of a die 90 times may differ from theoretical frequencies asrshothe following table :
Observed and theoretical frequencies of 900 tosses of a die

Faces 1 2 3 4 5 6  Total

Theoretical or Expected frequencies 15 15 15 15 15 15 90
Observed Frequencies 18 12 11 19 16 14 90

By comparing the observed frequencies with the corresponding ®dfequencies we wish to
test whether the differences are likely to occur due to fluctuation of saghgtid the die is unbiased,
or the die is biased and the differences are real .

For explaining the goodness of fit test, let us consider a population whaghbe partitioned or
classified intck classes, and lqg; be the probability that an observations belongs tatthelass(i =
1,2,...k) with z}‘:l pi = 1, Further let a random sample of size n be drown from the populaticen Th
supposen; is the number of sample observations belonginghalass and obviousl;ﬁ}‘:1 o =n.
Also let g be the expected frequency iith class as computed under the null hypothesis . Thus ,
e =E(0)) =np,i =1,...k. Sum of the expected frequencies too will be n, ig;lq =n.Then,
data can be put as in the following table :

Class 1 2 3 L ..k Total
Observedfreqo; 01 0 03 ...0j ..k n
Pi Pr P2 P3P Pk n
g =np e & e .. .. n

Now, a goodness of fit test between observed and expected fi@gisdrased on the statistic
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2 L (0—a)?
Xﬁi; &

where the sampling distribution of the statisgi& in (12) is(k— 1) degrees of freedom.

From x2 value in (14), we see that if the observed frequencigsdre close to the expected
frequenciesd), the x2 value will be small , which indicates that the fit is good. On the other hand
, if o/sandées differ considerably, ther? will be large and fit is not good. thus , acceptancélgf
means the fit is good and its rejection means that the fit is not good.

The rejection and acceptance ldf at a level of significance depends on the critical value of
X2— statistics obtained from table-D given in the appendix. this critical value isfeeer level and
v=(k—1)d.f. and is denoted agf, ,(ar).Now, if

(i) Calculatedy? < X(2k71>(a); AcceptHo.

(i) Calculatedy? > x<2k71>(a); RejectHg

12.9.4.1 Important Remarks

1. In the goodness of fit test observed frequencies in the k classvare ghile expected fre-
guencies are obtained by assuming the null hypothesis to be true or tfidighgood.

2. Before calculating the value gfstatistic if we observe that the expected frequencies in any
class is less than 5, then such frequencies are pooled or combined yetersdclasses.
Consequently , the corresponding observed frequencies too dedpmaombined with the
adjacent classes and in the process, the number of classes is alsedrefiur example. Let
us consider the following situation in which we have six classes.

Classes 1 2 3 4 5 6 Total
(o] 3 1 10 15 6 3 38
g 1 4 9 18 4 2 38

See that the expected frequencies in first , second, fifth and sixtleslass less than 5, so we
combine these frequencies as shown in the adjacent table.

In this way, after combining the frequencies , the number of classesesdo 3 only.

Pooled frequencies

Classes 0 g

1 3 1

2 1 4

3 10 9
4 15 18

5 6 4

6 3 2
Total 38 38

B EXAMPLE 12.33

In an experiment on pea breeding. Mendal obtained the following émcjas of seeds: 315
round and yellow; 101 wrinkled and yellow; 108 round and green; 3gkiled and green.
Total 556. Theory predicts that the frequencies would be in the propdti8 : 3 : 1 Does
the experimental results support the theory?
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Solution: Ho : Let the Mendalin assumption be true , i.e., the frequencies of peas fauhelasses
areintheratio9:3:3:1.
Thus, the expected frequency of round and yellow seeds
Ep = 15 x 556= 313
The expected frequency of wrinkled and yellow seeds
Ep = f5 x 556= 104
The expected frequency of round and green seeds
Es = 1 x 556= 104
the expected frequency of wrinkled and green seeds
Es= {5 x 556=35
Calculation ofx?

S.No. Observed frequenc®{) Expected frequenclfi (O, —E) (O —E)? @
1 315 313 2 4 0.0128
2 101 104 -3 9 0.0865
3 108 104 +4 16 0.1538
4 32 35 -3 9 0.2812
Total 556 556 0.5103
2 (0i —Ej)?
. =) ——— =0.5103
SXT=Y E
Also

X3(0.05) = 7.815

The calculated value gf§ is much less than the table value. Thus, we acklpmnd conclude that
there seems a correspondence between theory and experiment. O

B EXAMPLE 12.34

The following table gives the no. of aircraft accidents that occurrethduhe various days
of the week. Find whether the accidents are uniformly distributed over é@&wixg ; o5 =
12.59) '

Days Sun Mon Tue Wed Thu Fri Sat
No. of Accidents 14 15 8 20 11 9 14

Solution: Here we setup the null hypothesis that the accidents are uniformly distfibwey the
week.
AccordingHp, the expected frequency of accidents for each day will be

_ Total Number of accidents 91
= 5 ==
The calculation of¢2 is shown in the table.

13
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. 2
SNo. O E (O—E) (O-E)? © EiE‘>
1 14 13 1 1 0.0769
2 15 13 2 4 0.3077
3 8 13 5 25 1.9231
4 20 13 7 49 3.7692
5 11 13 2 4 0.3077
6 9 13 -4 16 1.2308
7 14 13 1 1 0.0769
Oi—E;)?
Total 91 13 3 gl =7.6923

_ E')Z
2 _ i) _
=3 E 7.6923
Also
X2(0.05) = 1259

since calculategt? is less than the tabulated value, so we acégpand conclude that accidents
are uniformly distributed over the week. O

B EXAMPLE 12.35

A die is thrown 90 times and the number of faces are as indicated below.

Faces 1 2 3 4 5 6
Frequency 18 14 13 15 14 16

Solution: We set up the hypothesis that the die is fair . Thus, with this hypothesis theetexp
frequency for each face will be :

Thus,

(18—15)2 (14—152 (13—-152 (15-152 (14—152 (16—15)?
+ + + + +
15 15 15 15 15 15
(9+1+4+0+1+1) 16

= 15 =15~ 1.07

Also
X2(0.05) = 11.07

As the calculategy? is much less than the table at 5% level of significance Hgds accepted
and conclude that the die is fair. O

B EXAMPLE 12.36

100 students of a management institute obtained the following grades in stgiigpier

Grade A B C D E Total
Frequency 15 17 30 22 16 100
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Using x2test , examine the hypothesis that the distribution of grades is uniform.

Solution: Here we set up the null hypothesis that the grades are uniformly distlilumeng the
students. According tblp, the expected frequency of grades will be

_ Total number of students 100
- 5 5

The Calculation of(2 is shown in the table :

20

SNo. O E O-E (0-E? (0-E)?E

1 15 20 -5 25 1.25

2 17 20 -3 9 0.45

3 30 20 10 100 5.00

4 22 20 2 4 0.20

5 16 20 -4 16 0.80

O -F)?
Total 100 y OB =77
2 (O —E)?
= -~ 7 77
X=3 E

Also
X2(0.05) = 9.49

Such calculateg? is less than the tabulated value, so we actlmind conclude that distribution
of grades is uniform. O

B EXAMPLE 12.37

Five dice were thrown 96 times and the number 4,5, or 6 occurred/es below:

No of throwing (4,50r6) 5 4 3 2 1 0
frequency 7 19 35 24 8 3

Calculatex?. Find the probability of getting this result.
Solution: Here the theoretical frequencies are given by binomial distribution

N"Crpf (1 p)™"

which are 3,15,30,30,15,3. Since no frequency should be lesStfany? test, so we change our
problem as

No of throwing (4,5 or 6) 50r4 3 2 lor0

frequency O;) 7+419=26 35 24 8+3=11
frequency E;) 3+15=18 30 30 15+3=18
2_ 3(0i—Ei)?
X = E
~ (26-18)2 N (35— 30)? N (24— 30)? . (11— 18)?
N 18 30 30 18

=831
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To find the probability of this result we have, the degree of freedon=3t-Now for x2 = 7.815
and degree of freedom 3, we have P=0.05 ang(for 9.837 and degree of freedom 3, the probability
is 0.02

When difference inx?2 is 2.022, the difference in P is -0.03. and difference of 8.31 f@15is
0.495. Therefore difference in P corresponding to 0.495

—0.003x 0.495
— %2 —0.007

. P(for x? =8.31) = 0.05— 0.007= 0.043

12.9.5 Contingency Table

Suppose N observations in a sample are to be classified according to tluatestA and B . Attribute
A has r mutually exclusive categories say,A,...A; and the attributd hass categories namely
B1,By,...,Bs. then the sample observations may be classified as shown:

A\B By B> B; Bs Total
Al O1i1 O ... O .. O (A1)
Ao O O ... Oy .. O (A)
A O1 Oz .. O .. Os (A)
A Orn1 Or2 Orj Ors (Ar)

Total (B;) (Bz) .. @) .. (B9 N

The above two-way table having r rows and s columns is called a contindggnle of order (r *
s) = In This table :

. A denotes théth category of the attributd, (i=1,2,...r)

. Bj denotes thgth category of the attributB, (j =1,2,...s)

. (A)) denotes the frequency of the attribdte

. (Bj) denotes the frequency of the attribie

- Yi=1(A) = ¥7_1(Bj) = N, the total number of observations.

o OO~ W DN P

. (Gjj) is the observed frequency (n j) cell [(i=1,2,...,r),(j =1,2,...,9)].

Important Remark. If two attributesA andB are independent, then the expected frequency in
(i.j) the cell in a contingency table, i.ek;j, is

Eij :E(Oij):Lr(lBj)7 [=12....r),(j=12,...,9)]

12.9.6 Testing the independence of two attribute in a contingency table

Suppose we are given a contingency table of orderg) in whichN sample observations have been
classified. LetOjjbe the observed frequency (in j)th cell. To test the null hypothesis that the two
attributes are independent, we ygatest. First we set up the null hypothesis:

Ho : Two attributesA andB are independent.

Hj : Two attributes are dependent or associated.
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To testHp, we calculated the test statistic:

r s 2
2 (Gij —Eij)
X = ——
i; j; Eij

where, the statistig2in (15) x? distribution with (r — 1)(s— 1) degrees of freedom. the expected
frequency corresponding {@ j)th observed frequency, iE; is obtained by assumirtdg to be true.
Therefore,

A x Bj
Ej =E(0j) =~
_Sum ofith rowx Sum of jth column
- Sample size

(i=12,...,rand=1,2,...,,9)
After gettingE;j;’s or expected frequencies in the celi@value is calculated by using the formula in
(15.) The decision about the acceptance or rejectidtigafof significance is taken as under:
(i) If calculatedx® < X§ ;s 1,(@) ; AccepHo
(ii) If calculated x? > Xfril)(sil)(a); AcceptHo.
X(2r71>(}l> (a) is the critical value of¢?-statistic for degree of freedow= (r — 1)(s— 1).and for
alevel of significance The value gf2(a) are given in Table-D of the Appendix.

Remark.

1. Acceptance oHpmeans that the two attributes are independent and there is no association
between then.

2. Rejection ofHpleads to the conclusion thétyis true and data support the hypothesis that
there is some relationship between the two variables.

B EXAMPLE 12.38

The following table shows the classification of 4000 workers in a factagpmling to the
disciplinary action taken by the management of the factory and their gronabexperience.

Disciplinary Promotional Experience Total
Action Promoted Not promoted
Non-offenders 300 900 1200
offenders 100 2700 2800
Total 400 3600 4000

Usex2test to find if there is any evidence to support that there was any assndiatieen
disciplinary action and the promotional experience of the workers in thterfiaat 5% level
of sesnificance.

Degree of freedom 1 2 3 4 5
X2 — 5% 384 599 7.82 949 11.07

Solution: We form the hypothesis that disciplinary action and promotional experiefite workers
are independent. Assuming to be the hypothesis true, we find the exfrectedncies for each cell.
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Disciplinary Promotional Experience Total

Action Promoted Not promoted

Non-offenders 40% 1200_ 159 1200503600 —1080 1200

Offenders 400x%%00_ 2806x 8600_ 2520 2800
4000 4000

Total 400 3600 4000

2 (300—120%) N (900— 10802 (100—280)%> (2700— 252>
120 1080 280 2520
(1802 | (1802 (1802 (1802
=120 " 1080 * 280 " 2520  *48%7

Also table value ofy2at 1 degree of freedom for 5% level of significance is 3.841. Sinkwilcaed
value ofx2is much greater than table value y#, we rejectHpand conclude that disciplinary action
and promotional experience of the workers are dependent. O

B EXAMPLE 12.39

The following table given the number of accounting clerks committing eramd not com-
mitting errors among trained and untrained clerks working in an organizatio

Number of clerks Number of clerks Total
committing errors  not committing errors

Trained 70 530 600
Untrained 155 745 900
Total 225 1275 1500

Solution: Here we set up the null hypothesis that training and committing error aepémtlient.
Using the null hypothesis the expected frequencies in different celesarebtained in the following
table:

Number of clerks Number of clerks Total
committing errors ~ not committing error
Trained 225x600 _ o, 1275x600 _ 10 6o
. X X
Untrained ﬁ) =135 &) =765 900
1500 1500
Total 225 1275 1500

TotestHg the test statistic is :

> (Ojj —Eij)>  (70-90)> = (530-5102  (155-135?2 (745- 765
X _,zz E, 9 510 13 765
(202 (20> (20 n (202 _

90 510 135 ' 765
Herec=2andr=2-d.f.=(2-1)(2-1) =1

8.71
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Thus,x? = 8.17 > x?(.05) = 3.84, we reject,Hg at 5% level of signification and conclude that
training is effective in preventing errors. O

Problems

12.22 In the course of anti-malaria works, quinine was administered to 606 roatesf a total
population of 3540. The incidence of malaria fever is shown below:

Infection  No infection
Administering quinine 19 587
Not administering quinine 193 2741

12.23 The following table shows price increase decrease in market, whetl#é sgrieeze is in
operation and where it is not in operation:

Increase Decrease
In operation 862 10
In Not operation 582 18

Find whether the credit squeeze has been effective in checking peicase.

12.24 Two treatmentA andB were tried to a certain type of plant disease. 100 plants treated
were examined and 20 were found infected. 100 plants tréateere examined and 5 were found
infected. Is treatmer® is superior tham\? 5% value ofx2 for one degree of freedom is 3.841.

12.25 A sample analysis of examination results of 500 students was made. fowrasthat out
of 500 students, 220 students had failed, 170 had secured third cth98 avere placed in second,
other got first class. Are these figures commensurate with the gen@malination results which is
the ratio of 4:3:2:1 for the various categories respectively.



CHAPTER 13

ANALYSIS OF VARIANCE

We have studied the test of significance of sample mean from the meam wifitferse or the test of
difference of two sample means. For this we used the standard em@asf or the standard error of
difference of the two means, usizgest ort-test. But in this period of scientific experiments to test
the significance between more than two means, is not possible by thesmlmeth

Suppose we want to study the effects of four types of fertilizers fAs8yC andD on the yield
of sugar cane. We take five plots for each fertilizer. In this way, the @idefertilizers is done on
20 plots. We can find the arithmetic means of the yields of 5 plots for eatilizfarseparately. But
the test of significance of the difference of these means is not possthletest. However, one way
using t-test is that we make 6 pairs of two fertiliz&B, AC, AD, BC,BD andCD and then test their
difference. Conclusion can also be drawn separately. There arigdiffigalties:

1. First, the work of computation will increase and

2. Second, Only the pairs are tested out of the four fertilizers. We cafimbwhether the
difference is significant taking them together.

In such situation a method of test of significance to avoid these two difficuitesreeded and the
desired objective test of significance between the means of more thaamgles is fulfilled. Here
test of significance means, to test the hypothesis whether the meanei@ samples have signifi-
cant difference or not. In other words, to test whether the samplesecaansidered as having been
drawn from the same parent population or not and the difference@themmeans is due to sampling
of fluctuations or due to some other cause. To test the difference asevergal sample means we
use a statistical technique known/Aasalysis of Variance

247
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13.1 MEANING OF ANALYSIS OF VARIANCE

Analysis of variance basically is an arithmetical method by which we spliteipotial variability into
component variations ascribable to different sources of caus#ése lmords of Yule and Kendall,

The analysis of variance is essentially a procedure for testing the differtgetween
different groups of data for homogeneity.

While defining analysis of variance Sir, Ronal A. Fisher wrote,

... The separation of the variance ascribable to one group of cawsedtfe variance
ascribable to other groups.

In simple words, Analysis of Variance is a statistical technique, with helpta€iwtotal variation,
is partitioned into variation caused by each set of independent factdre@nogeneity of several
means is tested.

13.1.1 Components of total Variability

In general (say one way classification) total variability is partitioned into tantsgthat is :

Total Variability = Variability between samples + Variability within samples.
Or
Total Variation = Variation between samples + Variation within samples.

13.1.2 Assumptions of Analysis of Variance

The analysis of variance is based on certain assumptions as given:below

1. Normality of the Distribution : The population for each sample must benaty distributed
with meanu and unknown variance?.

2. Independence of Samples : All the sample observations must logeskiandomly. The total
variation of the various sources of variation should be additive.

3. Additivity : The total variation of the various sources of variation shdgdcdditive.

4. Equal variances (but unknown) : The populations from which thampses say are drawn
have meangi, [z, ..., Un and unknown variance? = 0% = ...... =02 =0%

5. The error components are independent and have mean 0 amtearfa

The tests of significance performed in the analysis of variance areimgdalrunder its assumptions.

13.2 ONE-WAY CLASSIFICATION

When observations are classified into groups or samples on the basiglef ariterion, then it is
called One-way classification. For examples, The yield of sugar cap@ plots, classified in plots
on the basis of four types of fertilizer, the marks obtained by studenti$fefeht colleges, etc.

13.2.1 Techniques of One-way Analysis of Variance

1. In One-way analysis of variance there are k samples, one fromaoddcnormal populations
with common variancer? and meansly, (s, ... lin. The number of observatiomsin samples
may be equal or unequal i.e.

ng+na+....... +nk=N
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. Linear Model
Xjj =H+0i+§j
Wherexjj = observations=1,2,...k, j =nj
U = The general mean

a;i = Effect ofith factor = pj — p
gj = Effect of error or random term.

. Null HypothesigHp) and Alternative Hypothesi@; ):

Ho : The means of the populations are equal i.e.

Hi=H2="....,= Hk
Hj: At least two of the means are not equal.

. Computations:
(i) Calculate sum of observations in each sample and of all observations.
Sum of sample observationgx1, ¥ Xo, ...... ¥ X.

Sum of the squares of the sample observations2, y 3, ...... y X2

(i) Calculate correction factor CF %ﬁ

Where T = Square of the sum of all the observatiorgx

N = Total number of observations

(iii) Calculate sample mean;, %o, ....., X and their common meaX. whereX, = 2%, X =

k
X
N

(iv) Calculate total sum of squaré$ SS by the formula

TSS=35(x—X)?
TZ
= (DG + ... +2kr2])7ﬁ
¥x)?
_5e_(
TN

(v) Sum of squares betwe¢8SB samples by the formula

SSB=ny (X1 — X)2 4+ Mp(Xo — X)2+ ... + MK — X)2
¥x1)2  x)2] T2
_[(Zx) - X)]  T®

= Ny Ne N

(vi) Calculate sum of squares within samples by the formula
SSW= (x1 = X1)? 4 (%2 — X2)? + . + (6 — X)?
= (X — X)?
Sum of squares may also be computed as
SSW=TSS-SSB

Sum of squares within samples is also called Error sum of squares.
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(vii) Calculate mean sum of squares :

MSSB= Mean sum of squares between samples
SSB  Sum of squares between samples
k-1~ Degrees of freedom
MSSW= Mean sum of squares within samples
SSW  Sum of squares within samples
“N—k Degrees of freedom
Total number of degrees of freedemN — 1
whereN —1 = (k—1) + (N—k)

(viii) Obtain the variance ratio F :

Variance ratio, )
_ MSSB __ Variance between samples

~ MSSW_ Variance within samples

Remark : In generaMSSBis greater thatSSW soMSSBis taken in the numerator.
(ix) Interpretation ofF — Ratio:

Compare the calculated value®fwith tabulated value.

Let

F

Fe = Calculated value of

R = Fos(v1,V2)

= Tabulated value of at 5 level of significance with degrees of freedeirandv,

Here

vi = degree of freedom for numerator
v, = degree of freedom for denominator

If Fc > R, i.e. calculated value of F exceeds the tabulated value of F, we say theedife
among sample means is significant and conclude that all the populatiors mezanot equal
i.e., reject the null hypothesis.

If Fc < R, the difference among sample means sample means is not significaat¢ept the
null hypothesis.

(x) The results of calculations can be presented in tabular form. Thisitabédled analysis
of variance table.

13.3 ANALYSIS OF VARIANCE TABLE

Source of Sum of Degree of Mean sum of F¢ R
Variation Squares SS Freedomd.f.  squares MSS
Between Samples SSB= Zny (X — X)? k-1 SSB_MssB  MSSB
- SSB
Within samples ~ SSW= Z(x — X)2 M—K SSW— Mssw
- SSw
Total T(x—X)2 N—1

Remark : There are three methods, to calculate mean and variances :
(i) Direct Method
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(ii) Indirect Method
(i) Step deviation Method or Coding Method (change of origin or / and $cale

B EXAMPLE 13.1

Direct Method: Apply the technique of analysis of variance to the following data, relating to
yields of 4 varieties of wheat in 3 blocks:

. Blocks
Varieties 1 5 3
| 10 9 8
1l 7 8 6
1l 8 5 5
v 5 8 5

Test whether the varieties are significantly different with regard to yialdrigg variation

between blocks.
Solution:

Table 13.1. Computation of Arithmetic Mean

Varieties
Blocks "y

1 10 7 8 5
2 9 8 &5 8
3 8 6 5 5

Total 27 21 18 18
Mean) 9 7 6 6

Mean of all means
= 9+7+6+6_28
= 7 ==

Variance between Samples. Sum of the squares of the deviations
= ng (4 — X2 + np(% — X2 + N (% — X2 + g (% — X2
=3(9-7)2+3(7-7)%+3(6-7)2+3(6—7)2=18

Degrees of Freedomhfy =vi =k—1=4-1=3
Mean sum of squares between samples (i.e. blocks)

_ Sk -R7 18
- (k-1 3
Variance within Samples. Sum of the squares of the deviations

=3 (x —X1)% + Z(x2 — X2)? + Z(X3 — Xa)* + Z(xg — Xa)?
=24246+6=16

Degree of Freedordf, =vo, =N—-k=12—-4=8
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Mean sum of squares within samples (i.e. blocks%xfxfk)zN —k= 1—86 =2
. MSSB 6
Analysis of Variance.
source of variation  S.S. d.f. (k—1) M.SS (%) F-Ratio
Between Samples 18 3 6 F=pSSE=8=3
within samples 16 (N—-k)=8 2

Conclusion. F orvy =3,v, =8, = 4.07 at 5 level of significance. Sinég < R, hence
the four varieties of wheat are not significantly different with regardi¢tdyi.e., This differ-
ence is due to fluctuations of sampling.

Varieties.
| I Il v
(10-72=9 (7-72=0 (8-72%2=1 (5-7)2=4
(9-72=4 (8-72%=1 (5-7)?=4 (8-7)*=1
(8-72=1 (6-7"1 (5-72=4 (5-72%=4
Total 14 2 9 9

Total sum of Squares = 142+9+9 =34
Degree of FreedomN—-1=12—-1=11
Total Variation =fracZ(x—X)2N — 1 = 3 = 3.09

B EXAMPLE 13.2

Indirect Method: The following table gives the result of experience of four varieties afath
grown in 24 plots:

Plot Yield
A B C D
4 9 9 12
2 5 20 5
5 8 18 15
8 12 14 9
6 14 18 16
12 11 10 17

Is there any significant difference in production of these varieties?

Solution: Null Hypothesis(Hp) : There is no difference between the yields of four vari-
eties of wheat.

Sum of the Squares of the Sample Values.
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A B C D

2 2 2 2
X1 X X X5 X3 X5 X X

16 9 81 9 81 12 144
4 5 25 20 400 5 25
64 18 324 15 225
64 12 144 14 196 9 81
36 14 19 18 324 16 256
12 144 11 121 10 100
17 289

25 145 60 654 90 1446 84 1120

00 OIN A
N
(61
o]

T = 5% + X + IXg + X4 = 25+ 60+ 90+ 84 = 259
Correction Factor.

2 2
cp_ T _ (2597 _67.081

N 24 24

=2,79504

Total Sum of Squares.

T2
TSS= 53 +5x5 + DX + 554 — N
or
TSS= 145+ 654+ 1,446+ 1,120~ 2,79504 = 56996

Between Samples S.5. = SSB.

2 2 2 2 2
sspe | (P ()7 (2e)7  (3x)7)  T°
ny N2 n3 Ny N

2 2 2 2
(2? + (62) + (92) + (8;1) —2,79504= 28796

Within Samples S.S. = SSW.

SSW=TSS- SSB= 56996 — 287.96 = 282

Table 13.2. Analysis of Variance Table

Variance Source S.S. d.f M.S. F

Between samples 287.96  (4-1)=3  95.993%
Within Samples 282 (24-4)=20 14.10 =6.807

253

Conclusion :F.g = 6.000. R gpje for vi = 3 andv, = 20 degrees of freedom at 5% level of
significance= 3.10. Sincel5 > Raple, the null hypothesis is rejected. That is the difference

among the average yield of four kinds of wheat is significant.
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B EXAMPLE 13.3

Coding Method: Set up a table of analysis of variance for the following data:

Variety

Plots A B C D

1 200 230 250 300
2 190 270 300 270
3 240 150 145 180

Test whether the varieties are different.
Solution: In this method we can change the origin or scale or both as the case mag be a

proceed as usual. We know that F is independent of the change of andiacale. So there
is no need to adjust the value lgf;.

Coded Data
A B C D
0 +30 +50 +100
-10 +70 +100 +70
+40 -50 -55 -20

2x1=30 2Zx=50 2Zx3=95 2Xx4=150

Squares
A B C D
0+900+2 500+10 000
100 4,900 10,000 4,900
1,600 2,500 3,025 400

Ix2=1700 3x4=8,300 3x5=15525 3xZ= 15300

T = 2X1 + 2Xp + X3 + 2X4 = 30450+ 95+ 150= 325

T? (325°% 1,05625
CR=y="1, = 1, =880208

TZ
SST=3x + X4 + 53 + 3x§ — N
= 1,700+ 8,300+ 15,525+ 15,300 8,80208 = 32,02292

(20, (29, 2§, (2f) T

SSB= +
m ny Ne N4 N
_ (3;)2) N (522) n (9:2) (1202) —8,80208=2,83952

SSW=TSS-SSB=32,02298—-2,83952 = 29,18340

Degree of freedom. Between Sampleg = k—1=4-—1= 3, Within Samples, =N —k
=12-4=8,Total=N-1=12-1=11
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Analysis of Variance Table.

Source S.S. d.f. M.S. F-Ratio

Within Samples ~ 29,183.40 8  3,647.93 LRS!
Between Samples  2,839.52 3 946.51

Total 32,022.92 11

Interpretation. The calculated value of F is less than 1. Table valug dbr v; = 3 and

Vv, = 8 at 5 level of significance is.@7. In such cases one may say that the null hypothesis is
true, but the fact is that within sum of squares is too much which hides thalatifference
between samples if any.

B EXAMPLE 13.4

Analysis of variance applied to grouped data i.e., two frequency disbutions: Two sam-
ples of 20 and 25 students score the following marks in a test carryingmaaxmarks 15:

Marks 10 11 12 13 14 15 Total

f1 3 7 6 3 1 0 20
fo 1 3 5 8 7 1 25

Does the average level of knowledge of the students differ?

Solution: .

Marks x2 |Sample Il Sample

X AX2 fl f]_X f]_X2 f2 f2X f2X2
10 100 3 30 300 1 10 100
11 121 7 77 847 3 33 363
12 144 6 72 864 5 60 720
13 169 3 39 507 8 104 1,352
14 196 1 14 196 7 98 1,372
15 225 0 0 0 1 15 225

> 20 232 2,714 25 320 4,132

T = Sfix+ 2 fox = 2324 320= 552
2 2
CE_TA_ T* 304704
N f1+fo 45
TSS=5fx° +2fx° —C.F.
=2,174+4,132—6,7712 =748

(Zf1x)? | (2fox)?

=6,7712

SSC= -~~~ + =<2 _CF.
ny n2
(2322 (3207 B
=gt a5 —67712=16

SSR=TSS-SSC=748—-16=588
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Degree of Freedom. Between sampleg; = (k—1) =1—1= 1, Within sampless, =
N—k=45-2=43

Analysis of Variance Table.

Source S.S. df. M.S. F Fo.5(1.43) = 4.06

Between Samples 16 1 16 ds;3es; Fo1(1,43) =7.23
Within Samples 58.8 43 1.3674 =11.70
Total 748 44

SinceFcy > Fo1(1,43), hence the difference is significant.

13.4 TWO WAY CLASSIFICATION

When the classification is based on two criteria, to study the effects of twe kirtceatments, then it
is called two way classification. for example, To test simultaneous by teeteff fertilizer and kinds
of seeds on agricultural produce, to test the effect of machines andels on industrial produce.
The analysis of two way classification data is called two way analysis of \e@&ian Analysis of
variance in Two way classification.

13.5 TECHNIQUES OF TWO WAY ANALYSIS OF VARIANCE

1. Let us call the two criteria as row and column. then total sum of sqimpsstitioned into three
components:

Total sum of squares= sum of squares between column
+ sum of squares between row
+ Residual (or Error) sum of squares
ie, TSS=SSCt SSR-SSE

2 Calculation :

(i) The sum of all the observations, column wise, row wise and grand Ptal.>xy, Zx.

Let there be r rows and ¢ columns. So that there are cells having one observation each. The
number of observations in each rownzor c. The number of observations in each columm orr.

Total number of observationsr=< c = N, say

, . T2

(i) Correction factor : C.F. = N

(iii) Total sum of squares

T2
N
where=x? = Sum of the squares of all the observations

=Y G+ 8+ +x)

TSS=3(x%) —
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(iv) Sum of squares between columns:

2 2
sscoy (P T°
r N

2
whereZ@ = Sum of the squares of the totals of all

the columns divided by the number of observation in each column

2 2 2
:zi(zxrcl) +27(ZX:2) +...+27(Zxrck)

(v) Sum of squares between rows :

(Zx)? B Tj

SSR=%
N

(=)

wherezT = Sum of the squares of the totals of all

the rows divided by the number of observations in each row

(26,)° , (20, (2%,)?
c c c

(vi) Residual sum of squaresSSE= T SS- (SSC+ SSR

(vii) Number of degrees of freedom :

Degrees of freedom for total sum of squareg = 1orN — 1
Degrees of freedom for between column sum of squares %
Degree of freedom for between row sum of squares-=
Degree of freedom for residual(®— 1)(r — 1)

(ix) Mean sum of squares :

wssc- S5C yssn. SR yoep.  SSE

(c—=1)(r—1)
(x) F-Ratio :
F for columns = @ F for rows = @R
~ MSSFE " MSSE
Analysis of Variance Table.
Source S.S. d.f. M.S.S F
Columns Z(i’f)z -r-g c-1  S+(c—1) MSsc
S(5%)? T2

Rows (n):') -5=2 r—1 S+(c-1) MSSR

Eor  SST-$+§=8 10D g

Total  E(&+x3+.03) - % (c—1)

B EXAMPLE 13.5

Four observers determine the moisture content of samples of a pogatdr man taking a
sample from each of six consignments. Their assessments are gioen Bnalyze this data
and discuss whether there is any significant difference between comsig or between ob-
servers?
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Consignment

Observer 1 ° 3 4 5 6
1 9 10 9 10 11 11
2 12 11 9 11 10 10
3 11 10 10 12 11 10
4 12 13 11 14 12 10

Solution: Subtract 10 from each observation:

Observer Consignment Column
1 2 3 4 5 6 Total
2 2 11100 3
3 1 0 0 2 1 0 4
4 2 3 1 4 2 0 12
Total 4 4 1 7 4 1 19
Correction Factor , o
T2 1% 361
CF.= =54 = o4 — 1504

Total sum of squares
TSS= [(—1)2+02+ (—1)2+02+12+12} + [22+12+ (—1)2+02+12+12}
+[12402 4024224124 02] + [224 8417+ 4422 +0| ~CF. = 3596
Sum of squares between consignments:

1
SSC= Z(ch)z +(22)% + (2¢3)2 + (2€4)? + (205) + (2c)2 —~ C.F.
7 [42+42+ (—1)2 4+ 77+ 42 412

7 } —1504=9.71

Sum of squares between observers :

(Er1)?+ (Zrp)® + (ra)?+ (5ra)®
6
= %6“44_ 1504=1313

SSR= C.F

Error sum of squares

SSE=TSS- (SSG+SSR
=3596—(9.71+1313=3596—-2284=1312

Analysis of Variance Table.
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Source S.S. df. MSS F
Consignment 9.71  6-1=5 %71 =1.940 1;%2 =223<Fgs
Observer 1313  4-1=3 1313-438 G§38=503>F¢s
Error 13.12  23-8=15 1§12=087 -
Total 35.96 25-1=23 - -

Conclusion: Fgs(v1 = 5,vp = 15) = 2.901,F.05v; = 3,vo — 15= 3.287. The difference
among consignments is not significant. The difference among olisésvagnificant.

Problems

13.1 In an experiment conducted on a farm in a certain village of Rajasthafpltbeing infor-
mation was collected regarding the yield in quintal per acre of 6 plots of whéwmee out of these
six plots produced Sharbati wheat and the rest three produced Karstrdneat. Set up an analysis

of variance table and find out if the variety differences are significase \lues of F at 5 level of
significance.

Variety Plot yield in quintal

Sharbati 10 15 11
Australian 13 12 17

F0.05(V]_ = 4, Vo = l) =771

13.2 A special fertilizer was used on four fields A,B,C and D. Four bedewegide in each field.
The yield statistics of all the four fields (A,B,C and D) are given belowdRiumether the difference

between the averages of yields of fields is significant or not. [Value ¢bHevel of significance for
vo =3 andv; =12is 8.74]

Yields of Fields
A B C D
8 9 3 3
12 4 8 7
1 7 2 8
3 1 5 2

13.3 The table below gives the yields in quintal of four plots each of three vasiefivheat. Is
there a significant difference between the mean yield of the three varket[Egs for degrees of
freedomvy =2 andv, = 9is 426

Plot No. Varieties

[y
@\l@o:b

B
9
7
7
5

AWN R
ooonrO
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13.4 The following data relating to the output of sugarcane in three varieties elt&iom 4 plots
of each variety. Setup a table of analysis of variance and also find athesthe F o5 for degrees
of freedomy; = 9 andv, = 2 is 1938

Plots

Varieties 1 2 3 4

X 20 16 12 12
Y 14 14 16 20
z 12 12 14 18

13.5 Following figures relate to the production of rice in kilogram of 3 varietieswshio 9 plots :

Type A TypeB TypeC

14 14 18
16 13 16
15 19

19

Is there any significant difference in the 3 types of plots.

13.6 To test the efficacy of a particular manure four fields A,B,C and Dewgetected. Each field
was cut in 4 plots and the manure was used in them. The yields obtainedhfesmplots are given
below. Find out whether there is or not any significant difference batwke mean yields of the
fields (the value of F for 3 and 9 degrees of freedom for error atdé ksignificance is 319)

Yields from the Fields

Plots A B C D
1 12 8 11 10
2 14 12 13 12
3 13 11 11 8
4 17 13 13 10

13.7 The following figures relate to production (in kilogram) of three varietieB &nd C of wheat
shown in 12 plots. Is there any significant difference in the productidhesfe varieties?

A 14 16 18
B 14 13 15 22
Cc 18 16 19 19 20

13.8 The following data relate to the output of three varieties of rice obtained foomplots. Set
up a table of analysis of variance and also find out whether the diffedesioveen the yields of the
three varieties is significant or not?

Plots

Varieties 1 2 3 4

X 12 16 12 20
Y 12 14 18 12
z 16 14 20 14
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13.9 The following table gives the average monthly sale (in thousand of rupé&ésur salesmen
in the different types of territories:

Salesman

Territory A B C D Territory Total
X 6 4 8 6 24
Y 7 6 6 9 28
z 8 5 10 9 32
Salesman Total 21 15 24 24 84

Set up an analysis of variance table for the data given above.

13.10 Below are given the yields of three strains of wheat planted in five bloicksee plots each
under a completely randomized design. All the fifteen plots are of eqeial Rerform the analysis of

variance to test whether the strains are significantly different with reigayigld. Ignore variations
between blocks.

Strain Blocks

I i m v v
A 20 21 23 16 20
B 18 20 17 15 25
C 25 28 22 28 32

13.11 Five doctors each tests five treatments for a certain disease andetisnumber of days

each patient takes to recover. The following table gives the recoverg timgays corresponding to
each doctor and each treatment.

Treatments Method

Doctors 1 5 3 4 5
A 11 15 24 20 21
B 12 16 25 18 22
C 10 13 21 17 20
D 9 14 18 18 21
E 13 16 20 16 23

Carry out the analysis of variance and test whether there is any signifidgrence (a) between
the doctors, and (b) between the treatments.






CHAPTER 14

TIME SERIES AND FORECASTING

Time series analysis is the basis for understanding past behavioluatavg current accomplish-
ment, planning future operations. It is also used for comparing the coemts of different time
series. Itis used to determine the patterns in the data of the past ovéwcgfaime and extrapolate
the data into the future. Previous performances are studied to fofetast activity.

Prof. W.Z. Hirsch writes,

A main objective in analyzing a time series is to understand, interpret ahaote
changes in economic phenomena in the hope of more correctly anticiplaicgurse
of the events.

In short, following are the use of time series analysis:

1.

Analysis of past behaviour: Time series analysis helps in undenstating past behaviour of
the factors which are responsible for the variations.

. Estimates for the future : The understanding of the past behaviouprajecting the past

trends are extremely helpful in predicting the future behaviour.

3. Forecasting: Time series study helps in forecasting and planning foperations.

. Evaluation of performance: Time series analysis helps in evaluatingnt@ccomplishments.

. Comparison: Time series analysis help in comparison among variogis¢ines. Interpreting

of the variations that how they are related with each other, net effeceofitiieraction and
also with the similar changes in other time series data.

. Estimation of trade cycles: Time series analysis helps in the estimatiordefdyales on the

basis cyclical fluctuations which helps the businessman to plans andteetiida activities.
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14.1 COMPONENTS OF TIME SERIES

The forces affecting time series data generate certain movementstoafians in a time series. Such
characteristics movements or fluctuations of time series are called cemisaf a time series. The
components of a time series may be classified into different categoribe dmasis of the operations
forces. There are four components of a time series.

1. Secular Trend or Trend (T)

2. Seasonal Variations (S)

3. Cyclic Variations (C)

4. Irregular (or Random) Variations (1)

The components of a time series may or may not occur at the same time.

14.1.1 Trend or Secular Trend

The component of a time series which is responsible for its generavioeingi.e. general long term
movement) over a fairly long period of time as a result of some identifiafileeimces is called the
secular trend or trend. It is a smooth, regular and long term tendenaypafticularly activity to
grow or decline. The trend may be upward as well as downward. Ifaliesneither increases nor
decreases over a long term (usually a minimum of 15 to 20 years) thies sesaid without trend
(or nor-trend) or with a constant trend:

It is not necessary that the trend should be in the same direction thrattdheogiven period.
The time series may be increasing slowly or increasing fast or may ea$#eg at various rates or
may remain relatively constant. Some time series reverse their trendyfimmth to decline or from
decline to growth over a period of time. In brief, the movements which éxpévsistent growth or
decline in long period of time are known as secular trend. The term ‘loriggef time’ is a relative
concept which is influenced by the characteristic of the series.

The formation of rocks is a particular example of secular trend. Declihiadh rate is an example
of downward trend; population growth is an example of upward trend.

Mathematically trend may be linear or nonlinear.

14.1.2 Seasonal Variations

The movements that are regular and periodic in nature not exceediegraase called seasonal
variations.

The movements that are regular and periodic in nature not exceediegy are called seasonal
variations.

The forces that are responsible for seasonal variations are:- (iydli&ators (or climate) (ii)
Man-made conventions (Holidays, Festivals, etc.)

For example, crops are sown and harvested at certain times everangaemand for labor
goes up during sowing and harvesting seasons, demands of wodles gtes up in winter, prices
increase during festivals, with draws from banks are heavy on fieskwf a month, the number of
letters posted on Saturday is larger, etc.

14.1.3 Cyclic Variations

The oscillatory movements (or swings or patterns) whose period of diwilis more than one year
are calledcyclic variationsone complete period is calledcgcle In economic and business series
they correspond to the business cycle and take place as a result ofrécdirooms or depressions.

It is a matter of common knowledge that almost all economic and busaatisities have four
distinct phases: Prosperity, Decline, Depressions, Recovery
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14.1.4 Irregular (or Random) Variations

Irregular (or Random) Variations do not exhibit any definite patternthack is no regular period of
their occurrence. these are accidental changes which are purdlymand unpredictable. For ex-
ample, variations due to earthquake, war etc. Normally these variatiestart term but sometimes
their effects are severe.

14.2 MATHEMATICAL MODELS OF THE TIME SERIES

For an analysis of time series, the traditional or classical method is to segoome type of rela-
tionship among the components of a time series. The two relationships aftedModels of Time
Seriesare as follows:

1. Additive Model: Here, we assume that the various components of astmes are additive
and the values are the sum of the four components. Symbolically,

Y=T+S+C+l

whereY= Observed value in the time seriés: Trend component3= Seasonal variations
componentC= Cyclical variations componenits Irregular variations component

2. Multiplicative Model: Here we assume that any particular value in a timessisrthe product
of the four components. Symbolically,

Y=TxSxCxI

whereY= Observed value in the time seri€ss Trend componentS= Seasonal variations
componentC= Cyclical variations componenits Irregular variations component

14.3 MEASUREMENT OF SECULAR TREND

Trends are measured by the following methods:
1. Free hand graphic method
2. Method of semi averages
3. Method of moving averages
4. Method of least squares

Here we are interested in only method of semi averages and method/ofgraverages.

14.3.1 Method of Semi Averages

The methods of fitting a linear trend with the help of semi-average methaabdodiows:

1. The number of years is evefhe data of the time series are divided into two equal parts. The
total of the items in each as the part is done and it is then divided by the mwhbiems
to obtain arithmetic means of the each part. Each average is then plotted-poimief the
interval from which it has been computed. A straight line is drawn pagsiraugh these
points. This is the required trend line.

2. The number of years is odélvhen the number of years is odd, the value of the middle year is
omitted to divide the time series into equal parts. Then follow the same proead for even
numbers.
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Mathematical form of the trend line. The straight line passing through the two poiftis-y;)
and(tz —y2),

— Y2-V1
y-y1= (t—t1)
to—11
The value)t/2 L is the annual increase yrfor a unit change in.
2—1

B EXAMPLE 14.1

Determine the trend for the following data by semi average method:

Year 1991 1992 1993 1994 1995 1996
Salesy) 60 80 100 80 120 100

Solution: Here, number of data is even. Divide data in two part and take megs)(of each part as

60+80+ 100 240

yWy=————=—=280
Y1 3 3
Mean year for first party = 1992
80+ 120+ 100 300
- T T
> 3 3 00
Mean year for first party = 1995
Trend line —
y-yi= 2Pt
2—h
100-80
Y=100= 7595 1g92(t ~1999
= y= %)(t —1980
On graph, we can plot line through points (1992,80)(1995,100). O

B EXAMPLE 14.2

Determine the trend for the following data by semi average method:

Year 1991 1992 1993 1994 1995 1996 1997
Salesy) 60 80 100 80 120 100 80

Solution: Here, number of data is odd. Therefore leave middle data, i.e., 8&@spanding to 1994.
Now divide data in two part and take megny,) of each part as

60+80+100 240

VW=——7"—"" 80
Y1 3 3
Mean year for first party = 1992
120+ 100+80 300
yo=————=—=100
Y2 3 3
Mean year for first party = 1996
Trend line -
y-yi= 2N
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100—-80

—100= 289
y 1996— 1992

(t—1996

= y=5(t—1976
On graph, we can plot line through points (1992,80)(1996,100).yBlatself. O

14.3.2 Method of Moving Average

To determine trend with the following steps is called the method of moving gesra

1. We take the firstn consecutive values of the series and calculate these avenagea,number
to be decided by us and is called the time-interval or period for computingéhéng average.
This average is taken as the trend value for the time failing at the middle oétiwlovered
in the computation of average. When the time id odd it is all right. But when the pigniod
is even, the moving average fall mid way between the two observatioce,be the mid term
will not coincide with a point of the series. To avoid this difficulty we calculatetfer two-
item moving averages so that the mid-points now may coincide with the givenp@miods.
This process is known as centering of the moving averages.

2. We drop the first observation in the series and includérthe 1)th observation and calculate
their average and place it at the middle of the period covering secdmaHd.)th values.

3. Now leave the first two values and include the+ 1)th value and calculate their average and
place it a the middle of the period covering third(to+ 2)th values. This process will go on
till the and of the series. Symbolically, suppose the time series is given

4. Time:

Value y1 V2 ... Ym - ¥n

Letm= 3 (Odd case), then

_Y1t+Y2+Y3

First moving average;, = 3 against,
Second moving average = %;4—%‘ against,
Third moving averages = %?jﬁy?’ against;

The quantitiesy, o, vs, .. etc are called 3-yearly moving average.
Now again letm= 4 (Even case)

_ Y1it+Yo+Y3+Vya

First moving average; = — against;
Second moving average = w against,
Third moving averages = %‘w against;

The quantitiessy, Vo, Vs, .. etc are called 4-yearly moving average. In even case we centered

. . Vi +Vo VoV
moving averages, therefore centered moving averag 2 2753 etc.

The technique of moving averages is used to eliminate the fluctuations\andrdy the general
trend of the series.
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B EXAMPLE 14.3

Use the following data to compute a 3-year moving average for all availaddes. Also
determine the trend.

Year 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004
Production 21 22 23 25 24 22 25 26 27 26

The first average is computed for the first 3-year as follows:

. 21422423
Moving average( for year 1995,1996,1997 )% — 2200

Similarly, the moving average for the next 3-year is

. 22423425
Moving average( for year 1996,1997,1998 )% — 2333

Other moving averages are as follows:

Year Production 3-Year Moving Total 3-Year Moving Average (Tr&fatlies)

1995 21

1996 22 21+22+23=66 66/3=22.00
1997 23 22+23+25=70 70/3=23.33
1998 25 72 24.00
1999 24 71 23.67
2000 22 71 23.67
2001 25 73 24.33
2002 26 78 26.00
2003 27 26+27+26=79 26.33
2004 26

B EXAMPLE 14.4

Assume a four year cycle and calculate the trend from the following data:

Year 1995 1996 1997 1998 1999 2000 2001 2002
Production 464 515 518 467 502 540 557 571

The first average is computed for the first 4-year as follows:

464+ 515+518+-467

Moving average( for year 1995,1996,1997,1998 } y =49100
Similarly, the moving average for the next 4-year is
. 15+ 518+ 467+ 502
Moving average( for year 1996,1997,1998,1999 30+ 2184674502 _ 550

4

Other moving averages are as follows:
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Year  Production 4-Year Moving 4-Year 4-Year Moving Average
Year  Production Total Moving Average Centered (Trend \V8Jue
1995 464
1996 515
464 + 515 +518 + 467=1964  1964/4=491.00
1997 518 =(491.00+500.50)/2=495.75
2002 500.50
1998 467 503.62
2027 506.75
1999 502 511.62
2066 516.50
2000 540 529.50
2170 542.50
2001 557
2002 571

14.4 MEASUREMENT OF SEASONAL VARIATION

In order to isolate and identify seasonal variations, we first eliminateraasfpossible the effect
of trend, cyclical variations and irregular fluctuations on the time seridse fiain methods of
measuring seasonal variations are:

1. Simple Average Method

2. Ratio to Moving Average Method
3. Link Relative Method

4. Ratio to Trend Method

We will discuss only two methods here: Simple Average Method and Ratio wngdAverage
Method.

14.4.1 Simple Average Method (Monthly And Quarterly) Seasonal Method

1. The time series is arranged by years and months (or quarters).

2. The average for each month (or quarter) is obtained (the avermgbemmean or median). In
general, we take mean if not specified otherwise.

3. Now compute seasonal index for each month (or quarter) as

Average ofmth Month(or quarter) »
Average of monthly(or quarterly) averages

B EXAMPLE 14.5

Find the seasonal indices from the data regarding monthly consumptiaimeait in a town
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Months 1971 1972 1973 1974 1975

Jan. 44 47 48 50 51
Feb. 45 48 44 58 50
March 39 43 43 45 50
April 42 44 47 52 60
May 41 45 48 51 55
June 40 46 47 52 55
July 48 53 55 57 62
Aug. 49 44 56 55 51
Sept 42 45 47 49 57
Oct. 45 48 51 52 64
Nov. 41 44 48 52 60
Dec. 50 55 57 63 60

Solution:

Month 1971 1972 1973 1974 1975 Average of 5years Seasonal-index

Jan 44 47 48 50 51 48 96
Feb 45 48 44 58 50 49 98
Mar 39 43 45 45 50 44 88
April 42 44 45 52 60 49 98
May 41 45 48 51 55 48 96
June 40 46 47 52 55 48 96
July 39 53 55 57 62 55 110
Aug. 49 44 56 55 51 51 102
Sept. 42 45 47 49 57 48 96
Oct. 45 48 51 52 64 52 104
Nov. 41 40 48 52 60 59 98
Dec. 50 55 57 63 70 59 118
Total 600
Average of Averages 50

. Average of mth Month
Seasonal index= X
Average of monthly averages

Average of Jan. Month o
Average of monthly averages

Seasonal index for Jaa:

48
=55 % 100=96
Similarly the seasonal indices of other months are obtained. The recageestnal indices are
shown in the last column of the table. O

B EXAMPLE 14.6

Compute seasonal indexes by the average percentage method andestasonalized values
for the following data:
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Quarter Years
2004 2005 2006 2007 2008

| 45 48 49 52 60
Il 54 56 63 65 70
Il 72 63 70 75 84
\ 60 56 65 72 66

Calculation for quarterly averages are given in table:

50.8+616+728+63.8
4

Average of quarterly averages

Quarter Years Total Average
2004 2005 2006 2007 2008

| 45 48 49 52 60 254 50.8
Il 54 56 63 65 70 308 61.6
11 72 63 70 75 84 364 72.8
v 60 56 65 72 66 319 63.8

Grand Average- 62.25

Therefore,

62.25

Seasonal Index for quarteed x 100= 8160

62.25

62.25

Seasonal Index for quarter ¥ :%285 x 100= 10248

Seasonal Index for quarterH x 100=98.95

x 100= 11694

Seasonal Index for quarter B

Deseasonalized Values.

Actual quarterly value

Deseasonalized Values - - x 100
Seasonal index of corresponding quarter

Thus deseasonalized value for year 2004 and quarter first is

. 45
Deseasonalized Valu%m x 100=55.14

Other values are given in table

Quarter Years
2004 2005 2006 2007 2008

| 55.14 58.82 60.00 6372 73.52
Il 5457 56.59 63.66 65.68 70.74
Il 61.57 53.87 59.85 64.13 71.83
v 58.54 5464 6342 7025 64.40
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14.4.2 Moving Average Method

In this method moving averages of the data are computed. If the dateoatblynthen 12-monthly
moving average, if they are quarterly, then 4-quarterly moving aesresjl be computed. In both the
cases a time periods of moving averages are even, hence these ianefiages are to be centered.
Under additive model, from each original value, the correspondingngaverages is deducted
to find out short-time fluctuations. By preparing a separate table, mortthtyu@rterly) short-time
fluctuations are added for each month (or quarter) over all the yedrthair averages is obtained.
These averages are known as seasonal variations for each mantlarter. If one wants to iso-
late/measure irregular variations, the mean of the respective monttadegis deducted from the

short-time fluctuations.

B EXAMPLE 14.7

Find out seasonal fluctuations by the method of moving averages:

Years 1st quarter

2nd quarter

3rd quarter  4th quarter

1976 30 40 36 34
1977 34 52 50 44
1978 40 58 54 48
1979 54 76 58 62
1980 80 92 86 82
Solution:
Years Quarter Quarter Quarter Total Quality Moving Shanieti Seasonal
data §) Total centered Average (T) fluctuations Variations(S)
@ (i) (iii) (iv) (v) (vi)=[v/8] (vii)=[(iii)-(vi)] (vii i)
1976 | 30 - - - - -
Il 40 140 - - - -
1l 36 144 284 35.5 +0.5 -0.2
v 34 156 300 375 -3.5 -3.9
1977 | 34 170 326 40.8 -6.8 -4.1
Il 52 180 350 43.8 +8.2 104
1l 50 186 366 45.8 +4.2 -0.2
v 44 192 378 45.3 -3.3 -5.9
1978 | 40 196 388 48.5 -8.5 -4.1
Il 58 200 396 49.5 +8.5 10.4
1l 54 214 414 51.8 +2.2 -0.2
v 48 232 446 55.8 -7.8 -5.9
1979 | 54 236 468 58.5 -4.5 -4.1
Il 76 250 486 60.8 +15.2 10.4
1 58 276 526 65.8 -7.8 -0.2
v 62 292 568 71.0 -9.0 -5.9
1980 | 80 320 612 76.5 +3.5 -4.1
Il 92 340 660 82.5 +9.5 104
1 86 - - - - -
v 82 - - - - -

Calculation of Average Seasonal Variations.
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Quarters
Years ] I 1] v

1976 - - +05 -35
1977 -6.8 +8.2 +42 -33
1978 -8.5 +85 +22 -7.8
1979 -45 +152 -78 -9.0
1980 +35 +95 - —

Total -16.3 414 -09 -23.6

Average -4.1 104 -0.2 -59

Problems

14.1 Determine the trend values by three yearly moving averages:

Year 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994
Variable 8 12 10 13 15 12 16 17 14 17

14.2 Calculate three yearly moving averages from the following data:

Year 1990 1991 1992 1993 1994
No.of Wage Earners 2,412 2,440 2,486 2,424 2,458

Year 1995 1996 1997 1998
No.of Wage Earners 2,513 2,409 2,488 2,528

14.3 Find 5-yearly moving averages for the following time series and reptésem on the same
graph along with the original data:

Year 1 2 3 4 5 6 7 8 9 10
Value 110 104 78 105 109 120 115 110 114 122

14.4 Plot the following data on a graph paper. calculate five yearly movingagesrand show the
trend on the graph paper:

Year 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999
IndexNo 105 115 100 90 80 95 85 75 60 67

14.5 Index numbers from 1979 to 1993 are given in the following table. caleutend value
using 5 yearly moving averages:
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Year 1979 1980 1981 1982 1983 1984 1985 1986
Index 100 138 187 222 245 139 134 229
Year 1987 1988 1989 1990 1991 1992 1993

Index 192 260 182 247 311 191 261

14.6 Assuming trend to be absent, calculate seasonal variations for the tirag-data given

below:

Quarters
Year I I m v
1991 31 40 44 37
1992 40 32 42 40
1993 36 40 39 37
1994 35 30 40 33




CHAPTER 15

STATISTICAL QUALITY CONTROL

Statistical quality control (SQC) is the term used to describe the set of statmbisaused by quality
professionals. Statistical quality control can be divided into two broadjocstss:

1. Statistical process control(SPC) involves inspecting a random sample of the output from a
process and deciding whether the process is producing products \aithctéristics that fall
within a predetermined range. SPC answers the question of whetheotlesgis functioning
properly or not.

2. Acceptance samplings the process of randomly inspecting a sample of goods and deciding
whether to accept the entire lot based on the results. Acceptance sadgiéngines whether
a batch of goods should be accepted or rejected.

15.1 STATISTICAL PROCESS CONTROL METHODS

Statistical process control methods extend the use of descriptive statistizaitor the quality of
the product and process. As we have learned so far, there arearomma assignable causes of
variation in the production of every product. Using statistical processaome want to determine
the amount of variation that is common or normal. Then we monitor theugtmuoh process to make
sure production stays within this normal range. That is, we want to maketse process is in a state
of control. The most commonly used tool for monitoring the productiatess is a control chart.

15.1.1 Control Charts

A control chart (also called process chart or quality control chart)geagh that shows whether a
sample of data falls within the common or nhormal range of variation. A obaolrart has upper and
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lower control limits that separate common from assignable causesiafisar The common range
of variation is defined by the use of control chart limits.We say that ags®ts out of control when
a plot of data reveals that one or more samples fall outside the control.limits

Thex axis represents samples taken from the process over timey &tis represents the quality
characteristic that is being monitored. Tbenter line(CL) of the control chart is the mean, or
average, of the quality characteristic that is being measured.upper control limit(UCL) is the
maximum acceptable variation from the mean for a process that is in a Statetml. Similarly, the
lower control limit(LCL) is the minimum acceptable variation from the mean for a processstivat
a state of control.

The upper and lower control limits on a control chart are usually seBat (standard deviations)
from the mean. If we assume that the data exhibit a normal distributiose tbentrol limits will
capture 99.74 percent of the normal variation. If we assume thatthesghibit a normal distribution,
these control limits will capture 99.74 percent of the normal variatiomt@blimits can be set at
+2x (standard deviations) from the mean. In that case, control limits woplthie®95.44 percent
of the values. These control limits are are called as inner control limits atedl control limits for
95.45 percent level. These limits also called as warning limits.

15.2 TYPES OF CONTROL CHARTS

Control charts are one of the most commonly used tools in statisticalgw@oatrol. They can be
used to measure any characteristic of a product, such as the weigktofa box, the number of
chocolates in a box, or the volume of bottled water. The different ctexriatics that can be measured
by control charts can be divided into two groups: variables and attributes

A control chart for variableds used to monitor characteristics that can be measured and have a
continuum of values, such as height, weight, or volume. A soft drink bgttiperation is an example
of a variable measure, since the amount of liquid in the bottles is measutexda take on a number
of different values. Other examples are the weight of a bag of stlgatemperature of a baking
oven, or the diameter of plastic tubing.

A control chart for attributes on the other hand, is used to monitor characteristics that have
discrete values and can be counted. Often they can be evaluated withla g@apr no decision.
Examples include color, taste, or smell. The monitoring of attributes usuiyg tess time than
that of variables because a variable needs to be measured (e.gattleeob soft drink contains
15.9 ounces of liquid). An attribute requires only a single decision, ssigiesior no, good or bad,
acceptable or unacceptable (e.g., the apple is good or rotten, the meatlier stale, the shoes have
a defect or do not have a defect, the light bulb works or it does ndtvasrcounting the number of
defects (e.g., the number of broken cookies in the box, the numlalema$ in the car, the number of
barnacles on the bottom of a boat).

15.2.1 Control charts for variables

Control charts for variables monitor characteristics that can be nezhand have a continuous scale,
such as height, weight, volume, or width. When an item is inspected, thdkakiaing monitored
is measured and recorded. For example, if we were producing cahelight might be an important
variable.We could take samples of candles and measure their heightsof The most commonly
used control charts for variables monitor both the central tendencyeadadta (the mean) and the
variability of the data (either the standard deviation or the range). Note dchtahart monitors a
different type of information. When observed values go outside th&adimits, the process is
assumed not to be in control. Production is stopped, and employees ttibeingntify the cause of
the problem and correct it

15.2.1.1 Mean (x-Bar) Charts A mean control chart is often referred to as an x-bar chart.
It is used to monitor changes in the mean of a process. To construcama chart we first need to
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construct the center line of the chart. To do this we take multiple samplesoamolite their means.
Usually these samples are small, with about four or five observatioeb. gganple has its own mean,
X . The center line of the chart is then computed as the mean Nfsdimple means, whehtis the
number of samples:
2%

N
To construct the upper and lower control limits of the chart, we use thenfioliipformulas:

X=

Upper control limit (UCL)= X+ 30x

Lower control limit (LCL) = X+ 30x

wherex = the average of the sample means

ox = standard deviation of the distribution of sample means, computeg% as

Op = population (process) standard deviation

n = sample size (number of observations per sample)

Another way to construct the control limits is to use the sample range astiamatsof the
variability of the process. Remember that the range is simply the differieeimveen the largest and
smallest values in the sample. The spread of the range can tell us abeatitbility of the data. In
this case control limits would be constructed as follows:

Upper control limit (UCL)= X+ AsR

Lower control limit (LCL)= X+ AsR

whereX average of the sample means
Raverage range of the samples
Ay quality control factor.

B EXAMPLE 15.1

A quality control inspector at the Sprite soft drink company has takenampkes with four
observations each of the volume of bottles filled. The data and the competats are shown
in the table. If the standard deviation of the bottling operation is 0.13 ounseghis infor-
mation to develop control limits of three standard deviations for the bottlingatipa.

Sample  Observations(bottle volume inml.)  Average Range

Numbers I 1l [} v X R
1 15.85 16.02 15.83 15.93 15.91 0.19
2 16.12 16.00 15.85 16.01 15.99 0.27
3 16.00 1591 1594 15.83 15.92 0.17
4 16.20 15.85 15.74 15.93 15.93 0.46
5 15.74 15.86 16.21 16.10 15.98 0.47
6 15.94 16.01 16.14 16.03 16.03 0.20
7 15.75 16.21 16.01 15.86 15.96 0.46
8 15.82 1594 16.02 15.94 15.93 0.20
9 16.04 1598 15.83 15.98 15.96 0.21
10 15.64 15.86 15.94 15.89 15.83 0.30

Total 159.44 2.93

Solution: The center line of the control data is the average of the samples:

Y% 15944

N 10

bl

=1594
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The control limits are

_ .14
Upper control limit (UCL)= X+ 30x = 15.94+4 3 x 014 =16.13

V4
- - 0.14
Lower control limit (LCL) = X+ 30x = 15.94— 3 x i =15.74
The resulting control chart is: O
- UCL=16.13

B EXAMPLE 15.2
The following table gives the average daily production figures for 20ths@ach of 25 work-

ing days . Given that the population standard deviation of daily producti8h isits , draw
a control chart for the mean:

210 205 210 212 211 209 219 204 212 209
212 215 208 214 210 204 211 211 203 211

Solution: Given:n= 25k = 20,0p =35

Central Line (CL) X — _1+X_2+X_3k+ """"" +X
_ %J: 210
UCL=X+ 3% =210+ (3% %) =231
LCL:if?)% —210— (3x 3—;%) — 189

B EXAMPLE 15.3

Mean and Range of 10 random samples of size 4 were:
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Sample 1 2 3 4 5 6 7 8 9 10
Mean X) 494 508 500 582 552 538 514 614 600 558
Range(R) 95 125 100 91 68 65 148 28 37 80

Construct a Control Chart for MeaDZ(chart ) and determine whether the process is within
control or not ?(Given: Value affor size of sample 4 is 2.059.)

Solution:
\UCL—607.2
"""" CL=546
LCL=484.8
Sample Numbers
S _ IX _ 494+ 508+ 500+ 582+ 552+ 538+ 514+ 614+ 600+ 558
Tk 10
5460
=10 ~ 2%
R SR 9541284100+ 91+ 68+ 65+ 1484-284-374-80
ok 10
840
——_-_-84
10 8
R 84
= — = _——_ =140
% =g, ~ 2059 08
C.L.=X =546
52 [of 3x40.8 3x40.8
UcCL :i< +3 k= 546+ ( v/ ) =546+ (328) = 546+ 61.2 = 607.2
LCL =X —3%2 =546—612=4848 =

152.1.2 Range (R) charts Range (R) charts are another type of control chart for variables.
Whereas x-bar charts measure shift in the central tendency of thegmarange charts monitor the
dispersion or variability of the process. The method for developing aimdjuR-charts is the same
as that for x-bar charts. The center line of the control chart is theageaiange, and the upper and
lower control limits are computed as follows: where values for D4 and@3htained from Table
15.1.. _

CL=R

UCL=D4R

LCL=D3R
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Table 15.1. Factors for three-sigma control limits

Factor forx-Chart Factor foR-Chart

Sample Sizen A D3 D4

2 1.88 0 3.27
3 1.02 0 2.57
4 0.73 0 2.28
5 0.58 0 211
6 0.48 0 2

7 0.42 0.08 1.92
8 0.37 0.14 1.86
9 0.34 0.18 1.82
10 0.31 0.22 1.78
11 0.29 0.26 1.74
12 0.27 0.28 1.72
13 0.25 0.31 1.69
14 0.24 0.33 1.67
15 0.22 0.35 1.65
16 0.21 0.36 1.64
17 0.2 0.38 1.62
18 0.19 0.39 1.61
19 0.19 0.4 1.6
20 0.18 0.41 1.59
21 0.17 0.43 1.58
22 0.17 0.43 1.57
23 0.16 0.44 1.56
24 0.16 0.45 1.55

25 0.15 0.46 154
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B EXAMPLE 15.4

Draw a control chart for the range R from the following data relating toét@es, each of
size 5: Only the central line and the upper and lower control limits may lverdirathe chart.
The sum of the 20 sample ranges in 410 inch. Gakga- 0 andd, = 2.11.

Solution: Given:n=5, k=20, Y R=410

_Rr_2R_410_
CL=R=4-=-7=205
UCL=dsR=2.11x205=4326
LCL=D3R=0

B EXAMPLE 15.5

Range of 10 random samples of size 5 were;68213 6,21,18 20,10,40,10. Construct a

control chart for Range (R-chart) and determine whether the pasedgthin control or not.

(Give value ofD3 for size of sample 5 is 0 and &f4 = 2.115).
Solution:

_R-2R_220_

cL= R_i k 10
UCL=D4.R=2.115%x22=46.53
LCL=D3.R=0x22=0

22

Process is out of control at sample number 2 , because theRisbutside the control limits. (I

B EXAMPLE 15.6

The observed values of 15 samples of size 4 are as follows:

32,20,30,14;42,36,52,50;25,16,52,63;22,33,34,23;28/ 31,2
30,32,26,16;34,30,28,32;11,21,20,16;11,22,28,31,;36363
34,16,37,25,28,36,51,53;16,35,32,37,35,36,37,24;1 42831

Compute the control limits foX and R-charts.

Solution: _
vl 445
X=%&—-=_——=2967
N 15 96
= 3 253
R=%£_=""-1687
N 15 68
For X-Chart:

UCL=X+AR=2967+0.73x 16.87=41.99
CL=X =2967
LCL=X—AyR=29.67—0.73x 16.87=17.35

=X
=X
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Samples Observations Averagé RangeR)

1 32 20 30 14 24 18
2 42 36 52 50 45 16
3 25 16 52 63 39 47
4 22 33 34 23 28 12
5 28 30 27 31 29 3
6 30 32 26 16 26 16
7 34 30 28 32 31 6
8 11 21 20 16 17 10
9 11 22 28 31 23 20
10 36 31 35 26 32 10
11 34 16 37 25 28 21
12 28 36 51 53 42 25
13 16 35 32 37 30 21
14 35 36 37 24 33 13
15 17 28 14 13 18 15

Total 445 253

For R-Chart:
UCL = D4§: 2.28x 16.87= 3847
CL=R=1687
LCL=D3R=0x16.87=0
O
Problems

15.1 The following table gives the mean of 20 samples . Size of each sampleTh2Population
standard deviation is 13. Draw the control chart for the mean:

31 25 31 27 20 18 17 29 30 32
19 23 28 37 25 31 27 33 20 27

15.2 In the production of certain rods, a process is said to be control if outliéaheeters have a
mean = 2.5 inch, and a standard deviation of 0.002 inch. (i) Constrmamtaol chart for the means
of random sample of size 4. (ii) Means of such random samples taketeatals were: 2.5014,
2.5022, 2.4995, 2.5076, 2.5040, 2.5001, 2.4993, 2.49@968, 2.4971. Was the process ever out
of control?

15.3 A drilling machine bores holes with a diameter of 0.50cm . and a standaidtide of
0.02cm.Construct a control chart for the mean of random samplessbowing the central line and
the upper and lower control limits on a graph paper.

15.4 Measurements on averagé)(@nd ranges (R) from 20 samples each of 5 gave the following
results: _ _
X =996, R=7.0
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Determine the values of the control limits for drawing a Mean chart. (Fer5 , Mean Range =
2.32x Population standard deviation)

15.5 Samples of size 5 were taken for a study .The measurements notddear&elow:

Sample No. Observations

1 42 65 75 78 87
2 19 24 80 81 81
3 36 54 69 77 84
4 51 74 75 78 132
5 61 78 94 109 136

Draw a Control Chart for mean if the factor for mean for n = 5 is 0.58lyGhe central line and
the upper and lower control limits may be drawn in the chart.

15.6 Range of 15 random samples of size 7 were:
20,34,10,18,20,16,21,9,11,14,22,19,22,20,11.

Construct a control chart for range (R-chart) and determine whétbkeprocess is within control or
not ?(Give value oD3 for size of sample 7 is 0.076 and bf, = 1.924)

15.7 In a factory 10 samples of 4 units each were taken . The range of saamges follows:
5,6,5,7,9,4,8,6,4,6. Determine the central line and the control limitRfchart. (Give value ob4
for size of sample 4 is 0 ard, = 4.918 d, = 2.059)

15.8 You are given the value of sample mea¥d énd the ranges (R) for ten samples of size 5
each. Draw mean and range charts and comment on the state of adntr@lprocess:

SampleNo. 1 2 3 4 5 6 7 8 9 10
X 43 49 37 44 45 37 51 46 43 47
R 5 6 &5 7 7 4 8 6 4 6

You may use the following control chart constants:
Forn=5A, =0.58 D3 =0 andD,4 = 2.115
15.9 Form a factory producing metal sheets, a sample of 5 sheets is takgrheve and the data

obtained is as under. Draw a control chart for the mean and rangexantine whether the process
is under or not:

Sample No. 1 2 3 4 5 6 7 8 9 10
Sample Range 0.025 0.048 0.012 0.019 0.019 0.010 0.006 0.04610 0 0.032
Mean thickness 0.025 0.032 0.042 0.022 0.028 0.010 0.025400.00.026 0.029

You may use the following factors for finding out control limits:

N A, Ds Dy
10 058 0 2115

15.10 Draw the control chart foX (mean) andR(range) from the following data relating to 20
samples, each of size 5. you need not draw the charts.
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SampleNo. X Rs SampleNo. X Rs

1 38.3 15 11 326 31
2 338 11 12 228 12
3 244 12 13 216 29
4 36.6 24 14 28.8 22
5 274 18 15 28.8 16
6 30.6 33 16 244 19
7 312 21 17 304 20
8 274 20 18 254 34
9 240 29 19 37.8 19
10 29.4 18 20 314 17

15.2.2 Control Charts for Attributes

Control charts for attributes are used to measure quality characterigiicaréncounted rather than
measured. Attributes are discrete in nature and entail simple yes-aeisahs. For example, this
could be the number of nonfunctioning light-bulbs, the number of rottgeapor the number of
complaints issued. Two of the most common types of control chartdtfioiges arep-charts and
c-charts.

The qualitative characteristic of the manufactured product can notgyressed numerically; but
simply we consider its presence and absence. Here we consider themafefects per item. The
control charts for the such situations are caliedtrol charts for attributes.

There are three types of control charts for attributes :

1. p-chart of proportion defectives
2. np-chart for number of defectives
3. c-chart for number of defects

15.2.2.1 p-Chart p-Charts are used to measure the proportion that is defective in a sample.
The computation of the center line as well as the upper and lower control Isngisnilar to the
computation for the other kinds of control charts. To obtaingrehart we use following steps:

1. Find the proportion of defectives in each sample:

_ Defective Units in a sample
B Size of sample

2. Find the meang) of the sample proportions:
3. Compute control limits

(a) Centre Line ,CL = RitPetPoto P _ 3P
(b) UCL=p+3,/H

(¢) LCL=p-3,/%

whereg=1-p

15.2.2.2 np-Chart np-Charts are used to measure the number of defective items in each sam-
ple. It is better to considarp-chart, when sample sizes are equal. RpiCharts the control limits
are as follows:
CL—ni— Total numbers of defectives of all samples
=hp= No of samples
UCL=np+3y/npq
LCL=np-3/npq
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Sometimes the lower control limit is negative, which occurs because thputation is an approx-
imation of the binomial distribution. When this occurs, the LCL is rounded ugeto because we

cannot have a negative control limit.

B EXAMPLE 15.7

The following table gives the result of inspection of 20 samples of 100 itsok taken on 20
working days . Draw g-chart. What conclusion would you draw from the chart ?

Sample Number of Sample Number of
Number defective units Number defective units

1 6 11 10
2 2 12 4
3 4 13 6
4 11 14 11
5 20 15 22
6 6 16 8
7 10 17 0
8 19 18 3
9 4 19 23
10 21 20 10

Solution: Here,N=No of samples< Size of Sample = 2& 100 =2000

2P
N

200

g=1-p=1-0.10=0.90

p=

- CL=p=0.10
UCL=p+3 %
0.10x 0.90
= 01043/ === —0.19

Sample Number 1 2 3 4 5 6 7 8 9 10
p 006 002 004 011 020 0.06 0.10 019 0.04 0.21
Sample Number 11 12 13 14 15 16 17 18 19 20
p 0.10 0.04 006 011 0.22 0.08 0.00 0.03 0.23 0.10

Draw the chart and observe that the process is not under contrelfople number 5,10,15 and

19.

O
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B EXAMPLE 15.8

From the following data construct an appropriate Control Chart:

Sample No.  Size of Sample Defective Items

1 200 4
2 150 6
3 350 14
4 50 3
5 100 7
6 250 5
7 125 10
8 375 15
9 50 1
10 250 15

Solution: We can prepar@-chart ornp-Chart:

p-chart.
~ >Yp_ 80 _
P="N = 2000~ %%
§=1-p=1-004=096
CL=p=004

UCL = p+3,/ %
Since the size of samples are not equal . we ta#te the average of sample sizes :

N 2000

"= No. of samples 10 200
+.CL=p=0.04
UCL=p+3 %ﬁ
—0.04+3 0'0422 8'96 —0.082
LCL=p-3 %
—004-3 O'()%og% — 0.002=0

In this example the lower control limit is negative, the LCL is rounded up to because we
cannot have a negative control limit.

np-chart.

CL=np=200x0.04=8
UCL = np+3y/npq
=8+3v/200x 0.04x 0.96=16.31
LCL=np—3v200x 0.04x 0.96=—0.31=0
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B EXAMPLE 15.9

20 samples were taken, each of 100 units. The number of defeatived &re as under. Draw
anp-chart for number of defectives:

2 6 2 4 4 18 0 4 10 18
2 4 6 4 8 0 2 2 4 0

Solution: Here N=No of samples Size of Sample = 2& 100 =2000

~_ 2P
P=5

100

g=1-p=1-0.05=0.95

CL=n.p=100x0.05=5
UCL=np+3y/n.p.g=>5+(3x v/100x 0.05% 0.95) = 1154
LCL=np—3y/n.p.g=5—(3x+/100x 0.05x 0.95) = —1.54 = 0 (Negative not allowed.)
O

15.2.2.3 c-Chart When it is necessary to control the number of defects , then we conhatruc
c-chart . For example, number spots on a paper, number of defeetgpolished plate, number of
defects in a piece of cloth, etc. The process of constructing c-chafadlews :

1. Central Line : First of all calculate the average number of defetsl{erecis given by

Total number of defects in all the observed items
No. of items

Central Line=c=

2. Control Limits : Control limits based on Poisson distribution are as follows:

(a) Upper Control Limit UCL= ¢+ 3vC
(b) Lower Control Limit LCL=¢—3,/C

B EXAMPLE 15.10

The number of defects found in each one of the 15 pieces@f rdetre of a synthetic fiber
cloth is given below. Construct an appropriate control chart and stategpnclusion. Also
show three lines on the graph paper:

3,7,12,5,21,4,3,20,0,8,10,20,9,7,6.

Solution: Since the number of defects are given , so the suitable chart is c-chart.

Total number of defects in all the observed items
No. of items

CL=

B O
w

9
15
UCL=cC+3vc=9+3V/9=18

LCL=c-3Vc=9-3V/9=0

Since three points are outside the control limits, so the process is outtoflcon O
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B EXAMPLE 15.11

The following table gives the number of defects found in each of the agfets manufactured
in a factory. On the basis of these data, construct a chart for the mahtiefects per carpet:

No.of defects(x) 1 4 5 8
No. of carpets having x defects (f) 37 35 27 21

Solution: Construction of c-chart.

No. of Defects (x) No.of Carpets having x defects (f) fx
1 37 37
4 35 140
5 27 135
8 21 168
120 S fx=480=Total defects
_ 480
CL=c= 120 4

=C+3/C=4+3V4=10
=Cc—3/C=4-3V/4=-20r0

Problems

15.11 A manufactured finds that on an average 2 in 100 of the items prodydaidhtis defective.
Draw a Control chart for number of defective items for sample sife 10

15.12 The following table gives the result of inspection of 20 samples of 100 itank taken as
20 working days. Draw @-chart. What conclusions would you draw from the chart.

Sample No. No. Inspected No. defective Sample No. No. Inspected. Défective

1 100 9 11 100 10
2 100 17 12 100 6
3 100 8 13 100 7
4 100 7 14 100 18
5 100 12 15 100 16
6 100 5 16 100 10
7 100 11 17 100 5
8 100 16 18 100 14
9 100 14 19 100 7
10 100 15 20 100 13
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15.13 The following data refer to visual defects found at inspection of the Idssample of size
100 each. Use the data to obtain the central line and upper and lowerldwnitisofor percentage
defectives:

10

Sample No. : 1 2 3 7 8 9
1 4 0 3 2

4 5 6
No. of defectives: 2 1 2 3 2

15.14 The following table given the result of inspection of 20 samples of 100 ieanh taken on
20 working days draw ap-chart. What conclusion would you draw from the chart:

sample no. 1 2 3 4 5 6 7 8 9 10

No.of defectives 0 2 4 6 6 4 0 2 4 8
sample No. 11 12 13 14 15 16 17 18 19 20
No.of defectives 8 0 4 6 14 O 2 2 6 2

15.15 A manufacturer finds that on average 1 in 10 of the items produced bystdefective A.
Few days later he finds 20 items in a sample of 100 items defective. Isdbegsrout of control?
Give reasons for your answer.

15.16 The total number of defects in 30 large size samples at a work station &2asApply
the Poisson distribution to determine the central line and the upper and lonoldimits for the
number of defects in a sample. Draw the three lines of the control chanaph paper.

15.17 The following table gives the result of inspection of pieces of woolen sudioidy:

6 8 9 10

Piece No. 5 7
0 1 3 5 7 8

1 2 3 4
Noofdefects 4 3 6 3

Construct an appropriate control chart and comment whether tlvegsas in a state of control
or not.

15.18 18 items were observed closely and the numbers of defects in their textiae as below
supposing that the number of defects following the Poisson distributiom ai@ntrol chart for the
central line and upper and lower control limits for the number of defects:

No.ofDefects 0 1 2 3 4 5 6
No.ofcarpets 0 1 2 4 3 5 3
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CHAPTER 16

ROOT FINDING

Calculating the root of an equation

f(x)=0 (16.1)
is a widely used problem in engineering and applied mathematics. In thisechveg will explore
some simple numerical methods for solving this equation.

The functionf(x) will usually have at least one continuous derivative, and often we wileha
some estimate of the root that is being computed. By using this informatiost, ohthe numerical
methods compute a sequence of increasingly improved roots for Tthése methods are called
iteration methods.

16.1 RATE OF CONVERGENCE

Here, the speed at which a convergent sequence approaches itsdiatli¢dsthe rate of convergence.
This concept is of practical importance if we deal with a sequence ckssive approximations for
an iterative method, as then typically fewer iterations are needed to yielefal approximation if
the rate of convergence is higher.

16.1.1 Convergence of A Sequence

A sequence< xp > is said to be converges tif for every € > 0 there is an integemn > 0 such that
if N> mthen|x,—a| < €. The numbem is called the limit of the sequence and we sometimes
write xp — C.

293
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16.1.2 Convergence speed for iterative methods
Let < xn > be sequence of successive approximations of axeodr of the equatiorf (x) = 0. Then
the sequence x, > is said to be converges towith orderq if
=pu (16.2)

wherep > 0. Constany is called the rate of convergence.

Particularly, if(xp+1 — | = t|xn—a|, n>0, 0< p <1, then convergence is called linear or of
first order. Convergence with order 2 is called quadratic convesgemma convergence with order 3
is called cubic convergence.

16.2 BISECTION METHOD

Supposef () is continuous on an intervg, b, such that
f(a).f(b) <0 (16.3)

Thenf(x) changes sign ofa, b], andf (x) = 0 has at least one root on the interval. Bisection method
repeatedly halve the intervé, b], keeping the half on whicti(x) changes sign. It guaranteed to
converge to a root.

Figure 16.1. Bisection Method

More preciously, Suppose that we are given an intdeyal satisfying 16.3 and an error tolerance
€ > 0. Then the bisection method is consists of the following steps:

[B1.] Computec = (a+b)/2

[B2.] If b—c < &, then accept as the root and stop the procedure.

[B3.]If f(a).f(c) <0, then seb=celse, sea=c. Go to step B1.

B EXAMPLE 16.1

Find one of the real root of (x) = x® —x — 1 = 0 accurate to withirg = 0.001.

Solution: We consider the intervdl,, 2], choosea = 1, b = 2; thenf(a) = —1, f(b) = 61. This
shows that condition 16.3 is satified for this interval. Now we may apply élgorB1 to B3
Iterations:1
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b—c=05>¢
Move to next step, decide new interval
f(a).f(c) =(—1).(8.8906 = —8.8906< 0

This shows new intervdh, c] is valid interval. i.e. replace =c. Nowa=1andb=1.5

Table 16.1.
n a b c b—c f(c)
1 1.0000 2.0000 1.5000 0.5000 8.8906
2 1.0000 15000 1.2500 0.2500 1.5647
3 1.0000 1.2500 1.1250 0.1250 -0.0977
4 11250 1.2500 1.1875 0.0625 0.6167
5 1.1250 1.1875 1.1563 0.0313 0.2333
6 1.1250 1.1563 1.1406 0.0156 0.0616
7 1.1250 1.1406 1.1328 0.0078 -0.0196
8 1.1328 1.1406 1.1367 0.0039 0.0206
9 1.1328 1.1367 1.1348 0.0020 0.0004
10 1.1328 1.1348 1.1338 0.00098 -0.0096

Iterations:2
a+b 1+15
=—= =125
‘=7 2
b—c=025>¢

Move to next step, decide new interval
f(a).f(c)=(—1).(1.5647 = —1.5647< 0

This shows new intervdh, c] again, is a valid interval. i.e. replate=c. Nowa=1 andb = 1.25
Repeat this process. Further steps are given in table 16.1.
Note after 10th iteratiob — ¢ < €. Stop iteration process at this step. Hence final approximated
root is 1.1338. O

B EXAMPLE 16.2

Find a real root of the equatiotf — 2x— 5 = 0.

Solution: Let f(x) = x3—2x—5. Thenf(2) = —1 andf(3) = 16, therefore a root lies between 2

and 3 and we take
o 2+3

2
Sincef(a).f(c) < 0, we choosg2,2.5] as the new interval. Then, again

25

o 2125
T2

andf(a).f(c) < 0. Proceeding in this way, the following table is obtained.

=225
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Table 16.2.
a b X f(x)

2.00000 3.00000 2.50000 5.6250
2.00000 2.50000 2.25000 1.8906
2.00000 2.25000 2.12500 0.3457
2.00000 2.12500 2.06250 -0.3513
2.06250 2.12500 2.09375 -0.0089
2.09375 2.12500 2.10938 0.1668
2.09375 2.10938 2.10156 0.0786
2.09375 2.10156 2.09766 0.0347
2.09375 2.09766 2.09570 0.0129
2.09375 2.09570 2.09473 0.0019
2.09375 2.09473 2.09424 -0.0035
2.09424 2.09473

e
REBowo~ouoprwNER| S

At n=12, itis seen that the difference between two successive iterates @60.00erefore root
is 2.094 O

16.2.1 Convergence of Bisection Method

In Bisection Method, the original interval is divided into half in each iteratidhus, if error inith
iteration isg; = |x — a|, and error in(i + 1)th iteration isgj 11 = |Xi+1 — o], then we have

g1 _ 1
& 2
Then by definition in section 16.1, sequence of approximations in biseeté&ihod is linearly

convergent. Sometimes it is said Bisection method is linearly convergenhefFthe rate of conver-
gence of this method is 0.5.

Problems

16.1 Transcendental equation is given as
f(x)=2*-x-3

Calculatef (x) for x= —4,—-3,-3,1,0,1,2,3,4 and compute between which integers values roots
are lying.

16.2 Use the bisection method to find the indicated roots of the following equatisesaklerror
tolerances = 0.0001.

a) The real root oG —x2 —x—1=0.

b) The root ofx = 1+ 0.3cogX).

¢) The root ofx = e~ *.

d) The smallest positive root & * = sin(x).
e) The real root oF* = 3x.
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f) The root of the equation@- v/1+sinx=0

16.3 Find the real root correct to three decimal places for the following tajust
a) x*—x—4=0
b) logx = cosx
c) x*—x2—-1=0
d) 34+x2—-1=0

16.4 Find the real root of the equaticthogx = 1.2 by Bisection Method correct up to four decimal
places. Also implement a C-Program for the same.

16.5 Find a positive real root of — cosx = 0 by Bisection Method, correct up to 3 decimal places
between 0 and 1.

16.6 Use bisection Method to find out the positive root of 30 correct upto #u@laces.

16.7 The equatiorx? — 2x— 3cosx = 0 is given. Locate the smallest root in magnitude in an
interval of length one unit.

16.8 Find the smallest positive root of — 9x+ 1 = 0,using Bisection method correct to three
decimal places.

16.9 Find the root of tam+ x = 0 up to two decimal places which lies between 2 aridusing
Bisection method.

16.10 Find a positive root of the equatio® = 1 which lies between 0 and 1.

16.11 Write computer program in a language of your choice which implementstisemethod
to compute real root of the equatior-8 sinx—€* = 0 in a given interval.

16.12 The smallest positive root of the equatidfx) = x* — 3x? + x— 10= 0 is to be obtained.
a) Find an interval of unit length which contains this root.
b) Perform two iterations of the bisection method.

16.3 REGULA FALSI METHOD

This method is also called as false position method. Consider the equationL&a andb, such
thata < b, be two values ok such thatf(a) and f(b) are of opposite signs. Then the graph of
y = f(x) crosses th&-axis at some point betweerandb.

The equation of the chord joining the two pofat f(a)) and(b, f(b)) is

y—f(a) = W(x—a) (16.4)
Onxaxisy =0, hence

0- f(a) = f(bt)):f(a) (x—a)
or

" af(b) —bf(a) — xq(say)

f(b)—f(a)
Now if function is considered as a straight line, the intersection of chardymes as approximate
root value. Further very similar to Bisection Method root lies in betweeandx; or betweerx; and
b, depends upon the faéfa) f (x;) < 0 or f(x;) f(b) < O respectively. Thus we may concentrate on
smaller interval in which root lies. We repeat this process with interval iichvioot lies.
Suppose that we are given an interfab] satisfying 16.3 and an error tolerance- 0. Then the
Regula Falsi Method is consists of the following steps:
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Figure 16.2. Regula Falsi Method

af(b)—bf(a)
f(b)—f(a)
R2. If the difference with two consecutieds less than or equal i then accept as the root and
stop the procedure.

R3. If f(a).f(c) <0, then seb=celse, sea=c. Go to step B1.

R1. Compute =

B EXAMPLE 16.3
Find the root of the equation
x& = cosx (16.5)
in the interval [0,1] using Regula Falsi method correct to four decinzalgs.

Solution: Let f(x) = cosx—xe&* Here f(0) = 1 and f(1) = —2.17798. i.e. the root lies in (0,1).
Now we may apply algorithm R1 to R3. To compuateve used
af(b)—bf(a)

Y

Iterations:1

af(b)—bf(a) 0(-21779§—1.(1)
flag = —2irres-1  o-314e7

Here,
f(a).f(c) = f(0)f(0.31467 = (1)(0.51987 >0

This shows that the root lies in betweeD467 and 1.
Iterations:2 Now takinga = 0.31467 ancb =1
af(b)—bf(a) (0.31467(1)—(1)(0.51987

““Fo_fa 1-051987 = 044673

Here f (c) = 0.20356 Move to next step, decide new interval

f(a).f(c) = (0.51987.(0.20356 > 0
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This shows new intervdt, b] again, is a valid interval. i.e. noav= 0.44673, adrb = 1 for the next
iteration. All the next iterations are given in the table:
The values are computed in table 16.3.. Since the difference of twecatige approximation is

Table 16.3. Regula Falsi Method Example 1

n a b c f(c)
1 0.00000 1.00000 0.31467 0.51987
2 0.31467 1.00000 0.44673 0.20354
3 0.44673 1.00000 0.49402 0.07080
4 0.49402 1.00000 0.50995 0.02361
5 0.50995 1.00000 0.51520 0.00776
6 0.51520 1.00000 0.51692 0.00254
7 051692 1.00000 0.51748 0.00083
8 0.51748 1.00000 0.51767 0.00027
9 0.51767 1.00000 0.51773 0.00009
10 0.51773 1.00000 0.51775 0.00003
less than required error accepted. Hence root is 0.51775. O

Problems

16.13 Find a real root of the following equations correct to four decimal @acgng the method
of false position (Regula Falsi Method).

a) x*—2x—5=0

b) xlogx=1.2

c) X¥*—x3—22—6x—4=0

d) x3—5x+3=0

16.14 Find the root of the equation tar-tanhx = 0 which lies in the interva(1.6, 3.0) correct to
three significant digits using method of false position.

16.15 Find real cube root of 18 by Regula-falsi method.
16.16 Determine the real rooth(x) = x® — 98 using False position method withii— s= 0.1%.

16.17 Solve the following equations by Regula-Falsi method.
a) (5—x)e*=5nearx=>5.
b) 2x—logx =7 lying between 3.5 and 4.
c) x34+x2—3x—3=0 lying between 1 and 2.
d) xX*+x3+—7x2 —x+5=0 lying between 2 and 43.

16.18 lllustrate false position method by plotting the function on graph and discesspéed of
convergence to the root. Develop the algorithm for computing the rootg telise-position tech-
nique.

16.19 Find all the roots of cos— x2 —x = 0 to 5 decimal places.
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16.4 NEWTON RAPHSON METHOD

When an approximate value of a root of an equation is given, this methagkt to obtain better
and closer approximation to the root. Letbe an approximation of a root of the given equation
f(x) =0, Letxy = Xp + h be the exact approximation of the root. Thigxg+ h) = 0.

By Taylor's theorem, we have

h2 "
Ef (x0)+...=0

Sinceh is small, we can neglect second, third and higher degree termarid thus we get

f(x0) +hf'(x) =0

f(xo+h) = f(x0) +hf' (x0) +

or

f(xo0) /
h=— o f 0
Hence )
AL 7y
We may iterate the process to refine the root. In general, we may write
f(%n)

X+l =X~ 5 ) (16.6)

This result is known as Newton-Raphson formula.
B EXAMPLE 16.4

Solve sink = 1+ x3 using Newton-Raphson Method.

Solution: Let f(x) = sinx— 1 —x3, then f(x) = cosx— 3x?. Then Newton-Raphson formula for
this problem reduces to
sinxy —1—x3
X4l =Xn— —————"
ML T ok, — 32
Xn COSXn — SiNXy — 23 4 1
COSXp — 3x%2

Xni1 = (16.7)

Now, sincef(—1) < 0 andf(—2) > 0, root lies in between-1 and—2. Letxy = —1.1 be the
initial approximation. then successive iteration from 16.7 are

 XoCOSXg—SinXg—2¢+1 405425

= ——1.27636
cosxo — 3x§ —3.17640

X1

Similarly, xo = —1.249746 x3 = —1.2490526 x4 = —1.2490522. I'x, andxz 6 decimal places are
same. i.e. approximated root up to six decimal place is -1.249052. O

B EXAMPLE 16.5

Find a root of the equatioxsinx+ cosx =0
Solution: We havef (x) = xsinx+ cosx, and f/(x) = xcosx, therefore the iteration formula is

Xn SiNXn -+ COSXn

Xn+1 = Xn Y COSK
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with xg = 11, the successive iterations are given in the following table

n Xn f(%n) Xn41

0 3.1416 -1.0000 2.8233
1 2.8233 -0.0662 2.7986
2 2.7986 -0.0006 2.7984
3 2.7984 0.0000 2.7984

16.4.1 Convergence of Newton-Raphson Method
In this section, we will see the condition for the convergence of NewtgshRan method. We have

Xn+1=Xn— ff ,((er:]))

This is an iteratioh method where

X1 = @(%n); and @(Xn) = Xn — ff/((f(r:]))
In general,
xzww;md@@zx,;§;
As iteration method converges fap/(x)| < 1, that i,
d f(x)
OTX(X_ f/(x))‘ <t
. [£/(x)]2 = F(x)f”(X)
1012 — f(x)f" (x
‘1* [F(x)]2 .
3 f(x)f"(x)
‘W <1
i.e.

[F0f"(x)] < [f'(0)?
The interval containing the roat of f(x) = 0 should be selected in which the above is satisfied.

16.4.2 Rate Convergence of Newton-Raphson Method
Let x, andx,. 1 be two successive approximations to the actual eoof f(x) = 0. Then
Xn— O = &n

and
Xnt1— O = €nya

1Fixed Point Iteration Method: In this method equatiofi(x) = 0 is written in the form ofk = @(x), such that
|¢(x)| < 1. Then sequence generateddy; = @(xn) converges to the root of the equatibfx) = 0.
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whereg is the error inith iteration. Now equation 16.6 gives,

f(a+é&n)
o+ &n
f(a+en)
o+ én

a+8n+_‘]_:a+£n—
&nt1=¢&n—

By Taylor's Theoreri

f(a)+enf'(a)+ 3 (21" (a)) + ...

f/(a) +enf"(a)+ 3 (2" (a)) +...
nf/ 1 r%f//

=&~ : f/((a;)ize:gfu(;;r)) (As f(a) =0)
2 f"(a)

() +enf(a)

2"(a)
f'(a)

=& —

_1L
2
= % Omitting derivatve of order higher than two

Thus (@)
Ent1 a
=_——~+-=Kk (sa
g2 2f'(a) (say
which shows that at any stage, the subsequent error is proportiotta¢ tguare of the previous
error. Hence, Newton-Raphson method has a quadratic convergémother words, its order of

convergence is 2. Again rate of convergencle is

Problems

16.20 Find an iterative formula to find/m, wherem is a positive number and hence, find.2
correct to four decimal places.

16.21 Find the roots of the following using Newton-Raphson formula.
a) X®+2x%+10x—20=0
b) xlogx=1.2
c) sinx=1-x
d) x*—5x+3=0
e) x—cosx=0

f) sinx=3
g) X+logx=2
h) tanx=x

i) logx = cosx
i) X +4sinx=0

16.22 By using Newton-Raphson’s method, find the rooxbf- x — 10 = 0 which is near tox = 2
correct to three places of decimal.

2Taylor's Theorm:
h? hn
f(x+h) = f(x)+hf (x) + Ef”(x)+‘..+ mf<“>(x)+...
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16.23 Compute one positive root ok2- log;ox = 7 by Newton-Raphson method correct to four
decimal places.

16.24 Develop an algorithm using Newton-Raphson method to find the fourthofoatpositive
numberN and hence find/32.

16.25 Prove the recurrence formula

1 N
Xi+1:7 2X|+7
3 X

for finding the cube root ofl. Hence find cube root of 63.

16.26 Show that the iterative formula for finding the reciprocaingé xi+1 = % (2 —nx ), hence

1
find the value of—.
31
16.27 Determinep,qandr so that the order of the iterative method
B ga ra?
Xnt1 = P+ 2 + X

for a% becomes as high as possible [Hipt+-gq+r =1,p—29—5r = 0,39+ 15 = 0]
16.28 Find all positive roots of the equation _I@‘det —-1=0

16.29 The equationg@* = x-% + Fll has two roots greater tharll. Calculate these roots correct
to five decimal place.

16.30 The equatiorx = 0.2+ 0.4sin5 whereb is a parameter, has one solution near 0.3, the

parameter is known only with some uncertairity= 1.2+ 0.05. Calculate the root with an accuracy
reasonable with respect to the uncertaintp.of

16.31 Find the positive root the equation

2
_ X=X o3x
e?‘_1+x+—2 +—6e

correct to 6 decimal place.

16.32 Show that the equation

f(x) = cosw +0.148— 0.9062= 0

has one root in the intervals-1,0) and one in(0,1). Calculate the negative root correct to 4 deci-
mal.






CHAPTER 17

INTERPOLATION

Interpolation is the process of finding a function whose graph passagtine set of given points. It
is a method of constructing new data points within the range of a discretélseiwn data points.

In engineering and science one often has a number of data pointstaasedbby sampling or
experimentation, and tries to construct a function which closely fits thdsepdints. This is called
curve fitting or regression analysis. Interpolation is a specific caserwé diiting, in which the
function must go exactly through the data points.

17.1 FINITE DIFFERENCE: NOTIONS

Lety = f(x) be a discrete function. Consider the given data set-6fl values(xg,Yo), (X1,Y1),
(X2,¥2), ..., (Xn,Yn), Wherex differ by a quantityh, i.e. values ofx are equidistant with interval
distanceh. The value ok is usually callecargumentand the corresponding function valués called
entry. In following subsection, we discuss three types of finite differences:

1. Forward Differences
2. Backward Differences

3. Central Differences

17.1.1 Forward Differences

For the given data set af+ 1 values(Xg,Yo), (X1,Y1),(X2,¥2),---, (Xn,¥n), the quantities/; — yo,
Y2 — VY1, -, Yn — Yn—1 are calleddifferences particularlyfirst differencesand are denoted by,

305
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Ay, ...,Ayn_1 respectively. In general, first forward differences are given by
AYn =Ynt1—Yn

The symbolA is calledforward difference operatorFurther second forward differences are defined
as the differences of the first differences. i.e.,

AzYn = A(Ayn) = A(Ynr1—Yn)

That is,

Azyn = Ayni1—Ayn
Here,A? is called second forward difference operator. Similarly, other highgercforward differ-
ence may be computed. In general,

A™y, = ATy, g — ATy,

Table 17.1. Forward Difference Table

X y A A2 A3
Xo Yo
Ayo=¥1—Yo
X1 Y1 A%yo = Ayr — Ay
Ay1 =Yy, —y1 D3yo = A%y — Ny
) A%y = Ay, — Ay
Ay, =y3—Yo
X3 Y3

17.1.2 Backward Differences

The differencey1 — Yo, Y2 — Y1, ..., Yn — Yn—1 When denoted byly, Oys,, ..., Oy, respectively, are
called the first backward differences. Her(read as Nabla) isackward differences operatofhus
we have,

Uyr =¥ —¥r—1

0%y = Oyy — Oyr—1

That s, in general,
|jerlyr =0", — 0"y, 4

17.1.3 Central Differences

The differenceys — Yo, Y2 — Y1, ---, ¥n — Yn—1 When denoted by, 8Y3/2, --., OY(on—1)/2 respec-
tively, are called the central differences. Hedeis called as central difference operator. Thus we
have,

O™y oy 2 =0y — 3™y 1
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Table 17.2. Backward Difference Table

X y 0 02 03
Xo Yo
Uy1=Y1—Yo
X1 Y1 02y, = Oy, — Oya
Uy2=Yy2—y1 [Bys = D%y — D%y,
X2 Yo 0%y3 = Oyz — Oyz
Oys=Yy3—Y2
X3 Y3
Table 17.3. Central Difference Table
Xy o 52 5
Xo Yo
OY1/2=Y1—Yo
X1 1 3%y1 = Y32 — OY1/2
OY32 =Y2—Y1 33%y3/p = 0%y2 — 0%y1
X2 Y2 32y = BYs/2 — OY3)2
OYs5/2 =Y3— Y2
X3 VY3

17.2 SOME OTHER DIFFERENCE OPERATORS

So far we have studied the operatdrs] andd. Here we will discuss some more operators which
play a vital role in numerical analysis.

17.2.1 Shifting Operator

If his the interval of differencing in the argumenthen the operatdt is defined as

and

Ef(x) = f(x+h)

E~1f(x) = f(x—h)

Sometimes it is also called translation operator due to it results value of thadiurior the next
argument. Furhter we observe that

E2f(x) = E(Ef(x)) = Ef(x+h) = f(x+2h)

In general, for all integral values of

E"f(x) = f(x+nh)
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17.2.2 The D Operator

The differential coefficient of with respect tok is denoted bypy, whereD = —. HereD is called
as differential operator or simply operator D. We may demttiederivative ofy with respect toc as

D"y. HereD" is callednth differential operator.
17.2.3 The Mean Operator

The mean operator is denoted pyand is defined as

M= 5 ey + % o]

17.3 SOME IMPORTANT RELATIONS

The shift operator E is fundamental operator. All other derivativay tve derive from it. In this
section we discuss some representation of other operators in terms of E.
We have,

AYx = Yxih — Yx = EYx — Yx
= (E-1)yx

Which impliesA=E -1, i.e.
E=14A (17.1)

Similarly for the backward operator, we have

Oyx = Yx — Yx—h = Yx — E " 1yx

=(1- E_l)YX
That s,
O=1-E1 (17.2)
EYx = Yx+h
h2
= yy + hDy + §DzyX + ... (Taylor's Theorem)
262
= |1+hD+ ol + ] X
=Py,
That s,
E=¢P (17.3)

By using relation 17.1 and rearranging, we get

A=eP 1 (17.4)

B EXAMPLE 17.1

Using the method of separation of symbols, show that

n(n—1)

2 UX,2+...+(71)nuX7n

AUy = Ux —Nl_1+
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Solution:

=(1-EH)"u

E-1\" A
= (?> UX EUX:AnE nuX
:AnUan

B EXAMPLE 17.2

Givenug = 3, u; = 12, up = 81, u3 = 200,u, = 100 andus = 8. find the value od\>ug

Solution: We have

ASup = (E —1)%ug

= (E® —5E*+10E% — 10E% + 5E — 1)up

= (ESup — 5E*ug + 10E3ug — 10E2ug 4 5E U — 1up)
= U5 — 5ugq + 10u3z — 10up + 5u1 — Ug
=8-5x100+10x 200—10x 81+ 5x 12—3
=755

B EXAMPLE 17.3

EvaluateA"sin(ax+b), givenh=1

Solution:
Asin(ax+ b) = sinfa(x+ 1) + b] — sinfax+ b]

= 2cos<ax+ b+ g) sin%l

E+ax+ b+ é) sinEI
2 2 2

ca . T a
:25|n55|n((ax+b)+§+§>

A?sin(ax+b) =A [Zsin%1 sin <(ax+ b) + L2T+ g)]

= 25in%1 [sin{(a(x+ 1)+b)+ g+ ;} —sin{(ax+b)+ g+ g}]

. a m . a
= 25|n§2003(ax+ b+a+ E) smé

a2 . a+m
= (23|n§> S|n(ax+b+2.7>

:Zsin(

309
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Proceeding next steps, we get

N e\ a+m
A"sin(ax+b) = (25|n2> s,ln(axjtb—i—n.—2 )

O

Theorem 14. If the values of independent variable are equidistant, then the nth diffesesf poly-
nomial of nth degree are constant and all the higher order differeacegero.

Proof. Let
f(x) =ad'+bxX" 14+ .. 4+ px+q

Then first forward difference is
Af(x) = f(x+h)—f(x)
= [a(x+h)"+b(x+h)"1 4. 4+ p(x+h) +q — [+ bX""1 4 ..+ px+q]
= a[(x+h)" = X" +b[(x+h)""L — ()" Y+ ...+ plx+h—X
—anhX 14 b/'X"2 4 4 p'x+I
wherel’, , ... etc. are new constants.
From above result, it is obvious that the first difference of polynonfiaitio degree is a polyno-
mial again and with degre@ — 1). Similarly Second difference would be polynomial (@f— 2)th
degree. Continuing this process fth differences, we get a polynomial @i —n) = 0 degree. i.e.

constant polynomial. i.e.
A"f(x) =an!.h"

Sincenth difference is constant, th@+ 1)th and higher difference of a polynomial will be zero.
Converse of this theorem is also true. O

B EXAMPLE 17.4

Evaluate/A" E] , givenh= 1.
Solution: By definition of forward difference we have
Af(x) = f(x+1)—f(x)
where, we had takeim= 1. This implies that

AF}_;L,}:, !
X

Cx+1 X X(x+ 1)

1 1 1 1
A =—A = _ — —(-12—— -
- M {x(x+ 1)} 2 oD TV a6
Proceedingh — 2 more times as above, we get

1 . 1
AH AR TS T
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Problems

17.1 Construct the forward difference table, given that

X: 5 10 15 20 25 30
y: 9962 9848 9659 9397 9063 8660

and point out the values @y, A%ys.

17.2 Construct a backward difference table jor logx given that

x: 10 20 30 40 50
y: 1 13010 14771 1.6021 1.6990

and find values of1®log 40 and1*log 50

17.3 Evaluate [y is the interval of differencing where not given)

022
a) E(x+logx) * h=1

b) A(Mx)

c) Atan1x

5x+12 . . . . .

2 .

d) A (x2+5x+ 6) ; the interval of differencing being unity.
e) A(e®logbx)

17.4 Assuming that the following values gfbelong to a polynomial of degree 4, compute the

next three values:

17.5 Prove that

a) Alogf(x):log[l+%§m b) e?<:< )e?( AEz?;
c) hD = —log(1— O)=sinh *(u3) d) (E2+EZ)(1+4)2 =2+A
A O

oo-lotiafi aro-g-5
9) A"Vk=0"Yksr h) (1+A)(1-0)=1
) S[f(x)g(x)]=pf(x)0g(x)+ug(x)df(x)
B 5{”")] HY(X)Of(x) —pf(x)5g(x)

9(x) g(x— 2)g(x+ 3

()] _ HFHIX) — 35F(x)59(x)
9 g = )~ 3909+ 3
) uo=3(a+0)

m) O—A=—0A
n) Us = Ug+ 4Aug + 6A%u_1 + 10A3u_4

0) Asin tx=sin"[(x+1)vV1-x2 —x/1— (x+1)

17.6 Obtain the first term of the series whose second and subsequent ter&3,8, —1,0
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17.7 Givenug, Uy, Uy, Uz, Uz andus and assuming the fifth order differences to be constant, prove
that
uy = & 25(c—b)+3(a—c)
2,72 256

wherea = Ug + Us, b = U1 + Ug, C= Up + U3.

17.8 Find the function whose first differenced$

17.9 If ASuy =0 prove that

1 1
U1 = 5 (UxHUerr) = 1—6(A2ux+A2ux+1)
17.10 FindAY(1—ax)(1—bx®)(1-od)(1—dx?)

17.11 uxis afunction ofx for which fifth differences are constant ang+ u; = —786,u, + Ug =
686,u3 + Us = 1088 Finduy.

17.4 FACTORIAL NOTATION

The product
X(x—h)(x—2h)...(x— (r —1)h)

is known as factorial polynomial and is denoted[igy or x(*)
17.4.1 Differences of X"

X = (x4 h)") —x()
= (x+h)x(x—h)(x—2h)...(x— (r —2)h)
—X(x—h)(x—2h)...(x—(r —1)h)
=X(Xx—h)(x—2h)...(x—= (r —2)h)[(x+h) — (x— (r — 1)h)]
= X(x—h)(x—2h)...(x— (r — 2)h)[rh]
=rhx"
Similarly,
A =r(r—1)h?x"—2)
Proceeding on, we get
A'X) = b

This implies
AI‘+1X(I‘) _ 0

Remark: The result of differencing at") is analogous to differentiatir .
B EXAMPLE 17.5

Expressf (x) = x* — 12¢% + 24x% — 30x+ 9 and its successive differences in factorial notation.
Hence show thah®f (x) = 0.
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Solution: Let factorial notation forf (x) is
f(x) = AXY +BxX® +cx? + DXV +E

Using method of synthetic divison,we divide ky(x— 1), (X— 2), (x— 3) etc. successively, then

1 12 24 -30 5=E
1 0 1 -11 13
1 -11 13 -17=D
2 0 2 -18
1 -9 -5=C
3 0 3
1 -6=B
4 0
| 1=A
Hence
f(x) =x4 —6x¥ —5x2 —17M) 1 9
Af(x) = 4x® —18¢2 —10xY — 17
A?f(x) =12 —36xH — 10
A3 (x) = 24x — 36
A (x) =24
A%f(x)=0

B EXAMPLE 17.6

Obatain the function whose first difference €9 11x+ 5.

Solution: Let f(x) be the required function, so that
Af(x) =9 +11x+5
Let factorial notation of\f(x) be ad
Af(x) =AX? 1 BxXY 4 C = AX(X—1) +Bx+C =A% — (A—B)x+C

That is
9 +11x+5= A% — (A—B)x+C

On comparing, we get
A=9 B=20, C=5

Thus
Af(x) = X +20xY 4+ 5

1The vaue ofA, B,C can also be obtained as previous example.
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Now, we can simply integrate this equation wyias we know that difference operation on factorial
notation is equivalent as differential operation:

@ 4O
() = 97~ +20°~ + 51 1K

=3X(X—1)(Xx—2) +10x(x— 1) + 5x+ K
=3+ X2 +x+K

where K is the constant of integration. O

Problems

17.12 Express = 2x3-3x2 + 3x - 10 in factorial notation and hence show thdy = 12

17.13 Expressf(x) = x* — 12 + 24x% — 30x+ 9 and its successive differences in factorial nota-
tion. Hence show thak®f (x) = 0

17.14 Obtain the function whose first difference &?9- 11x+5
17.15 Expressf(x) =

W&H) in terms of negative factorial polynomials.

17.16 Find the relation betweea, 8 andy in order thata + Bx+ yx2 may be expressible in one
term in the factorial notation.

17.17 Represent the following polynomials
a) 1xX*+5C +x—15
b) 2x3 —3x2+3x+10
and its successive differences in factorial notation.

17.5 PROBLEMS OF MISSING TERMS

B EXAMPLE 17.7

Estimate the production for 1964 and 1966 from the following data:

Year 1961 1962 1963 1964 1965 1966 1967
Production 200 220 260 - 350 - 430

Solution: Since five figures are known, assume all the fifth order differensemeen. Since two
figures are unknown, we need two equations to determine them -
Hence

ASyo=0 and Ad; =0

= (E-1)%p=0 and (E—1)%; =0
Thse equation gives, respectively,

Y5 — Sy4+ 10y3 — 10y + 5y1 — Yo = Oy — 5y5 + 10y4 — 10y3+5y2 —y1 =0
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Substituting the known values, we get

y5 — 1750+ 10y3 — 2600+ 1100— 200= 0
430 5y5 + 3500~ 10y5 + 1300— 220=0

This implies

ys -+ 10y3 = 3450
— By — 10y5 = —5010

On solving these equations, we get
y3 =306 and ys =390

Hence the production of the year 1964 is 364 and production of the 9&&éri4 390. O

Problems
17.18 Given, log100 log101=2.0043 log103=2.0128 log104=2.0170 Find log102.

17.19 A second degree polynomial passes throgaf), (1,3),(2,7),(3,13). Find the polyno-
mial.

17.20 Estimate the production for 1964 and 1966 from the following data :

year 1961 1962 1963 1964 1965 1966 1967
Production 200 220 260 - 350 - 430

17.21 Find the missing value of the following data :

X 1 2 3 4 5
fx) 7

17.22 Find the missing terms in the following table :

X 1 2 3 4 5 6 7 8
? 64 ? 216 343 512

17.6 NEWTON’S FORWARD INTERPOLATION

Let the functiony = f(x) take the valuegg, 1,2, ..., yn corresponding to the valueg, X1, X2, ..., Xn.
Wherex; = Xo+ih,i=0,1,2,...,n. Suppose itis required to evaludté&x) for thex = xo+ ph, where
p is any real number.

We have for any real numbegx, we have define& such that

EPf(x) = f(xo+ ph)
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That is

Yp=EPyo=(1+4)Pyp

-1 -1)(p-2
_ 14 pas p(p2I )p2, PP 3)'(p a2+ ye
(Using Binomial Theorem)
Thatis
-1 -1)(p—-2
Yo = Yo+ pOYo -+ p(p2! ) n2y, 4 PP 3)!(0 ) A%yo+ ...

If y= f(x) is a polynimial ofnth degree, thea™1 and higher differences will be zero. Hence

-1
vo=yo+ payo + P2 Hazyo o

p(pfl)-~r~](!p*ﬂ+1)Anyo (17.5)

Newton'’s forward formula .

B EXAMPLE 17.8

Using Newton’s forward interpolation formula,find the area of a circleiafmeter 82 metre
from the given table of diameter and area of circle:

Diameter(metre) 80 85 90 95 100
Area (metré) 5026 5674 6362 7088 7854

Solution: The forward difference table is as follows:

Diameterf) Areaf) Ay A2y Ady Aty

80 5026
648
85 5674 40
688 -2
90 6362 38 4
726 2
95 7088 40
766
100 7854
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Applying Newton’s forward difference formula, we have

-1 —1)(p—2
y:y0+pAy0+p(p2| ) p2y, + PP 3)I(p ) Ay,

—-1)(p—2)(p—3
PP )(FZU J(P=3) sy,
— 5026+ 0.4 x 648+ .
N 04(04-1)(04-2)(04-3) ,
24
=5026+2592—-4.8—0.128—-0.416
= 5279856

+

0.4(0.4—1)(0.4—2)

4
x 40+ 6

0.4)(0.4—-1)
5 X —2

B EXAMPLE 17.9

Find the cubic polynomial which takes the following values:

x 0 1 2 3
f(x 1 2 1 10

Solution: Let us form the difference table:

Xy Ay Ny Ny

0 1
1
1 2 -2
-1 12
2 1 10
9
3 10

Here,h = 1. Hence using the formula,= Xy + ph, and choosingg = 0,we get

:X_onx

P=

.. By Newton'’s forward difference formula,

y:y0+xAyo+ %Azyo_i_ WAEyO
X1+ x(x2—| 1) 2+ x(x—:g!(x—z)(lz)

=23 -+ 6x+1
Hence the required cubic polynomialyis= 23 - 7% +-6x+1.

B EXAMPLE 17.10

The following table gives the marks secured by 100 students in the Nuahérelysis sub-

ject:

317
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Range of Marks: 30-40 40-50 50-60 60-70 70-80
No. of students: 25 35 22 11 7

Use Newton’s forward difference interpolation formula to find.
(i) the number of students who got more than 55 marks.
(ii)the number of students who secured marks in the range from 36 to 45.

Solution: The given table is re-arranged as follows:

Marks obtained No.of students
Less than 40 25
Less than 50 60
Less than 60 82
Less than 70 93
Less than 80 100

The difference table is as under:

Marks obtained No.of Ay A%y Ay Ay

less than students=y

40 25
35

50 60 -13
22 2

60 82 -11 5
11 7

70 93 -4
7

80 100

(i) Here,xg = 40,h = 10,Xp + ph= 55, Therefore 46- 10p = 55

First, we find the number of students who got less than 55 marks.
Applying Newton’s forward difference formula,

Y55 = Yao+ PAYYao+ %Azyzm
p(pfl)(pmf 2)(P—3) p4
=254 (15)(35) +
L9E=9),
. (1.5)(.5)(;.5)(—1.5) .

=716171875=72

p(p—1(p-2)

3l N3y

—+

Yao

(1.5)(0.5)

ol (—13

+

There are 72 students who got less than 55 marks. i.e., No. of studenigot more than 55 marks
=100-72 =28
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(i) To calculate the number of students securing marks between 36 aattetthe difference ofs5
andysg. Here again

X—xg 36—40

P3s = h ) —0.4
Also,
45—-40
p= 0 - 0.5
By Newton'’s forward difference formula.
-1 -1)(p-2
Y36 = Ya0+ PAYao+ P(p )A2y4o+ wﬁmo

21
P(P=1)(P—2)(P—3) ra

3!

+ 2l Y40
— 254 (~a)@s) + Y (19 EAAE2D
. (7.4)(71.4)‘5!72,4)(73.4) (5) = 78648
Als0,Y45 = Y40+ PYa0 -+ p(p2!— Y D%yg0
L, Plp— 2!(p_2)A3on+ p(p—l)(rl“— 2D(P=3) pay, o
~ 254 (5)(~5)+ DI (19 EIELI 5 HEHCLI2)
=44.0546~ 44

Hence the number of students who secured marks in the range fron#36s0

Yas—Y3e = 44— 8= 36

Problems

17.23 Find the value of sin52from the given table :

0° 45 50° 55° 60°
sin@ 0.7071 0.7660 0.8192 0.8660

17.24 From the following table, find the value ef-24

X 0.1 0.2 0.3 0.4 0.5
e 1.10517 1.22140 1.34986 1.49182 1.64872

17.25 From the following table of half-yearly premium for policies maturing atetiéint ages,
estimate the premium for policies maturing at age of 46
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Age 45 50 55 60 65
Premium (inRs.) 114.84 96.16 83.32 74.48 68.48

17.26 From the table, estimate the number of students who obtained marks betvaad 45

Marks 30-40 40-50 50-60 60-70 70-80
No. of students 31 42 51 35 31

17.27 Find the cubic polynomial which takes the following values :

X 0
1

1
f(x) 2 1 10

17.28 The following are the numbers of deaths in four successive ten yeagragips. Find the
number of deaths at 4550 and 50- 55.

Age group 25-35 35-45 45-55 55-65
Deaths 13229 18139 24225 31496

17.29 If p,q,r,sbe the successive entries corressponding to equidistant argumetdble,ahow
that when third differences are taken into account, the entry corrdsppto the argument half way
between the arguments @andr is A+ (2—84), whereA is the arithmetic mean af andr andB is
arithmetic mean of §—2p—sand 3 —2s—p.

17.30 The following table gives the distance in nautical miles of the visible horizothi® given
heights in feet above the earth’s surface.

x 100 150 200 250 300 350 400
y 10.63 13.03 1504 16.81 1842 199 21.27

Use Newton’s forward formula to findwhenx = 218 ft.

17.31 If Ix represents the number of persons living at agea life table, find as accurately as the
data will permitly for values ofx = 35,42 and 47. Givemlyg=512 I35 = 390 I40 = 360 I59 = 243

17.32 Given that:

1 3
yx) 0 1 8 27 64 125

Find the value off (2.5)

17.33 Use Newton’s forward difference formula to obtain the interpolating paiyial f (x) satis-
fying the following data :
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17.34 In the following table, values of are consecutive terms of a series of which628 the 6th
term. Find the first and tenth terms of the series.

x 3 4 5 6 7 8 9
y 48 84 145 236 36.2 528 739

17.7 NEWTON’S BACKWARD INTERPOLATION

Let the functiony = f(x) take the valuegg, y1,Y>, ..., Yn corresponding to the valueg, X1, X2, ..., Xn.
Wherex; = Xo+ih,i=0,1,2,...,n. Suppose itis required to evaludtéx) for thex = xo+ ph, where
p is any real number.

We have for any real numbgx, we have define& such that

EPF(X) = f (% + ph)

Thatis

1 p
Yp = EPyn = {m} Yn=(1-0)" Py,
1 1 2
p<p2|+ )2, P(P+ 3).(p+ )

(Using Binomial Theorem)

= {1+pD+ 0+ .| yn

T hatis

pP(p+1)(p+2)
3!

p(p+1)
2!

Yp = Yn+ pOyn -+ O%yn + Ynt ...

If y= f(x) is a polynimial ofnth degree, them™! and higher differences will be zero. Hence
p(P+1)

Yp=Yn+ POyn+ =

This formula is known as Newton’s backward formula..

P(P+D..(p+n-1) (17.6)

2
[ yn++ nl

B EXAMPLE 17.11

The table gives the distance in nautical miles of the visible horizon for thendieight in feet
above the earth’s surface:

x=height : 200 250 300 350 400
y=distance: 15.04 16.81 18.42 19.90 21.27

Find the values of whenx=410 ft.

Solution: The difference table is
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X y A N2 N3 n*
200 15.04
1.77
250 16.81 -0.16
1.61 0.03
300 18.42 -0.13 -0.01
1.48 0.02
350 19.90 -0.11
1.37
400 21.27

Sincex = 400 is near the end of the table, we use Newton’s backward interpolatiowif.

p(p+1)...(p+n—-1)
n!

p(p+1)

21 0"

Yp = Yn + POyn + 0%+ ... +

Herex, = 400, and

_ X=Xy 410-400 10

h —  =5p= 0.2
Thus required value
+1
Ya10 = Y400+ pUyso0+ N pz, )DZY400
+1)(p+2 +1)(p+2)(p+3
L PP 3)|(|0 ) BBy 00+ PP )(|04I )P+3) 4y, 0
=2127+4(0.2)(1.37) + % (-0.11)
. (0.2)(13.I2)(2.2) (0.02)+ (0.2)(1.221('2.2)(3.2) (—0.01)
=2127+0.274+0.0132+ 0.0018+ —0.0007 = 2153 nautical miles.
O
Problems
17.35 Given the following table:
X 40 45 50 55 60 65

logx 1.60206 1.65321 1.69897 1.74036 1.77815 1.81291

Find the value of log 5g5.

[2 [x -
17.36 The probability intergraP = ﬁ/ eT2t2dthasfollowingvalues:
0

X 1.00 1.05 1.10 1.15 1.20 1.25
P 0.682689 0.706282 0.728668 0.749856 0.769861 0.788700

CalculateP for x=1.235.
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17.37 In an examination, the number of candidates who obtained marks betegam limits are
as follows:

Marks 0-19 20-39 40-59 60-79 80-99
No. of candidates 41 62 65 50 17

Estimate the number of candidates who obtained fewer than 70 marks.

17.38 Using Newton’s backward difference formula, find the valuesot-? from the following
table of values o&™*:

X 1 1.25 1.50 1.75 2.00
e 0.3679 0.2865 0.2231 0.1738 0.1353

17.39 Calculate the value of tan885 from the following table:

x° 45 46 a7 48 49 50
tanX® 1.00000 1.03053 1.07237 1.11061 1.15037 1.19175

17.40 From the following table of half yearly premium for policies maturing at défe ages,
estimate the premium for policy maturing at the age of 63:

Age 45 50 55 60 65
Premium (inRs.) 114.84 96.16 83.32 74.48 68.48
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17.8 INTERPOLATION: UNEQUALLY SPACED POINTS

In this section, we consider the cases where data corresspondingperidst variable is unequally
spaced. To interpolate such function, here, we discuss two formulae:

1. Lagrange’s Interpolation Formula

2. Newton’s Divided Difference Interpolation Formula

17.8.1 Lagranges Interpolation

Let f(Xg), f(X1),..., f(Xn) ben+ 1 entries of a functiory = f(x), where f(x) is assumed too be
polynomial corresponding to the argumergsxy, .., Xn.
The polynomialf (x) may be written as

f(X) = Ao(X—X1)(X—X2)...(X—Xn)
+ A1 (X—X0)(X—X2)...(X—Xn) + ...
+An(X—X0) (X —=X1)...(X— Xn—1)

whereAg, A, ..., An are constants to be determined.

Puttingx = X
f(%0) = Ao(X0 —X1) (X0 — X2)-..(X0 — Xn)
f(xo)
A0~ o) (0 —x2) (0 —%0)
Puttingx = x1
f(x1) = A1(xg —Xo) (X1 — X2).. (X1 — Xn)
AL — f(x1)
(X1 —X1) (X1 — X2)...(X2 — Xn)
Similarly,

_ f(Xn)
(Xn —X0) (Xn — X1)-..(Xn — Xn—1)
Hence, on substituting the constants values, we get

(X—X1)(X—X2)...(X—Xn) (%)

"= o —50) (0= %2) - (00— )
(X—X0)(X—X2)...(X—Xn)
(X1 —X1) (Xg — X2)... (X2 — Xn) foa)+ .
(X_XO)(X_Xl)"'(X_anl) f(X )
(X0 —%0) (X0 —X1)-.(kn —Xn—1)
Or

n

= (X=%0)(X=X1)---(X=% 1) (X=Xr+1)..-(X=%n-1)
f(x) = ;o % —%0) (% —X0) 0% =% 1) 0% =% 3100 — % 1) | OO

This result is known as Lagrange’s Interpolation Formula.

B EXAMPLE 17.12

n
Prove that Lagrange’s formula can be put in the figx) = ZOM where@(x) =
r=

(%
(X=x)¢' (%)

ﬁL(x—Xr) and¢/(x) = {dqg(xx)]xzx

r=
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Solution: We have Lagrange’s formula,
e (X=%0)(X=X1)- (X=X 1) (X = Xr 1) (X—Xn—1)
9= 2 o —30) 06 —x0) 06 % 1) 06— %es1) 0 —H1) | )
] | o
X=X | [ (% —%0) (X — X1 )+ (% —Xr—1) (% — Xr41)-- (X — Xn—1)

Now,

n

o(x) = @(x) = [L(xf )

— (K= X0) (X X0)- (X=X 1) (K= X ) (X~ Xe2) (X — Xn_1)
= @ (X) = (X—X1) (X—=X2).-. (X=X ) ... (X— Xn)
+ (X—X0) (X—X2).e. (X=X )...(X— Xn) +
(X X0) (X X (X = X)X Y1)
= (%) = [(X—X0) (X X) oo (X = Xr)oo (X — X)
+ (X—X0) (X—X2).e. (X— X ). (X— Xn) +
+ (X—X0) (X—X1)-e- (X=X ). (X— Xn—1) | x=x,
= (X —X0) (X = X10)-. (X =X —1) (X —Xr11)...(Xr —%n—1)

Hence,
n

<p o) (%)
X )@ (%)

ﬂ

B EXAMPLE 17.13

The functiony = sinx is tabulated below: Using the Lagrange’s interpolation formula, find the

x 0 /4 /2
sinxk 0 0.70711 1.0

value of sir{71/6).

Solution: We have,

17.8.2 Newton’s Divided Difference Interpolation Formula

The Lagrange’s formula has the drawback that if another interpolatitues were inserted then the
interpolation coefficients are required to be recalculated. This labowrocoimputing is saved by
using Newton’s general interpolation formula which is based on dividféereinces.
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17.8.3 Divided difference

If (%0,¥0), (X1,¥1), (X2,¥2), ... be given points, then the first divided difference for the argume
Xo,Xq is denoted af,X;| defined as

]_ylf}’o

7X -
[x0,X1 a—

Similarly, [x1,Xp] = ﬁ:i’i and[x, x3] = % etc.

The second divided difference f&g, X1, X2 is defined as

[Xlﬁ X2] — [XO‘ Xl]

\X1, %) =
(X0, X1, X2] X2 —Xo

The third divided difference faxg, X1, X%, X3 is defined as

[X1,%2,%3] — [X0, X1, X2]

X0, X1,X2,X3] =
[ | —
and so on.
Here it is notable that we can wrifgy, x;] as
Yo Y1
X0, X1 = ———+ —— = [X1,X0
o] = L i xg — Pl

which shows symmetry in divided differences. Thus, the dividedyarersetrical in their arguments,
i.e. independent of the order of the arguments.

B EXAMPLE 17.14

Show that, thenth divided difference of a polynomial of theh degree is constant.

Solution: Let the arguments be equally spaced soxpatXg =X, — %1 = ... = h. Then
_Y1—Yo _ LYo
[0, X1] = % h
X1, X —[Xo.x1] 1 [Ay1 Ayr 1
A A R R S £ et £ 3 S\
[XO:XLXZ] X2 — X0 2h h h 21h2 Yo
and in general,
1
[X0,X1, X2, Xn] = o Alyp,

If the tabulated function is ath degree polynomial, thef"yq will be constant. Here theth divided
differences will also be constant. O

17.8.4 Newton’s General Interpolation Formula

Let yo,V1,...-ee- ,ynbe the value ofy = f(x) corresponding to the argumemntg x, .......... ,Xn. Then
from the definition of divided differences,we have
~Y—Yo
[Xv XO} - X—XO
So that,
Y= Yo+ (X—Xo)[X, Xo] @r.7)
Again,
X, Xg] — [Xo, X
[X,XO,X]_] _ [ X(ﬂ [XO 1}

X—X1
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which gives
[X,%0] = [X0, 1] + (X = X1)[X, X0, X1]
Substituting this value dk, Xg] in (17.7),we get

Y= Yo+ (X—Xo)[Xo,Xa] + (X —X0) (X— X1 ) [X, XoX1] (17.8)
Also [ 1| |
X, X0, X1] — [Xo, X1, X
[X, X0, X1, X2] = X0l = X0, X1, %
X— X2
which gives

[X7 X07 Xl] = [X07 X17 XZ] + (X_ XZ) [X7 X07 Xl7 XZ}
Substituting this value di, o, X1]in (17.7),we obtain

Y = Yo+ (X—X0)[X0, X1] -+ (X = Xo) (X = X1)[X0, X1, X2] + (X — X) (X — X1) (X — X2) [X, X0, X, X2]
Proceeding in this manner,we get

y = f(X) = Yo+ (X—Xo) [Xo, X1] + (X — X0) (X — X1) [X0, X1, X2]
+ (X —X0) (X— X1) (X — X2) [X0, X1, X2, X3] +- ...
+ (X=X0) (X—X1)-. (X = Xn) [X, X0, XX1, ... Xn]

which is called Newton’s general interpolation formula with divided diffexes.
B EXAMPLE 17.15

Using the following table find (x) as a polynomial irx.

X -1 0 3 6 7
f(x) 3 -6 39 822 1611

x f(x) IDD 1DD DD IVDD

-1 3
-9
0 -6 6
15 5
3 39 41 1
261 13
6 822 132
789
7 1611

Therefore by Newton'’s divided difference formula,

f(X) =34 (x+1)(—9) +x(x+1)(6) + x(x+ 1)(x— 3)(5) + x(x+ 1) (x— 3)(x— 6)
=x*-33+5¢ -6
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B EXAMPLE 17.16

Given the values:

X 5 7 11 13 17
f(x) 150 392 1452 2366 5202

Evaluatef (9), using Lagrange’s and Newton’s divided difference formulae.

Solution:

By Lagrange’s formula. Here
Xo=5X1=7,%=11x3=13 x4 =17

and
Yo =150y; =392y, = 1452 y3 = 2366 y4 = 5202

On puttingx = 9 and substituting the above values in Lagrange’s formula, we get

~ (9-7)(9-11)(9-13)(9-17) (9-5)(9—-11)(9—-13)(9-17)
"O=6=76-we-36-1 P T rnr-nmr-nm <%
(9-5)(9—7)(9—13)(9—17) (9—5)(9—7)(9—11)(9—17)
T s a—n11—1311—19) * 1452+ (13-5)(13—7)(13— 11)(13—17) 2366
(9—5)(9—7)(9—11)(9—13) 50 3136 3872 2366 578
t s ar—nar—war—19 X 3t s T3 3 tp ~810
By Newton's divided differences formula. The divided differences (DD) table is
X y IstDD 2ndDD 3rd DD
5 150
121
7 392 24
265 1
11 1452 32
457 1
13 2366 42
709
17 5202
Takingx = 9 in the Newton’s divided difference formula,we obtain
f(9) = 150+ (9—5) x 121+ (9—5(9—7) x 24+ (9—5(9—7)(9—11) x 1
=150+484+192—16= 810
O

Problems

17.41 Given that : f(0) = 8, f(1) = 68, f(5) = 123 construct a divided difference table using
Newton’s divided difference interpolation formula. Deterine the valug2)f



PROBLEMS 329

17.42 Using divided difference, find the value 68), given thatf (6) = 1.556, f(7) = 1.908 f(12) =
2.158

17.43 Find a polynomial satisfied bf—4,1245),(—1,33),(0,5),(2,9) and(5,1335), by the use
of Newton'’s interpolation formula with divided differences.

17.44 Using the following table, find (x) interpolating polynomial:

x -1 0 2 3 7 10
fx) 11 1 1 1 141 561

Also find f/(6), f(6), f"(6).
17.45 Find Third divided difference of using the following table:

x 1 3 5 8
y 10 16 26 44

17.46 |If log2 = 0.30103log3 = 0.47712log5 = 0.69897log7 = 0.8451Q find the value of
log4.7 to four places of decimal.

17.47 Find the unique polynomiap(x) of degree 2 such thd(1)=1, P(3)=27, P(4)=64 Use
Lagrange method of interpolation.

17.48 The functiony = f(X) is given at the point$7,3),(8,1),(9,1) and(10,9). Find the value
of y for x = 9.5 using Lagrange’s interpolation formula.
17.49 By means of Lagrange’s formula, prove that

a) Yo=3(1+Y-1)-§[5063—¥1) — 5(¥-1-y-3)]

b) y3=0.05(yo+Ye) - 0.3(y1+Ys) + 0.75(y2 +Ya)

€) y1=y3—0.3(y5s —y-3) +0.2(y_3—y_5)

17.50 Four equidistant valuas 1, Ug,u; anduy being given, a value is interpolated by Lagrange’s
formula, show that it may be written in the form

Ux = YU + XUug +

wherex+y=1.

17.51 Apply Lagrange’s formula to find (5) and f(6) given thatf(2) =4,f(1) =2,f(3) =
8, f(7) = 128. Explain why the result differs from those obtained by completingahesof powers
of 27

17.52 If yp,y1,....Yg are consecutive terms of a series, prove that
1
Y5 = 75 [56(¥a+Ye) — 28(y3 +y7) +8(y2+Ye) — (1 +Yo)]

17.53 Applying Lagrange’s formula, find a cubic polynomial which approxiesathe following
data :

X 2 -1 2 3

yx) -12 -8 3 5

17.54 Find the equation of the cubic curve which passes through the gdintd3), (7,83), (9,327)
and(12,1053
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17.55 Values off(x) are given a, b andc . Show that the maximurfi(x) is obtained at

(@) (kP —c?) + f(b)(c?—a?) + f(c)(a? — b?)
X T f@bd-_c) 1 fb)c_a)+ f(c)(a_b)
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CHAPTER 18

SOLVING LINEAR SYSTEM

This chapter covers extremely important problem how to solve a largersyaf equations? The al-
gebraic system of linear equations occur abundantly in various fieldsavfce and engineering, like
elasticity,electrical engineering ,fluid dynamics,heat transfer,staicnalysis,statistics, biomedical
engineering,vibration engineering and in control theory.A numberaflpms in numerical analysis
can be reduced to, or approximated by, a system of linear equations.
One of the most common source of such systems is through discretiphtiodinary or partial

differential equations or integral equations. The system of n-lineaati&ms in n-unknowns can be
written as:

a1X1 +a12X1 + ... + &nXn = by
ap1X1 + a2oX1 + ... +aXn = by
An1X1 + Xy ... + 8nnXn = b

where thea’s are constant coefficients,thé are constants and n is the number of equations.
The above system of linear equations may be expressed in a matrix nesifiolfows:

AX=B

333
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where the coefficient matrix A is given by

a1 app .. an il Sl
2 2
A— ap1 A2 ... agn ,X= . ,B= .
a1 A .. am %0 br
The augmented matrix is denoted/gsand is:
a1 a2 ... ap by
a1 axp an b
Ar=| .
ann  am amn  bn

Here, one may note that if the rank of matfixs less than the rank of matrik; ,i.e, r(A) < r(As)
then the system is said to be inconsistant.

If r(A) =r(Af),then the system is said to be consistant and has solution. We can find tfiensolu
of such equations by direct methods or iterative methods. Among the diethods, we will discuss
Crout’'s method and in case of iterative methods, we will describe Gsridst.

18.1 CROUT’S METHOD

In this method , the coefficient matrix A is decomposed into matrices L ardielke the matrix L is
lower triangular matrix and U is the unit upper triangular matrix.
Let us consider the system of linear equations:

ai1X1 +agoy2 +ajsxz = by
Ap1X1 +aY2 + ap3xz = by
ag1X1 +agoy2 + agaxz = b3

compare these equation with matrix equatfox=B

a1 12 @3
A= |ap1 a2 a3
az1 azz as3

X1 by
X=[x| andB= [by
X3 b3

Suppose we decomposAd= LU such that

li1 O 0 1 uz us
L= |21 |22 0| andU = |0 1 U23
ls1 32 33 0o 1

0
SinceAX = B andLUX = B impliesLY = b, whereUX =Y
Such that
Y1
y=|¥2
Y3
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We have,
A=LU
That s,
a;1 a2 &3 iz 0 O] (1 upp W
a1 axp ax| = |l lp O 0 1 ugs
az1 azx as3 lsg 32 1331 |0 O 1
a;x a2 a3 l11 l11u12 l11u13
= a1 ap aps| = [la1 laguin+12o l21u13+ l22Up3
az1 @z as3 I31  lzaUiz+132  I31U13+I32up3+133

Equating coefficients and then on simplification, we get

a2 a3
l11 =213, lo1 = a1, a1 =agy, U2 = —, U3 = —
a1 a1
and, then
agz—lo1u13
I22 = ag2 —I21U12, I32 = @g2 —I31U12, Uz = BT I33 = agz —I31U13 — I32U23

Now, we have all the values &fandU. Again, We have

LY =B

liz 0 0O [n by

o1 122 O |y2| = |b2

la1 l32 I33] |¥3 b3

which gives

b

l11=1Dy :>y1:|—1
11
by —1

l21y1 +122y2 = b2 =Y = Zleyl
bz —1 —1
1311 + 132y2 +I33y3 = b3 =Yy3= %

With the knowledge of, L, U andUX =Y, we can easily comput&. This procedure is called
Crout’'s Method.

B EXAMPLE 18.1

Solve the system of linear equationst y+z=1, 3x+y—3z=5,x— 2y—5z= 10 by Crout’s
method.

Solution: Here

aj;] a2 a3 . b]_ 1 1 1 : 1
[A|B] = |ap1 a2 az3 . b2 ~ |3 1 -3 5
az] agz aszs . b3 1 -2 -5 : 10

Let the auxillary matrix

117 Uz Wz @ w1
D=lo1 I u3s : ¥
l31 l32 I3z : 3

where
ln=apn=1ln=a1=3 ls1=a3=1
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Upo=—"=>-=1 Ulgzgz fracll=1, ylzﬁzizl
a; 1 aig ap; 1
l22 = a2z —l21U12 = —2, Izp = @z — I31U12 = —3
_ a3—lzns bo—loys 4
I22 I22
b3 —yalz2 —yila1 _5
I33

U3 =3, y2=

I33 =ag3—I31U13 — I32Up3 =3, Y3 =
Thus, the solution is
Z=y3=2

y=Y2—Uz=—7
X=Yy1—UpZ—Upy=6

Problems
Solve the following system of linear equations by Crout’s method:

181 x+4+y+z=3,X-y+3z=16, X+y—z=-3
182 2 +3+X3=—-1,5+X+X3=9,3K +2%+4x3 =11

183 2X—y+3z4+w=9,—X+2y+z—2w=2,
3X+y—4z43w=3,5x—4y+3z—6w=2

184 Xi+X+x3=1, XK1 +X —3X3=5,%X1 —2% —5x3 =10
185 Xx+4+2y+3z=6,2X%+3y+z=93,x+y+2z=8
18.6 X+y+z=2,2x+3y—22=—-4,x—-2y+4z=17

18.2 GAUSSSEIDEL METHOD

To understand the GaussSeidel method, we consider a system of 3lijuedions in 3 variables:
11X+ agoy+a13z= Dby, apix+apoy+ag3z=hy, azix+agyy+azsz=>"bs

These equations may be rewritten as

x= —(by —ayoy —a132)

a1
1

y= —— (b —ap1x—apaz)

a2

1
z= —(bz —ag1x—agyy)
azs
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Now we start with the initial valueg, zg and compute; from the first equation, i.e.,

1
X1 = — (b1 — a1y — a132p)
ajl

while using second equation to compyiewe usezp, x; for zandx (we are taking)
1
y1 = —— (b2 — @x1x1 — a3%0)
a2
Now to compute, for third equation, we usg andys, i.e.,
1
73 = — (b3 —ag1xg — aszy1)
as3
In gereral, this procedure may written as following recurrence relation
1
Xnt1 = —— (b1 —a12yn — a137)
a1

1
Ynt1 = — (o —@21Xn1 — @237n)
az2

1
Zny1 = — (b3 —az1Xn+1 — a32Yn+1)
as3

B EXAMPLE 18.2

Apply Gauss-Seidal iteration method to solve the equation

20x+y—22=17, X+20y—z= —18, X— 3y -+ 20z= 25

Solution: Write the given equation in the form

1
x=55(17-y+22) (18.1)
1

y= 20( 18— 3x+2) (18.2)
20(25 2x+ 3y) (18.3)

First iteration,
Puttingy = yp,z= 7 in Equation 18.1, we get

1
X1 = 17—yo+ 2zy5) = 0.8500

20(
Puttingx = x1,z= 7z in equation 18.2, we have

1
20(

Puttingx = x1,y = yp in equation 18.3, we have

y1= 18— 3x1+29) = —1.0275

1
21 = 55(25~ 2x1 4 3y2) = 10109

Second iteration, Putting=y;,z=1z; in 18.1, we get

1
17—y1+221) = 1.0025

X2 = 20(
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Puttingc = x,Z=z; in 18.2, we obtain

1

= %(—18— 32 +27) = —0.9998

y2
Puttingx = %o,y = y» in 18.3, we get
= %)(25— 2%y + 3y2) = 0.9998
In third iteration, We get

1
X3 = 55(17 Y2 +22) = 1.0000

1
Y3 = 55(~18— 33+ 22) = ~1.0000

1
3= X)(25— 2x3+3y3) =1.0

The values in the second and third iterations being practically the same yvetopa Hence the
solution is
x=1y=-12z=1

Problems
Solve the following equation by Gauss-Seidel method :

18.7 x+y+54z=110, 2%+ 6y—2z=85, &+ 15/ +2z=72
18.8 10x+Yy+2z=44, X+ 10y+2z=>51,x+2y+10z=61

18.9 28x+4y—z=32,x+3y+10z=24, X+ 17y+4z=35
18.10 2x4y+6z=9, 8&+3y+22=13,X+5y+z=7

18.11 10x+y+z=12, X+10y+2z=13, X+ 2y+10z= 14
18.12 10x+2y+z=9, X+20y—2z= —44,-2x+3y+10z= 22
18.13 5x—y+z=10, X+4y=12,x+y+5z= -1

18.14 8x—y+z=18, X+5y—2z=3,x+y—3z=-16

18.15 2X4-y+z2=4,X4+2y—2=4,X+y+22=4

18.16 8x+y+z=8, X+4y+z=4,X+3y+3z2=5



CHAPTER 19

NUMERICAL DIFFERENTIATION AND
INTEGRATION

A given set of(n+ 1) data points(x,yi), i = 0,1,2,...,n is assumed to represent some function
y = y(x). The data can come from some experiment or statistical study, whkesgx) is unknown,

or the data can be generated from a known funcfieny(x). We assume the data points are equally
spaced along the x-axis so th@t, — X = his a constant for=0,1,2,...,n— 1. In this chapter we
develop ways to approximate the derivativey ef y(x) given only the data points. We also develop
ways to integrate the function= y(x) based solely upon the data points given.

19.1 NUMERICAL DIFFERENTIATION

The general method for deriving the numerical differentiation formusato differentiate the inter-
polating polynomial. Here we illustrate the derivation with Newton’s forwaifteence formula
only. The method of derivation being the same with regard to the otherufaan Consider New-
ton'forward difference formula:

u(u—1 uu—1)(u-2
Yy = Yo+ Ubyo -+ (21 )A2y0+ ( 3)|( )A3y0+.., (19.1)
where
X=Xg+uh (19.2)
Then
dy dydu 1 2u-1,  3w-6u+2 g
dx _dudx_h Ayo + 5 A%yo+ 6 Nyo+ ...
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This formula is for nontabular values &f For tabular values af, by settingx = X we obtain
u= 0 from 19.2. Hence equation 19.3 gives

dyl LA Tazyg s Tasy, - Lo
|:dX:| - 1 |:Ay0 ZA Yo+ 3A Yo 4A Yo+ - (29.3)

Again for second order derivative, differentiating 19.3 further,olvtain

d? 1 6u—6 1202 — 36u+22
y |: 2 O+ ASyO“F +

— = 4,
2= 5 >3 Ayo+ } (19.4)

from which, we get

d?y 11,2 3, 1, Sps
ijz]x_xo_hz {A Yo—AO%o+ TZA YO—éA Ynt... (19.5)
Similarly other higher order derivatives may be obtained by sucaedéferentiation.
In a similar way, different formulae can be derived by starting with otierpolation formulae.
Thus Newton'’s backward interpolation formula gives

ﬂ _1 1 1 14
{dexn ~h {Dyn+ ZD Yn+ 3D yn+4D Yn+ ... (19.6)
and )
M 7i 2 3 E- 4, § 5
{dsz_xn ~ 2 {D Y+ B+ 50 Yn+ g yn +. (19.7)

B EXAMPLE 19.1

From the following table of values ofandy, obtaing%(’ andg—?{ forx=1.2

x 1.0 1.2 1.4 1.6 1.8 2.0 2.2
X 2.7183 3.3201 4.0552 4.9530 6.0496 7.3891 9.0250

The difference table is

X y A N2 a3 n* N n®
1.0 27183
0.6018
1.2 3.3201 0.1333
0.7351 0.0294
1.4 4.0552 0.1627 0.0067
0.8978 0.0361 0.0013
1.6 4.9530 0.1988 0.0080 0.0001
1.0966 0.0441 0.0014
1.8 6.0496 0.2429 0.0094
1.3395 0.0535
20 7.3891 0.2964
1.6359

2.2 9.0250
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Herexg = 1.2,yp = 3.3201 anch = 0.2 and

dy] 1 1, 1.4 1.4

dx
This gives
dy 1 1 1 1 1
Ty = —10.7351- - (0.162 —(0.0361) — - (0.008 Z(0.001
{dx}le‘z 0.2{ 2( 7)+3( ) 4( 0)+5( 4)}
= 3.3205
and ,
d 102 . 114 55
e P 3 R R LRt P LR Ui L LR
|:dX2]x_x0 h2|: Yo y0+12 Yo 6 Yn+
gives
d?y 1 1 .
vl — ——_10.1627—0.0361+ == (0. 50,001
[dxz}x:l.z 0.04 {O 6 0.036 +12(00080) 6(OOO 4)}
=3.318
Problems

19.1 Compute%(’ andg—ii’ for x =1, using following table:

x 1 2 3 4 5 6
y 1 8 27 64 125 216

19.2 Find g% atx = 0.1 from the following table :

X 0.1 0.2 0.3 0.4
y 0.9975 0.9900 0.9776 0.9604

19.3 From the following table of values ofandy, obtaing%(’ andg—ig forx=1222 and 16.

X 1.0 1.2 14 1.6 1.8 2.0 2.2
y 27183 3.3201 4.0552 4.9530 6.0496 7.3891 90.250

19.4 Arod is rotating in a plane. The following table gives the argi@n radians) through which
the rod has turned for various values of tim@n seconds)

t 0 02 04 06 038 1.0 1.2
6 0 012 049 112 202 320 4.67

Calculate the angular velocity and angular acceleration of the rog t6 sec.



342 NUMERICAL DIFFERENTIATION AND INTEGRATION

19.5 The table below gives the results of an observatibis the observed temperature in degrees
centigrade of a vessel of cooling wateis the time in minutes from the beginning of observations :

t 1 3 5 7 9
6 853 745 67.0 605 543

Find the approximate rate of coolingtat 3 and 35.

19.6 Findxfor whichy is maximum and find this value @f

X 1.2 1.3 14 1.5 1.6
y 0.9320 0.9636 0.9855 0.9975 0.9996

19.7 Find f”(5) from the data given below:

X 2 4 9 13 16 21 29
f(x) 57 1345 66340 402052 1118209 4287844 21242820

19.8 Find the numerical value of (10°) for y = sinx given that

sinC® = 0.000,sin1¢ = 0.1736 sin20 = 0.342Q sin 3@ = 0.500Q sin4® = 0.6428

19.9 Find %(Jo) atx = 0.1 from the following table

X 0.0 0.1 0.2 0.3 0.4
J(x) 1 09975 0.99 0.9776 0.9604

19.10 Find the first and second derivatives for the function tabulated beltiegiointx = 3.0

x 3 3.2 3.4 3.6 3.8 4.0
y -14 -10.032 -5.296 -0.256 6.672 14

19.11 A slider in a machine moves along a fixed straight rod. Its distamoealong the rod is
given below for various values of the timeseconds. Find the velocity of the slider and its accelera-
tion whent = 0.3 second

t 0 0.1 0.2 0.3 0.4 0.5 0.6
x 30.13 31.62 32.87 33.64 3395 3381 3324

19.12 From the table below, for what value »fy is minimum ? Also find this value of

X 3 4 5 6 7 8
y 0205 0.240 0.259 0.262 0.250 0.224

19.13 Find the minimum value of from the following table :

t 0.2 0.3 0.4 0.5 0.6 0.7
x 09182 0.8975 0.8873 0.8862 0.8935 0.9086
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19.14 Given the following table :

X: 1 1.05 11 1.15 12 1.25 1.3
f(x)=yx 1 1.0247 1.04881 1.07238 1.09544 1.11803 1.14014

Apply the above results to finéf (1), f”(1) and f"(1)

19.15 The following table gives values of pressi?@nd specific volum¥ of saturated steam :

P: 105 427 253 16.7 13
V: 2 4 6 8 10

Find
(a) the rate of change of pressure w.r.t. volum¥ at 2
(b) the rate of change of volume w.r.t. pressur@at 105.

19.16 y is a function ofx satisfying the equatiomy’ + ay + (x— b)y = 0, wherea andb are
integers. Find the values of constaatandb if y is given by the following table:

X: 0.8 1 1.2 1.4 1.6 18 2 2.2
y: 173036 1.95532 2.19756 2.45693 2.73309 3.02549 2.33385583

19.17 Prove that

[EnY

d . 1 1
&(YX) ~h (Yxh — Yx—h) — %h (Yx2h — Yx—2h) + 3h (Yx3n — Yx—3n) — -+

19.2 NUMERICAL INTEGRATION
The process of computinﬁ’ydx wherey = f(x) is given by a set of tabulated valups,y;] where

i=0,1,2,...,n,a= Xy andb = x, is callednumerical integration Sincey = f(x) is a single variable
function, the process in general is knowngasdrature

19.2.1 Newton’s Cotes Quadrature Formula

b
Letl :/ ydx wherey = f(x) takes the valuegp, y1,Y2, ..., ¥n fOr X, X1, X2, ..., Xn. Let us divide the
a
interval (a, b) into n equal parts of widtln, so that

a=Xg, X1 =Xp+h, Xo =Xg+2h, ..., X =Xp+nh

Xo+nh
| = / ydx
X

On substitutingc = xg + rh, so thatdx = hdr, we get

"Xo+nh
| :/ yrhdr
X0
r(r—1)

"N
= h/o {yo +rlAyg+ 7A2yo +

Then

r(r—1)(r—2)

3 A3yo+‘..

2!
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Now on integrating term by term, we get

n? 1(n n? 1(n*
I:h{nyo+EAyo+§{375}A2y0+6{an3fn2}A3yo+.,} (19.8)

Equation 19.8 is known as Newton Quadrature formula, which is also aslgéneral qudrature
formula.

19.3 TRAPEZODIAL RULE

Settingn =1 in 19.8, we obtain

X1 1 h
ydx=h (YO+ EAVO) = 5(Vo+y1)
Jxo

For susequent intervals, similarly,

X2
ydx=

J X1

(y1+Y2)

X3
ydx=

X2

(Y2+V3)

NI NS

Xn

o

ydx= E(yn—l +Yn)
J Xn—1

On adding all the above results,

NI

X h
/X0 ydx= - (Yo+2(y1+Y2+ ... +¥n-1) +¥n) (19.9)
which is known as trepezodial rule.

B EXAMPLE 19.2

find from the following table, the area bounded by the curve wiadis fromx = 7.47 to
X=7.52

X 747 748 749 750 751 7.52
f(x) 1.93 195 198 201 203 2.06

Solution: We know that the required area under curve would be
7.52
Area— / f(x)dx
7.47
With h = 0.01, The trepezodial rule

Xn h
o ydx= E(YO+2(Y1+Y2+~--+Yn—1)+yn)

gives

Area= 0‘701[1.93+ 2(1.95+1.98+2.01+ 2.03) + 2.06]

= 0'701[19.93} = 0.0996
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19.4 SIMPSON’S 1/3 RULE

Settingn = 2 in 19.8, we obtain

h

X2 1
. ydx=h (yo+Ayo+ éAzyo) =3 Yo+ 4y1+ye)

For susequent intervals, similarly,
X4 h
dx= =
e T3
X6 h
/ ydx= 2 (ya+4ys+Ye)
X4

Xn
/ ydx=
Xn-2

On adding all the above results,

(Y2 +4y3+Ya)

(Yn—2+4Yn—1+Yn)

wl =

X h

o ydx= 2 (Yo +4(yL +Ya+ . +¥n-1) + 2(y2 +Ya+ .. +¥n-2) +Yn) (19.10)
which is known as Simpson’s 1/3 rule. This rule requires an even nuafisebintervals of widthn.
B EXAMPLE 19.3

The velocityv (metre/sec) of a particle at distancémetre) is given in tabulated form:

x 0 10 20 30 40 50 60
v 47 58 65 64 58 55 35

Using simpson’s 1/3 rule, find the time taken by the particle to travel 60 metre.

Solution: We know that q
X

dt

t:/}dx
J v

Hence the time taken to travel 60 metre is

60
T=/ }dx
0

Therefore

\

Since given data in table is far so now we preapre the table fof\l because, heré(x) = 1/v.
Therefore

X 0 10 20 30 40 50 60
1/v 0.02128 0.01724 0.01538 0.01562 0.01724 0.01818 0.02857
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Now Simpson’s 1/3 rule gives,

/XO ydx= g(YO+4(Y1+y3+~~-+yn—1)+2(YZ+y4+-~-+yn—2)+yn)

10
=3 (0.02128+ 4(0.01724+ 0.01562+ 0.01818 + 2(0.01538+ 0.01724 + 0.02857)
=1.064 sec

Hence the time taken to travel 60 metre is 1.064 sec.

19.5 SIMPSON’S 3/8 RULE

Settingn = 3 in 19.8, we obtain

Xs 3 3 1 3h
/XO ydx=3h (yo + EAyo + ZAzyo + §A3yo) = @(YO +3y1+3y2+¥3)

For susequent intervals, similarly,
X 3h
/x3 ydx= g(Y3+3y4+3Y5+y6)
X9 3h
/Xﬁ ydx= -~(ye +3y7 +3ys + o)
Xn 3h
/ ydx= —(Yn-3+3¥n-2+3Yn-1+¥n)
Xn-3 8
On adding all the above results,
Xn 3h
/XO ydx=-2"(yo+ 31+ Y2 +Ya+ Y5+ .. +¥n-2+Yn-1) +2(y3+Ye+-.. +-Yn-3) +¥n) (19.11)
which is known as Simpson’s 3/8 rule.
B EXAMPLE 19.4

Evaluatel :/ ——dxusing Simpson’s 3/8 rule.
o 1+x

Solution: Here we have

1
=f(X)= —
y="1 1+x
wherexin[0, 6] Consider 6 intervals, thus
6-0
h=——=1
6

By using this information, we may prepare the following table:

X 0 1 2 3 4 5 6
y 1.00000 0.50000 0.33333 0.25000 0.20000 0.16667 0.14286
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By Simpson rule (for 7 values)

X 3h
; ydx=—2=(Yo+3(y1+ Y2 +Ya+Ys) +2(ys))

- % (1.00000+ 3(0.50000+ 0.33333+ 0.20000+ 0.16667) + 2(0.25000 + 0.14286

=1.96607

Problems

1
19.18 Use Trapezoidal rule to evalua x3ds
0

1

19.19 Evaluate| ——
0 14+x2

. 1 .

a) Simpson's rule takingh = 3
. 3 .

b) Simpson’sg rule takingh = i

6 dx
19.20 Evaluate/
0 14+x2

a) Simpson’s one-third rule
b) Simposon’s three-eight rule
¢) Trapezoidal rule

by using

2
19.21 Evaluate/ ydx wherey is given by the following table:
Jo

x 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
y 123 158 203 432 6.25 836 10.23 1245

11

19.22 Find / f(x)dx, wheref(x) is given by the following table, using a suitable integration
J1

formula.

X 1 2 3 4 5 6 7 8 9 10 11
f(x) 543 512 501 489 453 400 352 310 250 172 95

19.23 Evaluate 1—+XX by dividing the interval of integration into 8 equal parts. Hence find In2
0
approximately.

2
19.24 Evaluate/ e/2dx using four intervals.
1

6
19.25 Find/ idxapproximately using Simpson?h rule of integration.
0o 1+x

19.26 A train is moving at the speed of 38/secSuddenly brakes are applied. The speed of the
train per second afterseconds is given by
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Time¢) O 5 10 15 20 25 30 35 40 45
Speedy) 30 24 19 16 13 11 10 8 7 5

Apply simpson’s three-eighth rule to determine the distance moved by thertré5 seconds.

19.27 Arriver is 80mwide. The deptly of the river at a distancefrom one bank is given by the
following table :

0O 10 20 30 40 50 60 70 80
0

X
y 4 7 9 12 15 14 8 3

Find the approximate area of cross-section of the river using
a) Trapezodial rule.
b) Simplosn'sird rule.

4

19.28 Evaluate/ (sinx—Inx+€*)dxapproximately using Simpson’s rules correct to 4 decimals

1
0.2
places.

19.29 A solid of revolution is formed by rotating aboytaxis, the linesx =0 andx =1 and a
curve through the points with the following coordinates.

0 0.25 0.5 0.75 1
1

X
y 0.9896 0.9589 0.9089 0.8415

Estimate the volume of the solid formed using Simpson’s rule.

19.30 Using the following table of values, approximate by Simpson’s rule, théemgth of the
graphy = )—1( between the pointél, 1) and(5, %)

X 1 2 3 4 5
L 1414 1031 1.007 1.002 1.001

19.31 From the following values of = f(x) in the given range of values &f find the position of
the centroid of the area under the curve andtagis

1 1 3
x 07 53 7 1
y 1 4 8 4 1

Also find
a) the volume of sokid obtained by revolving the above area abauts.
b) the moment of inertia of the area aboeaxis.

19.32 A reservoir discharging water through sluices at a dépitielow the water surface, has a
surface ared for various values ofi as given below:

h (in meters) 10 11 12 13 14
A(insg. metres) 950 1070 1200 1350 1530

L .. dh .
Heret denotes time in minutes, the rate of fall of the surface is glveF(ljJteyt —48Av/h Estimate the
time taken for the water level to fall from 14 to h@above the sluices.
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21

19.33 Evaluate ;dx by Simpson’s%rd rule with four strips and determine the error by direct
1

integration.

19.34 Evaluate the integra : v/cosBd®0 by dividing the interval into 6 parts.
Jo
5.2
19.35 Evaluate/ Inxdxby Trapezoidal rule and Simpsorgsh rule. Also write its programme
4
in 'C’ language.
90
19.36 Evaluate/ log(sinx)dx by Simpson’s 13rd rule by dividing the interval into 6 parts.
30

19.37 Evaluate using Trapezoidal rule
T
a) / tsintdt
Jo

2 tdt
b -
) /—2 5+2t
7
19.38 Evaluate/ X logxdxtaking 4 strips.
3

19.39 Find an approximate value of In5 by calculating to 4 decimal places, by S’mhp%rd rule,
5 dx .
/0 iS5 dividing the range into 10 equal parts.

19.40 The velocity of a train which starts from rest is given by the following tablegtiming
reckoned in minutes from the start and speed in kilometres per hour :

Minutes 0 2 4 6 8 10 12 14 16 18 20
Speed (km/hr) O 10 18 25 29 32 20 1175 2 0

Estimate the total distance in 20 minutes. Hint. Here steplcsiz%%

19.41 A rocket is launched from the ground. Its acceleration is registereiigitine first 80
seconds and is given in the table below. Using Simpsérdsrule, find the velocity of the rocket at
t = 80 seconds.

t (sec) 0 10 20 30 40 50 60 70 80
fcm/seé) 30 31.63 33.34 3547 37.75 40.33 43.25 46.69 50.67

19.42 A curve is drawn to pass through the points given by the following table :

x 1 15 2 25 3 35 4
y 2 24 27 28 3 26 21

Find
a) Centre of gravity of the area.
b) Volume of the solid of revolution.
¢) The area bounded by the curve, thaxis and linex=1,x = 4.

19.43 Inan experiment, a quantiy was measured as follov& 20) = 95.9,G(21) = 96.85,G(22) =

26

97.77G(23)98.68,G(24) = 99.56,G(25) = 10041, G(26) = 10124. Compute/ G(x)dxby Simp-
J20

son’s rules.
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11
19.44 Using the data of the following table, compute the integ(al xydxby Simpson’s rule
0.5

X 0.5 0.6 0.7 0.8 0.9 1.0 11
y 04804 0.5669 0.6490 0.7262 0.7985 0.8658 0.9281

1 2
19.45 Find the value of In3 from/O ﬁdx using Simpson’%rd rule by dividing the range of
integration into four equal parts. Also estimate the error.

19.46 The functionf(x) is known at one point’ in the intervalfa,b]. Using this valuef(x) can
be expressed al{x) po(x) + f'& (x)(x—X') for x € (a,b) wherepg(x) is the zeroth-order interpolat-
ing polynomial po(x) = f(X') and&(x) € (a,b). Integrate this expression fromto b to derive a
quadrature rule with error term. Simplify the error term for the case whena.



CHAPTER 20

ORDINARY DIFFERENTIAL EQUATIONS

Many ordinary differential equations encountered do not have easibirmble closed form solu-
tions, and we must seek other methods by which solutions can be cdedtridumerical methods
provide an alternative way of constructing solutions to these sometimezutlifiroblems. In this

chapter we present an introduction to some numerical methods whidkecapplied to a wide vari-
ety of ordinary differential equations. These methods can be prageahinto a digital computer or
even programmed into some hand-held calculators. Many of the nuahertiniques introduced in
this chapter are readily available in the form of subroutine packageslaleditam the internet.

20.1 PICARD’S METHOD

20.1.1 First Order Differential Equations

Consider the first order differential equation
dy
= _f 20.1
ax = [xy) (20.1)
subject toy(x = Xg) = Yp. On integrating 20.1 with respect xdoetween the limitgxg, ), we get

y X
/ dy:/ f(x,y)dx
Yo Xo

X
yfyo=/ f(x y)dx
Xo

351
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"X
y= yo+/ f(x,y)dx
X
In Picard’s method, to obtainth successive approximation, we write above equations as
X
n=yo+ [ T0cyn-1)dx (202
To terminate the process, we compare the vajgesdy, 1 up to desired accuracy.

B EXAMPLE 20.1

Use Picard’s method to approximate the valug ef x = 0.1 given thaty(0) = 1 and gy
y—x
y+X
Given Q y—x Hence Picard’s Iteration equation is
dx  y+x
Yn-1—X
+
Yn=Yo / Yo 1+X
which gives First approximation
Xyo— X
y1=Yo+ / Yo dX

X[ 2
=1+ /—dx— /{m—}dx
=1+ (2log(1+x) —x)|§ = 1+ 2log(1+X) — x

Second approximation

Xy1—X
X Y1+X
X1+2log(1+x)7x7xdx
% 1+2log(1+X) —x+X
X
=1 2/ ————adx
+ % 1+2log(1+Xx)

which is quite difficult to integrate. So we stop our process here.
We use only first order approximation. By puttirg- 0.1

Y2=Y1+

y1 =1+ (2log(1+0.1) —0.1) = 0.9828

20.1.2 Simultaneous First Order Differential Equations
Consider the simultaneous first order differential equation

dy
dx = Q(x,,2)

dz
dx—w(x ¥,2)
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Piacrd’s successive approximation for these equation is
"X
Yn="Yo+ /XO @(X, Yn-1,2n-1)dX
"X
Zn= 20+/X0 WX, Yn-1,Zn-1)dx
Using these equations, we may iterate the process up to desired acoiyasydz

B EXAMPLE 20.2

Approximatey andz atx = 0.1 using the Picard’s method to solve the equations

dy

& — Z

dz

ax (y+2)
given thaty(0) = 1 andz(0) = 0.5.

In Picrad’s Method
X
Yn=VYo+ /XO O(X, Yn-1,Zn—1)dx
X
In=729+ /XO WX, Yn-1,Zn-1)dx

Givenxg = 0,y = 1, andzy = 0.5. For First Approximation

X X1 1
y1:y0+/ (P(X7YO7ZO)dX:1+/ —dx=14 =x
X 02 2
x 1 1 1 3¢
Zlizo_'—/x0 ’-IJ(X7YO7ZO)de§+/O XS(l‘.‘é)deE—f—?
For Second Approximation
X x1 3 1 3
Y2—YO+'/XO(0(X7V1721)dX—1+/O (§+§X4)dx_1+§X+To
x 1 3 1 3 X 338

X 1 X
22=Zo+/XDLIJ(X7Y1721)dX=§+/O X3(1+§+§+?)dx=§+?+f)+a

Now whenx = 0.1y; = 1.05 andz = 0.5000375 ang, = 1.0500008 and = 0.5000385.
Hencey(0.1) = 1.0500 andz(0.1) = 0.5000. More accuracy in approximations needs more iter-
ations.

20.1.3 Second Order Differential Equations

Consider the second order differential equation

d?y dy
v f(xy, dx
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By putting 3): = z, the above equation reduces to first order simultaneous differentiatiegs:

dx
dy
&—Z
dz
&7 f(x>yvz)

Now these equation can be solved as discussed in previous section.

B EXAMPLE 20.3

Use Picard’s method to approximat&vhenx = 0 for the differential equation

d?y . dy
ﬁ + ZX& +y= 0
. dy
given thaty(0) =0.5and | —= =0.1.
dx x=0
&  dz
dy _ — == ituti
Letdsg, =z Thusdx2 X On substituting thse results,
Y xyo
dx2 dx 7
reduces to q
z
ax —(2xz+y)
Thus, now proble changes to
dy
dx
dz
ax —(2xz-+y)
. . dy
with conditionsy(0) = 0.5 and | —= =0.1.
dx],_g

First Approximation

yi— o.5+/:z0dx: o.5+/o'x(o.1)dx
— 05+ (0.1)x

7 = 0.1—/:(2xzo+yo)dx:0.1—/0x((o.2)x+ 0.5)dx
=0.1— (0.5)x+ (0.1)x

Second Approximation

X X
y2:0.5+/ zldx:0.5+/ (0.1— (0.5)x+ (0.1)x2)dx
0 0

— 05+ (0.1)x— X; - g)
2= 01— /O (221 4+ y1)dx=0.1— /O *(2X(0.1— (0.5)x+ (0.1%@) + (0.5+ (0.1)x))dx

3w 3 X
=0.1- (O.S)X— 70 + § +?0
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similarly, we may compute

X o3 e
y3_0'5+(0'1)X717Z)+172+ﬁ)

3 53 25 X8
23:0.1—(0.5)X—%—E-F(O.Z)le-i-ﬁ-'—&)

Now atx=0.1,
y; = 0.51,y, = 0.50746, and/3 = 0.50745
Hencey(0.1) = 0.5075 correct upto four decimal places.

Problems

20.1 Given the differential equation

dy %2

dx  y2+1
with the initial conditiony = 0 whenx = 0. Use Picard’s method to obtain y fae= 0.25,0.5 and
1.0 correct to three decimal places.

20.2 Use Picard’'s method to obtain y fge= 0.2. Given :

dy
dx =Y

with initial conditiony =1 whenx=0
203 1f WYX

=, find the value of y at x=0.1 using Picard’s method. Given ygat 1.
dx  y+x

20.4 Obtainy wherx=0.1,x=0.2. Given thatgy

v X+Y; y(0) = 1. Check the result with exact
value.

20.5 Find the solution O% = 1+4xy,y(0) = 1 which passes throudl0, 1) in the interval(0, 0.5)

such that the value of y is correct to three decimal places (use the wereaihas one interval only).
Takeh =0.1.

20.6 Approximatey andz by using Picard’s method for the particular solution of

dy
ds—= =x+
Six = X T2

dz
w=*Y

given thaty = 2,z=1 whenx = 0.

20.7 Solve by Picard’s method, the differential equations

dy _ dz
&_27 &_xs(y+z)

wherey =1 z= 0.5 atx = 0. Obtain the values of y and z from Il approximation whes 0.2 and
x=0.5.

20.8 Findy(0,2) if g—i =log(x+Y) ; y(0) = 1. Use Picard’'s method.
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20.9 Employ Picard’s method to obtain the solution of

dy >
— =X
dx Y
for x=0.1 correct to four places of decimal given tlyat 0 whenx = 0.

. . . d . .
20.10 Find an approximate value of y when= 0.1 if d%: = x—y2 andy =1 atx =0 using Picard’s

method.

20.11 Approximate y and z by using Picard’s method for the solution of simultamédferential
equations

%{:2x+z
dz >
&73xy+x z

with y = 2,z= 0 atx = 0 upto third approximation.
20.12 Using Picard’s method, obtain the solution of

dy _
dx

Tabulate the values g{0.1),y(0.2).

X(1+x%),y(0) =3

20.2 EULER’S METHOD

20.2.1 First Order Differential Equations

Consider the differential equation

dy
ax= ey (20.3)

wherey(Xo) = Yo.
Suppose that we wish to find successivglyys, ..., yn whereyn, is the value ofy corresponding
to X = Xm, Wherexm =X+ mh m=1, 2,....hbeing small. Here, we use the property that in a small
interval, a curve is nearly a straight line.
Thus, in the intervaky to x; of x, we approximate the curve by the tangent at the poifityo).
Therefore, the equation of tangent(&§, yo) is

dy)
y—Yo= (— (X—xo)
dx (%0,Yo)

= f(X0,Y0)(X—Xo) [From equation 20.3]
or  y=Yo+(Xx—xo)f(x0Yo)

Hence, the value of corresponding ta = X3 is
Y1 = Yo+ (X1 —Xo) f (X0, Yo)

or
y1 = Yo+hf(xo,¥o0) (20.4)

Since the curve is approximated by the tangenixix;], Equation 20.4 gives the approximated
value ofy;.
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Simialrly, approximating the curve int he next interjsl, x| by a line through(xs, y1) with slope
f(x1,y1), we get
Y2 =Y1+hf(x1,y1) (20.5)

Proceeding on, in general it can be shown that

Ym+1 = Ym=+hf(Xm,Ym) (20.6)

B EXAMPLE 20.4

Givendy/dx= (y—x)/(y+x) withy=1atx= 0. Find y forx = 0.1 in five steps.

Solution: Here, we have

dy y-—x
f(X7y) = & = 7y+x7

withxg=0,y0=1. Leth= %1 = 0.020. Then by Euler’s method

y1 = Yo+ hf(xo,¥0)

1-0
=1+020-—)=102
+0.200375)
Again
Y2=Y1+hf(x1,y1), x1=%+h=0+0.02
1.02—0.02
=1.02+40.02 {m} =1.0392
Now
y3=Y2+hf(x2,y2) X2 =% +h=004
1.0392—-0.04
Y4 =Yy3+hf(x3,y3) Xx3=x2+h=0.06
1.0577—0.06
Vs =Va+hf(xs,y4) X3=%+h=0.06
1.0756-0.08
Thereforey atx = 0.1 is 10928 O

20.2.2 Simultaneous First Order Differential Equations

Euler's methed can be extended to the solution of system of ordinaryaetiffal equations. The
folowing example illustrates the procedure.
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B EXAMPLE 20.5

Solve % = 70.5y,g—)2( =4-0.3z— 0.1y using Euler’s method, assuming that 0, y = 4,

andz = 6. Integrate tox = 2 with h=0.5.

Solution: d d
y__ 9Z 4 03s—
We have& = p.5y, ax - 4—-0.3z—-0.1y
Euler’s formula is

Yni1 = Yn-+hf(yn,zn)

Therefore

y1=Yo+hf(yo,2) = 4+0.5[-0.5(4)] = 3

71 =29+ hf(yo,20) = 6-+0.5[4—0.3(6) —0.1(4)] = 6.9

Y2 =y1+hf(y1,z21) =3+ 0.5[-0.5(3)] = 2.25

2 =27 +hf(y1,21) = 6.9+0.5[4—-0.3(6.9) — 0.1(3)] = 7.715

y3 = Yo +hf(ys,2) = 2.25+ 0.5-0.5(2.25)] = 1.6875

z3 =2 +hf(y2,2) = 7.715+0.5[4 — 0.3(7.715) — 0.1(2.25)] = 8.44525

Y4 = y3+hf(ys, h3) = 1.6875+0.5—0.5(1.6875] = 1.265625

24 = z3+Nf(ys,z3) = 8.44525+ 0.5[4 — 0.3(8.44525 — 0.1(1.6875)] = 9.0940875 O
Problems

20.13 Apply Euler's method to the initial value proble%% =X+VY,y(0)=0x=0 atx= 1.0
takingh=10.2

20.14 Use Euler’s method with = 0.1 to solve the differential equatiogg =x° +y2, y(0)=1
in the rangex=0tox=0.3

20.15 Solve fory atx = 1.05 by Euler’'s method, the differential equation
dy y
a2 (3)

20.16 Use Euler's method to compute y fee= .05 and.10. Given that

dy
FRRR

with the initial conditionxg = 0,yp = 1. Given the correct result upto 4 decimal places.

20.17 Using Euler's method, computg0.04) for the differential equatiorldﬁy =-y;y0) =1

dx
Takeh=0.01

wherey = 2 whenx = 1. (Takeh = 0.05)

20.18 Given % =x3+4y, y(0) = 1. Computey(0.02 by Euler’s method taking= 0.01.

20.19 Findy(1) by Euler’s method from the differential equati% = %{ wheny(0.3) = 2.
Convert upto four decimal places taking step lergth 0.1
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20.3 RUNGE- KUTTA METHOD

C Runge and W. Kutta, two German mathematicians, developed this metti@s anch the method
was named after them. It was developed to avoid the computation of tagiher derivations which
Taylor's method involves. Runge-Kutta formulas posses the advanfagguiring only the func-
tional values at some selected points. This method agrees with Tayldgs selutions upto the
termh” where r differs from method to method and is called the order of that rdethere, we will
discuss Runge-Kutta method of order four.

20.3.1 Fourth Order Runge-Kutta Method

Computational procedure for Runge-Kutta Method of Order Four . The computational
procedure for Runge-Kutta method of order four is given as follows :

Step 1. Define (x,Y),Xo, Yo,andxy.

Step 2. Finch by using 2—%)

step 3. Findy, ko, k3, k4 and

kl = hf(xn7yn)7
h ki
k2 - hf (Xn+ ann+ E) )
h k
ks =hf (Xn-i-i,yn‘F 52) >
kg = hf(Xa+h,yn+k3),
1
and therefork = é(kl + 2ko + 2k + kq) Step 4. Findyn1 = ¥n + k., then do successive iteration
up to required accuracy.

B EXAMPLE 20.6

Use the Runge-Kutta fourth order method to find the valugwhenx = 1 given thaty =1,
whenx = 0 (takingn = 2) and Y = =)

(y+x)
Solution: We have y—x
f(xy)=2—,%=0,yp=1 h=05
(xy) yix X0 Yo
Therefore
1-0
ki =hf =05|—-| =050
1 (X0, Yo0) {14_0}
h kq 1.25-0.25
h ko 1.16666—0.25
1.41176-0.5
ka =hf(xo+h,yo+ks) = (0.5) (m) =0.23846
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Therefore

1

k (kg + 2ko + 2k3 + kg)

|l @]

= 6(0.5+ 2x0.33333+2 x %0.41176+ 0.23846
=0.37144

~.y(05) = yg+k=1+0.37144=1.37144

20.3.2 Simultaneous First Order Differential Equations

The simultaneous equatio% = f1(x,y,2) and%z( = f2(x,y,2) given the initial conditiong(xp) =

Yo, Z(Xo) = 2.
[Here,x is independent variable whileandz are dependent.]
Now, starting from Xo, Yo, o) the incrementg\y and Az in y andz respectively are given by

formulae,

ki = hf1(x0,Y0,20)
I1 = hfa(Xo, Y0, 20)

ko = hfy(Xo-+ 3N Yo+ 5ki, 20+ 21)
lo=hfy (xo+%h,yo+ %kl,zo+ %Il)
ks =hfi + 3h.yo+ ko 20+ 312)
I3=hf, (xo+%h7yo+ %k27zo+ %Ig)
ks =hfi(Xo+hyo+ks,20+13)
la=hfa(Xo+h,Yo+ k3, 20+13)

1
y1:y0+6(k1+2k2+2k3+k4)

1
21:Zo+6(|1+2|2+2|3+|4)

Thus, we gef(x1,y1,z1). Similarly we can getxz,y»2,2,) by repeating the above method starting
with (x1,Y1,21)-

B EXAMPLE 20.7

Solve% =YyZ+X, %Z( = dz+y, given thaty(0) = 1, z(0) = —1 fory(0.1), z(0.1).
Solution: Here
fl(X7 Y; Z) =YzZ+X, f2(X7 Y, Z) =Xz+y

h:017X0:Oa YO:LZO:*J-
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ki = hf1(X0,Y0,20) = h(Yozo +X0) = 0.1
l1 =hf(X0,¥0,20) = h(XZ0 +Yo) = 0.1

k1 |
ko=hfy 7YO+*720+ 3)
=hf;(0.05, 095 —0.95) = —0.08525
l1
)

(Xo

(
l2 =hf(xo+ +k +
2 =NT2(Xo 27)/0 2,20
= hf,(0.05,0.95,—0.95) = 0.09025

ko
ke = hfi(0+ - S0+ 520+ )

= hfy(0.05, 0.957375— —0.945875

=—-0.0864173

h k; |
I3 =hfa(xo+ 57YO+£,20+ 2y

= hf,(0.05,0.957375—0.954875
= -0.0864173

kg =hfi(Xo+h,yo+ksz,z0+13) = —0.073048
lg= hfz(Xo—i— h,yo + Kz, 7o+ |3) = —0.0822679

Thereforek = — (kg + 2kp + 2k3 + kg4) = —0.0860637

[N

1
| = §(l1+212+2l3+14) = 0.0907823

2. y1=Y(0.1) =yp+k=1-0.0860637= 0.9139363
71 =12(0.1) = zp+k=—1+0.0907823= —0.9092176

20.3.3 Second Order Differential Equations

Second order differentail are best treated by transforming the gigeation into a system of first
order simultaneous equations which can be solved by one of the atbrastheds.consider, for
example the second order differential equation

d?y

dy
W f(xy, dx)
yixo) = () =y

dx
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Substituing%’ =z, we get
dz
kg
ax = [x¥%.2)

Y(X0) = Yo 2(*0) = Yo

This constitute the equivalent system of simultaneous equations.
B EXAMPLE 20.8

Use Runge Kutta methed to fiyd0.2) for the equation

d?y _ dy
e ax Y

given thaty = 1,dX 0, whenx=0

Solution:
Substitutingd—i =z= f(x,y,2). The given equation reduces to

d2
T)é/ =XZ—y= 9(X7y7 Z)

The initial conditions are given byy = 0,yg = 1,25 =0, Alsoh=0.2

ki = hf(xo,¥0,20) =hz=02x0=0
l1 = hg(Xo,Y0,20) = h(X0Zo —Yo) =0.2x (0—1) = —0.2

k2:hf( h,y0+ 51) ( ) (o-%):—o.oz
ol ) ) () ()
o )0 %) (1o
)-

N\N

k3:hf<xo+hyo+ ) h( +§2):o.2<0—%02):—o.0202

) =000 3) (243) - (0 3)]

h
I3 h9<Xo+ 2,y0+—720+
=02 Ko+ %) <0, 02202

ks = hf(xo+h,yo+ks, 20+ 13) = h(zo+13) = 0.2(0.20002 = —0.040004

l4 = hg(xo + N, Yo +ks, 20+ 13) = h[(Xo +h) (20 +13) — (Yo + k3)]
= 0.2[(0.2)(—0.20002 — (1—0.0202] = —0.2039608

( 0202” = —0.20002

This given atx = 0.2
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y(0.2) =y(0) + %(k]_ + 2Ky + 2k3 + k4)

=1+ é[o+ 2(—0.02) + 2(—0.0202) + (—0.040004]
=0.97993267

2(0.2) = z(0) + é(|1+2|2 +23+14)

=0+ é[70.2+ 2(—0.202) + 2(—0.20002 — 0.2039608
= -0.20133347

Problems

20.20 Solve the equatiord%i = x4+ y with initial conditiony(0) = 1 by Runge-Kutta rule. from
x=0tox=0.4withh=0.1

20.21 Use Runge-Kutta method to approximate y wixea 0.1 given thatx = 0 wheny = 1 and
dy

o XY

20.22 Apply Runge-Kutta fourth order method to solve%ﬁO: 4y y(0)=1for0<x<0.4
andh=0.1

dy _ xy. Takeh=0.2

20.23 Use Runge-Kutta Fourth order formula to fipd..4) if y(1) =2 anddx =

1
20.24 Solvey = Ty y(0) = 1 forx = 0.5 tox = 1 by Runge-Kutta methoth = 0.5)

20.25 Using Runge-Kutta method of Fourth order, solve ¥¢0.1),y(0.2) andy(0.3) given that
Yy =xy+y2,y(0) =1

20.26 Solve%(/ =X+z dz = x—y? fory(0.1),2(0.1) given thaty(0) = 2,z(0) = 1 by Runge-Kutta

dx
method.

20.27 Write the main steps to be followed in using the Runge-Kutta method of foudér do

solve an ordinary diff. equation fo first order. Hence sogée: % +y2,y(0) = 1 and step length
h = 0.1 upto three iterations.

. d . . . o
20.28 Given d%(l = xywith y(1) = 5. Using Fourth order Runge-Kutta method, find the solution in

the interval(1,1.5) using step sizé = 0.1

20.29 Using Runge-Kutta method of fourth order, solve the following differéetipation :Q =

dx
2
% with y(0) = 1 atx = 0.2,0.4 Also write computer program in 'C’
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20.30
20.31

20.32

20.33

ORDINARY DIFFERENTIAL EQUATIONS

Solveg%(’ =YyZ+X, g%( = dz+y, given thaty(0) = 1,z(0) = —1 for y(0.1),z(0.1).

Describe Runge Kutta method (4th order) for obtaining solution of initialezaioblem:
y = f(xyy), Y (%) = Yo, ¥ (%0) = Yo

Obtain the value ok(0.1), given

d?y  dx
o2t 4 X0 =0

Solvedy/dx= —xz, dz/dx=y?,giveny(0) = 1,z(0) = 1, forx = 0, (0.2)(0.4).

20.34 Solvey’ —x(y')2+y? = 0 using Runge Kutta method far= 0.2 giveny(0) = 1,y/(0) =0,
takingh=0.2.

20.35 Computer the value of(0.2) giveny” = —y,y(0) = 1,y'(0) = 0.

20.36 Findy(0.1),y(0.2),2(0.2) given the differential equatior@ =X+ z,g%( =x—Yy2. Theintitial
values are/ = 2,z=1 whenx=0.

20.37 Evalutex(0.1),y(0.1),x(0.2),y(0.2) given the differential equation% =ty+ 1,%’ = —tX,
the initial value arex= 0,y = 1 whent = 0.

20.38 Find y(0.3),given the differential equation% =1+Xxz g—)z( = —xy?, the intial value are
y=2, z=1whenx=0.

20.39 Findy(0.1) giveny” = y® y(0) = 10,y (0) = 5 by Runge Kutta method .

20.40 Findy(0.1) giveny” +2xy — 4y = 0,y(0) = 0.2,y'(0) = 0.5.



APPENDIX A
EXACT DIFFERENTIAL EQUATIONS

Exact Differential Equations

A first order differential equation of the form
Mdx+Ndy=0

whereM andN are functions ok,y, is said to be exact, if left hand side is total differential (i.e.,
du=0). To be exact (total) differentidl andN must hold

oM _oN _ o
dy  0x  dydx

Solving Method

The functionu(x,y) can be found by hit and trial procedure or in following way. Differentididx-+
Ndywith respect toc treatingy as constant

u=— /de+ f(y)
wheref (y) is constant of integration and is functionybnly. To determinef (y) we deriveg—; and

Jdu
ithN = —.
compare wit ay

365
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B EXAMPLE 1.1

Solve Xdx+ 2ydy=0

Solution: HereM = x, therefore

u:/2xdx+f(y):x2+f(y)

Now, g—; = f'(y) andN = 2y, this givesf’(y) = 2y, which givesf (y) = [ 2ydy= y?+c. Therefore
u=x2+y’+c O

Shortcut Method

Compute | part by intergraté with respect to treatingy as constant and then 1l part by integrating
only those terms ofl which are free fronx. Finally,u=1+1l +c

B EXAMPLE 1.2

Solve Xdx+ 2ydy=0

Solution:
| = /2xdx: X2

I :/Zydy:y2

u=Il+Il+c=x2+y?*+c



APPENDIX B
ANSWERS OF SELECTED PROBLEMS

1.1.a Here,u = x2 andv = y?, this implies

Ux=2X Uy=0w=0w=2y

Cauchy Riemann equations give,

Ux=Vy =2x=2y anduy=0=—v

Function is nowhere analytic excepbat y.

1.1.b Check Cauchy Riemann equations. Not satisfied. Not analytic.

1.1.d Aanalytic everywhere except= +1.

U=4x+y =uUx=4, uy=1

V=—X+4y =w=-1 w=4

Cauchy Riemann equations are satisfied. Partial derivativesg, vy, vy exist and are continuous,
therefore given function is differentiable everywhere. We have

g—ﬂ—u +ivy=4—i
dz a9z %

367
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1.3 Here,w = p(cosp+ising) = pe? and
z=Inp+ig=Inp+In(€?) =Inpe? = & = p? =w=z=Inw

Now problem reduces to find the valuezfor which functionw = €* is not analytic.
Important:  To find z for which function ceases to be analytic, so%: 0,ie,

E — 1 — efz
dw  w
Thus 2 = 0= e % = 0 which givesz = e
1.5 for z= 0 function ceases to be analytic.

1.8 Here, f(z) = 22 = (x+iy®), which gives
u=>3—3xy? andv = 3%y —y3
Compute Cauchy Riemann equations and check these holds. Hentierfus@nalytic.

1.9 Here,w = sinz = sin(x+ iy) = sinxcoshy + i cosxsinhy (Since co§ly) = coshy and siriy) =
i sinhy).
Ux = cosxcoshy uy, = sinxsinhy

Vx = —sinxsinhy W = cosxcoshy

Cauchy Riemann equations are satisfigduy, vy, vy exists and are continuous. Hengés analytic
function. Now,

dw

a4 =W + ivx = cosxcoshy — sinxsinhy = cogx+iy) = cosz

1.11 Here,
Ux=2X—2y, Uy=2ay—2x W=2bx+2y w=—-2y+2x
Now from Cauchy Riemann equations, we get

Ux=Vy = 2X—2y=—2y+2X

which is true, and
Uy = —Vx = 2ay—2x= —(2bx+2y)

Compare coefficients ofandy on both side
a=-1 b=1

Now,
f/(2) = ux +ivk = (2x—2y) +i(2x+ 2y) = 2(1+i)z

1.12 Heref(2) = 2|z = (x+iy)|x+iy| = x\/ (@ +y2) +iy/ (R +y2), i.e.,

u=x\/(E+y?), v=y\/(E+y?)

Computeuy, Uy, Vx, vy and checkuy # vy anduy # —Vy, therefore function is nowhere analytic.
1.15

UX:Uy:Vx:Vy:O

It is obvious that the Cauchy Riemann equations are satisfied=ad, i.e., atx=0, y = 0. But
derivative alongy = mxatz=_0s

_ —0 .
#/(0) =lim — 012 =10 _ iy o0y | qVXMX0_ g VM
X z X X+1y X X+ imx X 1+im
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Evidently, this limit depends om, which differers for different values of. i.e., f'(0) is not unique.
This showsf’(0) does not exist. Hence given function is not analytic.

1.16.av=x2—y?+2y

1.16.b 2y — 3x%y+y3

1.16.c

Now,

y

N i
Uyxx = (XZ +y2)2 aﬂdey = (X2 +y2)2
Uxx + Uyy = 0, Therefore function is harmonic.

y X
=
X2 4y?

dv=wdx+vydy= —Uydx-+ Uxdy = %

v=tan Y

1.16.d v = 3x%y + 6xy—y*

117.aw=2+(5-i)z— !

1.17.b w=cosz

1.17.cw=22—iz73

1.17.d w=ize?

1.17.ew=ze?

1.17.f w=2ilogz— (2—-i)z

1.17.g w=sin(iz)

1.17.h w= (1+i)1

1170iw=z+1

1.18 LetU =u—vandV = u+yv, thereforeF (z2) =U + IV = (1+i)(u+iv) = (1+i)f(z). Now

_ & —cosx+sinx sinx+-sinhy

coshy—cosx = ' coshy—cosx (€ = coshy+sinhy)

By Milne’s method,

Therefore,

@ = [[nz0)-ipE0)+C

B . dz  (1+i) z
_(1+|)/1_COSZ_ > /cose&idz—kc

:(1+i)cot§+c

f(z) = cotg +C
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To evaluateC, use conditionf (¥) = 35!, we get

Hence

1.19 Here,v=r2cos® —rcosd + 2,
1 5 . .
U = Fve =—-2r“sin20 +rsinf

and
Ug =rvy =r(2rcos® — cosb)

du=u,dr+ugdf
= (—2r2sin20 +rsin@)dr + (2r>cos D —rcosh)d@
=u=—r2sin20+rsinf+C

Now, f(2) = u+iv = —r2sin29 4 rsing +C+i(r>cos D —r cosd + 2). On arranging, we get

f(2=i(Z—-2+2+C
1.20 f(2) = (1+D)Z2+(—2+i)z—1
1.21 f(z) =logiz
1.22 Let f(2) = u+iv, so that f(2)|2 = U2+ V2 = @(x,y) (say)

B = 22Ul + 2V, @ = 2UUy + 2V

and

Bx =2 [UUXXJFU)Z(+Wxx+V§] , Qy=2 [uu),y+ U)2,+VVyy+V)2/]
This gives

@(X+ (B/y - 2 [U(Uxx+ Uyy) + (U)z( + u)2/) +V(Vxx+Vyy) + (V)Z( +V§):|

Since CR equations are satisfied here and Laplace equation also haldmfiv, therefore

Goct By =4[+ B)| =4/ )2

21la 1
Z(i—1
S(i-1)
2.1b
1
2
2.2.a Equation of lineAB
y="7x—6

Now i
/f(z)dz:/(x2+ixy)(dx+ idy)
substitutey = 7x — 6, dy = 7dx, then on integrating

- %[_147+ 71i]
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2.2.b Here
/f(z)dz: /(x2+ixy)(dx+ idy)

substitutex = t,y = t3, dx= dt anddy = 3t2dt, then on integrating with respecttidrom 1 to 2

1094 124,
-5t
23 -1
24.a()0 (i) 2
2.4.b 2mie
2.4.c 2m
2.4.d 4ni

ime?
24e B

8irme 2
2.4.f 82"
2.4.9 47i
25 —12m

4
2.6 —4n
2.7 3mi

3.1 Using partial fraction, rewrite the function as

3.2 Using partial fraction, rewrite the function as

f(z)fé -2 +} 1
C5\1+2 5\z+2
z-2 1\t o1 z\ -1
—@(H?) +15(1+3)

1
=z [ —27 87Ty 6 g5 opA 802 271}

1{1 z 2 7 ]
—|lz—=-4+=—=+...

3.3 Putz— 1 =t. Then expand series in powerstdinally use back substitution to get

1 101 21
e{(z—1)2+(z—l)+5+7+m]

3.4 ) 1 e o
h=an = 5‘[/0 sin(2ccos6) cosnf
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and

f(z)=ag+ g an(Z'+z "
=]

3.5 f(2z) is analytic az= 0, therefore by Taylor's theorem
Lo in6 —nB)do
an:ET./o cogcsinf —no)

and
bn = (71)nan
therefore

f(2) = 3 wan?"

—00

36 (@) —-1+2z—2+2-2+.) (b) 3(z—1) — (z—1)2+ %(z— 1)

1 1+1 1z 22+z3
162

1
3T @54t 22 227 618 54

© 1 1 (z+1) (z+1)7?
40

1 4 13 50

B z—m+a -5+
21+2) 4 8 16
1 4. 13

(d)§—§z+2—722—8—1 +...

39 Hl2+3+2+.)-(3+%+..)

300 () =%+ TR0 (-1 5te — 5] 2
(i) =% — 2 mo(-D"(3)" = §3hoo(3)"

w
[N
[N
s
>
]
=
N
I
=
\Y
E
N
\‘H
)
|
N]
CN
N
+
N]
Ble
wl
+
w
=|o
X

2 3 2 1 2,

4.1 For zeros

1
z—2=0and sin— =0

z—1
Thereforez= 2 and;1; = nm, i.e.

1

z=2andz=—+1

nrt
It is obvious thatz= 2 is simple zero. Faz = %4— 1, limit point of zero whem — wis 1,i.e.,z=1
is isolated essential singularity. Except these- 0 provides pole at = 0 of order 2.

4.2.b Poles: sit—cosz=0=2z=J

t . . .
4.2.d Heref(z) = (;(i Z)ZZ = sing(szn—za)z’ The poles are given by putting denominator equal to

zero. i.e.,
sinrz(z—a)?> =0
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(z—a)2=0= z=aDouble pole

and
sinfiz=0= mz=nmT=2z=n

Limit point of polez= n, whenn — o is 0. Thusz= w is non-isolated essential singularity.

4.2.j Non-isolated essential singularity.

m
5la —
2V/5
5.1.b 0 ; Hint
| = —d6 = Real artof/ -
Jo 3+sin@ P o 3+sin@
51.c0
21
5.1.d 7
5.1e {5
5.1.f Let
21
| = / €°°[cogsind — nd + i sin(sind — nB)]do
0
_ /Z"eéeefine
Jo
Putz=¢€®, ez
Now by residue theorem,
| 21T
Tl

Now compare real parts to obtain

2n 2
/ €°°%0 [cog(sin® — n@)]do = e
Jo n!
5.2.a &
5.2.b rlog2
3
5.2.c 3¢
52d T

6.1 X=20, Uy =0, tp = 21.67, i3 = 30, Ly = 76567
6.2 i =0, uh = 10909, us = 0
6.3 H1 = 0, Ho = 337, H3 = —-1027, Ha = 25675

6.4 /B =0.074,B, = 2.03

6.5 [, = 2.408 (Platykurtic)
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6.6 Uy =0, =2,u3=0,Us=11,3,=0,3=275

6.7 uyp =5, uy =31, u5 =201

6.8 Xx=p; =5 U =0up=3,u3=0, s =26,01=0,5, =289
6.9 =0, =15,u3=0,s =6,v, =3,v, =105,v3=405,v, =168
6.10 By =2.25,3, = 2.75

6.11 U3 =0 pp =16, Uz = —64, ug = 262,31 = 1, betgy = 1.02
6.12 Bowley's Coefficient of skewness=-0.14,= —0.15

6.13 x=19.32,Z=2062,0 =8.22,5 = -0.16

6.14 x=7155,Z = 66923,0 = 19015,5, = 0.243

6.15 x=5835,Z=5917,0 =6.98,5 = 0.12

6.16 —0.39

6.17 Q1 =12Q=12Q3 =135, =1

6.18 Q; = 1042,Q, = 20,Q3 = 27.81,§, = —0.102

6.19 Q; = 30,Q, = 3844,Q3 = 46, = —0.08

6.20 Q; =37.4,Q2 =50.3,Q3 =60.8,5, = —0.103

6.21 ForA §, = —0.013, ForB -0.059;B is more skewd.

7.1 y=2.022+0.503

72 y=x+19

7.3 y=10.0476¢+0.0041

7.4 y=54.4917%+ 0.5160

7.5 y=457267%+6.1624

7.6 y=8.642%—1.6071

7.7 y=—-11800%+5.3041

7.9 y=1.48+1.13(x—2) +0.55(x— 2)?

7.12 y= 05X

7.13 V = 1.46.3e 0412

7.15 y=7.17x-9

82676 57071

7.19 y = 126751+ 2

7.20 y = 2.396¢+ 3029



7.21 xy= 213810+ 15,7441
7.22 y=1.973— 0.2984¢

7.23 Treaty as independent variabley-276 = 1.039
8.1.a (X) =43, Y =59, r =0.12

8.1.b (X) =40, Y =34, r =0.99

8.2 r=0.79

8.3 r=0.995

8.4 r =0.997

85r=1

8.6 er = 0967 ru\/: _096

8.7r=061
88r=0

8.9 r=-0954
8.10 r=0.787
8.11 r =0.947
8.12r=-0.93
8.13r=-0774
8.14 r=-0.99
8.15r=024
8.16 r =0.82
8.17r=-094

8.18 Missing values: We have

6+2+10+?+8

X=—"r o —6=7=4

5
Missing inX=4, inY =5 andr = —0.92

8.19 Missing inX=8, inY =12 andr = 0.96
8.20r=038

8.21r=-0.32

8.22 ryy = 0.3, No change

8.23r=-09

375
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8.24 r =052

8.25r =042

8.26 r =0.81

8.27 r = 0.76, High degree positive correlation.

8.28 r = 0.12 liking of judges are similar with low degree positive correlation.
8.29r=051

8.30 r = —0.905

8.31r=0.93

8.32r=0.918

8.33r=0.733

8.34r =0.643

8.35r=0.139

8.36 r =—-0.93

8.37r=0.73

8.38r=-0.11

9.1 16.30

9.3 x=0.3675+ 2236, y=0.653—+ 21.88; Economics marky,= 55
9.4 x=16y—60, y=0.4x+51 (a) 20 (b) 83

9.5 x=0.268y+26.743 y = 0.657+21648, x=42, y=55
9.7 y=—1+0.75%, Salaries = Rs 800.

9.10 r =0.904, x=2.37y—74.83, y=0.34%%—36.575
9.11 x=—-0.66%+1.3, y=0.611x+9.3

913 Ux = 3, rxy = 075

9.14 0y = gay, byy = 0.6,r = 0.8, (x) = 62.4

9.15 () x=1,y=2,

(i) oy =4,

9.16 First line is line of regression gfonx.

9.19 (i) X= 6, (ii) oy = 13.3 (jii) byx = 2—‘5‘ (iv) r =0.53

9.20 (i) byy = —0.4 (i) y = 345
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9.21 Hint: Student may take help from chapter of curve fitting. Just fit a sttdiig for given data.
y=28.8+1.015andy atx= 16 = 25.04

9.22 r123=0.04 andr132 = 0.446

9.23 X3 = 0.4x1 + 0.424x,

9.24 x3 =11.48+0.688; + 0.6x2, X3 = 60.44
9.25 x3 = 3.49+0.053; + 0.963p, X3 = 57.122
9.26 x; = 16.48+ 0.39%, — 0.62x3

10.9 ¢

10.10 Each (4) person can stay in 5 ways. The total number of ways TBey stay in different
hotels in 5x 4 x 3 x 2 ways. Hence Probability of staying in different hotel§#x3x2 — Z%

5 3
10.11 5& + 5& = 33

. BC 7C 3C .. 3C 1
10.12 (i) =2 = f(il) & = 15

10.13 With replacement (i3 (ii) 35 Without replacement (i3 (ii) 33

10.14 (i) Total balls = 7+3=10
The number of ways of drawing 3 baks10?
The number of ways drawing 3 white balis73
. P(Drawing three white balls3 7 = 343
and P(at least one black baf)l — P ( all are white)

343 657
1000 1000
(i) The first ball and the last ball are of different colors. Followingesaare possible
WWB, WBB, BBW, BWW
P(The first ball and the last ball are of different colors)

7 7 3 7 3 3 3 3 7 3 7T 7
“10°10 17071010 10 10 10 17010 10" 10
21
=50

1015 12

1 6C1><4C1 1 4C1><801 _
10.16 § x "%+ x e =051

10.17 ;‘%:

10.18 Gt — 24
10.19

P(B1)P(A/By)
P(B1/A) = p(Bl/A)P(A/lB]_) + P(éz)P(A/Bz)

NI =
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10.20 Total number of insured drivers =2,000+4,000+6,000=12,08(BL.: scooter dnverBz Car
driver, Bs: Truck driverP(By) = 3 = § , P(Bz) = fz%%% =1,P(Bs) = o0 = 3
Required probability

p(B2)p(A/B2)
p(B1)p(A/B1) + p(B2) p(A/B2) + p(B3) p(A/B3)
3 x0.03 3

~ 100143 x003+1x0015 26

P(B2/A) =

10.21 Let Bg=a student is well prepar8,=a student is unpreparef;a student is pasf,=a student
is fail
p(B1) = 90%= 7 100, p(BZ) =10%= %, p (5/51) 0.85= 2
p(F/Bl) =1 85 = 13 p(F/B2) = 0.60= £% p(S/B2) = 1— £% = 1ty
According to bayes’ Theorem

@)

B p(B1)p(S/B1)
p(B1/S) = p(B1)p(S/B1) + p(B2)p(S/B2)
9 . 85
100 100 ==0.95

~ 90 40
o0 X 50+ 17001 X 100

(ii)

- p(B2)p(F /B2)
p(B2/F) = p(B1)p(F/B1) + p(B2)p(F /B2)
10 . 60
_ 100 100 =0.31

= 50 10 _ 60
100 X 160+ 100 X 100

10.22 P(the selected fountain pen is manufactured by machine:Al%Q0
P(The selected fountain pen is manufactured by machine %
P(The selected fountain pen is manufactured by machine %%
P(A/D)=The produce of A is defective 1%0
P(B/D)=The selected produce of B is defective%)

P(C/D)=The produce of C is defective -+ 100
According to Bayes’ Theorem ,

lOO 0
P(D/C) — — :
30 4 30 5 40 10 4

=
(=

12.1 0 =0.024, Limits 0.353 j p j 0.447, Coin is symmetrical.
12.2 0 =0.012, Limits 604%— 67.6%
12.3 Yes, fair.

12.4 op,~p, = 0.0236, Yes these data reveal a significant difference between towd foan B, so
far as the proportion of wheat consumers is concerned.

12.7 z=3.26, Significant.
12.8 48.75-51.25

12.9 No. Since Standard Error = 0.097
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12.10 z=10.87, Significant

12.11 74.625-75.375

12.12 oy, = 1.419. Inconsistent.

12.13 t = 1.89, Not significant. Mean may be 66 inch.

12.14 Assuming independent samplés; 0.79

12.15 t = 3.333, difference significant.

12.16 Soldiers are on average taller than sailors.

12.17 t = 1.48, No benefit.

12.19 Not taken from same population.

12.21 (i) t =0.827 (ii)t = 0.612; Not significant in both cases.
12.22 x? =106, X2 o5(1) = 3.841, Quinine prevents malaria.
12.23 x2 = 7.476, Credit squeeze is effective.

12.24 x2 =103, Bis not superior thai.

12.25 x2 = 2367, Results do not commensurate with the general examination results.
13.1 R =1.17 < 7.71, Not significant.

13.2 F; = 3.01 < Ry 05 = 8.74, Not significant.

13.5 F; = 9 > Fy g5 = 5.14, Significant.

13.6 Not significant.

13.7 F; = 1.125< Fy s, Not significant.

13.9 F; between Salesman = 3.58 aRg Between territory=2.39, both are less than table value,
hence difference in both is not significant. Not significant.

13.10 Difference is significant with regard to yield (Helfe= 8.14 > Fy 5 = 3.88)
13.11 (a) Not significant. (b) Significant.

15.1 CL=26.5,UCL=34.3,LCL=18.7

15.2 CL=2.5, UCL=2.503, LCL=2.497; Process is out of control.

15.3 CL=0.5, UCL=0.53, LCL=0.47

15.4 CL=99.6, UCL=1.03.65, LCL=95.55; Process is out of control.

15.5 Mean of sample mean = 73.6, Mean of range = 62.2 UCL=109.7, [3Z15=

15.7 CL=6, UCL=14.33, LCL=0.
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15.8 X = 44.2,R=58,
For X-chart: UCL=47.56, LCL=40.84.
For R-chart: UCL=12.267, LCL=0.

15.9 ForX-chart: CL= 0.0279, UCL=0.041, LCL=0.015
For R-chart: CL=0.0227, UCL=0.048, LCL=0.

15.11 p= 135, =0.02,n=100,qg=1-0.02=0.98
CL=n.p=100x0.02=2
UCL = np+ ,/npg= 2+ 3,/100x 0.02x 0.98 = 6.2
LCL =np—-3,/Mpq=2-42=-22=0
15.12 p=0.11, UCL=0.204, LCL=0.016
15.13 p=2%,UCL =6.2%,LCL=0
15.14 np-chart : CL=4, UCL=9.88, LCL=-1.88 (0)
15.15 np-chart: CL=10, UCL=19, LCL=1; Process is out of control
15.16 CL=Cc= 16, UCL=28, LCL=4
15.17 CL=C= 4, UCL=10, LCL=-2 (0)
15.18 CL=c =4, UCL=10, LCL=-2 (0)
16.2.a Interval:[1,2]; root: 1.839 (10 steps)
16.2.b Interval:[0,1]; root: 0.7885 (14 steps)
16.2.c Root lies in [0,1]. Required root upto 3 decimal places is 0.567.
16.2.c Interval:[0,1]; root: 0.5671 (13 steps)
16.2.d Interval:[0,1]; root: 0.5885 (14 steps)
16.2.e Interval:[0,1]; root: 0.6190 (13 steps)
16.2.f Interval:[0,1]; root: 0.3918 (13 steps)
16.3.a Interval:[1,2]; root: 1.796
16.3.b Interval:[1,2]; root: 1.302
16.3.c Interval:[1,2]; root: 1.465
16.3.d Interval:[0,1]; root: 0.754
16.4 Interval:[1,2]; root: 1.8880
16.5 root: 0.739
16.6 Positive root of 30, i.ey/30. Thus we have to findsuch that
x=1/30

=x>-30=0
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Now solve this equation using bisection methodxom step 15, we get 5.47721

16.7 To understand the problem, we plot function (Students need not it to shexams.)

/
1 /
\ /
\ X
-1 05 05 1 15 / 2
]
/
/
\ /
\ /
\ y
\ -1 /
\ /
\
\
\
\ \ ] //
\3 /
e
~— ~

There are two roots which lies in (-1,0) and (1,2), it is obvious fromrighat the magnitude of root
in (-1,0) is less than other. So we will apply bisection method in (-1,0).uReq root is -0.7736
(Other root is 1.7280).

16.8 Plot function

30+

20- /

Roots lies in (-4,-3)(0,1)(2,3). Smallest positive root lies in (0,Haflis 0.111 (in 12 steps)
16.9 2.02 (in 9 steps)

16.12.b Plot function
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104

Decide yourself. approximated root after two iteration is 2.25.
16.13.a(2,3);2.0945
16.13.b (1,2);1.888
16.13.c (0,1); 1.9002
16.13.d (0,1):0.6566
16.14 2.5756
16.15 2.6207
16.16 4.6104
18.1 (x,y,2) = (1,—2,4)
18.2 (xq,%2,%3) = (7, 22, &)
18.3 (x,y,z,w) = (2,2,2,1)
18.4 (X1,%2,X3) = (6,—7,2)
(
(
(
(

18.5 (x,y,2) = (1719,771 =)

18.6 (x,y,2) = (5,—4,1)

18.7 (x,y,2) = (2.42543.57301.9259)
18.8 (x,Y,2) = (3.000,4.000,5.000)
18.9 (x,y,z) = (0.9936 1.5069 1.8486)
18.10 (x,Y,z) = (1.000, 1.000,1.000)
18.11 (x,y,2) = (1.000,1.000,1.000)

)
x¥,2) = (

18.12 (x,y,z) = (1.013 —1.996,3.001)

18.13 (x,y,2) = (2.556,1.722 —1.055)

18.14 (x,Y,z) = (2,0.9998 2.9999

18.15 (x,Y,z) = (0.66662.0000 0.6666)

18.16 (x,y,2) = (0.83,0.32,1.07)



